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Summary. We prove that a self-avoiding random walk on the integers with
bounded increments grows linearly. We characterize its drift in terms of the
Frobenius eigenvalue of a certain one parameter family of primitive matrices.
As an important tool, we express the local times as a two-block functional
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1 Introduction and statement of results

Consider a random walk (S,),., on Z, starting at 0, with iid. and bounded
increments. Let the steps be given by

Spr1—S,=ke{+1,..., 7} with probability p, "*/Z,

r .
for neN,, where Z,= )’ py, €™ is a normalization constant, re N an increment
k=1
bound, p;, ..., p, are positive numbers and he[0, o) is a drift parameter. The
associated path measure and expectation are denoted by B, and E,, respectively.

We assume that Z,=1. Under B, the steps have mean 4 log Z,, which is positive
if and only if 4 is. dh
Let
T:=inf{neN: §,=S, forsome ke{0,1,...,n—1}}

be the first time of a self-intersection of the path. The purpose of this paper
is to prove that, conditioned on the event { T'>n}, the path approaches a straight
line for large n, and to characterize its slope. (Of course, this is trivial in the
nearest-neighbour case r=1.) Using linear scaling, we formulate our first main
result in the context of the function space C[0, 1], endowed with the Borel
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o-field generated by the supremum norm. For neN, let S®: [0, 1] —=[—r, 7]
be the random continuous function defined by

NG (f_)::gl (k=0,1,...,n)
n n

and linear interpolation. Define a probability measure IP* on C[0, 1] by
Pr(A)=B(S™eA|T>n) for Borel subsets A of C[0, 1].

Put #,(x):=0x for 0eR, x€[0, 1], and let 6, be the Dirac measure on ge C{0, 1].
We state our law of large numbers for (B?),.:

Theorem 1.1 There exists a real-analytic and strictly increasing function @ from
[0, o) into [1, r] such that

new |0 if h>0
]Ph te ) >
" {%(5,@(0)-&-5 iff h=0.

- @(0))

If ¥=22, then @ (h)e(l, r) for every he[0, o), and lim @ (h)=r.

htoo

We call this number @ (h) the effective drift of the self-avoiding walk. Theo-
rem 1.1 implies the conjecture (7.6) in [1]. Clearly, @ (h)<E,(S,|S;>0), but
a proof for the rather natural conjecture that @(h)= E,(S;) (which is obvious
from Theorem 1.1 only for small h) seems to be very hard to derive.

The main work in the proof consists of analyzing the functions J,, J,: [0, r]
— | — o0, 0] defined by

(12) J,(0)= lim %10g1’.;l(T>n, S,=16nl),
(1.3) J,(0)= lim %logll;l(T>n, S,=10n],

S1,8,, s S, €1, 10n]—1]).

(Here and in the sequel | x |:=max{keZ: k<x}.) The existence of these limits
will be shown in Proposition 2.9 and 4.1, respectively. Note the obvious facts
that J,= — oo on [0, 1) and that J,(6) > — oo for every 0€(0, ] if r = 2. For proving
Theorem 1.1, we need that J, has a strict maximum at @ (h). This is established
in Sect. 4. In order to study the function J,, we need an analysis of the function
J,, which is given in Sects. 2 and 3. In fact, @ (h) is introduced as the strict
maximum point of J, and we show in Sect. 4 that J,(@ (h))= J,(©(h)).

In Sect. 2 we derive a variational formula for J,(6) in the case 0e(1, r), h>0.
The main tool is an expression of the local times of (S,),.n, a8 a two-block
functional of a certain Markov chain. We analyze this variational formula in
Sect. 3 and obtain a characterization of the function J, and its strict maximum
point @(h) in terms of the Frobenius eigenvalue A,(b) of a certain primitive
matrix 4, (with belR), which is our second main result:
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Theorem 1.4 For h>0 there exists a real-analytic, strictly incresing, and strictly
log-convex function A,: R — (0, o) such that, for e(1, r),

(1.5 J,(0)=010g 24(b4(8) — b, ),
T(6)=1og 74(bn(6)),
10="0 <,

where b,: (1, ¥) > R denotes the inverse function of 4,/A,. In particular,

1
(g 1 (D)
We emphasize that the Markov chain introduced at the beginning of Sect. 2
is suited for dealing with any functional of the local times of a random walk

on Z having bounded and nonzero increments and positive drift. We will use
this chain in a forthcoming paper to prove the following. Let

X, =#{(i,)e{0,1,...,n}*|li<j and S;,=5;}

(1.6) eh= Jfor h>0.

be the number of self-intersections up to time n. If we replace the density
Lips /BT >n) of B} by (1 —a)*+/E,((1—2)*~) for a fixed «€(0, 1), then we obtain
a probability measure IP** which suppresses, but not neglects paths having
self-intersections before time n. This polymer measure is a model for a self-
repellent random walk with repulsion strength «. In [7] we will prove a result
for (IP*#), which is analogous to Theorems 1.1 and 1.4.

We close this section by mentioning some mathematical works on self-repel-
lent or self-avoiding random walks on the integers (An overview on polymers
from a more physical and chemical point of view is given in [5]). The analogous
self-repellent model for Brownian motion is considered in [11] and [8], and
the long-time behaviour of the endpoint of the path is shown to be linear.
In [1] the sequence of successive times of self-intersections of a walk with
bounded increments is shown to possess a limit law as the maximal step size
tends to infinity. Using variational techniques, upper and lower bounds for
the long-time behaviour of a self-repellent walk are derived in [2]. Here no
restriction is made concerning the size of the steps, but the method of this
paper only works for small repulsion strength. The nearest-neighbour case is
investigated in [6] using an approach which is analogous to the one in the
present paper. In that work a quite explicit representation of the effective drift
of the self-repellent walk is derived.

