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Summary. We introduce nonparametric estimators of the autocovariance
of a stationary random field. One of our estimators has the property that
it is itself an autocovariance. This feature enables the estimator to be used
as the basis of simulation studies such as those which are necessary when
constructing bootstrap confidence intervals for unknown parameters. Unlike
estimators proposed recently by other authors, our own do not require
assumptions such as isotropy or monotonicity. Indeed, like nonparametric
function estimators considered more widely in the context of curve estima-
tion, our approach demands only smoothness and tail conditions on the
underlying curve or surface (here, the autocovariance), and moment and
mixing conditions on the random field. We show that by imposing the
condition that the estimator be a covariance function we actually reduce
the numerical value of integrated squared error.

Mathematics Subject Classification (1991 ): 62G05, 62G20

1 Introduction

The covariance function of a stationary random field in the plane may
be regarded as a surface whose height above the plane at the point
t=(W, t¥)) equals the covariance between values of the process at points
lagged by an amount ¢. This paper was motivated by the problem of con-
structing a “confidence sandwich” for the covariance function of a station-
ary random field. That is to say, we wished to construct two surfaces, one
above the other, between which the true covariance function (over a specified
region of the plane, for example a disc centred at the origin) lay with a
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certain preassigned probability, such as 0.95. The confidence sandwich had
to be constructed for the most part nonparametrically, at least in terms
of the marginal distribution of the process and the strengths of long- and
short-range association. The work described in the present paper develops
theory behind one part of the overall algorithm for constructing a nonpara-
metric confidence sandwich for a covariance function.

The full algorithm involves three steps, which we now describe. (i) Model
the random process by a function, g say, of a Gaussian random field. The
requisite function is estimated by the obvious empirical transformation —
begin by estimating the first-order marginal distribution of the process,
then apply this function to the entire process, and following that, apply
the inverse of the standard normal distribution function. Only if the original
process is really a function of a Gaussian process will such an approach
correctly reproduce the marginal distributions in all dimensions. Neverthe-
less, from the point of view of data analysis this sequence of operations
would capture a satisfactory proportion of the properties of both long-
and short-range association, as well as the marginal distribution. (ii) Con-
struct a nonparametric estimator of the covariance function of the derived
Gaussian process. Critically, this estimate must itself be a covariance func-
tion, and that problem motivates this paper. (iii) Simulate from the Gaussian
process estimated in step (ii), and take the simulated version of the original
process to be g~ ! of the simulated Gaussian process. (iv) Based on these
simulations, use the percentile bootstrap method to construct the desired
confidence sandwich.

We tackle the problem in a little more generality than the two-dimen-
sional case discussed above. In particular, we assume that the random field
is indexed in R? for d>1, and we do not demand that the process be
Gaussian. Indeed, we ask only that certain moment and mixing conditions
be satisfied, and that the tails of the covariance function decay sufficiently
fast.

In our analysis of the performance of covariance estimators we have
employed the I? metric throughout, not least because of its technical tracta-
bility. We have not weighted this error, and could instead have considered
mean squared error divided by the square of the target covariance function,
or a similar relative measure of performance. However, while this approach
is perhaps attractive towards the origin, where covariance can be estimated
with ease, it is singularly unappealing in the tails, where it diverges without
bound. Thus, a decision to use weighted I error involves an awkward,
ad hoc decision about truncation in the tails, which can drive the conclusion
of the entire analysis. Alternative approaches, based for example on the
L' metric, are not any more appealing for covariance estimation than I?,
unless one particularly wishes to downweight larger departures from the
truth. (They do, however, have greater attraction in the context of density
estimation, since a density is in the class of L' functions; see for example
Devroye and Gyorfi (1985).)
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We develop detailed theory describing the rate of convergence of inte-
grated squared error (ISE) of our covariance function estimator. In particu-
lar, we prove that ISE is asymptotic to a small constant multiplied by
the integral of the square of a certain fixed Gaussian process. The value
of the constant converges to zero as sample size increases, and the conver-
gence rate of the constant determines the overall convergence rate of the
estimator.

We should stress that we make very few assumptions about the relative
positions of the “design points” in IRY, at which the process is observed.
They should be sufficiently closely spaced to permit adequate smoothing,
but this type of condition is necessary for nonparametric covariance estima-
tion. In particular we do not ask that the design points be located on
a grid, or lattice, in R? Such assumptions are very common in related
work on the case d=1; in fact, they are the rule in that context, and our
non-lattice approach is a rare exception. However, lattice-valued designs
are only very rarely encountered in the case of d=2 dimensions, and so
it is important that we take the route which we have.

Our estimators are based on kernel methods, and in this sense they
have similarities to those encountered in the context of nonparametric den-
sity and regression estimation; see for example Silverman (1986) and Hérdle
(1990). However, a more appropriate analogy is with distribution function
estimation by integration of a kernel density estimator. In particular, the
effect of the kernel and bandwidth vanishes entirely from first-order asymp-
totic theory, and the convergence rate is the analogue of root-n consistency
in more classical statistical problems. The effects of kernel and bandwidth
choice emerge only in second-order theory. All these are properties of kernel
estimation of distribution functions, as is readily deduced after a little analy-
sis.

Section 2 introduces our estimators and describes their basic properties.
In particular, we show there that by insisting that the covariance estimator
have the positive definiteness of a real covariance function we do reduce
ISE. Section 3 explores properties in greater mathematical detail. There
we define the limiting Gaussian process involved in our asymptotic formulae
for ISE, and state the convergence results under explicit regularity condi-
tions. All proofs are relegated to Sect. 4.

