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there are many recurrent paths (e.g. under conservativity) the construction yields
a decomposition into regenerative recurrent classes.

Mathematics Subject Classification (1980 ): 60K 05, 60J05

1 Introduction

Regeneration methods have a long history in the study of Markov chains, start-
ing with Doeblin [D] for chains on countable state spaces. The general state
space case has received attention in more recent times, with the development
of regeneration structures for MC’s in the setting of Harris and Orey (see Orey’s
book [O], and [A-Ne], [Nul]). One of the limitations of this theory is that
it requires the existence of so-called C-sets (see [O]) or minorizations, which
may not always exist, or whose existence may be hard to establish. Since the
existence of a regeneration automatically provides us with a tool for proving
limit theorems, it is of interest to develop such constructions for processes not
known to have reference measures with associated C-sets and minorizations.

One such process is the infinite memory chain (IMC), namely a sequence
of random variables {X,;n=0,1,...}, taking values in a countable set &, for
which there is no fixed m such that

P{Xn+le'[X07 "'>Xn}=P{Xn+le.|Xn—m+17 ---aXn}

for all n=m. Such processes have been extensively studied in earlier works
going back to [D-F] under the name “chains with complete connections”. (See
e.g. [1I-G, N, B, L] for further references.)
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The sequences {X,} will in general be non-Markovian, but will, under some
hypothesis, admit a regeneration structure. The process {(...,X,—1,X,);
n=0,1, ...} taking values in the sequence space %", (Z~={..., -2, —1,0})
will be Markovian, but will not, in general, have a regeneration structure. Both
" processes will be uniquely determined by an initial state in %Z” and the transi-
tion mechanism described below. We are interested in both these processes
and in their relationship.

Our attention was drawn to these chains through an interesting paper by
Lalley [L], who proved the existence of a regeneration for a class of IMC’s.
Shortly thereafter there was another interesting paper by Berbee [B], which
did not refer explicitly to regeneration, but used random times and coupling
in a similar spirit. These authors also pointed out the relevance of IMC’s to
the construction of Gibbs’ measures.

In the present work we only require memory to decay along a single recurrent
path of observed history of the process. Under various conditions such as conser-
vativity there will be many recurrent paths, and our theory then gives a decompo-
sition of these (and their domains of attraction) into ergodic classes, each with
an associated regeneration structure and an (extremal) invariant measure on
% (Z =the integers).

The hypothesis in Lalley’s, Berbee’s and our papers differ in several respects.
Lalley works with a finite alphabet, uniform memory loss, and stationary
sequences. Berbee allows countably infinite alphabet, but requires the transition
probabilities to be bounded from below by a positive constant, as well as uniform
memory decay. As indicated above, non-uniform memory decay is allowed in
our model. Our construction draws on ideas from our earlier work [A-N, Nul],
and is similar in spirit to Lalley’s but there are differences in the constructions.

As with any sequence of r.v.’s {X,;n=1,2,...}, the IMC induces a measure
P(+) on %" (Z"={1,2,...}) (actually a family of such measures is generated
depending on initial measures) and the process can then be identified with the
deterministic shift map on ¥Z".

Section 2 contains notation and definitions. Results are summarized in
Sect. 3, the proofs are in Sect. 4.

There are many examples of infinite memory chains and their applications
in [I-G] and [N7]. For an application to number theory, see ¢.g. [K]. An example
illustrating our particular set-up is in Sect. 5.

2 Notation and definitions

Let & be a countable state space,
X=Xy vy Xp)y X:€EF, —00SMINZE 0O,
Im={xn x; €L i=m, ..., n}.

Thus, for example
y—ow:{('-':x*ZJX—la-xO)}

%wz{(xmxzam)}

We will sometimes call & the “alphabet” and xJ, a “word”.
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If x=x{ and y=y" with k<7 and m=<n, write Xy=(Xg, ---» Xz Vm» ++» Vu)-
If y=x} ., with / <n, then xy=Xxj.
The datum of our model is a stochastic transition kernel g: #°, x ¥ >R,
> g(x2 4, x;)=1. We consider a process {X,; —oo <n<oo} taking values in
x1eF
& with time homogeneous transition probabilities

(2.1) P{X,,  =x1| X" ,=x% }=g(x%,x,) forall n.
Intuitively, think of &°,, as the “past”. By iteration g induces

(2.2) P{Xri¥=xy1X" =x2,}=g"(x" o, x).