2 A variational formula for J,

Let h>0, r=2, and fe(1,r) be fixed during this section. We regard B, as a
probability measure on

{(@),€ZM0: w4=0, |w,—w,-{|€{l, ..., 7} for all neN and lim w,= + oo}

n—oo

with the relative o-field induced by the sequence (S,,),.
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2.1 Local times

The random walk is transient, so the local time
I(x):=4 {keNgy: S;=x} (xeZ)

is finite. In order to study self-avoiding walks, we must obtain some information
about the distribution of the sequence of local times. Our first aim is to express
the local times I(x) for xelN as a two-block functional of a Markov chain.
The idea is to count the excursions above the line between x and x+1 with
given positions at the beginning and at the end of the excursion and to register
the position after the last jump over this line. Let

2.1) E=Ny" x {1, ..., 7},
7(x):=F#{(m, n)eN*: m<n, S, <x, S, =x+J,
St ts oy Su_1>X, Sy=x+1—k),
r(x):zmax{ne]N: S.-1£x<8,},
q(x)= t(x)
for xelNg and j, ke{1, ..., r}. Then we have

Lemma 2.2 The process (A(x))xen, =((1;,5(X); k=1, ....r» 4(X)xen, IS @ homogeneous
Markov chain on E.

Proof. Fix xeN during the proof. The two intuitive ideas behind the Markov
property are: (1) every excursion above x+ 1 occurs during an excursion above
x or between the times t(x) and t(x+1), and (2) the excursions above x with
fixed starting and ending points and the path (S, ..., S;x+1)) are conditionally
independent of the parts between them given their number and §,,,.

Define the beginning and ending times of the excursions above x with param-
eters j, ke{1, ..., r} by ©{%:=0 and, for ieN,

20 :=inf{n>3~?: there exists me {1\ =2, ..., n} such that

S S X, Sy 1=X+], S zs eeer Syo1>X, Sy=x+1-—k}

(by convention, inf = c0) and

Limy,_ fmax{m<ti(x): Sp- <X, Sy=x+j} i 1<,
H @© else.

Then (t¥))en, is increasing, 32 is a stopping time, but t\% " not (if r=2).
Furthermore define for ieN and jke{l, ... 1},

(Stg':lzlh ey St&’)() lf 'L'(l < o0,
Y](llz = (S,;gf,;l), e St(x)) if -5(’ D < oo _T(l)
(S""(x)’ vee Sr(x + 1)) else.
So Y@, Y, ..., Y314 are the excursions above x with parameters j, k, start-

ing in x+ j and endlng in x+1—k. For every j, ke{l,...,r}, the variables
AQ), ..., A(x—1) are  o(Y{3'~V:ieN)-measurable and g(x+1) s
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o(Yj(,inj.k(xH2))-measurable. For yeN, j, ke{l, ..., r} and s, teN satisfying s<1,
let

Nexc(y7ja k> S, t):=#{(m, n)e{s, R t}2|m<n and Sm—léy:
Sm:y+]’ Sm+1>ya L] Sn~1>ya Sn=y+1_k}

be the number of excursions above y with parameters j, k during the time

interval {s, ..., t}, then we have, for j, ke{1, ..., r},
roofj(x) ]
M+ D= Y Y Nyolx+1LJ7 k%™, «3))
jE=1 i=1

4+ Nexo (x+ 1, 7, K, 7(x), T(x+ 1)

We will prove that \/ o(Y(3?:ieN) and ﬂ o(Y% :ieN) are independent
Jk=1 Jk=1

under P,,( | A(x)). (The Markov property of (A(y)) follows from this indepen-

dence since Ny (x+1, 7k <BD, 2Dy s a(Y‘Z’)) measurable for every

i k, j, ke{l,...,r} and ie{l, .. ,nj,k(x)} (because of S.z;-1_; <x) and since
N o(¥:% ~V:ieN) contains (A(0), ..., A(x—1)) (see above).) To show this

JEk=1

independence, it suffices to show that (Y[, Y, ..., Y37+=®*2) and (Y2,
Y(?(’, cory Y3+ ) are independent under &( |A(x)) for every j, ke{l, .. }
since, for (] k)=i=(] k) and ieN, the variable Y3~ is 6(YG ™ V: feN)- measurable.
For that, it is enough to show that, for ne]NO and qe{l ., r}, the variables
Y%, Yﬁ), ..., Y are independent under

Pr%=B(|n;x(X)=7, 4(x)=9q).

For i=1,...,2n+2 let a;esupp(P™* Y%~ ") (this set is countable) be a path
in Z with length n;eIN,. Write «—y for the path « which is vertically shifted
by yeZ and « f§ for the path which arises if the paths o and f are put together.
Then we have for 21, by using the strong Markov property at the times

2 4 2n).
T3, TH, L TR

E(n;(x)=n, q(x)=q)
=B(n;x()Z1D) B(n; o (k—1)=1)""' B(n;,(k—1)=0, g(k—1)=q)

and, fori=2, ..., 19,

B;(Yj(}ci_l)zo‘zi—u Yj(,%ci)=a2i> 1;,(X)=1, q(x)=q)
=B0;,(x)Zi—1) BSo, s Suyiey+np) = %211 0p;— (X +1—k))
‘Bk—)=n—i,q(k—1)=¢q)

and analogous formulae for ie{1, #+1}. So one can easily derive that the pairs
(YSID, YD) (for i=1, ..., n+1) are independent under P™%.

The last step in this proof is to show the independence of Y{3'~" and Y3"
under P"? for every ie{l,...,n+1}. We will do this for i=1 (the other cases
are similar).
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Write Cj,k=B,(3neN: S17 Sz, veey Sn~1> “j, Sn: ——j+1—k)€(0, 1) and dj,k
=B (k—1)=n—1, q(k—1)=q), then we derive from the Markov property
at time n, that

d Ph(Yj(,}c)zau Nix(X)=1, q(x)=q)=E,(So; ---» Su,)=21) Cj,kdj,k
an

B(YR =0y, n;(x)=1, 4(x)=1q)
= Z Bl((SO7 ety Sﬁ;)zil)

@y esupp(Pmay(l)-1)

“P((So, ---» Sn2)=°52_(x+j)) dj,k
=cjx P((Sos ---s Sw) =0 —(x+))) dj
since B(Y}} al) B((So, ... Sa)=81) ¢; for & esupp(P*1Y Y~ "). The inde-
pendence o Y/} and Y} under P™? easily follows from this, so the Markov
property of (A(x))xe]NO is proved. The homogeneity of this chain follows from

the assumption that every step S,.;—S, does nor depend on the time nelN,
neither on the site S,eZ. [

We denote the transition kernel of (A(X))ien, by Qn: E x E— [0, 1]. Define
g: ExE—-N, by

