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Summary. Let (X (¢), t€S) be a real-valued stochastic process with IP(X(0)
=0)=1 and P(lim X(f)=c0)=1. In this paper we are interested in the
t—> oo

reluctance of such a process to tend to infinity. This entails determining
the rate of escape of the associated process (inf X (s), t€S), the so-called
future infima process. szt

Mathematics Subject Classification (1990 ): 60J65, 60G17, 60J15, 60F05

1 Introduction

Let (X(¢), teS) be a real-valued stochastic process with IP(X(0)=0)=1 and
P(lim X (t)=o00)=1, where S may denote either [0, o) or the nonnegative
t—> w0

integers. In this paper, we are interested in the reluctance of such a process
to tend to infinity. As a measure of this reluctance, we introduce the future
infima process associated with (X (¢), teS): for t€8S, let

[(6)Zinf X(s),

szt
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we note that (I(f), teS) is an increasing process which tends to infinity
as t— o0. Primarily we are interested in comparing the rates of escape of
X(t) and I(t); consequently, we study the lim sup behavior of X(t), I(¢)
and X(t)—I(t) as t — oo.

The following terminology will be useful. Let ¢: R™ >R ™ be nondec-
reasing. We say that pe% (X) (the upper-class with respect to the process
(X (2), tel)) if almost surely X (t)<¢(f) for all ¢ sufficiently large. We say
that pe ¥ (X) (the lower class with respect to the process (X (¢), teS)) if
almost surely X (¢) > ¢(t) infinitely often as ¢t — c0. We will denote the upper
and lower classes with respect to the process (I(t), t€S) by #(I) and Z(I),
respectively. Whenever possible, we will compare % (X) and %(I) as well
as Z(X) and Z(I). Since I(f)< X (t), we always have #(X)c%(I) and
Z ()= Z(X): we will show that the containments can be proper.

Throughout, let L(x)=L1(x)d=fln(x ve) and, for k=2, let L,(x)
df
= L(Ly - 1 (x))-

In Sect. 2, we consider R'-valued random walk with positive drift. Let
£, &, ¢,, ... be independent and identically distributed random variables.
We assume that P(£ <0)>0, IE(&)>0 and u(t) i]E(e”z), the moment generat-

daf
ing function of £, is defined in a neighborhood of the origin. Let X,=0

df df
and, for n21, let X,=¢,+...4+¢, and I,=infX;. In our first theorem,

jzn

we demonstrate that

) X,—1I, 1
(1.1) lim sup =— as.,

new L) ]

where r is the unique negative solution to pu(t)=1.

In Sect. 3, we develop related results for Brownian motion with drift.
Let (B(t), t=0), denote a standard, one-dimensional Brownian motion and
let f:R* -»R™* be nondecreasing with f(0)=0. Let

X, EB@O+f(t) and I,()=infX (1)

s=t
for all t=0. For f (t)=mtI?(t) with m>0 and p =0, we demonstrate that

) X,)-I,t 1
1.2 1 it A A A S.
(12 ST ) Tam
In the case p=0, this is the Brownian analogue to (1.1).
The relative proximity of I.(t) to X ((f) implies that (I (¢), £=0), suitably
normalized, inherits all of the classical limit theorems from (X /(z), t=0).
In fact we can say more: let y: R* -IR* be nondecreasing and let ¢(f)
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=f (t)+]/£1ﬁ(t). By Kolmogorov’s integral test for Brownian motion (see
It6 and McKean (1965)), one obtains

peU (X)) if and only if }ot“lw(t) exp(—y2(t)/2)dt < .

However, with probability one X (1) —cL' "F() <1 ;(£) < X (¢) for ¢ sufficient-
ly large and ¢>(2m)~ 1. As a consequence,

pe#(I;) ifand onlyif }Ot"l () exp(—y2(ty/2)di < co.

Using the integral test of Feller (see Feller (1970) or Bai (1989)), a similar
conclusion can be drawn for the random walk examples of Sect. 1.

In Sect. 4, we consider a transient Bessel process, i.e., one-dimensional
positive diffusion, (X (¢),t 2 0), determined by the local generator

21655 [+ ),

where d > 2. For integer d =3, the radial part of a d-dimensional Brownian

df
motion is such a process. Let I(t)=inf X (s). Then

s=t

(1.3) lim sup lei su 10

m ——=1 as.
) |/21L2(I) t—>oop I/Zth(t)

One consequence of this development is that (1—¢)]/2¢InInte £(I) for
every ¢>0. Moreover, in contrast with the one-dimensional results of
Sects. 1 and 2, this suggests that (X (¢), teS) recovers from large excursions
from the origin. In the same theorem, we give sufficient conditions (in terms
of an integral test) for inclusion in % (I): in particular, this shows that % (X)
is a proper subset of % (I). When d =3, the results of Sect. 4 can be obtained
from a theorem of J.W. Pitman (see Remark 4.1.1).