Let

(23) B(XZ1€)=G(x% ., )=P{X2 e | X" n=x%,}, where x=x%_.

Note that the process {X,;n=0,1,...} on &, is not Markovian, but {X" }
is a Markov chain (MC).

Definition 1 Call a=0° ,e¥°, a recurrent point for g, if there exists an
x=x% &2, such that for every m=1,2,...

(2.4) B{X%_,+1=0%, forinfinitely many n=0}=1.

Let R=the set of recurrent points. If (2.4) holds we will say that x is attracted
to o, and define the attraction set of o by

(2.5) B,={x=x%_ :xisattracted to o}.

The situation is quite analogous to the standard setup for Markov chains. The
kernel g(+,*) plays the role of the transition function, the point x=x° _ is an
“initial point”, and our definition of recurrence is the standard notion of topolog-
ical recurrence to the neighborhoods of « for the MC {X" .}, with open sets
being the cylinder sets in &°,. Under various standard conditions there will
be lots of recurrent points. For example if {X" _} is (topologically) u-conservative
for some measure u on 2, (in the sense that for open sets O <= ¥°_, one
has B,{X" ,€0 i.0.}=1 for p-a.e. xe@), then since the base for the topology
is countable, almost all points in Supp (u) are recurrent. The B,’s will be the
analogs of the usual ergodic classes.

Continuity conditions on g(-,*) are expressed in terms of the “memory”
of the process. Namely, a function f: #°, — IR is continuous (at y% ) if

(2.6) sup{| £(x2 ) —f 2 :x2,=3%,} =0 as n-co.
The simplest “loss of memory” is just the condition that
Q7 g, x;): &%, —»Riscontinuous in the sense of (2.6) for each x, €% .

A stronger condition was imposed by Berbee [B]. He lets

— . g(x(loo:xl) 1 }
2.8 e Mm=inf{——1 L x! =yt L
28 {g(y‘lw,yl) Y
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o0 n
and requires Y 7, <0 Or Y, exp(— 3 ri>: oo for various of his results,
i=1
The continuity condition we will need in the present work is defined in
terms of the memory of the process {X,} along the sequence a=0o° ,, which
we quantify by

n=1

N¢,.O N
(2.9) y,,,(a):inf{g—]v(M sallx? ., 3%, such that
g y— s Zl )

x2 1=V 1 =0% ., allzY, andallN=1, 2,...}.

Definition 2 We will say that g loses memory along o, or for short, satisfies
condition M (a), if

(M () Tm(@) 71 as m— 0.

Remark. This is just equicontinuity of log g¥ (-, z{) at o, over Y e #¥, N=1,2,...

3 Results

The purpose of this paper is to study regeneration properties of the co-memory
chain.

Definition 3 A regeneration structure for {X,; n=1,2,...} is a sequence of ran-
domized stopping times {7;;i=0, 1,...} and a measure v on %%, such that

) {Ty,—T;i=0,1,...} are iid. random variables,

(1) X3°, XTi 41, X724 4, -.. are independent blocks,

(i) P{X e\ T=n, Z} =v(-)for all i= 0, n=0, where #J = the o-field generat-
ed by (Xg, ..., X,).

Call {T;} the regeneration times and v(-) the regeneration measure.

Theorem 1 Let a=a® , be a recurrent point for g, and B, be its attraction set
as defined in (2.5). Let u=u® ,eB,. Let {X,} be the process generated by g
and the initial point u. Assume that g satisfies condition M(a). Then there exists
a regeneration structure for {X,}.

Remarks about Theorem 1 (i) The regeneration measure v(+) is specified in (4.3).
(ii) The simplest examples of regeneration structures are the return times to
a fixed reference state for a Markov chain on a finite or countable state space.
Clearly regenerations are not unique. Even for this simple MC there will be
many different regenerations associated with return times to the various states;
and there will in general be other regenerations not related to particular recur-
rent points. If the chain is not irreducible, there may be several ergodic classes,
and these can be associated with recurrent points.