(2.3) g(4, A)= Y gt lo=it+ Y7
k=1 j=1

for A=((n;4);.x» @) and A=((;1);.x» @€E. Then we have, for xeN,

I(x)= # {jumps from below to x} + # {jumps from above to x}
=g(A4(x—1), A(x)),

so our first aim is attained. 5
Note that, for 4=((n; ), 9) and A=((7; ); x> 9 € E, we have

Zﬁj,k+1§ Zﬂj,k
j=1 j=1
forevery k=1,...,r—1 and

r
Zﬁj,k q=j g Zn1+1 k+1q j+1
k=1 k=1

forevery j=1,...,r—1

(2.4) 044, A)>0=

since Q,,(4, A) is positive if and only if Ph(A(O)zA, A(1)=1) is positive (note
that B,(A(0)=A4)>0 for every A€E), and Z #;,x(x) is the number of jumps from

{x+1,...,x+m} to x+1—k and Z N k(x)+1q(x) ; is the number of jumps
k=1

from {x+1—r, ..., x} to x+j for xeN and j, ke{1, ..., r}, respectively.
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For paths without any self-intersection we have A (x)eE for all x, where
(25) E={A€E|B(AO0)=4,1(x)=1 for x=1-r,2—71,...,1)>0}.

Note that E is finite and that g(4, 4)<2 for A, A€ E. We prove now an irreduci-
bility property of (4(x)),en, on E which will be important in Sect. 3:

Lemma 2.6 For every pair (A, A)eE* there are A, ..., As,_,€E such that
Ou(A,_ 1, 4)>0 and g(A;_{, AY=1 for i=1, ..., 3r, where we put Ay:=4 and
A3r=:Z.

Proof. Given A;=((n%%);.x, g®)eE (for ie{0,3r}), we construct two paths
St=(Sh, ..., SL) (with suited ko, ks,€IN) without self-intersection, running within
{l—r, ..., r}, performing exactly ) excursions with parameters j, ke{1, ..., r}
over the line between 0 and 1, and ending in ¢®. Now lengthen S* by adding
three jumps of height r+1—¢®, r—1, r (in this order) and put the lengthened
path $*" (after lifting by 3r sites) on the end of the lengthened path S° to
obtain a path of length k,+k;,+6 without self-intersections, ending in 6r, per-
forming exactly 4, excursions with parameters j, ke{l, ..., r} on the lines be-
tween i and i+1 (for ie{0,3r}) and the last jump over this line ending in
i+q®. So we see that

B{A(O)=A,, ABr=A,,, I(x)S1forx=1—r...,37)

is positive, which implies the assertion. [J

2.2 Formulation of the variational formula

Now we formulate the main result of this section. The set of probability measures
on an at most countable set X is denoted by .#, (X). Let

Y g, D4, A=

A, AcE

2.7 M, :={veﬂ, (E x E)

1
67
Y v, A=Y v(d, 4) for A€k,
AckE AcE

and v(4, A)=0if g(4, Z)gZ} ,

v(4, A)

2.8) L)= % v(d Dlog op? ey

A, AcE

for ve #,(E x E) satisfying Y v(4, A)= Y v(A, A)=:7(A) for every AeE. (Define
AecE AcE

I,(v) to be + oo if there is some (4, A) satisfying Q,(4, )=0<v(4, A)) View

My as a subset of 4, (E x E). Then we have
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Proposition 2.9 The limit (1.3) exists, and

(2.10) 7.(0)= —0 inf I,(v).

veMp

The proof of this proposition requires several steps.

2.3 Reformulation in terms of the Markov chain

Define, for n, keN,
(2.11) Vin ky={T>n,S,=k, S;>kfori>n,
Siell,k—1]fori=1,...,n—1},

so we have, if we define J,(d) to be the limit superior in (1.3) instead of the
limit,

(2.12) J.(6)=1lim sup % log B(V(n, | 0n)),

n->

since escaping to the right has positive probability. Let, for n, ke N,

17(}'1, k):z{(/los ey Ak~ I)EEk A0=((0): V), Ak—l :((O)s 1)3

k
g4,y A)=1 for x=1, .k and zgmx_l,Ax):n},

x=1

where (0) denotes the r x r-matrix consisting of zeros and A,:=4,. So we have,
by inserting the Markov property in (2.12),

Lon]
@13  J@=lmsup log 5 [10:(A 1, 40

. _ —
noe (Aos s Ayomy— eV, Onf) ¥=1

(always A, :=40)-

(Paths in {(4(0), ..., 4(10n]—1))eV(n, | 6n))} are allowed to spend some time
in —IN, before they jump from 0 to r and stay in {1, ..., | 8n]} for n successive
times. This little manipulation causes a factor which vanishes on the exponential
scale.)

2.4 Empirical pair measures and large deviations
Next, we will write this expression in terms of empirical pair distributions which

are driven by an independent uniformly on E~distributed sequence (A,)yen,:
Define a random probability measure v, on E x E by

1 n—1
Vn=;( ) 5(Ak-1,Ak>+5(An_x,Ao)> (neN).

k=1
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With the denotations ¥ (n, k)= Mx (for k, neIN) and

214 QW= Y v(4,A)logQu(4, A)e[—,0] for ve.#,(E?)
we have ’

~ ~ L 1
(2.15)  J,(6)=0log# E+1im sup - log E, (el?"12010m) 1) | o tmLonpih

n—> o

where E, denotes expectation with respect to (4,),. The key point leading to
this latter reformulation is the fact that we have v,eV(n, k) if and only if
(Ao, ..., Ax_1)eV(n, k), if we assume that A,=((0),7), 4,_,=(0), 1), and
O )eR.

_ The sequence (v,), obeys a large deviation principle on E with rate function
I, given by

v(d, A)#E
. BTN

for veM:={ped,(ExE)| Y u(4, A)= Y (4, A) for AeE} (Th. 1X.4.3 in [4]).

For small ¢ >0, the set 4%

Mco‘: U Mo+(s

ll=e

is compact, and we have V(n, | 1)< M} for large neN.

2.5 Approximative variational formula

We prove first that we have in fact

1 o -
(216) o log E, (A0 1, cagy) 7 0 sup(Q()—T().