The practical problem of estimating a multivariate covariance function
has been motivated by many authors; see for example Matheron (1971),
Journel and Huijbregts (1978), Armstrong and Diamond (1984), Christakos
(1984), Cressie (1991, Chap. 2), Shapiro and Botha (1991) and Sampson
and Guttorp (1992). However, the estimators treated here are substantially
different from those which have been considered earlier, in that the latter
tend to rely either on parametric fitting (e.g. Cressie 1991) or repeated mea-
surements (e.g. Sampson and Guttorp 1992), and do not always produce
a covariance function in the continuum (e.g. Shapiro and Botha 1991). Even
when nonparametric fitting has been contemplated by earlier authors it
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has often been under rather restrictive constraints, such as monotonicity
or isotropy (e.g. Sampson and Guttorp 1992). The pointwise (as distinct
from global, or ISE) properties of a one-dimensional version of our estimator
have been considered before (Hall et al. 1992), but that work does not antici-
pate any of the mutivariate, global conclusions drawn in the present paper.

2 Estimator and its basic properties

Suppose the stationary random field {X(z), telR?} is observed at points
f1» -.-» t,, which are not assumed to be on a grid. We wish to estimate
the autocovariance, or covariance function,

p(t)=cov{X(0), X(1)}.
A kernel estimator is defined by

2.1 p()= [Z ZK{(t_ ti)/h} X [z ZK{(I" t/hy]1t,

where t;;=t,—t;, X;;={X(t)—X}{X()—X} and X=n"') X(s;). Here,
h>0 is the bandwidth and K is a d-variate symmetric kernel function with
[K=1.

It is not difficult to see that if, as n increases, the points t; become
increasingly dense in each bounded subset of R% then the bandwidth h
may be chosen so that g(t)— p(t) as n— oo, for each teR% However, for
a fixed sample {X(ty), ..., X(t,)} the estimator g(t) can become undefined
as || increases. (Here, [t]=|("", ..., {9)T|=(} t9")"/2 denotes the usual Eu-
clidean distance.) For example, if K is compactly supported then for any
h>0 and all sufficiently large |t], the ratio in (2.1) is of the indeterminate
form 0/0. More problematically, the estimator §(t) can be quite accurate
for small to moderate values of |t| but highly inaccurate, although well-
defined, for large [¢[’s. To illustrate this point, Fig. 2.1 depicts g(t) and
p(t) when X is a Gaussian process with d=1 and p(t)=e¢~"1"**, and when
n=200, ty, ..., t, are uniformly distributed on (0, 40), h=0.4, and K(x)
=(1—|x]) I(]x]| £ 1) is the triangular kernel. It can be seen that j(t) approxi-
mates p(t) quite well for 0 <t <4, but quite poorly for t>4.

We would usually only be interested in estimating p for processes that
exhibit some degree of weak dependence, i.e. p(t) > 0 as |t| = c0. The exam-
ple illustrated in Fig. 2.1 indicates that in such cases, g(t) may actually
become large as p(t) becomes small. Therefore, performance of § may be
improved by adjoining a suitable symmetric weight function w=w,, which
should enjoy the properties sup|w(t)—1| -0 as n— oo for each ¢>0, and

[t]se
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Fig. 2.1 Graphs of p(t)=e~"1"**, and §(t), in the case where X is a Gaussian process

with d=1, where =200, /=04, K is the triangular kernel, and ¢,, ..., £, are uniformly
distributed on (0, 40)

w(t)— 0 as |t| - oo for each n= 1. (For example, we might take w(t)=1(|¢t|
<c¢,) where ¢, > o0 as n— 0.) The new estimator would be

pO)=p (1) w().

Note that, in view of the symmetry of K and w, §{—¢}= g{¢).
If w is chosen so that p is square-integrable then the Fourier transform
i of § is well-defined:

F(O)=[e" p(t)dt=[cos(0Tt) p(t)dt, OeR".

By Bochner’s theorem, a necessary and sufficient condition for § to be
a covariance function is that § =0. The latter condition would never be
satisfied in practice by the particular estimator that we have defined. This
leads us to suggest an alternative estimator g, which is defined as that
function which is closest to j in an I? sense subject to being a proper
covariance function. This quantity is given by

2.2) pO=@m) " [cos(07 1) §(6)d0,

where = if >0, and y =0 otherwise.
Not only does p enjoy the covariance property, it is closer to p than
is §. To appreciate this point, and the correctness of definition (2.2), note
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that if p,, p, are two functions with respective Fourier transforms v,
¥, then by Parseval’s identity,

Hﬂl_P2”2=j(,01_P2)2=(2n)_d§(l//1““//2)2=(2 n)‘d ”'//1_‘//2”2-

(The notation |-|| denotes the I* norm for square-integrable functions on
R?) Taking p;=p (and Y/, =V) we see that [y, —,| (and hence [|p; —p,|)
is minimised, subject to ¢, =0, by choosing Y, =y, I/, >0)=, i.e. p,=p.
Furthermore, if i denotes the Fourier transform of p then, since ¥ =0,

Ruy Ip—pl*=F—v > =¥ I >0)—y|?
W=y 1P=Qn 15—pl%
so that

(2.3) lp—pl=lp—pl.

In practice this inequality will generally be strict, owing to the fact that
¥ <0 in a place where i %0.

If the points ¢; are clustered sufficiently closely together then it is possible
to estimate p(t) with error O,(4~%?), where 1? is proportional to the d-
dimensional content of the “spread” of the set {t;}. For example, the ;s
might be uniformly distributed inside a d-dimensional sphere of radius 4,
with n> A% In the coming sections we shall investigate circumstances where
this is true, and show that the inequality in (2.3) is often very nearly an
equality, in the sense that

1p—pll={1+0,(1)} 15—pl

as n, A—> oo, We shall also develop limit theory for A%* |p—p|, proving
that this quantity has a proper, nondegenerate limiting distribution.

3 Convergence of integrated squared errors of g and j
3.1 Summary

Let ¢ >0, and define

L= {p)-p0}* dr.