(iii) A similar situation prevails here. Theorem 1 is an assertion about a process
{X,}. As in the MC case, there is really a family of processes associated with
various initial points in H= | ] B,, or with measures on this space. The theorem

aeR

says that there exist regeneration structures for all of these processes. There
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is no claim of uniqueness. Even a single process {X,}, stemming from a single
point », may have many associated regeneration structures.

(iv) The regenerations we construct are associated with recurrent points, and
the recurrent point plays an intimate role in the construction. This will become
apparent in the proof. We will refer below to regeneration structures and measures
associated with a recurrent point o. There is no claim of uniqueness, and there
may also exist regenerations not associated with any particular recurrence point.
However, we show in Theorem 2, that regeneration measures associated with
recurrent points are either singular with respect to each other or are equivalent
in the sense below.

Theorem 2 Let v and v' be regeneration measures associated with recurrent points
o and o along which there is loss of memory. (It may be that a=ao or a=d ).
Let 0(x{)=x5 denote the shift map on &°, and define the maximal measures

Y=Y 27"ve0™" and Y=Y 27"ve07"
n=0

n=0

Assume that g satisfies M («) and M (o). Then

(i) ¥ and V' are either equivalent or singular.

(ii) Either B,n B, =¢ or B,=B,..

(iii) The number of attraction classes B, is countable.

Remarks about Theorem 2 (i) The relation between a recurrent point and a
regeneration structure is established in the definition (4.3) of regeneration mea-
sure.
(i) The decomposition asserted in the theorem depends purely on g. The recur-
rence points « and the sets B, are defined in terms of g alone. The measures
¥ and Y’ of course are constructed from processes {X,}, but nothing is assumed
about Y or ' other than that they stem from recurrent points « and o',
(iii) The assertion that y and ' are either singular or equivalent is made only
for measures ¥, ' associated with recurrent points. There may be other regenera-
tion structures with associated maximal measures, and we do not assert the
“singular/equivalent” dichotomy for these. In the case of ¢-irreducible Markov
chains, all such maximal measures satisfy this dichotomy, but we leave it as
an open problem whether this holds for co-memory chains.
(iv) It may be that a¢ B, and hence that R— H 4. Theorem 2 gives a partition
of H into attracting sets. (Recall R=the set of recurrent points and H = U B,)
xeR

Some remarks on invariant measures. The regeneration structure immediately
yields an invariant measure on %, under the shift map. Namely, define a
measure n* on %™ by

2t A)=] Y L) dv(xd),

n=1

where Ty is the first regeneration time, v(*) is the regeneration measure, and
1,4(+) is the indicator function. Then n* is a o-finite measure and 7" =n* 671
Via the shift map, extend n* (+) to a measure = on %%, which will be shift

invariant on %%, and let =~ be the projection of # on &°,. Then n~ is
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a o-finite invariant measure for the Markov chain {X" _}. These facts are true
for any sequence {X,} with a regeneration structure, and are not particular
to our set up.

The question of uniqueness of invariant measures is more complicated. Ber-

bee [B] has proved uniqueness under his condition Y exp <—Z ri>= 00, with
n=1 1

r; defined in (2.8). Bramson and Kalikow [Br-K] have shown (by a counter-
example) that mere continuity of g in the sense of (2.7) is not sufficient, even
when accompanied by a strong mixing condition.

In our setting, since there may be many ergodic classes, there is clearly
no uniqueness. Any mixture of (mutually singular) invariant measure supported
by different B} s will be invariant.

4 Proofs

Proof of Theorem 1 There will be regeneration structures associated with each
class B, and each initial point u=u°  €B,. Fix « and u in the following argument.
For each i, let {y,, ;;m=1,2,...} be a sequence satisfying

4.1) 0Zym; 71 as m— oo,

with
Ym0 ="Ym(®) asin(2.9),

and the remaining y, ;s to be specified later. Since « is fixed throughout this
proof we may not always display it.
Fix 0<p<1/2, and let

4.2) m;=inf{m: v, ;(e)>2p}.