From Lemma 2.1.8 in [3] it follows that the limit superior of the Lh.s. is not
bigger than the r.h.s. It is a little bit care needed to conclude the remaining
part of (2.16), since M} has no interior in M. For removing this technical problem,
we will construct a Markov chain on

2= U {A}xE4
AcE
where
E ={A€E: Qy(4, A)>0 and g(4, H)<1}.
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We write 6 =(a'", ¢'¥) for elements ¢ of X. Define a transition probability func-
tion IT: £ x X —[0,1] by

1/4#Equ if 6@=¢D
H(G’, ’L'):{O/ o clse

From Lemma 2.6 it follows that I is irreducible, so it satisfies condition (U)
in [3, p. 100]. For oeZX, let P,e.#,(Z™°) be the distribution of a Markov chain

(0)nen, With transition kernel IT and starting in ¢. Then Theorem4 143 in
n—1

3] states that the distributions of the empirical measures L,:= Z d,, under
k [¢]

P, satisfy a large deviation principle for every oceX with good rate function

Jp: M (ZY— R, given by

Jp(v)=sup {— Exv (0) log ( (()T)

(here ITu(o)= > u(t) I (o, 7). Now define 0,F:. M,(2)-R by

tel

:Z—»[l,oo)}

0()= ) v(o)log Q,(c),

ceX

F(V)= Z V(O’) IOg#Ea(z)

oelX

Le0) v(a)e[e e ]}

By translation into terms of the Markov chain (g,), we conclude that the Lh.s.
of (2.16) is, for every o€ X, equal to

and

~

M; ={veﬂ1(2)

~ 1 .
Blogs E+o(1)+ - 10g Ep, (M@ Dt 1y |y

(Here little changes have been made concerning the values of Ao, 4, and 4,4, INE
Their influence vanishes in the limit for n to 1nf1n1ty) Since § and F are continu-
ous and bounded on .#,(X) and since M3 is equal to its interior’s closure in
M, (Z), we arrived in a setting where standard large deviation arguments can
be applied to deduce that the limit inferior of the last display is not smaller
than

flog# E+0 sup (O+F—Jy)(v)

ve(M§)

~ . - u(4, A)
=>0log#E—0 inf su v(4, A)lo ~ T
- & ve 6U Mg us[l,go)z (A,%ei‘ ( ) & Qh(Aa A) z U(A, A)

A'eEZ
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Using the marginal property of v, one sees that u,(A):== Y u(4, A’) can be
A'eEZ

replaced by u, () in this last display. Since (¥(4) u(4, A)/u, (A))(4, 2yex 18 a proba-

bility measure, an application of Jensen’s inequality shows that this supremum

is not bigger than I,(v), and by the continuity of I, (2.16) follows.

2.6 Finish of the proof and perturbation invariance

Since the r.hs. of (2.16) equals —# inf I,,(v)—0log# E, the proof of Proposi-

5
veMsg

tion 2.9 will follow at once from the following statements:

oo—1 E (eLGnJQ(vLanJ)l e |
2.17 lim lim —|lo 2 MoneMB! |
( ) el0 nooo N g Eu(eLenJQ(vLHHJ) 1{vL9nJef’(n,[_0nJ)})|
and
(2.18) lim inf I,(v)= inf I,(v).

£l 0 veM$ veMg

(Note that every reformulation step until yet did not affect the existence or
the value of the limit (1.3).) The proof of (2.18) is easy and left to the reader.
We prove now the first assertion. For large nelN the following implications
hold:

Vion|€ U V(n+i,|0n]) = Vion EMG=> Vign € U I7(”+i> LOn]).

. en Lo 28N
|ll§m Mém

So it suffices to show that there is a function f: (0, o0) — (0, o0) satisfying f(g) | 0
(for ¢/ 0) and

o n _
Eu(eL "JQ(VLG 'I) 1{VL9"JEV(H+£n,L9nJ)})

(2.19) log — 5T
Eu(ew JQ( LB"J) 1{vL9nJeI7(n,|_9n_|)})

=nf(e) (melN)

for small é>0 and every sequence (g,), in Z satisfying |g,|<en. Let such s,
(¢,), be given. Assume that ¢,>0 (the other case is similar). Remember that
our manipulations of path classes to get from the r.h.s. to the reformulation
in (2.19) essentially consist of forcing the path to stay above |8r] after time
n and to allow him to stay some time in —IN, before running within
{1,...,10n]}. So we may handle this problem in terms of self-avoiding walks
instead of empirical pair distributions and will construct two maps I':
Vin,|0n])— V(nte,, |0n]) and I': V(n+e,, [0n]) = V(n, | §n]) having not too
much entropy, i.e. satisfying

(2.20) m m Slog  sup  411(S%)=0
£l0 n>o N S*eV (n+g,.|0n))

and

(2.21) fim fim ~log  sup 4~ !(5%)=0,

£y0 n—> oo n S*eV (n,|10n])
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respectively. Then (2.19) will follow from the facts

BS) _ 00 and 5(S)

sup ———< su A <0
seviony B(T(S)) SeV<n+eI: Lonpy B(F(S) =

which we also will show.

Construction of I'. Let a path S=(S.),€V(n, [On]) be given and consider the
times 1 <t;<t,<...<tp=<n—1 (with some n* <n—1) such that §, >S, _, and

=#{xe{S,,_1+1,...,8,—1}: l(x)=0} is not zero for i=1,2, ..., n*. Now
delete the 7;-th step of the path and replace it by k;+ 1 suited connecting upward
steps such that the new path hits every site in {S, _;+1, ..., S, —1}. Perform
this procedure for i=1, 2, ..., i, until the length of the path is increased by
exactly g, steps (the new path needs not hit every site in {S,, _;+1,..., S, })
The local times of the arising path I'(S)e V(n+s¢,, | 0 n]) satisfy b (x, I (S))> ) (x °S)

for every xeZ. There are less than (n—sl—s sites Xy, X, ..., X, €{r+1,...,|0n]
—r} such that some path Se V(n |8n]) exists satisfying I'(§)=I(S) and
l(x,,F(S)) 1>1(x;, S) for i=1, . . For a given choice of x,, ..., x,,, this

path § is uniquely determined. Now Stirling’s formula yields (2.20). Since I’
removes at least &,/r steps and creates at last 2¢, steps, we obtain a bound
B(S)/B((S))< Zinpinlt p-2n which is not bigger than ¢"°®. (Here p,,, and
Pmin denote the maximal and minimal value in {p,, ..., p,}, respectively.)

