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Summary. It is shown that for all mean zero, finite variance random walks,
the critical non-intersection exponents are equal to those for Brownian motion.
The method uses the local time of intersection.

Brownian nonintersections and random walks

We consider two independent Brownian motions {X (¢): t=0} and {Y(¢): =0}
run until they leave a large disc (or sphere). We recover a Theorem of Burdzy
and Lawler relating non-intersection probabilities for the Brownian motions
killed on leaving a large sphere with the probabilities that the paths of two
independent discrete random walks (again killed on leaving a large sphere) do
not meet ever. This paper illustrates a different approach from that taken by
Burdzy and Lawler (1989). It also is valid in slightly more generality in that
the result is proved for all random walks of mean zero and finite second
moments.

Brownian paths may only intersect in dimensions less than four, while the
problem is well understood in one dimension, so we only treat the case of
two or three dimensions. In writing up our proof we will explicitly assume
that the dimension d is two since this case is simpler.

Before stating our main results we require some notation.

Notation
Throughout the paper

X or {X(t):1=20} and Y or {Y(r): t=0} will denote independent Brownian
motions in R%. Vor {V(n): n=0} and W or {W(n): n=0} will denote independent
random walks in Z“. C, will denote the set {z: |z|=2"}, D, will denote the {z: |z|
<27}. We will drop the subscript for =0, so that for instance C, will be written
as C.

* Research supported by grants from NSA and NSF



488 M.C. Cranston and T.S. Mountford

If F represents a set then N-F will represent the set {N.z:zeF}. So for
instance C,=2"C. X or {X:(t): t=0} and Y or {¥#(s): t =0} will denote inde-
pendent excursions from C to C,. For Brownian motion X, the Brownian excur-
sion X¢ or the random walk V alike T(2") will denote the first hitting time
of D%. Likewise S(2¥) will denote this hitting time for ¥, Y® or W. The quantity
P?*(+) will denote the probability of an event for Brownian motions X and
Y starting at z, and z, respectively. Similarly Q***%2(+) refers to probabilities
pertaining to the random walks ¥ and W and the quantity B* - *2(+) will denote
the probability of an event for Brownian excursions X¢ and Y° starting at
z, and z, respectively.

The quantity p,(z,, z,) is equal to

Pz:22[X(0, T(2)n Y(0, S(27) is empty].

The quantity q,(z,, z,) is analogously defined for the random walks.

E, will refer to the o-field generated by X (0, T(2") and Y (0, S(2"). F, will
refer to the analogous quantity for random walks.

Our major theorem is

Theorem 1 For z, and z,eR? and x, and x, in Z* and a random walk with
mean zero and finite second moments

IOg log(prizlﬁzl))zlog log(qr(xl’XZ)) _k.

r—> oo r— oo r

This result is due to Burdzy and Lawler (1989) when the random walk is simple.

Here and throughout logarithms will be taken to the base 2.

For notational simplicity we will throughout the paper assume that the
random walk differences have a covariance matrix equal to the identity.

The strategy of the proof is first to establish the existence of the limit for
Brownian motion (Sect. 1). This is a rather easy consequence of scaling and
subadditivity. Then (in Sect. 2) the upper bound for the limit for the normalized
random walk (with bounded differences) probability is established by using the
convergence of the intersection local time for random walks to the like quantity
for Brownian motion, then using the fact that Brownian paths meeting corre-
sponds to positive intersection local time. The lower bound for the random
walk hitting probabilities is established (in Sect. 3) first by showing the Brownian
motion limit is the same if independent excursions are used instead of Brownian
paths. The Donsker invariance principle is then used to finish the proof of
Theorem 1 for random walks with bounded differences. In Sect. 4 the result
is extended to its full generality via dynamic programming arguments.

1. The Brownian case

In this section we prove

Theorem 2 (Burdzy and Lawler) There exists a constant k in (0, 00) so that for
each z, and z, on C

m 20

r— o
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Proof. Define the quantity p, to be the supremum over z;e C of p,(z,, z,).

It can be proved that the latter quantity is continuous and that p, is therefore
attained but we will not require this fact.

By considering nested circles it is easily seen that the Theorem will be proved
if we can establish it for the sequence p,. By scaling

P[X(T2), TQ"™)NY(S(2'), S(2"*™) isempty |[F]1<pn.