Since g loses memory along o, m; < oo for each i.
Recalling the notation in (2.3), let

(4.3) v()=P(|X2 =02 )=R()=G(x").
We will prove that v(-) is a regeneration measure for {X,}.
Recall ueB,=the attraction set of «. The proof is based on the fact that
a suitable sequence of measures on %® can be split away from Gu® , x},").
Starting with the (fixed) initial state u=u° _, let
(4.4) to=inf{n: Xp_, 11 =02 41}
Note that 7, < 00 a.s. since o is a recurrent point. Thus
4.5) X2 s 1 = o 11
We abbreviate

(4.6) Xj mo=X©,
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Thus 7, is the first time that the sequence {X}} “sees” the word a2, ,,. In
general, let

4.7 r=inf{n: X5_, .1 =0, .1}

=“the first time that {X7} sees a2, 4.

(Again 1;< o0 a.s. since a is a recurrent point.) Let X®= X% "™ =the sample
path of {X,} until t;—m;. Thus

4.8) Xi=Xy""™X4 0 1=XPa2 ;.

Let

(4.9) PO()=R(")=G(u,")

and

(4.10) QXY )=PO{X2 €| X1}
=G@u® , X%,).

Recall (4.5), (4.6), and let
(4.11) POC)=(1-p) ' [QX D i 1,)) =P V()]
By condition M (), for all x° _, ™™ a° .,

(412) Tm G(ugoo yrll_ma(lm+17')§G(x(loo(x(lm+15')

-1 0 - 0
§ym G(u—oo y'i ma—m+la')'
In particular, taking m=m,, n=1,, and y? "o= X,
4] 0) .0 0 0 —1 0 0) .0
ymo G(u-ooX( )OC_mO+1,')§G(X_OOOC_m0+1,')§’))m0 G(u—ooX( )O(~mo+19'):

and hence by (4.10)

(413) ymoQ(O)(X(O)(xgmo+la')§G(acloo:.)
§Vr;01 Q(O)(X(O) a(-)—m0+17')a
namely
(0) [ x(0) 0 .
(4.14) g 2 E oo 1r) i

v(*)

(Note that here we have non-random bounds for the random quantity in the
middle.) Therefore P is a probability measure on . Similarly, replacing
mq by arbitrary m and X by yi™™ in (4.13), recalling v,, o=7m»

Q(O)(ynf OC9m+1a') -
4.15 = <y L.
( ) ym,O_ V(') _ym,O
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These inequalities will be needed later. In terms of the probability measure
P define

Q(l)(X’{,-):P(l){Xerle-|X'{}’n=1, 2:---7
and

PAC)=(1~p) ' QXY al,, 1 1,)=pv()].

(We cannot yet assert that P® is a probability measure. This will follow from
the lemma below.)

We now proceed to define (P, Q%), i=1,2,... inductively. Having defined
( p(i)’ Q(i)) let

(4.17) PV )=(1—p)  [QO (XD 02,41, )—pV()],
and
(418) QU V(XY ) =P DX e | X,

The fact that P9 () are probability measures and the consistency of the above
definitions follows from Lemma 1 below.

Definition 4 Call a word y; P®-observable if P?{X%=y}}>0.

Lemma 1 Assume that g satisfies condition M(a). Then for each i=0,1,2,...
there exists a (non-random) sequence {0<v, ;; m=1,2,...} 71 as m— oo such
that forallnzmz=1

QWA i) -,

419 mié =/m,i
(4.19) Ve, ) V.

for all PY-observable y7~™.

The proof of the lemma is at the end of the proof of Theorem 1.

We have observed that P™Y) is a probability measure. Proceeding by induction,
suppose P is a probability measure. Then Q% is a stochastic kernel, and by
the lemma P¢*%) is a probability measure. Hence we have

Corollary 1 Foralli=0,1, ... ,PY are probability measures and Q% are stochastic
kernels.

The construction of the regeneration times and regeneration measure proceeds
via a series of “cycles” consisting of “stages”. Regeneration occurs at the end
of a cycle, after a random number of these stages, stopped when a certain
outcome occurs. A typical cycle is illustrated in the flow diagram below.