Finally, in Sect. 5, we discuss analogous results for high-dimensional
Z°-valued random walk (d=3). Let &,, &,, ... be independent identically
distributed Z’-valued bounded random variables with zero mean vector
and identity covariance matrix. Let (S,, n=0) be the associated random
walk, which we assume is strongly aperiodic. For 0<t <1, let j,(¢) denote
the element of C([0, 1]) obtained by linearly interpolating the points

{(kn™1, n" Y2 inf|S); 0<k<n}.

jzk
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We demonstrate that j,(«) converges weakly in C([0, 1]) to the stochastic
process
(infX,; 0=1<1),

st

where (X (1), t =0) is the radial part of a standard d-dimensional Brownian
motion. It should be noted that this result cannot be obtained directly
from Donsker’s invariance principle. In addition, this section includes laws
of the iterated logarithm which are analogous to the Brownian motion
results of Sect. 4.

2 A transient walk on R*

Let & &,,&,, ... be a sequence of independent and identically distributed
R'-valued random variables with P(£ <0)>0 and IE(£)>0. Let X, iO and,

af ”
forall n=1, let X,= Z £,. Of course this defines a transient random walk
i=1
on IR!. We define the associated future infima process; that is, for n=>0
let

af
I,=inf X ;.

jzn

For telR, let u(t)glE(eté), the moment generating function of £ We will
assume that u(-) is defined in a neighborhood of the origin. We observe
that u'(0)=1E(¢)>0. Since P(¢ £6)>0 for some § <0, u(t)=e P(£ <) for
t<0. Moreover, since t— u(f) is convex, it follows that there exists a unique
negative solution to the equation p(t)=1, which we will denote by r, ie.,
r<0and p(r)=1.

The main result of this section is:

Theorem 2.1 With probability one,

n_In

. X
lim sup =—

neo  L() 7]

Naturally, the proof of Theorem 2.1 is composed of upper and lower bound
arguments. The upper bound will follow from a gambler’s ruin calculation
for (X,, n=1), which is the content of the next lemma.

Lemma 2.2 Foralln=0and b>0,P(X,—I,Zb)<e™.
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Proof. First we make a preliminary calculation. Let $<0 and a>0. Define
stopping times

a a
1= min{k: X, <p} and 7,=min{k: X;>a}.

Let t=1, A T4.
Since p(r)=1, (e"*~, n=0) is a mean one, positive martingale. By Doob’s
optional sampling theorem we obtain

1=E(e* |1, <15 P(t, <1+ E(e*|15<1,) P(r5<1,)
2E(e ¥ |try<1,) Plrp<t,).

Since {t5<1,} implies rX,>rp, it follows that IE(e"*<|t=1,) = e"’. By send-
ing « to infinity, we obtain

2.1) P, < o) <e 7.

To finish the proof, observe that

D
X,—I,=—inf(X,— X,)=—I,.

jzn

Consequently, by an application of (2.1), we obtain
P(X,—I,2b)=PI,<-b)=P(r_,<x)=e?,
which proves the lemma. []

We will need some additional terminology to prove the lower bound in
Theorem 2.1. Let ¥, Y, Y5, ... be iid. random variables with IE(Y)=0 and

M (t)glE(e’Y) defined in a neighborhood of the origin. Let S,,g Yi+...+7,
for all n=1. Let p(x) denote the Chernoff function associated with —7Y,
ie.,

p(x) S infe *E(@?)
t
—inf e M (z).
t

For ¢>0, let

af df
(2.2) a(c)=sup{x: p(x)=e~ '} and ¢@(n)=|cL(n)]
(where | x | denotes the integer part of x). Then

(2.3) lim infﬁ%&);si: —a(c) as.
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This is a modification of the celebrated Erd6s-Rényi law of large numbers

lim min M_‘S:'l

=—alc) as.
n- oo 0Sk<n—o(n) @(n)

(see, for example, Theorem 2.4.3 of Csorgt and Révész (1981) and its proof).
Proof of Theorem 2.1 To prove the upper bound, let

F={X,—I,= —(14¢) L(k)/r},

for e>0 and k=1. Then, by Lemma 2.2, P(F)<k™ "9 and ) IP(F)< co.
By the Borel-Cantelli lemma IP(F,, i.0.)=0. It follows that k

lim sup XZ(—)I" < (1+e) as.
R n r

We obtain the desired upper bound upon letting ¢ —0.

f di
Let m=E() and let Y,=¢—m for all i21. Let S,=Y,+...+7Y, for
alln=1. Let ¢>0 and let a(c) and ¢(n) be as in (2.2)
Observe that

InéXn+<p(n)=Sn+q;(n)+m(n+ (P(n))
Consequently

Xn_In; _(Sn+<p(n)—Sn)_m(P(n)'
Since @(n)~ cL(n), by (2.3) we obtain

. —1I .
lim sup ——"= —c lim in

n-> o L(n) n— @ (n)

S -5
f n+@(n) n_cm

=c(a(c)—m) as.