Construction of I'. Consider a path S°=(S0),eV(n+¢,, | 0n]). We are going
to describe an algorithm such that the j-th step produces a path S'eV(n+e,
—j, L8n]). Afterwards we put ['(S%):=S>. Forj=1, ..., &, we perform the follow-
ing procedure. If there is a smallest xe{r+1, ...,|8n]—r} such that there is
some kelN satisfying x=8{"' <min{S]~], ${31}, then replace the k-th and the
(k+1)-th step by one connecting step and call the resulting path $/=(5{)cn-
If there is no such x, then $7~! is strictly increasing up to time n+e¢,—j. In
this case choose the smallest ke{2, ..., n+e,—j—1} such that S{31—S{Zi<r
and again replace the k-th and (k-l—l) th step by one suited jump such that
the resulting path §7 is in V(n+s —j, | @n)). If there is no such k, then choose
the smallest k satisfying Sj73—S{Zi1<2r (or, next, S{71—-Si-1<3r, Siii

—8{-1<4r and so on) and replace the three steps k, k+1, k+2 (or the four
steps k, ..., k+3, respectively, and so on) by two (or three, or four, respectively)
suited connecting upward steps.

The ¢,-th step of this algorithm replaces ¢(S) jumps by ¢(S)—1 jumps, where
c(S)e{2,3, ..., Lr/(r—0)]} is a suitable constant. (If ¢(S) would be larger than
Cot ——Lr/(r——B)J, then we would have Spr .l ,—Si'>(c,—1)r for every
k=1, ..., n—cy, and it would follow that S~ 1>[0n])

We may write =T ¢ 1;9 Lo...o0;, where I replaces (zero or several times)
two certain steps by one jump and for i>2, the map I} replaces (zero or several
times) certain i upward steps by suited i — 1 upward steps. For every i=1, ..., ¢4

there are less than (cg—1) ¢, ((c nl) )subsets {yi, .oypof{r+1,...,16n]—r}
o—

On|

(with 1<(cg—1)e,) and less than cgs,,<ch) subsets  {xi, ..., X} of
(]

13
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{r+1,...,10n]—r} (with k<c,é¢,) such that there is a path Sin (J V(n+y, | 6n))
y=1

satisfying [;(S)= I~“(~ L (F(89).. J)_ and  I(x,, S) 0<1=lI(x,, L&)  (for
y=1,. k) and l(yv,S) 1>0=I(y,, ;8) (for y=1, ..., 1. If k, I, {xl, ooy Xi)
and { yl, ..., yi} are given with this property, then the path S is uniquely deter-
mined since the algorithm I} works in a strictly increasing way and can be
followed back. Now (2.21) is obvious by using Stirling’s formula. The fact that
I’ changes the probability not too much is analogous to this property of I. []

The claim (2.19) implies the invariance of the limit (2.15) under perturbations
of size o(n) in the first argument of ¥, A similar proof applies to the perturbation
invariance in the second argument. Since the manipulations which we performed
to get from (1.3) to the reformulation (2.15) do not affect this invariance, we
can state, for future reference, the following corollary.

Remark 2.22 The limits (1.3), (2.12) and (2.15) are invariant under perturbations
of size o(n) in n and [ §n]. In particular, for sequences (s,), and (d,), in Z which
are o(n), for every h=0, ¢>0 and O¢€[c, rc], we have:

c, (g)— lim ~10gB,(T>Lan+5,,,

n—>o

0<S1, very SLC"J+‘§'1_1 <SLan+5"=L6n_|+8n).

3 Analysis of the variational formula

Let further on A>0, r=2 and fe(l, r) be fixed. We will show in this section
that the infimum in (2.10) is a uniquely attained minimum, and we will analyze
the minimizer v*e M, by variational techniques. This will lead to a characteriza-
tion of J,(6) in terms of the Frobenius eigenvalue 4,(b) of a certain one-parameter
family of non-negative primitive matrices A4, which we will introduce now. Recall
the definitions (2.3) and (2.5).

3.1 Eigenvalue properties
For beR and A, AeE define

bg(4,A) : T <

The matrix A,:=(4,(4, 4)) 1.4k has non-negative components and is primitive
by Lemma 2.6. By 4,(b) we denote the Frobenius eigenvalue of A4,, i.e. the only
eigenvalue with positive left and right eigenvectors which we denote by 1},
7;,€(0, 00)®, respectively, and we assume them to be normed, ie. {(z},}>=1
(where (-, * > denotes the standard inner product on RF). Since the representation

(3.2) hy(b)= lim (A3(4, 4)*"  (beR)
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holds independently of AeE ([9, p. 200-201]; note that A, is aperiodic since
it is primitive), the function 4, is analytic in a neighbourhood of R (use Vitali’s
theorem). The eigenvectors t}, and 1}, are unique if we determine some fixed
7,(A4) to be 1. Their coefficients are differentiable with respect to the variable
b as can be derived from elementary considerations.

We compute the derivation 4}, of A,: For beR we have

d ~ ~
Mb)= 3 =7 (wh(4) Ay(4, A) 75(A)
E

A,Ade

= 4+ T A D) (5D 5 AU+ )

= 4+ 0 T (44) 5 A+ () 5 5 0)

d
= (th A+ 24(0) 7 <oho T3
=<th, AT,
where the matrix Aj is given by

‘oA =t o A D) if g4, D=1,
Ay (4, A)._db Ap(4, A)_{O o0t (0, 2).

By [9, Ex. 1.11], 4, is strictly increasing with

(3.3) lim 4,(B)=+o0, lim 4,(b)<l.
b= -

b—+ 0

We will show now the log-convexity of 4,, i.e. the monotonicity of A;/4,: Because
of (3.2), it suffices to show the convexity of the mapping b+—log A%(A, A) for
every AcE and neN. The second derivative of this map is easily seen to be
positive by writing out the n-fold matrix product and symmetrizing the sum
which arises. We will see in the sequel that 4;/4, is not constant, and, by analyti-
city, the strictness of the monotonicity will follow.

3.2 Minimizer and positivity

Since I, is finite and continuous on the compact set
MGQ::{VEMBI Qh(A: ;i)=0 = V(Aa 2)20})

the existence of a minimizer in (2.10) is obvious. Note that I,= + o0 on M,\ MZ.
For applying variational techniques to any such minimizer, the following is
important:

Lemma 3.4 Every minimizer veM, of Iy on My has the following property:
For every (4, A) in E? satisfying Q4(A, A)>0 and g(A, A) =1 it holds v*(A, A)>0.
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Proof. We write v instead of v/. The lemma will follow by induction from the
following fact which we will prove now: For every A,, A,, A, A,eE satisfying
v(4y, 4,) Qu(4;, A1) Q4(4;, 45)>0, g(4,, A;)Z1, and g(4,, 4,)<1 it holds
v(A,, A,)>0and v(4,, A,)>0.