It follows that
log (pr) + 10g (pm) Z 10g (pr+m) -

Therefore by subadditivity the limit log(p,)/r must exist. This limit is clearly
<log(p,)<0. Conversely p,=p,(e;, —e;)=P[X" hits 2" before 0] P[Y* hits —2"
before 0]=272". So the limit in question must be between zero and —2.

For more information on the bounds for k see Burdzy et al. 1989). [

2. An inequality for random walks

Throughout this section V and W will be independent random walks on Z*
whose differences are of zero mean and bounded range. We will assume that
the range is bounded by K. The most important result of this section is

Proposition 2.1 The quantity q,(z,, z,) satisfies

lim sup

n—co

log (qn(zl= ZZ)) < —k
n =

where k is the constant defined in Theorem 2.

We prove this Proposition by a succession of simple lemmas and proposi-
tions. We first further examine the Brownian case. The key tool in this section
is the idea of shadows to extend the use of the invariance principle. The approach
is detailed in Dynkin (1988) and used in LeGall (1987). In the first paper the
idea is credited to Jay Rosen.

First it can casily be seen that for « the intersection local time

{a(t, s)>0} 4 {there exists u<t & v<s s.t. X (u)=Y(»)}

is a set of Wiener measure zero. The details are worked out as an example
in Port and Mountford (1991). (Here 4 denotes the symmetric difference between
two sets). We shall make use of the fact established in LeGall (1987) that all
moments of o exist.

Secondly, for & arbitrarily small we can find r so large that log (p,)/r is less
than —(k—¢).

Putting these two facts together we obtain

Lemma 2.1 We can find v, n and ¢ >0, so that

Pla(T2)An, S An)<c] <2 Ear,
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Now we fix a sequence ¢, tending to zero so that n/e, and g,/e,,, are all
integers. Let us fix m, for now and define the stopping times

T(2"Y =min {{i¢,,: X (i¢,,) not in D,},n}
and
S(2") =min {{i¢,,: Y(ie,,) not in D}, n}.

Observe that T(2"Y > T(2") An and that S(2") >S(2") A n a.s. unless the common
value is n.
It is clear that,

PLa(T (27, SQ2))<c]<2 &7,
We define the o-field G,,=a(X (ig, An), Y(ie, An), i=1,2, ...). Because of our

0
stipulation on the sequence ¢, we see that {G,, } is a filtration. Consequently
m=1

we readily see that
E[o(T(2, S@Y)| Gl — (T2, S(27)

as m tends to infinity.
Define the time set

Ay s={(t, 3): for all iz [t—ig, |2 e, and [s—ie, |2 de,} N[0, T(27))x [0, S(27)).

Again since all moments of o exist it is readily seen that as é tends to zero

A (A, )~ a(T2Y, S(27Y)

and it easily follows that by letting m tend to infinity and J tend to zero we
can find m, o so that

(0 PLE[(4y, 5| Gp] Sc/2] <260
and
@ E[(E[%(dy,5)| G —at(4,, )12 %27 ¢?/16.

The function E[a(4,, 5)| G,.] is equal to

T2 [t —1 S(27) [em— 1

> Y 8w 6, X(ienh X (41w Y(ien Y+ 1ey)
i=0 j=0
where
£,,(1—38) £,(1—9)
g(8m55>x11x2:y1>y2): j f j de(Z7t>x17x2)f(zaszy1:y2)d5dt

&m Em O R4

and f(z, t, x, X,) is the conditional density of X (¢) given that X (0)=x, and
X(gn)=x,.

It is easy to see by dominated convergence that g( ) is a continuous function
of its spatial arguments. It follows that E[a(4,, 5)|G,.] is a continuous path
function except for paths where T(2)=T(2) <n or $(2)=S(2"Y <n. In a like
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manner it is seen that away from such paths E[o*(4,, ;)1 G,] is a continuous
path function. We record these results as

Lemma 2.2 There exist versions of E[o*(4,, 5)| G,.] which are continuous functions
of the Brownian positions at times is,, (i=0, 1, 2, ..., n/(s,)) except for paths where
X(ie,,) or Y(ie,)eC, for some i Snfe,, a set of paths of measure zero.

We now begin to consider our random walks ¥ and W. Suppose that
sequences z¥ satisfy zV/N —z,eC for i=1, 2. We will consider random walks
V and W starting at z and z¥ respectively; we aim to prove

Proposition 2.2 Let the stopping times Ty , and Sy, be defined by

Ty, =inf {iem, N?: |V([itn, NI Z N2} AnN?
and
Sy,.=1nf {ie,, N*: |W([ie,, N*])| = N2"} AnN2.