[tl=e

In subsection 3.2 we show that, for an appropriate sequence of constants
a, diverging to + oo, a,I, has a proper, nondegenerate limit distribution.
This result is exceptional among related work on the integrated squared
error of curve estimators, where it is typically the case that an appropriate
scale multiple of integrated squared error converges to a constant, not to
a nondegenerate weak limit; see for example Héardle and Marron (1986).
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Note too that our result implies consistency of g in a truncated I? metric;
in fact, it yields a rate of convergence in that context.

Since I, is not even well-defined for large ¢ then the results discussed
above cannot be extended to the case ¢=o0. Nevertheless, if we modify
g to g by adjoining a weight function, as discussed in Sect. 2, then it may
be feasible to define I, and to ask whether the weak convergence result
continues to hold. In subsection 3.3 we show that it does, under appropriate
regularity conditions.

Finally, in subsection 3.4, we show that if p is replaced by the positive
definite version p in the definition of I then, under appropriate conditions,
an identical weak convergence result holds. In this sense, p and j are first-
order equivalent.

3.2 Integrated squared error of § over a finite region

We assume the following conditions on K, on the process generating the
design points f;, on h and n, and on X. Let r=1 be an integer, denoting
the “order” of the kernel K. Of K we ask that this function from R to
R be bounded, compactly supported and Hélder continuous, and satisfy

@YY K(wdu=5;, for 1<i<d and 0<j<r—1
7

where 9;, ;, is the Kronecker delta.

We assume that the design points ¢; may be written as ¢,=Au;, where
A>0is a large constant and u,, u,, ... represents a realization of a sequence
Uy, U,, ... of independent and identically distributed random d-vectors.
We suppose that the common distribution of the U’s has a density f which
is compactly supported and has r bounded derivatives. We regard h and

4 as functions of n, and ask that for some ¢>0,
(3. ht A7 B2 A (nl e B2 74150

as n— 0.

The asymptotic regime described by these conditions corresponds to
neither “infill” asymptotics, where an increasing number of points is added
to a single fixed region, nor to “increasing domain™ asymptotics, where
points separated by a fixed distance are added to successively larger regions.
In the case of d=1 dimension, the former type of design is common in
nonparametric regression (e.g. with t;=¢,;=i/n for 1 <i<n) and the latter
type is common in time series analysis (e.g. with t;=i for 1<iZn). We
claim that neither of these regimes can produce consistent estimation of
the covariance function in the setting of the present paper. To appreciate
why, observe that while the former produces an increasingly dense set of
design points it does not permit arbitrary high lags to be observed, because
no design points are available beyond a certain fixed limit. Therefore, consis-
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tent estimation of the full covariance function is only possible if that quantity
vanishes outside a certain radius, which condition we regard as unrealisti-
cally stringent. On the other hand, the “increasing domain” type of asymp-
totics for design does not allow differences of design points to be arbitrary
close to one another, and so does not permit estimation without structural
assumptions. In particular, nonparametric estimation of the covariance func-
tion under smoothness conditions alone is not possible. The asymptotic
regime suggested in this paper is a genuine compromise between these two
extreme approaches, and captures the main features of both. It is related
to the continuous observation of a random field over an increasingly large
region, through the assumption that the design points are increasingly dense
and are scattered across an increasingly large region.

The stationary random field X is assumed to be weakly dependent,
in a sense that we now make precise. Given sets &, % <IRY, define the
distance function

(A, S =inf{|t; —t,]: t,e#,i=1, 2},
let X [#] denote the o-field generated by the random variables {X (t), 1€ %},

and write YeX[%] to mean that the random variable Y is measurable
in X[¥]. Put

x(s)=  sup sup jcorr(Yy, Ys)|.
F1,Fr<=Rdas.1. YieX[F;],i=1,2,s.1.
(F1.52>2Zs E(Y?) <
We ask that
(3.2 ¥(s)—>0 as s— +4o00;

the rate of convergence in this condition is not critical to our results.
We further assume that E(X®)< o, and

(3.3) o sullt) lsj f‘ [{X (0) X (to)—p(to)}

.....

f[ {X() X(v;+1)— p(t])}]‘dvl...dvp<oo

for p=1, 3 and each ¢>0. We also ask that p have r=1 bounded derivatives,
and satisfy | |p|<oco.

In the case d=1, and when X is a Gaussian process, condition (3.2)
is equivalent to strong mixing. See for example Ibragimov and Rozanov
(1978). In the case of processes related to Gaussian fields it is often straight-
forward to specify circumstances under which (3.2) and (3.3) hold. For exam-
ple, both conditions are satisfied if X =g(Z) where Z is a Gaussian field
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and g is a function, satisfying E{g(Z)®} <oo and cov{Z(0), Z(t)} =0 for
all sufficiently large |¢|.

Let Y denote a (nonstationary) Gaussian random field with zero mean
and covariance function given by

cov{Y(s), YO = 2>/ JEL{X©0) X (s)—p(s)}
AX W) X(u+6)—p)}]du.

Theorem 3.1 Under the conditions imposed above, and for each ¢>0, the
random variable

B {p0—p)de

ltf=e

converges in distribution to

[ Y(*de

ft]=c

as n— 0.

Remark 3.1 The interpretation placed on the role of the u;’s in this result
may be taken to be that the stated convergence occurs for sequences u,,
u,, ... that arise with probability one as realizations of the independent
random vectors U, U,, .... However, our method of proof allows a more
general interpretation in terms of triangular arrays, as follows. For each
nz1, let U,, ..., U, be independent and identically distributed random
vectors with the distribution corresponding to density f, and suppose that
for each n the sequence u;=u,;, 1<i<n, arises as a realization of
U, ..., U,,. The convergence stated in Theorem 3.1 is valid for a class
of triangular arrays {u,;, 1 £i<n< oo} which are generated with probability
one from triangular arrays {U,;, 1 <i<n} defined as above, without regard
to the manner in which the rows of the array might be related.

We say that an event or a convergence property holds “with U-probabil-
ity one” if it is valid for a measure-one set of u;=u,;s generated in this
manner.