Stage 0 Starting with initial state u® ,=ue¥#°, generate (X, X,,...)e #° via
the kernel g(+,*). Let y,, o =7,(®) as in the theorem, a = a2 ,, be the given recurrent
point, my=inf{m: y,,(«) >0}, and

(4.20) to=inf{n>my: X%, i1=02 1)
Recall y,,, (22, + 1) = 2p (by definition). Note that since o is a recurrent point

P{ry<oo}=1.
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One cycle in the regeneration construction

G(u, - )=P)( ) v(-)

Time 0 .
20
an—"'o+1
Time 7 PO(.)  T(-p) Hp) o(-)
° QOEP a7
Start as at time 0 with
Stage 2 PO replaced by v -
2)( . _\‘ u
Time 1, PO)) Ta-p) ) oy
QU "™ Al 4y, -)
Stage 3
Time 7, _P() T(-») H(p) W)
QR 0l 1)
Time 73 _| H(p)
lg@x., ) I“(')
f
|

etc.

Colloquially, {X™ .} first “sees the word a2, ., at time 7,”. The conditional
distribution of X, |, given the history up to 1, is

(4.20) P{XP € lto=n X% o =ul ,, X] mo=x]"", X:—mo+1=0‘(lmo+1}-
Referring to the diagram, we are now at the point marked by a heavy dot
°.

By (4.14)
(4.22) QO (X % g4 1,0)Z2pV(0).

Let PV be as specified in the construction of {P®;i=0, 1, ...}. Namely
(0)(X110_m0 Oc(lmo-i»l ,')—pV(')

(4.23) Py =2 o
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By the corollary, PV is a probability measure. We may thus “split”
QO(X P mo g, . 4,*)into a mixture of two measures:

(4.24)

v(+) with probability p,
PM(-)  with probability 1 —p.

Let us express this in terms of coin tossing and refer to it as

Stage 1 Toss a coin with Prob (H)=p.

(a) If (H), distribute X7, according to v(+). In this case T,=1, is the first
regeneration time. Now start again as at time 0, but with the initial measure
G(u,*) replaced by v.

(b) If (T) at stage 1 of cycle 1, distribute X2, ; according to P‘Y). The conditional
distribution of X2, is QW(XM a2, +,,°), where XV is the observed sequence
up to time t,—m,;. Now (conditioned on (T) at stage 1 of cycle 1) proceed
at time 7, to

Stage 2 Toss a coin with Prob (H)=p.
(a) If (H) distribute X ; according to v(-), and we have regeneration at time
Ty
(b) If (T), distribute X, according to P®. The fact that P® is a probability
measure, and that QW(X®a%, ,,,+) can be split as indicated, follows from
Lemma 1 and Corollary 1. Define m, and 7, as indicated at the start of this
section.

The conditional distribution of X2, is Q®(X® &%, .4,"). Now (condi-
tioned on (T) at stages 1 and 2), proceed at time 7, to stage 3.

Proceeding inductively, suppose that the initial coin tosses at stages 1, ..., i
all come out (T). Then, defining m; and <, as before, namely

T=inf{n: X3, +1 :ao—mi+1}>
the conditional distribution of X7, | is
QXD a2, 1 1,0)
One then proceeds to
Stage i+1 Toss the p-coin. Distribute X, ; according to

v(*) if (H),
4. . )
(4.25) {P(“r HifA(T).
(All coin tosses are independent.) If (H), we have regeneration at time z,; other-
wise start stage i+2.

T, =inf{z;: (H) at time 7, by p-coin}.

The first cycle ends at Tg.

The law of X% ., is v. Now start again (the next cycle) at time Tp+1,
but with the initial measure G(u,*) replaced by v, and generate the next regenera-
tion time T;, and inductively T, Ty, T,, ... Due to the geometric probabilities
produced by the independent coint tosses, it is easy to see that P{T;< o0} =1,
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and the other properties required of a regenerative structure are satisfied by
construction.
This proves Theorem 1. []

Proof of Lemma 1 For i=0, (4.19) is just (4.15). Proceeding by induction assume
(4.19) for arbitrary fixed i. By definition of Q®

. P(i+1){yn~ma(1 (‘\H"()}
4.26 (i+1) n—ma(?_m ;)= . 1 = m+1 ,
( ) Q 01 +15°) P(H—l){yri magmﬂ}

and by definition of P¢* 1 this

09X P4l 1, ¥ 0l e 00 () =m0 1 0 607())
- QY (X a(lm,-+1=y'i_m“o—m+1)“pv(yq—mao—m+1)

c—d
Ta—b

(say).