For the appropriate choice of ¢, we will recover the desired constant.

Lety = W (r)and let A(t) ii—-flog(e’”u(t)) = —yt+log u(t). Then A(-)is con-
vex
and 1'(r)=0. Consequently, A(t)=A(r)= —yr for all ¢, which is to say

infe” " u(t)=e""". As a consequence
t

p(m—y)=infe™ M E(eY)
t



Transient Brownian motion 343

Let ¢=1/(yr). Then it follows that p(m—y)=e ?"=e~ ', which says that
a((yr)~ Yy =m—y. Hence c(a(c)—m)= 1/|r|. We conclude that

1

) X,—1I,
lim suyp———=— as,
now L) ]

which is the desired lower bound. [

3 One-dimensional Brownian motion with positive drift

Throughout let (B(f), t=0) denote a standard, one-dimensional Brownian
motion. Let f: R* -IR™ be a nondecreasing function with £(0)=0 and
let X (t)=B(t)-+f(t). We define the future infima process associated with
Xp:fort=0,let

s>t

The main result of this section follows:

Theorem 3.1 If f(t)=mtI’(t) for m>0 and p=0, then

X,(O)—1I.(t 1
lim sup —f(—)v—f(—)=— a.s.
o ® II77(1) 2m
Observe that when p=0 we obtain the Brownian motion analogue to Theo-
rem 2.1. Setting p=1 in Theorem 3.1, we obtain: for f(t)=mtL(¢),

lim sup(Xf(t)—If(t))=im a.s.

£ o0 2

In this case, no renormalization is necessary.
When p>1, X ;(t)—1,(t) -0 with probability one as t — co. Theorem 3.1
gives the rate with which this difference tends to zero:

lim sup 2~ (8} (X () — 1T f(t))=—% as.

(w0 2

As with Theorem 2.1, the proof of Theorem 3.1 is composed of upper and
lower bound arguments. The upper bound will follow quite naturally from
a gambler’s ruin calculation, which is the content of our next lemma.

Lemma 3.2 Let b>0. If />0 and " =0 eventually, then, for t sufficiently
large,

IP(Xf(t)—If(t)ga)ée—Zf'(t)a_
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Proof. First we consider the case f(t)=mt, where m>0; the general case
will be obtained from this.
Observe that

X (t)—1,(t)= —inf(B(s) — B() + m(s — 1)),

s=t

which indicates that X ,(1)—1I,(¢) has the same distribution as —1,(0). By
Itd’s formula, (exp(—2mX,(t)), t=0) is a mean one positive martingale.
Consequently, by a gambler’s ruin calculation,

(3.1) P(I,(0)< —b)=P(X ;(-) ever hits —b)=e~>™,

which is what we wished to show in the case f(1)=mt.
In general, observe that the eventual convexity and monotonicity of
f implies

fE-fOzf®(—1) with (>0

for all s>t sufficiently large. Thus
X (O—1,(t)=—1nf(B(s)—BO)+ f (5)—f (1)
szt

< —inf(B(s) - B(6)+1'(1) (s —1)).

st

This last random variable is distributed as —1,(0), where g(s)=f"(¢) s. Con-
sequently, by (3.1)

PX (0~ 1) 2b) SP(1,(0) < —b)=e 20,

which verifies the lemma in question. []

To obtain the lower bound in Theorem 3.1, we will use a theorem of Hanson
and Russo on the increments of the Wiener process (see Theorem 2.2 of
Hanson and Russo (1983)), which we will briefly describe.

Let a, be measurable with 0<a, <t for all t>0. Let

bt = (2 a; (IOg (t/ar) + log2 (t))) —e,
Let & denote the set of limit points of b(B(t)—B({t—a,)). If a,t*— o0 as
t—oo for all a>0, then, by the theorem of Hanson and Russo,

P(&# =[—1, 1])=1. In particular,

(3.2) lim infb,(B()— B(t—a))=—1 as.

t—~ oo
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Proof of Theorem 3.1 It is easily checked that f()=mtIP(t) with m>0
and p=0, satisfies the hypothesis of Lemma 3.3. In fact, for ¢ sufficiently
large,

fO=mLP@)+mp?~1(1).

Let ¢, 2 1 and, for k=2, let

df
tk:tk_l—f—m.