An alternative version of Theorem 3.1, for which the support of the
design is a square lattice, may be proved without difficulty. There, in all
appearances of f in the definition of the limit distribution, f should be
replaced by the uniform density on its support. However, we have been
unable to derive, in an economical way, a general version of Theorem 3.1
which in one stroke contains both the equally-spaced and stochastic design
cases. The difficulties here are related to those in the better understood,
and far simpler, context of design in univariate nonparametric regression.
For example, even the particularly flexible design conditions allowed by
Gasser and Miiller (1979, 1984) and Cheng and Lin (1981) do not apply
tq stochastic design as well as deterministic design in the univariate regres-
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sion setting, on account of the fact that adjacent points in stochastic design
can be spaced O(n~'logn) rather than O(n~ ') apart. (The latter spacing
is crucial to Gasser and Miiller’s argument.)

Remark 3.2 The condition that the design density f be compactly supported
may be relaxed by incorporating a truncation argument into the proof
in Sect. 4.

Remark 3.3 Condition (3.1) may be interpreted as asking that there be
sufficiently many design points, or in other words that the density of design
points be sufficiently high. Note that any bandwidth s which decreases
sufficiently slowly to zero as A — oo, satisfies A+ 417! +h*" A? - 0; and then,
provided only that n— oo sufficiently rapidly, (3.1) holds.

Remark 3.4 The ratio ([ /%) { f* is minimized, subject to f having a given
support, when f is uniform on that support. Related work on functions
of random fields in this context has been treated in the Soviet literature;
see for example Ivanov and Leonenko (1989, Chap.4) and Kovalchuk
(1987). While uniform design is a desirable property from the viewpoint
of optimality, it is our experience that the experimenter is almost never
able to choose the type of design. Ideally, design would be on a regular
lattice, as this further improves performance, but we have seen very few
lattice-supported spatial designs which do not originate in an image proces-
sing context.

Remark 3.5 It is not absolutely essential to impose the assumption of r
derivatives at all places in d-dimensional space. In particular, if the assump-
tion fails at some point, but nevertheless the total contribution from the
neighbourhood of that point to integrated squared bias of the estimator
is of smaller order than A~¢ then the validity of the theorem is not affected.
In practice the only place where the assumption of r derivatives is likely
to cause serious problems is at the origin. We pause briefly here to consider
that situation in the special case d=r=2; other cases are similar.

Suppose that all second derivatives of p at the origin behave like [£|*~2
as |t| -0, for some a>1. For example, this would be the case if p(t) were
equal to C, exp(—C, |t]|%), for 1Z£a<2. Then it may be shown that the
squared bias of § is bounded above by a constant multiple of h* |¢]?*4,
and so, since [t|>*”* is integrable over any neighbourhood of the origin,
the contribution to the integral of squared bias in any such neighbourhood
is equal to O(h%), as required.

The restriction that o be greater than 1 may be relaxed if we strengthen
(3.1) somewhat. For example, still in the case d=r=2, suppose p(t) were
equal to C; exp(—C, |t|%) for some O0<a<1. We claim that if we append
to (3.1) the condition that 2% h2*2%~¢— ( for some &> 0, then we may choose
Be(0, o) such that the integral of squared bias is of smaller order than
274 as required. To appreciate why, note that the squared bias of § may
be shown to be bounded above by a constant multiple of #2*2# |22~ 2672,
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for any O0< <1, in any neighbourhood of the origin. Taking 0<f <o we
ensure that the integral of |¢|2*~2#~2 over any neighbourhood of the origin
is finite, and that the integral of squared bias is of order h%>*2f, By the
assumption made earlier, this is of smaller order than A7

These remarks are applicable without change to all the results in this
paper, not just to Theorem 3.1.

3.3 Integrated squared error of p

We assume that §g=gw, where the weight function w has the properties
that {w| =<1 and, for real numbers 0 < g, <g, < o0,

1f <
w(t):{ it ltl=q,
0 if [t|>g,.

We do allow w to be a function of the data, although we do not permit
q, or g, to depend on the data. This restriction may be removed at the
expense of a longer proof of the theorem below.

We ask that ¢q,, g, — oo in such a manner that

(3.4) M p@)? -0,
It]>q,
(3.5) Amhg,=0(n"?)

for some ¢>0. We further ask that for some a>d/2 and ¢>0,

(3:6) sup  sup |p; ., (IISCA+[e)77

0<jsr s:|s—t|=21

all teR? where pi,...i,(t) denotes the r-fold derivative of p with respect
to the components of ¢; with indices iy, ..., i;; and that the function

rl(ta u)= Sup ]r(s, u, t)l b}
s:ls—r|=£1

where
r(s, u, )=E[{X(0) X (5)—p(&)} {X () X u+1)—p®)}],

be integrable. (Note that condition (3.6) implies the finiteness of the integral
in (3.4).)
Define the process Y as in subsection 3.2.
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Theorem 3.2 Assume the conditions imposed in Theorem 3.1, and also those
stated above. Then | E(Y?) < co, implying that [ Y* < oo with probability one;
and

H{(p—pP |72
in distribution as n — o0.

Remark 3.6 As an example, note that all the conditions on p imposed
in Theorems 3.1 and 3.2 hold if the process X is Gaussian, with p(f)=0
for sufficiently large |¢| and p having r bounded derivatives. In particular,
this assumption is sufficient for (3.2), (3.3), (3.4) and (3.6). As noted in
Remark 3.3, condition (3.1) amounts to an assumption about the density
of design points; and (3.5) asks only that § vanish outside a sphere which
grows no faster than An~¢, for an arbitrarily small &> 0.