By the induction hypothesis (4.19) and the definition of m;

QX900 41,0) 1
4.27 2p= : <,
@20 20 T

and hence (noting the factor p in b)

(4.28) 2

IA
1A

a_ 1l
b=2p*

Remark. QW (and P?) depend on the sample path of the process and are thus
random quantities. Hence so is a/b. However the y,, ; are not random and hence
the bounds in (4.27) and (4.28) are not random.

Note that @ and b are the probabilities of particular sets, ¢ and d are measures.
Let Q(x1,)=v(X% €| X]=x1). Now by definition of conditional probability

c N m
E: Q(l)(X(l)O‘gm,-aL V1 O‘(lm+1 ,*)=u(say),
and
d n—m .0
F=Q(y1 OC_m+1,')=U(S&y).
Thus (4.26) can be rewritten as

¢c—d au—bv

(429) QU DAL )=y =T

Now

(4 30) E:Q(i)(X(i)agmi“'l y'{_m[x(lm-a‘—la')
Q(y’{_ma(lm+1:') .
=(Q(i)(X(i) OC9m,~+1 nr fx(lmna'))(Q(J"l'_m0‘0—m+1,‘)>‘1
v(*) v(*) )
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Applying the induction hypothesis to the first factor in (4.30) and applying
(4.16) to the second we get

u _ _
4.31) Vim0 vm,égévm,é Vo i >

and hence

(4.31) <

Abbreviate
Q(i)(y'ihm a9m+ )

v(*)

Thus by (4.29) and the definition of v

~RY.

= Yo P~ 1
b m,0 /m,i .Q(yn—m 0 )

1 A m+1"

4.32)

a v(*)
——1
b
4 -1 ,-1
7 Vm ym,i_l n—m
<R(i+1)<b ° .Q(J’1 Oc(im+17.)
=t v0)
b
and by (4.16)
a a _, _
E’ym,o’ym,i—l ) E’ym,%’))m}_l
(433) T o SRS — 0k
21 2
b b f

Now a/b is a random quantity, but by (4.28) we have (uniformly) that 2 é% < 00.
Hence a little calculating shows that

Ym0 Vmi— D Imo SREFVL[29m b vmi =D ol

Thus taking Y, ;4 1 =010 {275 0 Vm,i— 1) Ym,05 2V, 0 Yt — 1) ™" Vm.0)»> and recall-
ing that y,, o # 1, 7,,; /1 as m— oo, we can choose m so that (4.19) holds for
i+1. O

Proof of Theorem 2 Part (i) Let a and o be recurrent points for g; let v,
v and ¥, ' be regeneration and maximal measures associated with «, o’ respec-
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tively; and let u=u® , u'=@)" ,, be points in &°, attracted to a, o, and
my, mp be as defined in (4.1) for o, o’ Let

W={xP:xpip=a, , 10.(n)},
with W’ defined similarly for «'. By definition of recurrence
(4.34) G(u, W)=1.

Suppose ¥ Ly'. We claim that this implies
(4.35) G, W)=1,
and similarly that

(4.36) Glu, W)=1.

Suppose we have (4.35) and (4.36). Let D=9 be such that ¥ (D)>0. Then
by regeneration

(4.37) v{XreDio}=1
and hence

4.38) v{XyreDio}=1.
Let

DW)={x: X}y + 1 =42y 41, X% w€ D for some k, and infinitely many n},

ie. this is the set of sequences in % that “enter D i.o. after they have seen
®" +1-” Then by (4.36) and (4.38)

(4.39) G(u, D(w))=1.