Consequently, t, ~k/IP* (k) and f(t,) ~mIP(k) as k — co. As a consequence,
by the mean value theorem,

(3.3) ftr)—fG)=0(1) as k—oo.
For k=1, let
D= sup (B(t)—B(t)

te StSti+ g

We will show that D, is small as k — co.
Let >0 be given. Then, by the reflection principle, the Markov property
and Brownian scaling we obtain

P(D,>¢)=2P(B(tys—t)>¢)

=2P(B(1)>¢/)/ ti—ti+1)

éze—suw 1(k)/2

where we have used the well-known estimate: for x sufficiently large,
P(B(1)>x)Se *2,
We will need to consider two cases: if p=0, then

P(Dk>£) ksZ/Z

Consequently, for ¢ >]/ we obtain Z P(D, > &) < co. By the Borel-Cantelli
lemma, it follows that =

(3.4) lim sup D, <}/2  as.

k=
If, however, p>0, then ) IP(D,>¢)< oo for all £>0; consequently, by the
Borel-Cantelli lemma, &=1

(3.5) lim D,=0 as.

k—
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Let g> 1. By Lemma 3.3

P(X () —1,(t,)> gL' P (t)2m) < e el ar
_emar L

Kk’

which is summable by our choice of g. From the Borel-Cantelli lemma,
we obtain

< a.s.
k- L") ~2m

Finally, for t, <t <t . we have

X =1, (0)=X,(t)—1,(t0)
=(B(t)—B(t)+(f O — S )+ (X s (t) — 1, (t)
S0+ (f (tes 1) — S () + (X () —1 (&)

In conjunction with (3.3) through (3.6), this demonstrates that

. X()—1.(¢ 1
hmsup—M<f a.s.

e TP T 2m

which gives the upper bound in question.
To obtain the lower bound, let

at L'™22(t)
a,= 2m2 .

Since a, is nonnegative, we obtain
I,O=X (t+a)=B(t+a)+[f(t+a).
As a consequence,
X, (O~ 1)z —(B(t+a)—B@)+f()—f(t+a)

By the mean value theorem, we obtain

FO—f+a)~ —E%Ll_"(t) a5 to oo,

By (3.2)

Jim inf SEF S B0 _ 1

~ a.s.,
o0 L72(t) m
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(where we have written the increment forward in time). Consequently, we
see that

X ()—1,(t 1
lim sungA as.,
1= L'™P() 2m

which is the lower bound in question. []

4 High-dimensional Bessel processes

Throughout let (X (t); t=0) be a Bessel process of index d>2, i.e., a one-
dimensional diffusion on [0, co) with local generator

d—
L= 10+ )

for all fe C2([0, o0)) and d> 2 (see Revuz and Yor (1991), p. 411). For integer
d =3, (X(t), t =0) can be realized as the radial part of a d-dimensional Brow-
nian motion.

As with the previous examples, we consider the future infima process
associated with (X (¢), t=0), ie,

I(6) = inf X (s).

s>t

It is worth mentioning that I(¢) inherits scaling from X (¢), ie., for any
¢>0,(I(t); t=0) and (¢~ Y2 I(ct); t 2 0) have the same finite dimensional dis-
tributions. Concerning the process I(t) we have:

Theorem 4.1 With probability one:

. I(t)
1 1 S S —
@ Ht{s;lp /2t Ly(t) !
2) lim supX_(t)——I(t)z 1.

im0 12t Ly(t)

(3) Let (p(t)=[ﬂt//(t) be nondecreasing in t>0 and assume that (t) > oo
as t — co. Then

}ow(t)"_zz‘lexp(—¢2(t)/2jdt<oo implies @) (I).
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Theorem 4.1(3) should be compared with the Kolmogorov and the Dvor-
etsky-Erdds integral tests (see, for example, It6 and McKean (1965),
pp. 1611f). We shall state the latter below for convenience:

Theorem A (Kolmogorov-Dvoretsky-Erdts) Let yr: R *—IR ™ be nondecreas-
ing and unbounded as t —» ow. For all d= 1,

P(X(1)>)/t(2) i.o.)={(1)

if and only if

¢ d,—~1 <
J v exp(—wt)/z)dt{:oo.