3.4 Integrated squared error of p

Recall from Sect. 2 that we define y to be the Fourier transform of j,
Y to be the positive part of , and p to be the function whose Fourier
transform is /; see (2.2). We showed in Sect. 2 that [(p—p)*<[(p—p)*
Our aim in the present subsection is to prove that this inequality is asymp-
totically an equality, in the sense that

3.7 {Jo—p3{f(p—p =1

in probability. It then follows from Theorem 3.2 that A*[(p—p)* > [ Y? in
distribution, so that p and § sharc the same first-order asymptotic behav-
iour.

Since ¥ is defined in terms of an integral of p, rather than an integral
of the square of g, then we shall have to impose versions of conditions
(3.4) and (3.6) which are appropriate to the [} rather than the I? metric.
Therefore we ask that the numbers g, and ¢q,, introduced in subsection 3.3
to describe the weight function w, satisfy

(3.8) A f lp@)de—0,

[t]>a1
and for some o.>d and C>0,

(3.9) sup  sup |p;,. i, () =CA+[t]7%).

O0=j=r s:|s—t|=1

(The latter condition implies (3.6).) Define the process Y as in subsection 3.2.

Theorem 3.3 Assume the conditions introduced in Theorem 3.1, that \ van-
ishes on a set of measure zero, and also that (3.8) and (3.9) hold. Then (3.7)
holds, and so ° {(p—p)* — [ Y? in distribution as n — co.
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Remark 3.7 We should comment on our assumption that y vanishes on
a set of measure zero. Our proof of Theorem 3.3 relies critically on the
result that P{}(§)<0} —0 for almost all §, which holds true if and only
if the set {0: (0)=0} is of measure zero. Should the latter condition fail
then § can outperform g, in the sense of mean squared error.

4 Proofs
Proof of Theorem 3.1

Step (a). Preliminaries. We may assume, and do throughout our proof, that
E(X)=0. Define

Dl(t)=; ;K{(t—tij)/h} {X (@) X(t)—p:)}s
Dz(t)=2i ;K {(e—t;)/n},

Ds(t):; ;K{(t—tij)/h} p(t),

D41(t)=‘é ;K {t—ti)/h} X ().

Let D,, have the same definition as D,, but with X(t;) replacing X (t,)
in the double series, and put D,=D,, + D,,. In this notation,

(4.1) p=(D,+D;+D,X*>—D,X)D; L.

Let 4, denote the d-dimensional sphere, of radius ¢, centred at the origin.
Given a function g from R? to R, define

lgl’=(] g*)'">.

Be

In view of (4.1),
Lg—pl' =Dy Dy 'S D3 D3 —pll'+ X2 v(B)' > +|X| Dy D3,

where v(%,) denotes the content of %,. Therefore, in order to prove the
theorem it suffices to show that

4.2) lim sup A E(X%) < o0,

A0
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and as n— o0,

4.3) [ E(D) D520,
Be
(4.4) f (D3D3 " —=p)=0(279,
4.5) M [ (D, D7)~ | Y?
Be Be

in distribution.
Step (b). Proof of (4.2). Observe that
n2 Y Y ELp (UG- U =4(1—n" ) [ p{Aw—0)} £ ) f(0) duedo

~3T AP =007,

Therefore, if we prove that

(46  A=n"?Y Y [p{AU- U}~ Ep{AU—U)}1=0(""

i<j
with probability one, it will follow that

a=n"2Y Y p{Au;—u)}=0(1"9.

i<j

From this result, the formula E(X?=n""'p(0)+2a, and the fact that
n~1 440, follows the desired result (4.2).

Result (4.6) may be proved using the martingale argument described
in Step (d) below, which in fact yields 4=0(4~3%?) with probability one.
The context here is analogous to that in (4.10), but with A=1 and ¢t=0.
The argument in Step (d) is rather more complex than would be required
for the present, simpler case, and so it seems best to illustrate the argument
there.

Step (c). Proof of (4.3). In Step (d) we shall derive the second of the following
two results:
@7 Dy(t)=n(n—1)(A" ' hy?
A[NKW @) fu—A " t+2" hw)dudw+o(A~4%)}
4.8) Di;(®)=n(n—1)(A" 1 h)?
ApO KW fWfu—2i""t+ A" hwydudw+o(A~4?)}
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uniformly in |t]Z¢. The first of these results may be established similarly,
although more simply. In view of (4.7),

§E@DD > ~{n* (7 R [ f2377 | E(DY.
B

B
Therefore, it suffices to prove that

4.9) { E(D7)=o0(m*A"2¢h2%).
B

The case of D,, is similar.
Observe that

j' E(Di1)=z z Z Zp(tiliz)
Be

’ j K{(t—tiu'l)/h}K{(twtizjz)/h}dt
jtl ¢
Y YT Y o)

| K(w) K{w+(t

|ts; 5, Thwl=e

Yh™ 1t dw.

i1t _tizjz

Since t;;=A(u;—u;), and K is compactly supported, there exists a constant
¢, >0 such that

§ E(D3)S(upKAH Ry Y ¥ Y | p{Alu;, —u;)}
Be iy J1 i2 Ja
'I(luil_uj1|§c1l_1=|(”j1+“i2_“i1)—uj2|§01l_lh)
S(sup Kk {sup Y I(lu—u;|<c, 474}
LA 1
'{SUP ZI(Iu_“jlléﬁhl_l)}ZZ]P{l(uil—uiz)H
L % i1 iz

=0{h"-nA"%nhi~ Y -(n+n* 2"} =0(n* 17349

This proves (4.9).

Step (d). Proof of (4.4). Result (4.4) is an immediate consequence of (4.7)
and (4.8). The latter two formulae may be proved similarly, and so we
concentrate here on deriving (4.8).

Define

D, (t)=nK(t/h) p(0),
D32(t)=2 ZK[{t_A(“i_uj)}/h] p{l(ui_”j)}'

i*j

(4.10)
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Since D3 =D3,+ D3, and sup | D3, |=0(m)=o0(n? A~ 32 h?) under the condi-
tions of the theorem, then it suffices to prove that if each u; is replaced
by U,
(4.11) E{D3 )} =n(n—1)(A 1 hy?

