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Summary. We shall present here a general study of minimum contrast estimators
in a nonparametric setting (although our results are also valid in the classical
parametric case) for independent observations. These estimators include many of
the most popular estimators in various situations such as maximum likelihood
estimators, least squares and other estimators of the regression function, estimators
for mixture models or deconvolution. .. The main theorem relates the rate of
convergence of those estimators to the entropy structure of the space of parameters.
Optimal rates depending on entropy conditions are already known, at least for
some of the models involved, and they agree with what we get for minimum
contrast estimators as long as the entropy counts are not too large. But, under
some circumstances (“large” entropies or changes in the entropy structure due to
local perturbations), the resulting rates are only suboptimal. Counterexamples are
constructed which show that the phenomenon is real for non-parametric maximum
likelihood or regression. This proves that, under purely metric assumptions, our
theorem is optimal and that minimum contrast estimators happen to be sub-
optimal.

Mathematics Subject Classification (1980): 62G05, 62]02

1 Introduction

Our purpose in this paper will be to study some general properties of “minimum
contrast estimators” (M.C.E.), which include maximum likelihood estimators
(M.L.E) for iid. variables, least squares (L.S.E.) and minimum IL'-norm
(M.IL1.N.E.) estimators in a regression setting and several other related estimators.
This approach leads to a unified framework for studying various situations which
are usually treated separately. This greater generality is, as is often the case, at the
price of more restricted assumptions which could be improved in some particular
circumstances but it has the advantage of providing a global approach to the
problem. In order to motivate the subsequent study of M.C.E., let us first recall two
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desirable properties of estimators of a parameter belonging to a compact para-
meter space.

1) The estimator should have a risk which is close to the minimax.

2) It should not be strongly affected by small errors on the model, “small”
meaning of the order of the expected risk.

To be more specific, assume that we deal with n variables with joint distribution
Py ., 0 € ©, where (@, d) is a compact metric space. For some estimator 7, we shall
consider its maximal risk

R(Tn) = guP Eo,n[d2(09 Tn):]
=K%}

and we would like to find a procedure 6, for designing estimators én = 0,(0)
satisfying the following properties: .
1) For some constant C independent of n and R, = infy, R(T,), R(6,) £ CR,.
2) Assuming that the true parameter space is @ but we use a model @, such
that d%(@, ©,) < CR,, is it true that when 0, = 6,(0,)

sup By ,[d%(6, 6,)] < K(C)R,
6ec@®

for some fixed function K. In this case we shall say that the procedure 8, is “stable”.
A study of the minimax risk is given in Birgé (1983), mainly in the case of ii.d.
variables (density estimation) and Hellinger distance. It is proved there that, under
some regularity assumptions (uniformly bounded likelihood ratios say), the mini-
max risk is determined (up to multiplicative constants) by the metric entropy of the
parameter space. Using the same framework, it is proved in Birgé (1984) that in
general (apart from some pathological parameter spaces) stability should occur for
some well-chosen estimators. Therefore this paper will be mainly devoted to the
relationship between the metric entropy structure of the parameter space and the
performances of M.C.E. We shall conclude that as soon as the entropy function is
regular enough and not too large M.C.E. will have the optimal rate of convergence,
but when it becomes too large only suboptimal rates can be expected. Moreover,
irregular behaviour of the entropy functions can lead to serious troubles for this
estimator which implies “unstability”. All these only concern unrestricted M.C.E.
i.e. those estimators for which the minimization is carried out over the whole
parameter space. In a subsequent work we shall investigate the properties of some
restricted M.C.E. and show that they behave in a much better way.

We do not know much about systematic studies of M.C.E. properties. Actually
M.C.E. are some sort of generalization of Huber’s M-estimators and they appar-
ently appear for the first time in Huber (1967) and, up to our knowledge, the name
M.C.E. was coined by Pfanzagl (1969). A study of consistency is to be found in
Reiss (1978) but we believe that the first systematic approach to the nonparametric
case is in Severini and Wong (1987).

While there exists an enormous amount of literature concerning nonparametric
curve estimation (density or regression estimation) and parametric maximum
likelihood or least squares estimators as well, the number of papers devoted to
maximum likelihood density estimation or nonparametric least squares estimation
appears to be more limited. Some general results are to be found in Reiss (1984) and
several papers have been devoted to the Grenander estimator (M.L.E. for mono-
tone densities) by Grenander (1956 and 1980), Groeneboom (1985), Prakasa Rao
(1983), Barlow et al. (1972), Birgé (1989). There are probably other references that
we are not aware of but some recent and noticeable results are to be found in
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Severini and Wong (1987), Van de Geer (1990a) and Nemirovskii et al. (1984) and
(1985) which mainly motivated the present work. Van de Geer (1990a, b) gives fairly
general and optimal results in the regression framework for L.S.E. or M.IL1.N.E.
under some metric assumptions. Those results are restricted to cases where the
dimension is not too large, i.e. when some entropy condition (*) is satisfied. Under
such a condition the rates of convergence of the estimators are shown to be optimal
but nothing is said about the case when (*) is not true.