Then Q2 [V(0, Ty, ) W(O, Sy.,) is empty] is less than 2-% =971 for large
N.

An obvious analogue of the intersection local time for discrete random walks
. 1
is ﬁN(A)z—WH(t s)ed: V¥(t)=W™(s)}. Clearly BY((0, Ty ,]1x(0, Sy.,)>0
implies that N, Ty,.] does intersect W¥ 0, Sy, ,]. (This is for two dimensions,
in three the term N2 is replaced by N.)

Define the subset of the integer lattice A% ; by

Ay 5=[0, Ty ,1x [0, Sy.,]n{(t,s):  for each i:|t—N?ie,|>8s, N? and
|s—N?ie,|=6¢, N?}.

Define the o-field G5 by
GY=0(V"(ie,, N*), WV(ig,,N?), i=1, 2, ...). In the same way as beforc we have
the function E[Y(4] ;)| GN] is equal to

(Ty. rfemN2) =1 (S, pfem N2~ 1
g (&, 6, VN(ie, N?), VN((
i=0 j=0
+1) e, N, W¥(je, N3, W¥({(i+ e, N?)
where

Ep(1 = N2 £,,(1 —3)N2

8" (Ems 0, X1, X5 Y15 Y= ) Y 37 249Gk %1, %) (2, 10 92)
zd

i=e,0N2  j=g,, N2

and q(z, i, x4, x,) is the conditional probability that V™(i)=2z given that V"(0)
=x, and V¥, N?)=x,.

By the local C.I.T. (sce e.g. Durrett 1989), it is easy to see that for x¥/N
and yM/N tending to x; and y; we have g"(g,, d, xV, xz,yl,yz) tends to
2(ms 05 X1,y X35 Vi, Vo) Note that the question of periodicity is irrelevant here.
From this and the invariance principle it follows that

4) E[B"(4n,5)1 Gol > E[(4,,, ) G,,]
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it follows similarly that

5 E[(BY(4m, 9?1 Gl = E[2* (4, 5) | Gyu].-
Now for fixed m all the quantities above are bounded. From this we see that
(6) lim sup E[(E [¥(47, 5)| GN1— BN (4 )P 1S27 4797 216,
Proposition 2.3 As N tends to infinity

lim sup Q7 [BV(4] ) <c/4]<27 %

Proof. The quantity Q[AN(4Y 5)<c/4] is majorized by Q[E[SY(4) 5| G"]
<c/2]+% E[(ELBY (AN 51 GE1—BN(4F 5)*]. Using (1), (4) and (6) the result
follows.

Corollary 2.1 For all N large enough Q7= [BN((0, T(N2")] x (0, S(N2"]) < c/4]
is majorized by 4.27* 9" which in turn is majorized by 27 *729®*D for r large
enough.

Proof. This follows because

QLBY((0, T(N2)+1 A NTx (0, S(N2)+1 ANT))<c/4]
<Q[Ty, >T(N2" )]+ Q[Sy, >S(N2" )]+ Q[ (4, ) <c/4].

The result now follows by letting m, which defines T, y and S, y, go to infinity.

Proof of Proposition 2.1 Corollary 2 shows that there exists an n, such that
for each n=ny and x; with |x;|<2"+ K

Q**2[there does not exist i< T(2"* 1), j<SQ2" 1) s.t. V(i)=W{(j)]
<2—(r-+ 1)(k—2£).

Now let m equal ny+s(r+1)+v where 0=v=r. Then for fixed x; in D, we
have
O*+*2[there does not exist i< T(2™), j<S(2™): V(i)=W ()]
s—1
Qxl,xz [ ﬂ {V((T(2n0+j(r+ 1)), T(2n0+(j+ @+ 1))]) AW

j=0

((S(zno +ilr+ 1))’ S(2n0+(j+ 1{r+ 1))]) iS empty}]

éz—-(r%— 1)s(k—3a)éz‘(m—no—r)(k—:'va)'

Letting m tend to infinity and recalling that ¢ is arbitrarily small gives the
result.
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3.

In this section we attempt to complete the proof of Theorem 1 for the case
of random walks with bounded increments by proving

Proposition 3.1 The quantity q,(z,, z,) satisfies

lim sup

F—*

log(g,(zy, 25)) >_k
r -

where k is the constant defined in Theorem 2.