ApOfKW) fW) flu—2" e+ 2" hw)dudw+o(A~ %)},
and with U-probability one,
(4.12) D (1)~ E{Ds (1)) = 0(n? 2292 ),

Both (4.11) and (4.12) must hold uniformly in || Zec.
Result (4.11) follows from the identity

Dy, () =n(n—1)A" A f[fKW) f)fu—A"1t+ A" hw) p(t—hw)dudw,

after a little Taylor expansion. (Note that A"=o(4~%2).) It remains to verify
(4.12). Define

a(U, U)=K[{t— (U= U)}/h] p{A(U,— U)},
a(U)=E{a(U, U)|U} (fori<j), a=E{a(Up},
b(U, Up=a(U;, U)—a(l), b(U)=a(U)—oa,
j—1
i=1
In this notation, that part of D, (t)—E {Us,(f)} which corresponds to sum-
ming over i< in (4.10) is given by
n n—1
2 Zj+ Y (n—i) b(U).
i=2 i=1

Therefore it suffices to prove that

(4.13) Zn: Z;=0(n? 17392 ),
(4.14) nil(n_i) b(U)=o(n? 1.~ 342 p)

uniformly in |t|Ze.

Next we outline the method of proof used to derive (4.13) and (4.14).
Let A=A(t) denote the left-side of either identity. In view of the Holder
continuity of K it suffices to prove that for any set J,=4%,, containing
at most O (n™) elements for some M >0, both (4.13) and (4.14) hold uniformly
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in teZ,. Using the Borel-Cantelli Lemma, and bounding the probability
that the supremum of |A(¢)| over 7, exceeds a constant, by the sum of
the probabilities that individual values of |A(f)| exceed the constant, we
see that it suffices to show that for each N >0 there exists an integer k=1,
chosen sufficiently large, such that

(4.15) sup E{A(t)**} = 0 (n? 1~ 3%42 poy2* =N,
teB.

When A(t) equals the left-hand side of (4.14), result (4.15) is straightforward
to prove. There, by Rosenthal’s inequality (Hall and Heyde 1980, p. 23),
and uniformly in te 4,,

E{A@**}=0[n* E{b(U,*}]=0{n>* (1~ B*?},

which, in view of the conditions on n, h and A, implies (4.15) for sufficiently
large k.

Now suppose that A(f) equals the left-hand side of (4.13). Since
E(Z;|U,, ..., U;_;)=0 then the Z/s are martingale differences. Hence, by
Rosenthal’s inequality for martingales, and for constants C;(k) depending
only on k,

E (jgn:ZZj)u_S_Cl (k) [E {Zn: E(Z3|U,, ..., Uj_l)}k—i— i E(ZJ?")}

j=2 j=2

<CL0E 1) Y E@Z,

j=2

E(Z}"=E{E(Z}*|U)}

<2 g {(Jf[b(vi, 0)-E (. 0IU))

i=1

)
+LG—1) Eb(U,. U)| Uj}J“]
<2261 € ((ELG— 1) var (b(U,, U)| U} T¢
L(—1) Eb(U;, Uy—E{b(U,, U] U} |2
Fr?* ELE {b(Uy, U)| U129
<G (R [ W™ 1 (A1 Ry 4 P B2,
Therefore,
2k

E ( )y Z,) S C3(R) (¥ (A7 B 4 (AT R R 3R (AT R,
Jj=2

which, in view of the conditions on n, h and 4, implies (4.15).
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Step (e). Preliminaries for proof of (4.5). In view of (4.7),

[ (DD ={n*(A" R [ 12} 72 {1+0,(1)} | D.
Be

Be
Therefore it suffices to prove that

(4.16) {nz(/l_lh)djfz}_z/ld j‘ Df_’,[ Yz

B Be

in distribution. The present step will show that for (4.16), it is enough to
prove that the finite-dimensional distributions of {n*(A~*h)*{ f*}~* A¥? D,
converge to those of Y. The latter result will be verified in Step (f).

Let &,={sy, ..., S, denote a set of distinct elements of %,. Assume
that the points s; are chosen in such a way that as m— oo, the greatest
distance between any point in %, and any point in %, converges to zero.
Given te,, let s(t) denote that element of &, which is nearest to t, with
ties being broken in an arbitrary manner. Put Ds(f)=D, {s(z)}. It may be
proved, straightforwardly but with tedious algebra in the case of the second
result, that

supE{D,(t)*} =0(n* 1731 h?9),
teB.

lim lim sup(n* 2734 h?% "' sup E{D, (1)— D5 ()}>=0.

m—o R teB.

These results, and the fact that

E| [ D}~ | D={[ E(D,—Ds)*}'*{(| ED})"*+(| EDY)'?},

B B Be Be B
imply that
4.17) lim limsup(n*A~3**h29)"'E| | Di— [ D%|=0.
m-> o0 n—>o0 ‘%C %c

Let L(W,, W,) denote a metric distance (such as distance in the Lévy metric)
between the distributions of W, and W,. In view of (4.17), (4.16) will follow
if we prove that

lim lim sup L[{n>(A"*R)?*{£2} 7224 | D2, | Y?]=0.

m-—o [mdis) B B,

A sufficient condition for the latter result is convergence of the finite-dimen-
sional distributions of {n*(A~* h)*{ f2} ' A¥2 D, to those of Y.
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Step (f). Convergence of finite-dimensional distributions of D,. We give the
proof only in outline, beginning with two continuous approximations to
D,.Put

Dy (®=nn—1) [ K[{t—A(u—v)}/h][X (Au) X (Av)
—p{Au—v)} f)f()dudv
=n(n—DA" R [FKW{X(Au) X(Au—t+hw)
—p(t—hw} fWfu—2""t+A2 " hw)ydudw
D, (0)=nn—1D)A ' [{X(Aw) X(Au—1)—p(0)} f(w)* du.