Let A,, A,, A,, A, be given as above, and we assume that
v(4,, A5) v(4,, A,)=0. We will construct a function ¢: E2 — IR such that

(3.5 3ot H=0=Y g(4, A) t(4, A),
A, AckE A, AcE
(3.6) N t(4, A=Y t(A, ) forevery AeE,
Ack Aek
(3.7) t(4, A)>0 = (Q,(4, )>0 and g(4, A)<1),
(3.8) t(A, A)<0 = v(4, 1)>0,
(3.9) t(4,, A,)>0 and t(d4,, 4,)>0.

Then, for small &>0, the measure v,:=v+et is in M, and satisfies
vo(Ay, A3) v,(A5, 4)>0 and I,(v,)<I,(), as we will see now. We write f(x)
=x log x and use the inequalities (x —y)(1 +log ) =f (x)—f (S (x—y)(1 +logx)
for 0<y<x. For sufficiently small ¢>0 it holds with suitable constants
C1, €z, C3, Cq, cs€R (without loss of generality we assume v(4,, 4,)=0):

Ih(ve)—Ih(V): —& Zt(/L Z) IOg Qh(A’ Z)

+ Y [f+en, D)—f(v(4, A)

4,4:v(4,4)>0
—(f (T +eD(A)—S T ()]
+ Y (S, D)—f(et(4)

A, A:9(A)=0

+ 2. [fet(4, D)~ (F+eD(A)+S (7(4)]

A, A:9(A)> 0=v(A,A)

<ecitec,tecztecy,+ > f(et(4, A)

A, A:5(A)> 0=v(A,A)
<ele; +ey+es+cey)+ceseloge

<0.

(Note that c is positive since {(4, A): 7(A)>0=v(4, A)} is not empty.)

Construction of t. First we show that there are ne]N and A%, ..., A*eE satisfying
(A* A¥, )>0 for i=1, ..., n, where we put A¥: A,(m(,d,,) for leZ Take some
pair (u,, u,)eE? such that v(py, #3)>0. If puy, ..., y; are already constructed,
then choose ;. ,€E such that v(ul, tiv1)>0 (thls is possible since 0<v(y;)
=Y v(y;, w). Continue until some y; is repeated in the j-th step. Then (i, ..., §y)
ueck
has the demanded property.
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It is important noting that Z g(A¥, A¥, ) is positive. This follows from the
i=1

fact that Q,(A4F, A%, )>0 (otherwise I,(v)= + c0) which leads, by (2.4), to

L= Yl (k=1 ...,r=1)
and

2n<’+“+1q<,+1) = Zn,ﬂkﬂq(i,:i+1 (=1, ...,r=1)

if AF=(1¥)4= L q"). In the case g(A* A¥. =0 for all i we would get,
by induction, #{},=0 for all j, k=1,...,r and i€Z, and then a contradiction
would follow by considering g.

Next, by Lemma 2.6, we may choose Ay, ..., A5, eE for i=1, 2 such
that Qh(Ak,A;c+1)>0 and g(A A )1 for k=0, 1, ...,3r—1 where we put
A=A, A=A, A2:=1,, and A3,=4,. Now take p0s1t1ve numbers a, b,
and ¢ and define

—azt(A:l" A;k-)-l) (1217: n))
b=t(A}, 4l.;) (=0, ...,3r, where A}, ., :=4})
c=t(A?, A% ) (i=0, ..., 3r, where 43, ,:=A43).

(If t(4, A) is doubly defined for some (A, A)e E2, then this is to be understood
to add up as often as it is defined.)

For every other pair (4, A)e E? set t(4, A)=0. The conditions (3.6) through
(3.9) are satisfied automatically, and condition (3.5) reads as follows:

an=(b+c)(3r+1)

and
3r

aZg(A* A¥ )= bzg(/ll A11+1 +C2g(/1i2, Ai2+1)'

i=1 i=0 i=0

Of course, we can choose A}, ..., 4%,_, and A3, ..., 42,_, in such a manner
that the coefficients for b and ¢ in the second equation are different. So it
is possible to fulfil condition (3.5) by choosing suitable a, b, ¢>0. [

3.3 Variations and identification of the minimizer

Now we can apply variational techniques to any minimizer v? of I, on Mg:
Let teR¥” satisfy the conditions

(3.10) t(A, A)=0 if (Q,(4, A)=0 or g4, A)=2),
(3.11) t11, tlg tLB, (Aek),

where L refers to the standard inner product {:|-> on R¥’, 1eR¥ denotes
the constant function and B,eIR” is defined by B,(4,, 4,)=0, 4, — 0,4, for
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A,, A,eE. For such a function ¢t the measure v,:=v'+¢t is in M, for eeR
with small |¢|, and it follows

0= 1)) =Celud
where
(4, A) . ~
log —— 2 g 0.(4, )>0
~ V(4) 0,4, 4)
(3.12) u(4, A)::[O else.

Hence, there exist constants a, b, ¢, (for A€ E) such that

u=a+bg+ Y ¢, By,
AeE
Le.

(3.13)  u(A, A)=a+bg(A, A)+c,—c;
for all A, AeE satisfying 0, (A4, A)>0 and g(4, A)<1

or, equivalently,

VoA, A)=7°(A)e1 Ay(A, A)e “1e®  forall A, AeE.
The conditions Y v*(A, A)=v"(4)= Y v(4, 1) for AcE mean that

Aek AeE
th=(P () e ) 1ep and  T=(e7) 4z

are positive left and right eigenvectors of the matrix 4, belonging to the eigen-

value e~ respectively. By the fact v’e.#,(E?), they are normed, ie. (7', 7> =1.

So we have a= —log 4,(b) and can assume t'=1}, and 7" =1}.