Let t=inf{n: X}, + =02y 1} Then

(4.40) GuXy "ol +1,{XPeDio.})>0.
But by M ('), for any set B& %%

(4.41) G(xZm a2, 11, B)> 0= (B)>0,
and applied to (4.40) this

(4.42) =v'{XeDio.}>0
=v'{XeDio.}=1=y'(D)>0.
Similarly y'(D)> 0 implies ¥ (D)>0 and we conclude that y ~ /.
It remains to prove that if i [\ then (4.35) also holds.
Certainly G(u, W)=1=v(W)>0
4.43) =v(W)=1=v0"(W)=1
=y(W)=1.
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Now if ¥ L then this

4.45) =’ (W)>0 (trivially)
=07 (W)>0 (by definition of )
=V (W)=1 (by regeneration)
=G, W)=1.

This proves part (i) of the theorem.

Part (ii). Next suppose ueB,n B, with a2, .,%«°, .. Then for a process
initiated at u® ,=u, there will be regeneration measures v and v associated
with o« and . Hence for any 4 = #%
viXPedio}=1ev{XPecdio}=1.
We claim that
Y (A4)> 0=y’ (4)>0.
To see this note that
Y (A4)>0=v{X?eA}>0forsomen

=v{XPeAio.}=1Dbyregeneration

=P{Xredio}=1=v{Xredio}=1

=v'(XPeA} >0 for some n=>yy'(4)>0.

Thus Y Ly, and by part (i) ¥ ~'. Now suppose B,n B, +¢ and let veB,.
Then G(v, {X%_ v 1 =02+, i.0. (n), for all m})=1 and since Y ~y’'

G0, { Xt i1 =02 s i0.(n) forall m})=1,

ie. veB,., and B,=B,..

Part (iii) Note that each class B, is determined by a recurrent point o and
an my, leading to a regeneration measure v(+). Namely we claim that if « and
o are recurrent points along which g loses memory and if

0 o1 =02+ then B,=B,.
To see this, let E, F,, be the events

E={X{¢ seestheword «®,, .}

F, ={X7{ sees all the words of &’ .0.}.

If ueB, then G(u, E)=1. Choose veB, and note that G(v,E)=1 and
G(vyoc_mOH,Fa) 1 for every y such that G(v yoc_,,,OH% )>0. By (4.1) and
(2.9) the measures G(x% - oc_mO+ L) and G2 a2, +q,°)are mutually absolute-
ly continuous for any x_w, y% », and hence the measures G(vya?,, .,.*) and
G(wcc_m0+ 1,*) are mutually ‘absolutely continuous for any w=w? . Therefore
Gwal,, 1, F,)=1for any w. In partlcular G(uzoz_mOH, y=1 for any z. This
combined w1th G(u, E)=1 implies G(u, F,)=1, i.e. ueB, Since the number of
finite words a2+, is countable, so are the Ba’s. [}



Regeneration for chains with infinite memory 517

5 Examples

(i) Here is a class of co-memory chains where all points are recurrent and in
the same attraction set, and the loss of memory rate depends on the point
a=a . The idea is to make g(-,-) so that the memory depends on a part
of the history going back a random time, depending on o.

Let #=(0,1, ...,d), d< 0,

f,,:,?i’,,xy—ﬂR, Z f;z(x(lnsxl)=1’

x1€S
with

(5.1) 0<e=f,(x%,,x;) forall x,.

For each a let L=L(x) and W=W(x) be independent r.v.’s, with P{L=k}
=pi(@) =Py, P{W =k} =wi(0) =w,.

Different «’s will have different associated L{x)’s and W()’s, which will lead
to processes with different memory decay. All these processes can be constructed
on the same sample space, but there is no other particular relation between
them. For definiteness consider for example a=«% , =(..., 0, 0), i.e. the sequence
of all 0s. Let 1,(x% ,)=sup{n:x_,=...=x_,,,_ =0} < c0. =“the most recent
time that a run of £ zeros was seen”. Let ; ,(x% )=k A t,(x% ;). Define

g(x(l w0 xl) = Z Wi pt’ftk.:(xo_ m)(x(ilk.t(x‘l ©)? xl)
k,¢

= EﬁW,L(XQ m)(x(')‘tW.L(xo_ w)? xl)'
Note that (5.1) implies
(5.2) 0<e=g(x%,,x,) forall x' .