It is straightforward, although tedious, to prove that for each fixed teR?,
E{Di()—=D;1(0}*+E{D;,()—D1,(0)}>=0(n* 17> h?9).
Therefore it suffices to show that the finite-dimensional distributions of
(n? 2732 h f2)7 1Dy,

converge to those of Y. For the sake of simplicity we confine attention
to a single dimension. Derivation of convergence in distribution for a multi-
variate sequence is similar.

Divide R? into a regular lattice of d-dimensional cubes with edge widths
o, such that the faces of adjacent cubes are parallel and separated by distance
p. Enumerate the cubes, with €; denoting the j’th cube and & the union
of all the strips separating the cubes. If &/ denotes either %; or 2, define
At ={A"1x: xes}. Put

Z= | {X(w) X(u—0)—p0)} f@)? du,

J
Am1%;

R= | {X(Aw) X(Au—0)—p@®)} f@)?du.

A-19

In this notation,
4.18) {n(n—=1)(A"'h* "' Dy,=) Z;+R.

The series on the right-hand side of (4.18) may be confined to the sum
over je .4, where .# denotes the set of indices j such that A~ %; has nonempty
intersection with the support of f Let J be the number of elements of
£ We assume that f<«, in which case J<C(//x)%, where the constant
C>0 does not depend on a, f§ or /.
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Put f=A"? and choose x=x(J) to increase to + oo as A— o0, at a
rate which is sufficiently slow to ensure that x/A'?|0 and x? x(B/2) —0.
Define = //x, then

aAT HBaT i =x" 4 x A7 250,
(A/2) x(B/2)=x* x(B/2) - 0.

(4.19)

The first of these relations implies that the content of the intersection of
2719 with the support of f converges to zero as A — co, and so

ER)= | | f@PfO?E[{X(Aw) X(Au—t)—p (1)}
A-1g i1-19
AX(Av) X(Av—0)—p®)}]|dudv
AT sup A § AL IEHXO) X (=) —p(0)}
R4

A1

AX W) X(w—1)—p®)}]]dw]
=o0(A79.
That is, 24 E(R?)— 0 as A — oo. Hence, in view of (4.18) the desired conver-

gence of the distribution of D,,(f) will follow if we show that for cach
selR,

(4.20) Efexp{isA%2([ 2 'Y Z}]— E[exp{is Y(©)}],

where i:]/———l.

Put £=2%*([ f*)~*. Let  denote the diameter of the smallest d-dimen-
sional sphere containing the support of f, and choose 1 so large that
p>2(6+2]t]). Let seR. If A" is any subset of .# and if joe A" then

|E{exp(is& ). Z;)} —E{exp(is¢ Y,

jex Jjex\{jo}

E{exp(is¢Z;)}1<2x(B—0—21¢]).
Iterating over all j,e.# we deduce that

|E{exp(is¢ Y. Z))}— [[E{explis¢ Z)} | S2J x(f—5—2t)

jesg jes
<2C(4/2)" 1(B/2)
-0,

by (4.19). Therefore, (4.20) will follow if we prove that

[T1E{exp(is&¢Z)} - E[exp{is Y()}],

je#f



Properties of nonparametric estimators 419

or equivalently, that if Z), je.#, are independent random variables with
the respective distributions of Z;, then

(4.21) EYZi-Y()

in distribution.
To prove (4.21), observe that E(Z))=0,

LEZ?)= Y E(Z))
jes jes

=370 | f@Prdu | futito?

jeg A-1€; C;— Au
E[{X(0) X(—)—p@}{X () X(—0)—p@®)}]1dv
~ATIRNC T MHIERX O X (0 —p )}

jeg A1y,
{X ) X+ —p@}]dv
=17 SHIELX©) X0 p(0} {X ) X (o+0)—p@)]do
—EE{Y(7),
and
YEZH= Y EZ))
jesf jes

=A73Y | fWrdu | fu+A 'v)do,

jes A-1%; ;- du

o ST v do, [ fu+dT e)?

€~ Au €;—Au
EH{X(0) X (—0)—p} {X (v) X (v, —0)—p(t)}
{X (02) X (03 =)= p (O} {X (v3) X (03— 1)—p(D)}1 d v
<273 sup £ S FIELH{X(0) X (—1)—p(®)}
AX @) X0, =)= p(OHX (v2) X (v — 1) —p(8)}
AX(v3) X (w3 —0)—p@)}]1dvy dvy du,
=0(1739.

Therefore,

L EIZy L Y E@ Pt =0{A72 (07 2 =079,

j1e# Jj2eF

Result (4.21) now follows via Liapunov’s central limit theorem.
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Proof of Theorem 3.2 We know from Theorem 3.1 and the fact that g; — co,
that for each fixed ¢>0 and as n— oo,

2O {pO—p@ide=2" | {p(O—-p@}?dt~> | Y dt,

ltise ltl=c Je]=¢

the convergence being in distribution. It is straightforward to prove that
[E(Y?*)< o0, so that

[ E{Y(@®)?*}dt—0

lt]>¢

as ¢ — c0. Therefore, the proof of Theorem 3.2 will be complete if we show
that

lim limsup A4 | E{p(t)—p(t)}*dt=0.

[mdie o] n—> o0 |t]>c
Given 0<a<b< o0, define #(a, b)={reR": a<|t|<b}. Then
[ {p@—p@}*dt= | (5—p)*

ft] >¢ B(c, )
2 | (p-pPw+2 [ pPw—1)?
B(c, ) A (c, )

2§ (—pP+2 | P

Ble,q2) B(g1, )

By hypothesis, the last-written integral equals o(4 ™%, and so it suffices to
prove that

(4.22) lim imsup A* | E(p—p)*=0.

cme BT B(c.q2)

Let Dy, ..., Dy, D4y, D,, be as defined during the proof of Theorem 3.1,
and recall formula (4.1) describing the decomposition of §. Arguing in the
manner there we see that (4.22) will follow if we show that

(4.23) lim 274 [ 1=0,
"7 Blego)

(4.24) lim imsup | E(D2)D;2=0,
€T RO ge.q)

(4.25) lim limsup A* | (D3D;'—p)*D;>=0,

T mTO Bea)

(4.26) lim limsup A* | E(D}D;?=0.