.. ~ ~ 1
The condition ). g(d4, 4)v*(4, A) =3 reads as
A, AeE

1, Aty A(d)
(3.14) 0 <{ah, Aythy  Ap(B)

So we see that the increasing and analytic function 1;/4, is not constant, hence
it is strictly increasing, i.e. the function 4, is strictly log-convex. The last display
determines a strictly decreasing function

(3.15) by (’1”:) (1, n-R, '1” (bh(9)) é

(Now it is clear that the minimizer is unique.) From (3.12) and (3.13) one deduces
easily that (1.5) holds. In particular, J, is strictly concave and analytic. Since
the r.h.s. of (1.6) exists in (1, 7) by (3.3) and since it is obviously a zero of
J/, the strict maximum point @ (h) of J, in (1, r) satisfies (1.6). As can be seen
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from the definition (1.3), it is maximal for J, on the whole interval [0, r]. From
the fact

(3.16) JO)=J0)+h0—-1ogZ, (h=0,0€[0,r]),

which is implied by our choose of step distribution of the path, it follows that
Jo is analytic and strictly concave, too. The equation J;(f)=0 has a solution
#=0(0) in (1, r) as can be derived from (3.16) and the second line of (1.5) using
the fact that 1, <A4,. Furthermore, ®: [0, o) — (1, r) is strictly increasing and
analytic, as is seen from the representation

(3.17) O =)~ (=h) (h20).

From this last display it also follows the fact that lim @{h)=r. (Note that, in
ht oo

particular, it follows lim J;(#)= — c0.) So we proved Theorem 1.4 if we define

o1r
@ (h) to be the maximum point of J,.

4 Proof of Theorem 1.1

In this section we will prove

Proposition 4.1 For hz0, 0€[0, r] the limit (1.2) exists and for ¢>0 it holds
max {(0): 10— O (h)| 2} <O ).

During the proof, it will become clear that the limit (1.2) is invariant under
perturbations of size o(n), like the limit (1.3). So it follows

Corollary 4.2 For h=0 it holds

lim %Iog B(T>n)

n->w

= sup J(O)=J(O(h) (=—2 (1) for h>0by (L5)).

0el0,r]

Theorem 1.1 is implied as follows. For §>0 and k>0 one obtains from scaling
arguments like those which are performed in the end of the proof of Proposi-
tion 4.1 that

lim llogPh <T>n, max %—@(h)\gs)

<sup{ch(O)+(1—0c) J(O®): ce[e/r—O ), 11, |6 —O (W) z ¢},

which is strictly smaller than J,(@(h)) by Proposition 4.1. So we see that
B/ ({feCI0, 17| Il f—toml o =¢}) decays exponentially fast towards zero for
n—co. Taking the symmetry of IP? into account, we see that the same fact
is true for BY({ fe C[0, 11| | f— too)ll o + | f[—t -~ 0(0)ll 0 = £}), and this implies The-
orem 1.1.
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Proof of Proposition 4.1 The notion path is used in the sequel for any random
or nonrandom, finite or infinite sequence in Z with increments in {+1, ..., +r},
not necessarily starting in 0. Where no ambiguity 1s possible, we use also the
symbol (S, ..., S,) for a nonrandom path.

We will clap parts of self-avoiding paths which arrive at |6n]| at time n
in such a way that the clapped path runs within a box and that we can control
the size of this box.

Because of (3.16) (which is, of course, valid for J,, too), it suffices to handle
only the symmetric case, i.e. we assume h=0. The first step is to show that
the main contribution to the self-avoiding paths (S, ..., S,) satisfying S;=0
and S,=|0n] comes from those paths which cross the two lines between 0
and 1 and |On]|—1 and | O n], respectively, exactly once.

Lemma 4.3 For 6€[0, r] and every two sequences (5,), and (g,), in Z which are
o(n) it holds

2
RAT>n+8,, Surs,=L0n]+e)="" B, (U U(n+0,+i, L0nJ+8n)),

=0
where, for n, kelN,

Un, k)=={T>n,3n,, ne{l,...,n}: 8, ..., S, -1 <0,
SpioSmy e 1r or S €41, s K}, S ys ons Sy > 8, =k}

Proof. We perform the proof only for §,=¢,=0; it is clear that the insertion
of the perturbations changes nothing. For a self-avoiding path (S,, ..., S,) satisfy-
ing So=0 and S, =|0n] we consider the times

0p=0<1,<0,<7,<0,<...<7,<n withsome ke{l,...,r—1},

satisfying S,,_,;<0<S, and S,,_,>0=S, . We will construct a path (5, ..., 5,)
or (S4,...,8,+) by reorganizing the order of the 2k—1 parts
So0s s 8y, =) (=0, ..., k—1) and (S, ..., S, ) (i=1, ..., k—1): We delete
the connecting steps between these 2k parts (i.e. including the last part), bring
the 2k—1 parts mentioned above into a new order (first the excursions below
0, then the excursions above 0) and insert new connecting steps. In case k>3
it is possible to leave the length n of the new part unchanged by choosing
a suitable order, in case k=2 the length perhaps must be increased by one
by inserting two suitable steps between (S,,, ..., S.,—;)and (S, , ..., S,, _,).

An analogous procedure is performed on the line between [#rn]—1 and

2
[6n], so it arises a path S*e () U(n+i, [6n]). Of course, the probabilities of
i=0
(So» ..., S,) and (S§, ..., S¥.p) (with i=0, 1, 2, respectively) are equal on the
exponential scale, and the number of paths which can be mapped onto a given

2
S*e {JU(n+1i, [ 0n)) is of polynomial order in n. [

i=0

For n, kelN deﬁne

Wn, k)={T>nS, ..., S,_,<0<S,, and minS,=—k.

i=1
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Then the first part of a path lying in U(n, |0n]) looks like the beginning of
a path from W(#, k) with suitable 7, k. We introduce the function

(4.4) R: [0, E:l—>[—-oo, 0, R(f)=Im ~10g B (W(n, 10n]),

n—>o

and it will become clear along the way that this limit superior is a limit indead
and unchanged by inserting perturbations of size o(n) in the two arguments
of W. The intuitive idea for realizing the fact that R(#)< J,(26) is the following:
If you clap down the first part of a path being in W(n, [ On]) (more exactly:
the part between time 0 and the minimal point), then you obtain (after suitable
lifting) a path lying in V(n, |20n]+0(n)). Note that this treatment does not
change the path’s probability under R,. Since the clapped part of the path avoides
the rest of the path, one can expect that this clapping-lifting map is far from
being surjective, so we should get a strict estimation (Note that both R and
J, take the value —co on [0, 1)):

Lemma 4.5 We have R(0)<J,(26) for 06[2 ;)