Remark 4.1.1 The proof of Theorem 4.1(3) is inspired by the first half of
Kolmogorov’s test (see 1td and McKean (1965), p. 34). In it we exploit
the analogy between first hitting times of spheres by X (¢) and sup X (s),

st
and last exit times from spheres by X(f) and the process inf X (s). When
d=3 much more is true. Indeed, by the celebrated theorem of J.W. Pitman
(Theorem 3.5, Chap. VI of Revuz and Yor (1991)), the process
(X@), I(®)), t=0) has the same finite dimensional distributions as
(2 sup X (5)— X (t), sup X(s)),t=0), where (X(t),t=0) is a l-dimensional
5=t s=t
Brownian motion. Indeed if d=3, then X (¢)—1(t) is a Bessel process of
index one and: Theorem 4.1(2) follows easily from the law of the iterated
logarithm. Moreover, Theorem A implies the necessity of Theorem 4.1(3)
in three dimensions. We do not have a proof for this necessity when d +3.
From Theorem A and Theorem 4.1(3) one can easily show that for d>2,

X@>)/t)/2Lyt+(@+2) Ly t+2L,t, io.

while for all >0

I(t)<1ﬂv]/2L2 t+dLyt+(2+¢) L,t, eventually

with probability one.
Lim inf results for (I(t)) are not interesting; a real variable argument
shows the following:

Lemma B Let ¢o: RL—IRY be a function satisfving: ¢(t) |0 and ]/fqo(t)T ©
ast — oo. Then for any continuous function x:RL—IRY for which lim x(t)= oo,
L= o0

xO)Z)/te(), io.
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if and only if
infx(s)gl/igo(t) 1.0.

st

Hence we need only consult the lim inf results for X (t), (e.g., see Motoo
(1959), p. 27). A simple consequence of this development is that

1
lim inf —@—

t— o |/2tL2t

In conjunction with Theorem 4.1, this demonstrates that the random
sequence

=0, as.

{Qt L)~ Y2 I(t), =0}

converges and clusters in [0, 1].

The main ingredient in the proof of Theorem 4.1 is the solution to the
gambler’s ruin problem for Bessel processes (see for example Itd and
McKean (1965) or Revuz and Yor (1991)),

P(I,2x|X,=y)=P(X(s)=x forall s=21|X;=y)=1—(x/y)*" %

For d>0, let
af 2
CI(d/2) 247

d

It is well known that the density of X, is given by

P(X,edx)

4.1) .

I x?71 exp(-—x2/2) 1[0, oo)(x)'

To derive the integral test (Theorem 4.1(3)), we will need the distribution
of the last exit time from a sphere of radius a by a transient Bessel process.
Let >0 and let

o,=sup{r>0: X(t)<a}.

Lemma 4.2 Let d>2.
(1) The density of 1, is given by

IP(I,edx)

dx =l4—2 x”’_3exp(—x2/2) Lio, w)(%)-

(2) The density of o, is given by

IP(O-aEdt) . 1:172

. s (@/)/ 1% % exp(—a%/21) 119, ) (0).
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Remark 4.2.1 Observe that I, in dimension d =3 has the same distribution
as X, in dimension d—2. A similar but deeper phenomenon has been
observed in Ciesielski and Taylor (1962).

Proof. By (4.1),

P(l, 2 x)= IHIP(Il x| X, =y)y" e dy.

Thus,

P, zx)=I; [ (" 2—x*"2) ye ¥ 2dy

X

—@-25 [ ¥ ey,

by an integration by parts. Since (d—2) I;=1I;_,, the density of I, is as
stated.

To verify (2), observe that {c,<t}={I(f)= a}, by Lemma 4.3 and scaling
we have

]P(O'aét)'—"]P(Ilgat_l/z):[;_z j‘ yd‘3e_y2/2dy.

at—1/2

We obtain the result upon differentiating with respect to t.  []

Proof of Theorem 4.1 Throughout, let F(t)=(2tL,(t))”*/*. Recall (see Revuz
and Yor (1991)) that

4.2) limsup F(t) X(1)=1, as.

[ e ]

Fix ¢€(0, 1/2) and define stopping times as follows:

4.3) U(n)—lnf{s>n F) X(s)=2(1—¢)}.

By (4.2) and (4.3), U(n)=n and is finite, almost surely. Moreover, hm U(n)
= oo with probability one.

Let us prove (1) first. By applying the strong Markov property at the

stopping time, U (n):

@44 PEUM)Iym21-2e)=Plym2(1—2¢) Xyu/(1—e¢)
:“P(IU(n)Z(l_zg) u/(1—e)| Xym=u) ]P(Xv(n)ed“)
=PI,=(1-2e)u/(1—e)| Xo=u) P(Xy, edu)