Consider the constant
pi= | o(dzy)o(dz,)psre

(z1,22)e(C)?

where () is normalized surface measure and pZ**2 is the probability that
two independent excursions from C to C,, killed at C, and beginning at z,
and z, respectively, do not meet.

@ tends to k.

Lemma 3.1 As r tends to infinity

Proof. The last exit distribution from C; of Brownian motion killed at C, has
a bounded density with respect to normalized surface measure. Thus if L, de-
notes the last exit time from C,, then

s j Pf’—zi/z'zzlzPx'y[XLzedzl, Y,,edz,]<Fp;_,
Cy

. logp}
for some constant F. In consequence lim — "> —k.
r

On the other hand let {X*(r): 0<t< T(2")} and {Y*(s): 0<s< S(2")} be inde-
pendent excursions starting from z, and z, respectively. Then

PP S PLXA(T(2), TN Y*(S(2), S(27) is empty] <r’p,

since 1/r is the probability that a Brownian motion starting on C, hits C,

before C. This establishes lim k’#ig —k and hence the lemma. []

Consider a pair of independent excursions from C to C,, {X2(r): 0=t < T(2")}
and {Y°(s):0=s=5(2")}. Let the random times Ly be defined as Lg
=sup {t: | X°(t)|=R}. We similarly define the random times Lj from the Y-
excursion. Let Gg be o {X;(t), Y°(s): t=<Lg, s<Lg}. The following facts are
well known (see e.g. Williams 1974; Pitman and Yor 1982 or Burdzy (1987)).

1. The process {X°(L,+1): t=0} is an excursion from C, to C,. Similarly for
the Y-excursion.

2. The random variables X;(L,) and Y°(L,) have bounded joint density given
Gq1.

3. The sigma fields Gy1and 0 {X7(L,+1):t20, Y,5(L, +5s): s=0} are independent
given X¢(L,) and Xe(ﬁz).
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4. The processes {X;(t): 0=<¢t<T(2")} and {X:(t): 0=<r<T(2")} are equal in
distribution, 0<n=<r.

Define A3, to be the event that

The distance between X7 [0, T°(2") and Y,f(0)(d(XZ[0, T(27)], Y.2(0))
is less than 449
or
d(Y°[0, S¢(27], X¢(0)) is less than 46
or
d(X;(0), ¥,°(0)) is less than 104.

and define N to be the event

(XZ[0, T*(2)] X2 [0, §(2)] is empty}.
Define
D;,=[B** 72 [(A5 ) 0 N o(dz)) o(dzy).

log (DE, r)
r

Lemma 3.2 For 6 sufficiently small lim —k.

1\

Proof For 6<1/4 the event A, is Gy: measurable. The excursion in question
is Brownian motion condltloned not to return to the unit circle and killed
upon hitting the circle of radius 2. That is the h-process with h(x)=Ilog (|x|).
Now v(x)=(log(|x])—log 2)/log(|x|) is h-harmonic and tends to 1 as |x| tends
to infinity. Thus the conditioned Brownian motion is transient and it is easily
seen to be the case that

jpre,thz[Agvr] o(dz,)o(dz,)>0 as §—0 uniformly in r.

Therefore we can find a J in (0, 1/4) such that for each r

1
P(45,)= B (45,1 0(dz)) 0(d2,) < g5
where C is the upper bound for the conditional density of (X7 (L,), Y,5(L,)) given
G,1. Now for this ¢

D, ,=p;— [ Py*r2[A5 , AN o(dz,) o(dz,) = p;— P[ 45,1 CRZ
A 1
r 1 = 2 2k
this must happen infinitely often and the lemma follows
Define E,, . s to be the intersection of Nf, (45 ,)° and the events:
The distances d(Y,°[0, $¢(2")], X:(T°(2")) and d(XZ[0, T°(2"], Y,2(S°(2")) are
greater than 27 6.

The last quantity is greater than 4 p; whenever But by Lemma 3.1,

J— E
Lemma 3.3 For § sufficiently small Tim Mg k.
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Proof. Consider the event

o= {d(¥7[0, S2M], XE(T*(2) <2" 5}
or
(A0, T5N], YE(S Q) <28},  O=nsr.

Fact 4 mentioned after the proof of Lemma 3.1 ensures that P[B; ;] does not
depend on r. We may choose é so small that (uniformly on n),

PIBy |0 (X0, T*@" Y1, Y10, 5" D)1 < yes

and the conclusions of Lemma 3.2 are valid.