Hence all points in #° are recurrence points and there is one ergodic class.
Abbreviate t, ,(x )=t(k,¢). Let A,={(k,£):t(k,£)<m} and write g(x°,,x,)
=1,(x ) +1I,(xt ), where

(5.3) Im(xl—oo)zlmZZ Wy p!ﬁ(k,é’)(x(lt(k,l):xl)
Am

and

(5.4) I, (xt p)=1II,= Z Wi pt’ﬁ(k,é’)(x(lt(k,f)a X1).
Az,

Since 0 <e<f,(x°,, x)<1 for all xL,
(5.5 £6,<II,(x* )<6, forall x°_,

where
Om=P{t(W,L)>m}.

Notice (by the definition (5.3)) that
(5.6) Ln(xL ) =T n(x1 )
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ie. it depends only on x% ,,. Hence
(5.7 g(x% o, x1) = Ln(xL ) +11,(x1 )
where I1,,(x% ) satisfies (5.5) uniformly in x° . Now if x° , =y2,., then

(58) g(yo—ooﬁxl)zlm(y(lmxl)—l_llm(ygooxl)
=Im(x£m)+11m(x1—oo)+11m(y(loo xl)—IIm(xl—oo)
=g(x% o, X))+ mlxt 0, Y2 o)

where r,,(xL ,, 2 o) =11,,(v% o x;) — I ,(x1 ), and

(5.9) (XL s Y2 <8, forall xt .,y
Thus

g(y s X ) N_lg(y(looxibxi-%—l)
5.10 BU -0 X1, Xivy)
( ) g(x—ooa ) ,I_I() g(xl—ao:xi+1)

and if y° ,,=x%,, then y°,, x} =x",, and hence by (5.8)

N-1 r (xi_+1 y_ x1+1
510 — (1_|_ m+1 . 0 5 o0 V1 )
( ) n g(xX" s X1 1)

i=0

Thus f,(x° &, x;)= ¢ and (5.9) imply

s N—-1 0 N
(5.11) (1_5m+i)§ (1_5m+i>§g(y_m,x1)

€ g(x% o, x)

Now assume that

(5.12) Y §< 0.
k

Then for sufficiently large m, and some ¢

(5.13) ¥ L_g%_—w’—x,lv—;guc; 5

uniformly in x% ,, y° ., N subject to x%,, =% ,,. Hence
(5.14) Im@z1—c Y & 7 1.

Of course {3;} and hence y,, depend on @, and hence so does the memory
loss.
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At the cost of some further restriction on the f,’s one can also claim an
upper bound for y,,, and hence a true rate. Suppose for example that there
exist an x° ,y% ., ae% and a >0 such that

(5.15) £.%,, &)>£,00%,,a)+B for n=0,1,...
Then by (5.4)
rm(x(loo a’y(loo a)é _ﬁam
and
20200 ,  rm(x2na,y2,a)
(16 e ) e 41, )
£L1-46,,.

Taking a¥=(a, ..., a) we have

g(y oo=a1 ’
5.17 i e B 6; forsome &>0.
G17 g(x2 o, a) = ,Zm
Hence
(5.18) Tm(@=Z1—¢ ) 6;(a)

i=1

and thus
(5.19) ¢ Y S@S1—y.0)=c” Y 5,(x)

for some 0 <¢'<c¢” < oo0. This identifies the rate of y,, () # 1.

(ii) Here is a (trivial) example where there exist two attraction sets, as defined
in (2.5), and one transient class. Take & ={0,1, ..., 9}. For xq=0o0r 1, x_, =0
or 1 define g so that

g(x2 o, 0 +g(x2,, 1)=1.

For xo=8 or 9, x_; =8 or 9, take g(x% ,,8)+g(x% .,9)=1. For all other cases
take g(x% ., x;)=&>0. Then

Ci={x%:xpandx_,;=0o0r1} =%, and
Co={x"p:xpand x_;=80r9}cF°,
are closed classes, {x% ,:x;=0 or 1}=R, are recurrent points in C;, and
{x% o :x;=8 or 9} =R, are recurrent points in C,.

Cy;=%°, nCinC is a transient class. All points in C; are attracted to
all points in R; for i=1, 2.
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