Proof. Let S=(Si)en, be in W(n,|0n]) and k*e{l, ..., n} be the index with

Sier —min Sy= —|6n]. We first assume that k* =[%] and explain the general case
k=1

later. The paths (S5, ..., Sa_n2)=(Sx— S, Ser1— Sk .oor S,—Si) and
(3, -..s Stz ) =(Ske—Skss Spee1 =Sk .-, So— i) can be seen as elements of

V([2]+o(n), 16 nJ+o(n)) and have the same probabilities as (S, ..., S,) and

(So, --., Sys), respectively. By regarding these paths as two copies of one random
walk, we will derive a variational formula for

R\ (0):= lim % log R, (W(n, [0n]) m{SLn/ZJ —min Si})
n—ow i=1

which acts on E2 x E2 rather than on E x E. Let, for n, ke N,
V®2(n, k):={((S});, (SH)eV(n, k)*|S{ £87 for i,j=1,...,n—1}
V®2(n, k)={(45, ..., 45— 1), (45, ..., Ai_ )V (n, k)|
g(Ah_y, AD)+gAi_;, 4)=1  for x=1,...,n—1},
®2.=VeM,(E* x E%)|[1VeM,,, 1PeM,,,
Y3, V)=3 oY Y) for YeE?,
fek2 Yek2

(4t 4%, (A", A2)=0 if g(4", A)+g(4? 1) 22},

where B o
\?(1)(/11, Al):z Z \7((/11’ AZ)’ (Al’ AZ)),
A2, A2e¢E
1D, A= Y 0(4h, ), (A1, A7),
AL AteE
and
A - 50AL. A2). IV, 2
L,(9):= Z \7((/11’/12), (/11,/12)) log + v((A', 4%), (4", A7)

V(Al’ Az) Qh(Ala Zl) Qh(A29 ZZ) ’

A1, 12,42, A2eE
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So we can perform the same procedure as in the second section and obtain
(recall definition (2.14) and compare (2.12), (2.13), (2.15), and (2.10); take a fixed
h>0):

Ry;(0)= —20h+log Z,+ im llogl}@Ph(V®Z(Ln/2J 1)

n— oo

w1
=—20h+logZ,+ lim —log Y 224N+ 0(42)
nooo T (A1,42)e7®2(\1,10n )

— _20h+logZ,—0 inf I,(5).
ﬁeMg’z

(The first two terms in the last line stem from inserting the drift and clapping
the first part of the path.) So we see in particular that the limit superior in
the definition of R;;,(0) is a limit. An application of Jensen’s inequality to the
function x> x log x shows

(4.6) L= LW+ I,(0?%)  for $eMP?
with equality if and only if

A(l)(Al 1) 17(2)(/12, ZZ
W) A

47 94", 47), (11, A%)= )54, 42)

for every A', A', A%, A*cE. Because of the continuity of I, on the compact

set M2 {le,, v)< oo} there is some 9,e MP? satisfying I,(§,) = mig‘) L,(9). We
veM,

will show now that either the inequality (4.6) is strict for ¥, or that " or

¥? are different from v2%, the unique minimizer of I, on M,,. (Then Lemma 4.5
follows via (3.16) from the estimation

Ry2(0)< —20h+1og Z,—0(1,(0") + 1, (9”))

—20h+logZ,+J,(26)
=Jo(26))
For every e MP? it holds
(4.8) 0= Y 94", 4%, (4" 4%) g(4*, ") g(4?, 1%).

AI,ZI,AZ,ZZ

If v¥9=9Y =9 and if we would have equality in (4.6) for 7,, then, by (4.7)
and (4.8), we would get

20 1 ~ 29 2 ¥2

A > ( 2 2 (A% %)\ =

g(at, A~ A2, A%~ Pe(AY, AP,

Aéiz i) (28 o ) oA

But, by Lemma 3.4, the two terms in the brackets are positive for every A!

and A2, respectively, which is a contradiction.
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Now we remove the assumption k*=[§] in the beginning of the proof. In
the same way as above, one derives a variational formula for

R,(0):= lim % log P, (W(n, Lon]) A {SLC,, | =min sl}>
i=1

n—>ow

for ce{f/r,1—0/r]. This limit is unchanged under perturbations of size o(n)
in|cn] and |6n] as can be shown by adapting the proof of (2.19). So it follows,
by estimating the arising variational formula in the same way as above,

cel8/r,1-0/r] ce[8/r,1—0/r] c

ROS sup RO)< max (T(Q)+a-05 (7).

which is not bigger than J,(2 0) by concavity. Lemma 4.5 is proved now. [J

We finish now the proof of Proposition 4.1.

Let two sequences (6,), and (g,), in Z be given which are o(n) and let (S;)cx,
be a path in U(n+46,, | 8n]+s,). Then, up to lifting and lengthening by a suited
infinite path, the parts (S, ..., S;,) and (=Sy,, ..., —S,+;) are elements of
Wik,, |09k, ]) and W(k,, |69 k,]), respectively, and the part (S,,, ..., S,,) is
an element of V(k,—ky,|0n]+o(n) with suitable k,, k,e{1, ..., n+4,} and

69, 6(2")6[0, ;:] By passing to a subsequence, we may assume that k;=| ¢;n |+ o(n)
(i=1, 2) for suitable c;, c,€[0, 1] with ¢; +¢,<1—0/r and 6 — Gie[O, ;] (i

=1, 2). Using the invariance of the limits (4.4) and (1.3) under o(n)-perturbations,
these considerations imply that

i~ log By (U (n+ 6,, 10n+4,)

n—w

0, - 0 8,
<< — — — - _~
zmax{clR<CI)+(1 ¢y CZ)JO(I—CI—CZ)+CZR(CZ)

C1, C2€[0, 1], ¢+, £1—0/r, 0,€[c;, ¢;v/2] (i=1, 2)},

where we define OR (g) to be zero. The r.h.s. of the last display is not bigger

than lim 1 log B(U(n+9,, | 9n]+e¢,), since this maximum ranges over the ex-
ponential rates of the Fy-probability of certain path classes which are included
in Un+46,,|0n]+e,). Using Lemma 4.3, the existence of the limit (1.2) and
its invariance under perturbations of size ¢(n) are proved and its value is shown
to be the r.h.s. of the last display. The strict estimate in Proposition 4.1 follows
from this using Lemma 4.5 and the strict concavity of J,. [J
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