(1—25)"‘2
= 1 —
1—e¢
df
=K0(8).
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Since U (n)=n, by definition,
P(F()I()=2(1—2¢&)sometzn)ZIP(F(U 1) Iyy2(1—2e)=kxo(e).
Therefore for all (0, 1/2),
P(im sup F(t) I(t)=1—2¢)= lim P(F() I(t)=(1 —2¢)some t =n)
o o0 n—w
=x4(e)>0.
By Shiga and Watanabe (1973), (X (¢)) is the same process as (¢ X (1/t)). There-

fore, by the Blumenthal 0— 1 law (see Revuz and Yor (1991)), the tail o-field
of (X (¢)) is trivial. Hence the above development shows that for all e€(0, 1/2),

limsup F(t) I(t)=1—2s¢,

| el

almost surely. Letting ¢ >0 along a countable sequence we arrive at the
lower bound. The upper bound is a consequence of (4.2) and the fact that
I(t)< X (t). This proves part (1). The proof of part (2) is similar. Indeed,

4.5) ]P(F(U(n))(XI(n)_IU(n))g(l _23))=IP(IU(n)§23 XU(n)/(1 —&))
=PI, =<2eu| Xo=u)P(Xyyedu)

28 d—2
“(1—8)

il K4 (g).

Hence U (n) = n implies that,

P(lim sup F(£) (X () —I(£) 21— 2¢)

[ Smdiee]

= lim PFE) (X)) —1()=(1—2¢)somet=n)

2P(F(U ) (Xym—I(Um)2(1-2¢)
=x,(g)>0.

Another application of the triviality of the tail o-field of (X (¢)) establishes
).

Finally, to prove (3), assume that ¢ satisfies the hypotheses of the theo-
rem. Let 0<a<b< oo and let

Ei{l(t)zfp(t) for some a<t<b}.

We will estimate IP(E).
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Let a=ty<t,;<...<t,=b be a partition of the interval [a, b]. For each
integer 1 <k <m, let

Ekd:f{I(t)g(p(t) for some ¢, <t=t, but
I(t)<o(t) forallast=<t, ,}.

Then E= {0,y <a} u( U Ek) and
k=1

P(E)=P(6,m<a)+ Y P(E,).

k=1
However, since ¢ is nondecreasing,

PE)=IPU,, _ <o(ty- 1)1, Z0t-1))
=P(ty— 1 <044 St

) E ot )\ 2 . fi_“_
= § ( 1/; ) exp(— > (t—1)/2u) L

te—1
where this last equality is from Lemma 4.5. We also have

I, @@
j' u—d/Zefl/Zudu'
2 0

IP(G-(p(a) é a) =

As the mesh size of the partition tends to zero, we obtain

I, ap~%(a)

P(EF)< [ u e tPugdy
0
Laa j”(cp(u))d*zﬂzmmﬂ
2 W u

Since ap *(@)=y (@) >0 as a— oo, the first integral tends to zero as
a— 0. Since

{ (py)/wy 2ute W dy < oo,
1

b
lim Lim J(@@)/)/u)"2e**/2ndy y=0.

a—owb—wa
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Consequently,

lim lim IP(I(f)=¢(¢t) forsomea=<t=<b)=0,

a—+w b= oo

and P(I(t) = @(t)i.0.)=0, which demonstrates (b). [

5 High-dimensional random walk results

Let &,,¢&,, ... be independent, identically distributed random vectors in
Z°(d = 3) with zero mean vector and identity covariance matrix. For simplici-

ty assume that IP(|¢,|<M)=1, for some finite constant M. Let S,= > ¢,

i=1
be the associated random walk. Suppose that (S,) is strongly aperiodic
(see Spitzer (1964)). Define the resolvent density or Green function of the
walk,

g(x)ﬁ i P(S;=—x) xeZ’

i=1

We define the future infima process associated with (§,) (and its truncated
version), i.e., for I<n<N,

df df
(5.1) J,=inf|S}, JY= min |S}.
#<jEN

jzn J
Throughout, let

a1

Define C([0, 1]) to be the space of real continuous functions on [0, 1]
endowed with uniform topology. Let j, be the extension of {n™1?J,; 1<k
<nj to C([0, 1]) by linear interpolation, i.c., for all 0t <1,

. df —_ — —_
@) =(nt—[nt])n 1/2J1+[nt]_n 1/zJ[nz])"‘” l/ZJ[nt]-

What follows is a central limit theorem for the process {j,,n=1} which
does not appear to be an immediate consequence of Donsker’s invariance
principle. (For this and more, see Billingsley (1968).)
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Theorem 5.1 For all d=3, j,=>1I, where I is the future infima process of
the radial part of a Brownian motion (as defined in Sect. 4) and = denotes
weak convergence.

Remark 5.1.1 The proof of this theorem requires some standard potential
theory for random walk. Theorem 5.1 generalizes easily to random walk
with positive definite covariance matrix Q: in this case one replaces the
standard Brownian motion with a Brownian motion having covariance
matrix Q.

With Theorem 5.1 in mind, it is natural to ask whether the laws of
the iterated logarithm of Sect. 2 hold in the context of random walk. This
is the content of our next theorem.