Fix & strictly positive but otherwise arbitrarily small. By Lemma 3.2 we can
find r arbitrarily large so that D, ,22~*"9" We also assume that r is so large
that p,, <2~ ® 9™ for all m=r/3. Let X2[0, T¢(2") and Y,2[0, S°(2") be indepen-
dent excursions from C to C, with X¢(0) and ¥?(0) independently and uniformly
distributed on C.

Define A} to be the event that

The distance between d(X?[0, T°(2"), ¥.°(0)) is less than 46

or
d(¥2[0, §°(2"], X:(0)) is less than 46
or
d(X:(0), Y,2(0)) is less than 104.
or

{X7[0, T*2)] Y7 [0, $°(2")] is empty.

Let Z, be the martingale
E[N? (45, [o{X [0, T°(2"], Y[0,5°(2"]}] O=nzr.
Given the definition of the events 4§, and N° we must have
A,={Z,>0} < A7

From the definition of conditional expectation
(1) 1Z,lly =P[(45 ' " N*]=Dj,, z 27 *+ar
Also we have Z,SP[X;[T¢(2"), T*(2"]n Y,°[S°(2", $¢(2")] is empty. The pro-
cess X7 (1), T°(2M=t=T*%(2") is simply a Brownian motion conditioned to hit

C, before C. Similarly for Y,%. These conditioning events have probability n/r.
It follows from this and the above inequality that

n 2
(2) ||Zn]|oo<<r) Pr—n-
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Putting inequalities (1) and (2) together and using the elementary inequality
ifzne’11§P[Zn>0] HZnHoo: yields

for r/25n<2r/3 P(zn>0)g-9-%é:Lg-;- 2t san

R—F

It also follows (assuming as we may that ¢ is sufficiently small) that there is
. P{Z,>0)
2 -t
an ng in [#/3, 27/3] such that PZ, 50>
tradict the above lower bound for the probability of D; ,,/;. Using our choice
of § we find

2% 26 = since otherwise this would con-

P[{Z >0}r"\(B,,0 5 ]>P[{Z >0}]-—P[{Z >0}m Bf,o s
= P[{Z,,>0}]1-P[{Z, >0} (B}, 5]

By our choice of n, the Jast expression is greater than

1
P[:Zno 1_—_! Zskzigzﬁk 2 (k+58)”022—(k+68)n0

for r large enough. Thus (using Fact4 again), we have shown that
M —(k+ 6¢). The result follows by the arbitrariness of e

We deﬁne the set cup(z, §) to be the set {w:|w[=1}n{w:|w—z|<6}. The
set rcup (z, 6) will be the set of points {rw: wecup (z, d)}.

Corollary 3.1 For independent Brownian motions X and Y define E, ; ,, ., t0
be the intersection of the events

X[0, TRHNIN YO, S(2%] is empty.

X[0, T2Y]nDc=cup(zq, 29)

Y[0, S22} nDccup(z,,20)

d(X[0, T2M], Y(S@M=2"d

d(Y [0, S(2"], X(T(2")z2"6.

For each £¢>0 and ng, there exists n>n,, 6 and zy, z, on C with |z, —z,|>8¢
so that

Px’y[En,é,zl,zz:I ZZ*(k'!—Ss)n
uniformly on xecup (z,, ) and yecup (z,, ).

Proof. Lemma 3.3 states that for  small and fixed

lim sup w; —k.

¥ o0
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It follows that there exists r arbitrarily large and points z, and z, on C and
more than 8¢ apart so that

! [ oW@v)oldvy) P [E,, ]>Ko?2 6o,

vieCrcup(21,9) vaeCncup(zz,d)

Consider unconditioned Brownian motion X starting at x in cup(z,, 0). Let
D(z,, 8) be the event that X begins an excursion, denoted X¢, from C to C,
before it leaves the ball centred at z, of radius 26. The following facts follow
from Brownian excursion theory (see e.g. Burdzy 1987).

1. On D(z,, 8), the density with respect to surface measure o, of the initial
point of the excursion, X¢(0), is greater than some strictly positive constant
¢ on cup (z4, ).

2. Let L be the time of the start of the excursion to C,. The excursion X:(1): 0
<t T¢(2") is conditionally independent of X [0, L], given X?(0).