£ TR d(e,q2)

Formulae (4.24)(4.26) are of course directly analogous to (4.3){4.5). Result
(4.23) follows from the fact that ¢,/1— 0.
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The arguments employed in Step (d) of the proof of Theorem 3.1 may
be modified to show that with U-probability one,

Dy(0)={1+o(L)} n*(A~ h [ 12,
D3 (=D, (®){p(O+0( ™" |t|™*}

uniformly in 1 £|t]<q,. Result (4.25) is an immediate consequence of these
two formulae. We may also deduce from (4.27) that (4.24) and (4.26) will
follow if we prove, respectively, that

(4.27)

(4.28) lim limsup(n*A~2?R29~t | E(D})=0,
[adies] n=> o0 '%(C q2)

(4.29) lim limsup(r*A~34R2%H~1 | E(D}H=0,
c™r o n—roo -@(C qz)

When deriving (4.28) we may confine attention to the case where E(D3)
on the left-hand side is replaced by E(D2,). This situation may be treated
by modifying the argument in Step (c) of the proof of Theorem 3.1, along
the following lines. Since ¢;;=A(u;—u;) and K is compactly supported then
there exists ¢, >0 such that, for sufficiently large n,

§ EDI)=mY Y Y Yt § K{w)
AB(c,q2) iy j1 iz j2 c<ftyy j thwl=q2
'K{W—[—(thh lz]z)h l}dw

S(eup K2R3 3 0 o {4, —up)}|

iy j1 iz J2
T(uy, —u;, |£247 1 gy, [y, Fuy, —u ) —up, | Sc A7 A)
<(supK*) h{sup ) I(lu—u; [<227" q,)}
R 31
{sup Y I(u—ug[Sc, A7 )} Y ) | {AGw, —uy,)}
L % ip iy
—O (- n(i™1 @y n(A R (142 A )
:O(nd'”)f“h“qg)

for all 6> 0. Since ¢,/A=0(r"*) for some ¢>0 then (4.28) is true.
To derive (4.29), observe that

(430) .f E(Dz hd Z Z Z Z 1111’ 1211’ 12J2)

A(c,q2) iy I j1 Jj2

| K(w) K{w+(t;

e<|tiy j, +hw|Zq
<(sup K?) h* z Z Z z 1P(iy5,5 Ligjoo Lini)l
i1 iz J1 J2
I(|t1111|> S |tl111 l212|<clh)
SEUPKA I YT T 31 s )
it 2 j1 J2

[>%c, |t

VA1 dw

ll]l 1212

I(ltllll i1j1 tiziz gcl h)
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If in the latter formula we were to write t;;=A(y; —u;), then replace each
u; by the random variable U;, and finally take expectations, we would obtain
the quantity

{I+oM}sup K n* b [ . [r {Auy —uy), Aus —uy)}
d{luy—uy | >3 e A7 () —uy) —(us —uy)|[Scy A7 Ry
Suy) o flug)duy ... du, .

<{1+o(1)}(sup f)(sup KH)cin* i 4h*
S A —u), Aus —uy)}
T(luy—uy [ >3 A7 f(u) S (uo) f (uz)duy duy dusy
={1+o()}(sup f)(sup K*)([ f3) n* 4737 h?4
“ ri(ve, va)dogdu,.

fo1|>4c,v2eRE

Given any £>0, we may ensure that this is less than en* 27 3?h?¢ for all
sufficiently large n, simply by choosing ¢ large. Therefore it suffices to show
that

@31) @*27¥RY TN Y Dty tp) Tt > Fes 4,5, =t
i1 2 j1 J2
gcl h)_E[rl {)”(Uu - L[iz)’ '1(Ulz - UJz)}
AU, = U, >4 e, AU, ~U;)) = (U, — Up))|Sc h}]) > 0
with U-probability one. This may be done by (a) replacing each t;; by
A(U;—Uj), (b) computing the fourth moment of the left-hand side of (4.31),
and showing that it equals O(n~®*?) for some 6>0, and (c). applying the

Borel-Cantelli lemma and Markov’s inequality (for a fourth moment), noting
that ) n™0 "9 <o0.

Proof of Theorem 3.3 It suffices to prove that |f—p|=o0,(4~%?). Observe
that by Parseval’s identity
Cm2 |5—pl =PI L0)]
SI@ =) IGZ0)[+ I I@<0)].

However, if <0 then 0<y <y —, and so |y I(J <O)| < [y — ) I <O0)].
Therefore,

I1p—=pl=22m) 2 |(F—y) I <O)II,

and so it suffices to prove that A% ||(f —y) Iy <0)| -0 in probability.
For this it is adequate to prove that for each ¢ >0,

A [ ELJO) O} 1{§#(©)<0}]d6 -0,

6] =c
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and that
lim lim inf 2¢ j E{J(B)—l//(@)}zd(?
cr0 R © 18| <e
;limi’l@n)‘ijE(ﬁ—p)z.

To establish these results it suffices to prove the existence of a Gaussian
random field Z=2Z(0), with zero mean, such that 242 {{J/(0)—y(0)} — Z(6)
in distribution, for all 0eIR?; 2% E{{J(6)—y(0)}*> - E{Z(0)}* uniformly on
compact sets; and 1 [ E(p—p)* - (2n) ¢ [EZ2.

These results may be derived using techniques from the proofs of Theo-
rems 3.1 and 3.2. Of course, [ EZ*=(2n)*[EY?.

Acknowledgements. We are most grateful to two referees for their exceptionally helpful
remarks.
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