Theorem 5.3 With probability one,

J,
limsup —————=1 and,
n-rco 2n Lz(n)

max|S,| —J,
mzn ]Sn!_'}n

lim sup ——————=1im sup

n- o 2nL,(n) now /21 L,(n)

Remark 5.3.1 This result has already been observed by Erd6s and Taylor
for simple, symmetric random walk (see Theorem 9 of Erd6s and Taylor
(1960)).

The proof of Theorem 5.3 is the same as that of its Brownian analogues
(Theorem 4.1) and, as such, will not be presented here. The essential differ-
ence is this: the gambler’s ruin problem cannot be solved explicitly in this
setting. Instead one can use the estimates in Lemma 5.5 and Lemma 5.6.

Fundamental to the proof of Theorem 5.1 are estimates for certain gam-
bler’s ruin probabilities; the following sequence of lemmas is directed to-
wards obtaining these estimates. The next lemma can be found in Spitzer
(1964), pp. 77-79.

=1.

Lemma 5.4 The following hold for the random walks of this section.
(i) Lim sup|(2zn)?P(S,=x)—exp(—|x|*/2n)| =0.
(i) lim sup |x|*n~ HQ2nn)*2P(S,=x)—exp(—|x|?/2n)|=0.

Lemma 5.5 Under the assumptions of Lemma 5.4, [x|?~? g(x) ~y,, as |x] = 0.

Proof. Section 26 of Spitzer (1964) contains a proof of this for the case
d=3. For the most part, we shall mimic this proof for the general case
d=3: the only exception may be that the last part of our proof is slightly
cleaner.
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Define for s>0 and xeRY, p,(x)=(27s)~%? exp(—|x|?/25). Then, for any
K>0,

[K[x[]
(5.3) lg (x)— Z Pa(X)| = Z (P(S,=x)+pu(x))
+ i I]P(Snzx)'—pn(x)l
n=1+{K|x|2]

df
— T15'3 + T25.3 .

As in Spitzer, we estimate the two terms separately. By Lemma 5.4(i),
supIP(S,=x)<c5 , n~%? and, trivially, sup p,(x)<cs.3 n~ 2. Therefore
x X
[K[|]
(54 TP3<cs, Y n42Ses s K-UD2|x2 s

n=1
Fix >0 arbitrarily small. By Lemma 5.4(ii), for all n large enough,

sup el [P(S, = X)— p, () S~

Therefore, for all [x| large enough,

(55)  TEIZenT? Y nTTPRgeg iKY
n=[K|x|2]+1

Therefore,

lim sup |x]?¢|g(x)— an ()| s K622,

] = o

Since K is arbitrary, it suffices to show that as {x| — oo,
(5.6) x> 74 Y palx)~7a

Write

an(X) > f Pa(x)ds.

n n—1

Since {p,(x); s=1} is decreasing for each xeZ?,

D

jps(x)dsézpn(x)é [ ps(X)dS.

1
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However, clementary calculations reveal that for all a>0, as [x] - o0,

§ps(x)ds=Ix>"" | (2rs)”¥%exp(—1/25)ds~ylxI> 7,

alx‘Z-d

which verifies (5.6) and, hence, the lemma. [

Define first hitting times,
(5.7) u=inf{j: k—M <|S)|<k+M}.

Next we obtain gambler’s ruin estimates for t,.

Lemma 5.6 Fix n> 1. Then under the assumptions of Lemma 5.4, as k— oo,

[1-2_gi-2

|ald—2

P(t,— o0|So = a)~ 2
uniformly over all acZ* with |a|=(k+2M) .

Proof. Note that g(S,) is a martingale. Moreover, it is bounded by Lem-
ma 5.5. Therefore by Doob’s optional stopping theorem,

g(a@)=IE(g(S;, ..)[So=0)
Z]E(g(Srl) 1{rl<‘ck}|S0 :a)+]E(g(Srk) l{tk<n}!SO :a)'

Since g(S,) is a bounded martingale, we see that g(S,)—0 almost surely
and in L, (IP) as £ — oo. Fix £>0 small. If & is sufficiently large, then uniform-
ly over all |a|>k+2M,

(1—&) yalk-+M>*P(t, < 50| Sy = a)
sgl@=(1+8) palk—M* Py < 0[S, =a).

Likewise, for all k large enough, Lemma 5.5 guarantees that uniformly over
all |a|>k+2M,

(1—e)palal* “=gla)=(1+e) pglal*~*

Therefore,

(1~.s> |k — M]e2

148\ |k+ MP22
) =P <ol as({ )

1-— la|?~2
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Hence uniformly over all [a]=(k+2M)#,

a2 jal’ - k=M k=M
W]P(Tk:wmo:a)é la[i= 2 — k12 slald—z_kd—z

_laf i —fk—M2 2g

= |a]d—2_kd-2 ;,ld—z_l
2
—>1+?81, as k- oo.
}7 —

Since >0 is arbitrary, we get the upper bound. The lower bound is simi-
lar.