3. The probability of event D(z,, ) is greater than K(5)/r for some K ().

Let D(z,, 6) and Y be the analogous quantities for the Brownian motion Y.
It follows easily that if D(z,, §)nD(z,, 6) occurs for X and Y, and E, , ; occurs
for X7, ¥? then E, ; ,, ., occurs for X and ¥, and E, , ; occurs for X¢, Y° then
E, ; ;. 2, occurs for X and Y.

Therefore from facts 1, 2 and 3 above it follows that

P[En,6,21,22]>P[D(Zl> 5)mD(ZZ:5)]'C2 I jl

vieCncup(zy1,d) v2€Cn cup(zz,d)

-a(dvy)a(dv,) P2 [E, el

By our choice of z; and z, and fact 3 this latter expression is greater than
k(8) 2~ **+34r which is greater than 2~ **°9" for r large enough. [

For the Brownian motion X (resp. Y) define the stopping time T(2" cup (z, §))
(resp. S(2" cup(z, 8))) to be the first hitting time of 2" cup (z, ). These stopping
times may be infinite in three dimensions but our interest is only in the event
{T(2")> T(2" cup(z,, 9)) or the event {S(2")>S(2" cup (z;, 5))}.

Corollary 3.2 For independent Brownian motions X and Y define F, 5, . to be
the intersection of the events
d(X[0, T(2" cup (zy, 6))], :
YT0, S(2" cup (2, ) >0
X[0, T(2" cup (z4, d))] "D =cup (z,, 20)
YT0, S(2" cup (z, 6))] N D =cup (z,, 29)
d(X [0> T(2n cup (225 5))]7 2" 22)2—4-2n o
d(Y [0, S(2" cup (z,, 9))], 2"z,) =4.2" 4.

T(2"cup(z,,0))<T(2" and S(2"cup(z,, §)<S(2".
Define F, ; ., ., , to be the intersection of the event F, with the event
d(X [0, T(2" cup (zy, 9))1, Y[O, S(2" cup(z;, d))]) =7-

20,21,22
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For each ¢>0 and n,, there exists n>n,, d and z,, z, on C with |z; —z,|> 86
and y >0, so that

Px,y[F;’ ]§2~(k+7a)n

2 0,21,22,7.
uniformly on xecup (z,, d) and yecup (z,, 9)

Proof. The preceding corollary states that for  sufficiently small and a fixed
¢>0, we can find n as large as desired with P[E, ; ., ., ] larger than 2~ **627,
Now let 4 be the event:

n,8,21,22
1. T2" Y cup(zy, &)< T(2"Y)
2. S2"* ! cup (z,, < S22
3. d(X[TQ"), T(2""* cup (21, 8)], Y[S(2"), S(2""" cup (2, 6))))>0
4, A(X[T2"), T(2" ! cup (z,, )], 2" 1 z,)=4.2""1 5
5. d(Y[S(2"), S2"* ! cup(z,, 0))], 2" F1z,)=4.2"* 16
Now E, 5..5,0 An o222 n+1,6.21,2,- Also it is easy to see that on the event

E, s ..z, the conditional probability of 4, ;, ., ., Is bounded below by a strictly
positive constant depending on ¢ but not on n. This implies that for n sufficiently
large P[F, 11 5.2,.2,]>2" %" 79" The statement of the lemma follows by observ-

ing that F,.; 5.,.,= \J Fy+1,52,,2.,, and the latter events are decreasing in
y>0

Recall that ¥ and W are independent random walks on Z<

Corollary 3.3 Let A(N, n, z,, z,, 6, y) be the intersection of the events

d(V[0, T(N2" cup (z,, )1 n WO, S(N2" cup (z,, I)])=yN
V{0, T(N2"cup(z,, O))]nN.D=Ncup (z,, 29)
W0, S(N2" cup(z,, 0)]nN.D=Ncup (z,, 29)
d(V[0, T(N2" cup(zy, 0))], N2"z,) =4.N2"§$
d(W[O0, S(N2" cup (z,, O)).l, N2"z,)=24.N2" 6.

T(N2" cup(z,, 8)) < T(N2"
and
S(N cup (n, z,, 0))<S(N2").

For each £>0, there exist n, d, z,, 25, (|z; —z,|>89), y and N, such that for
each NZz=N,, Q**2[A(N, n, z,, z,, 6, y)] >2 " k*an uniformly on
x,€N cup(z,, 6) and x,eN cup(z,, J).

Proof. Corollary 3.2 enables us to choose an n so that P*’[F ;. ., .1
>2~&+e2n yniformly over x in cup(z,, ) and y in cup(z,, §). We fix these
points and numbers. We now argue by contradiction. If the Corollary were
not true then there would exist N, tending to infinity and
x;ecup (zy, 6) y;ecup (z,, d) so that

QN NILAN, 21, 23,8, 7)] <274

By taking a subsequence if necessary we may assume that x; —» xecup (zy, 9)
and y;— yecup(z,,d). Then Donsker’s Invariance principle implies that
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X, Y
P [El,athZZ»Y
we are done.

1<2-%*9" But this contradicts our choice of n,z,, z,, 6 and

Proof of Proposition 3.1 Given ¢>0, let n, 9, zy, z,,y and N, be the constants
and points furnished by Corollary 3.3. For our random walks ¥V and W let
D(N,n, z,, z,, 6,7) be the event that A(N, n, z, z,, 9, y) (as in Corollary 3.3)
occurs for the random walks V" and W where

V¥r)=V(T(2" cup(zy, O)+r) W R)=W(S2" cup(zy, ) +1).

Thus Corollary 3.3 states that for N>N,, P[D(N,n, z;, 25, 8, 7)]>2"%*97 Let
Dy, be the intersection of the events

1. T(2% cup (z,, 8)) < T(2Y%) and S(2™° cup (z,, 5§)) < S(2"0).
2. V[0, T(2% cup (z,, 6))]» W0, S(2¥ cup (z,, J)) is empty.
3. V[0, T(2Y cup (z,, )] n2¥ cup (z,, 28)) is empty.

4. 2o cup (2, 28) N W0, S(2™° cup (z,, 9)) is empty.

However small it may be P[Dy, ] is strictly positive and this is all we require.

Now for any m, Dy, m( (Y D(No+in,n,zy,2,,0, y)) < {W[0, SQ2Ne*tm=bim]
i=0

A VO, T(2No* =177 js empty}. (This was the motivation for our introduction
of cups). The Strong Markov Property ensures that

P[DNm(ﬂ D(No+in, n, 21, 25, 0, y))]zP[DNOJ (2~ Gramym

i=0

which ensures that {V[0, TQ¥* ™~ D]~ W0, S(2No* "~ U] is empty}. Has
probability at least P(Dy )(2~* 9"y > ¢27 ¢+ Mot n= 1) for some strictly posi-
tive C not depending on m. Since ¢ is arbitarily positive Proposition 3.1 is estab-
lished. [

4.

In this section we seek to complete the proof of Theorem 1. First note that
the boundedness assumption was only used in Sect. 2. To make the arguments
of Sect. 3 work it was only required that the random walk could be claimed
by Donsker’s Invariance principle. Therefore we only need to show that for
each £>0, x{, x, and all N sufficiently large

(*) Q== [V (0, T2Y) N W(0, S2M) is empty] 27 * OV

To do this we require the fact that the constant k of Theorem 1 is less or
equal to 2.

We also require the following lemma which is so simple that the proof
is omitted.
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Lemma 4.1 Consider a random walk {V(n): n=0} which has zero mean and finite
covariance matrix and such that V(0)eD(2¥). Let T(2") be the first time it leaves
Dy . Then the quantity

PIVTEYI>2"2T

i>1 221

as N tends to infinity.

We are now ready to prove ,. We first fix ¢ arbitrarily small.
Choose r so that

1. The quantity p, defined in Section 1 is less than 2 ~*~#2)r,
2. (k—2¢)r is greater than (k—3¢)(r+2).
3. 27 <1/,

Choose M so that

4. For each m> M and x; of magnitude less than 2™
Q= [V(0, T ™ n WO, S27"™)] is empty] <2~ *~97

(This is possible by an argument similar to that for Corollary 3.3).
5. For each m greater than or equal to M, the quantity in Lemma 4.1 is less
than 2~ (1 +40(1 —27#7),

We now consider gy (x, y) for |x|, |y| <M and N> M/e. Write N=eN +s(r+1)+j
where je[0, r+1]. In the following we will assume that s is large. We now
define the following numbers for i<s

ny=N-—r.