Finally, we state the following elementary lemma without proof.

Lemma 5.7 Suppose Z and Z, are a sequence of C([0, 1])-valued random
variables that are monotonically increasing. If the finite dimensional distribu-
tions of Z, converge to those of Z, then Z,=Z.

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1 Fix m=1 and 0=t,<...£t,<1. By Lemma 5.7 it
is sufficient to show that

Gl s dnltm) —> (s s L, ).

Let0=4, 24,5 ... 4,. Since j,(t) <j, 4 ((¢) for all 0 <t < 1, the proof would
be complete upon showing that, as n— oo,

P(j,(t)= A foralli<m) - IP(I, 2 A, for all i< m).

However,

P(Jey= [/5/1,- forallism)<WP(j,(t;)= A; for all i<m)
<SP, 4 g 2}/ s for all i<m).

We will show that, as n — co,
(5.8) P(Jpqz Wﬂi forallism)—IP(I,,= 4, for all i <m).
The proof of (5.8) can be used to show that, as n — oo,

P(J; sy 2 |/n 2 for all i<m) - P(I, 2 4, for all i < m),

which would finish the proof.
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By the Markov property, the left expression in (5.8) can be written as

(5.9) PR 1=)/nifor alliSm—1, Jy 121/ 4
= Y PURy Iz ni,foralliSm—1]S,,,=Y)
Iyly;l%jlm
'IP(J[mm] gl/ﬁim| S[ntm] =y) IP(S[ntm] =y).
Fix an arbitrary #>1. By another application of the Markov property,
for all yeZ? with |y|=(4,, W+2M) 1,

(5.10)  Plyis,, s 30=01S0=9) Py =/ M on| Spuers =)
§]P(T1/mm—M: 00 [So=y).

By Lemma 5.6, for all ¢>0 there exists a positive integer, n,, such that
for all n2 ny and for all yeZ* with |y| 2 (4,,)/n-+2M)n,

d—2 ni |42
(5.11) lP(er_M=oolSo=y)§(1+6)ly| :d]/z 2

d—2 Jod-2
(5.12) P(tym, +m=2[So=y)=(1— |y| V 2

||d2

By picking n, even larger, we can guarantee that for all n=n,

(5.110)  # {yeZ’: |/nin Iy <()/nhy+2M)n} Scs ;i (n— 1)

for some absolute constant ¢s ,=c¢5 ,(d, 4,,). Define
H,E {o: Jini (@)2]|/nkforalli<m—1}

df —
K,={w: Sp, j(0)= 1/n A}
With this notation in mind, (5.9), (5.10) and (5.11c¢) imply that for all n=n,

(514)  P(Jpey=|/niforalli<m)
<(+e) Y (A=ly)/nP A

yeZ4d
Y2V nim+2M)n

. ]P(HnIS[ntm]:y) ]P(S[ntm]:y)
+(1+e) 142 Y P (Stu,q =)

_ yeZa
VA dm S (9| < (VA dm+2M)1n

<(148) B — 247280, /)/ 1™ Lty k)

a-2 ~dj2
+es4(1+¢g) 2 > n-4
yeZd
Vidm S 9] < (Viidm+ 2 M)

<+ E(1 — 4421802/ 777 L, 0x)
+(14e)es g Al 2(n—1)"
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Here cs g=cs55(d, M) is a universal constant. Therefore, since #>1 and
£>0 are arbitrary,

lim sup P(J 2]/n 4 for alli<m)

n—+ o

<lim sup B((1 — 24 2|Spu,/)/ 7>~ L, nx,)-

By approximating

1

1 — 1
H,nK, {Jpmedz)/niforallism—1} ~ {8y, ,2)/ i,

by continuous functionals of {n~'?S,,; i<m} in the usual way, Donsker’s
invariance principle can be used to show that

(5.15) lim sup Py 2 |/n 4 for all i <m)

n—©

SE(1—IX,, /2> "1 )

1
{IprrzMforallism—1} ~{|X, |24}

:E(l{lﬁg*lgiifor alli<m—1} 1{|X,m|;).m} IP(It’" gim| Xt"‘))
=Pz forallism—1,1, =24,)
=IP(I,, 22, foralli<m),

where (5.15) follows from the Markov property of (X,) and the gambler’s
ruin problem for Bessel processes. Likewise one gets a lower bound on
the lim inf by using (5.12). This proves (5.8) and, hence, Theorem 3.1. [
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