Fori>1,n=n,_—(r+1).
Since all i<s, the n; are all greater than m. For i>0, we define p; to be
the supremum over x,, x,€D,, of

anxz [V(O, T(ZN)] A W(O, S(2N)] is empty]

and put p,=0. It follows instantly from 3 defining M that p, <2 %~-9r
<27 ®=28r We consider next p,. Let x, and x, be any points in D,,. Let
T,=inf {n: V(n)is not in D, .} and S, =inf {n: W(n) is not in D,, ,,}. It follows
easily that

Q*r=[VI0, T(2Y)]
A W0, S2M] is empty] Q™ *2[{V[0, T,]n W[O, S,] is empty}
N{VIT,, T AW[S,, S2M] is empty]
< Q¥ 2[{V[0, T,]n WO, S,] is empty}
A{VIT,, TCMINWILS,, S(2%)] is empty}
AIV(T)L W (Sl =27 1]
+Q* 2 [V(T)| or [W(Sy)|>2"*""1].
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The strong Markov property forces the first term above to be bounded by
2~ t=ary «27(2k=39r While Lemma 4.1 and the choice of m forces the second
term to be bounded by 2 x (1 —27#)2~1+41 So

ngz—(Zk—3a)r+2“'(4r)(1 _2—sr)<2—(k—2£)2r‘

We now proceed to show that p, <2~ %729 for all i<s. We use induction.
The desired result holds for i=1, 2. Suppose that it holds for j=1,2, ..., i—1.
Let x; and x, be any two elements of D, . Define T;=inf {n: V(n) is not in
D, } and S;=inf {n: W(n) is not in D, }. For 1 £j<i, let B, ; be the event

max {|V(T), |W(S)I}e(2™+, 2]

and let B; ; be the event max |V(T)|, |W(S;)| > 2". Two observations are impor-
tant. First, the inductive hypotheses and the strong Markov property imply
that on the event B; ; the conditional probability

Q¥ =2 [V[0, T2M]n W0, S(2")] is empty | o { V[0, ], WO, S;1}]
is less than or equal to
Q¥ [V[T, TN WIS;, S@2")] is empty| o {V[0, T], W[0, S,1}1<p;.

Secondly, it follows from Lemma 4.1 and the fact that n;zm, that for j<i—1
P[Bi,j] < 2_2—(4r+ 1)(1 _2—£r) (2—2r)(i—1— 1)' FOI'j= i—1

Q¥ [{V[0, T2M]n W[0, S(2")] is empty} N B, ;]
is less than or equal to

g > [{V[0, T]nW[0, §;] is empty}
N{VLT,, TRM1nWIS,, S(2")]is empty}
mBi,i—l]éz_(kﬁa)rpi—l

Putting these facts together gives
Pi§2—(k_£)rpi—1 +27 (A =27 (P 2+ 27 i+ 27V Py

and so we may inductively prove that for i<s, p, <2~ *~ 290,
Consequently for x; of magnitude less than 2°¥

Qxi’XZEV(O, T(ZN)] A W(O, S(2N)]=:|é2-(k‘—28)sr§2—(k—3€)s(r+2)§2—(k—38)(1—S)N'

This is all that is needed to prove (*) since ¢ is as small as desired. [

5.

In this section we consider where the maximum of p,(z,, z,) is attained. By
rotational symmetry we need only consider when p,(e,, z) is maximized by z.
It seems intuitively clear that then p,(e,, z) will be maximized when z= —e;.
Unfortunately we can only prove this in two dimensions. By continuity the
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maximum p, is attained and simple scaling arguments show that if p,(ey, z)
is maximized at z,, then z, must tend to —e, as r tends to infinity.

Theorem 3 In two dimensions the quantity p,(eq, z) is maximized only when z=
—ey. Equivalently p,(z,, z,) is maximized only when z, and z, are antipodal.

Proof. Consider two independent Brownian motions X and Y beginning respec-
tively at e, and z. Let y be a Mobius transformation fixing C, and taking
e, to 0. It is easily checked that y takes C to a circle G and that —e; is mapped
to the point on G of greatest magnitude. By the invariance of Brownian motion
under analytic maps we have

pr(ela Z):pr(oa ))(Z))

By the rotational symmetry of Brownian motion p,(0, [w|e,). It only remains
to show that p,(0, |w]e,) is an increasing function of |w|. Let v;<v,<?2". Let
X be a Brownian motion starting at 0 and let Y be an independent Brownian
motion starting at w,{jw,|=v,). Let S be the first time that |Y(t)|=v,. From
the strong Markov property for the Brownian motion Y,

p.(0, vy e,)=P[X[0, T(2)] " Y[O, S(2)] is empty]
<P[X[0, TN YIS, S(21] is empty] =p,(0, v, e,). [
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