The preprint by Severini and Wong (1987) was, to our knowledge, the first
attempt to give a general theory of rates of convergence for M.C.E. related to
dimension. Unfortunately, the results do not always lead to the optimal rates of
convergence and, in particular, do not allow to recover the classical n~ /2 rate in
the parametric case. It should be noted here that the assumptions concerning the
bounds on their parameter space are weaker than ours and therefore the results not
directly comparable. The authors also make use, in the i.i.d. case, of the uniform
metric, which is not the adequate one for these problems e Birgé 1983 for
example).

As to Nemirovskii et al. (1984) and (1985), they give a fairly general account of
the regression situation, not only for L.S.E. or M.IL1.N.E. estimators but also for
other minimization criteria, with very precise asymptotic results, but only for
classical Sobolev-type classes of functions and not under purely metric assump-
tions. These classes happen to belong to the entropy domain which was considered
by Van de Geer (1990a) and always satisfy condition (*).

In view of these different attempts, we shall present a unified treatment for all
those situations, including the more general regression framework of Nemirovskii
et al. (1984) and (1985) and various other examples. The presentation is inspired by
Van de Geer (1990a) and we shall get the optimal rates of convergence under
entropy restrictions similar to condition (*) of Van de Geer (1990a). We shall also
prove rates of convergence when (*) is not satisfied, but in this case they happen to
be suboptimal. Since this could very well be a weakness of our proof rather than
a weakness of the estimators themselves, we shall exhibit some counterexamples
leading to lower bounds for the rates of convergence of these estimators. They show
that, without additional assumptions, nothing better can be expected and that the
estimators are actually suboptimal in some circumstances.

To be more specific let us denote by S, the class of functions s on [0, 1] such
that for x, y in [0, 1] f(x) = 1/10 and | f(x) — f(¥)] < |x — y|* The entropy struc-
ture of such spaces is well-known, see for example Kolmogorov and
Tikhomirov (1961) or Lorentz (1966), and the rate of convergence of optimal
estimators, for such classes or similar classes with analogous entropy properties
should be n =1 for various models including density or regression estimation. We
shall prove that, when o > 1/2, the rate of convergence of M.C.E. is actually the
optimal one but, for & < 1/2, one can only guarantee a convergence at a rate n~ 2
for M.C.E.

Indeed, there is a split at some stage, corresponding to the entropy structure of
1/2-Holderian functions on [0, 1]. The same split occurs in the proof of functional
central limit theorems, for analogous reasons. Our counterexamples below show
that, under this type (purely metric) of assumptions on the parameter space, our
results are optimal whatever the entropy structure. Of course, a-Holderian densit-
ies are rather wild when a < 1/2 but the same type of split carries out to the
multidimensional case and the class of densities with uniformly bounded second
derivatives on [0, 1]* has an entropy structure which does not satisfy (*) as soon as
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k = 4. Our counterexamples only deal with the one-dimensional case in order to
keep the length of the proofs decent but it is clear that one could extend them and
show that M.L.E. would not reach the right rate of convergence when estimation is
carried over some particular spaces of densities on [0, 1]° with bounded second
derivatives. A modification of our construction shows that no stability is to be
expected from M.C.E. Those estimators can have a very poor behaviour in case of
a small (smaller than the expected error) misspecification of the parameter space.
The proof of the counterexample connected with M.L.E. is more complicated
because of the introduction of a convex parameter space. The first version, involv-
ing the simpler non-convex space that we use in the regression framework led to an
interrogation: could convexity improve the performance of M.L.E.? This could
very well be the case and was not clear for us until we derived the new counter-
example. For sake of simplicity we did not modify the regression case.

In what follows, we shall set up a framework which is close to the one initiated
by Severini and Wong (1987), although our assumptions and proofs will clearly be
different in order to get the optimal rates of convergence. Section 2 will be devoted
to the presentation of this framework, the corresponding assumptions and the
main theorem which gives the precise relationship between the entropy structure of
the parameter space and the rate of convergence of M.C.E. In Sect. 3, we will apply
these results to various situations, including M.L.E. and regression estimation,
showing how they can be fitted to the general framework and discussing the
assumptions. We already mentioned that the cases of L.S.E. and M.IL1.N.E. have
been partiaily treated by Van de Geer (1990a). At the time of the writing of this
paper we received a preprint by the same author dealing with M.L.E. using
Hellinger distance. Some similarities between the two papers are therefore un-
avoidable, although the techniques and results appear to be different. The entropy
conditions in Van de Geer (1990b) are much more restrictive than ours but the
assumptions on the uniform bounds are weaker, which is not surprising in a paper
which only considers M.L.E. The generality we want to deal with implies some
additional restrictions in order to make the whole machinery work. It is clear that
in each particular case, some ad hoc procedures could be used to simplify the
assumptions, but this is not the purpose of this paper. Finally, in Sect. 4, we shall
develop, for both M.L.E. and L.S.E., lower bounds arguments which prove that the
results of the main theorem are optimal, under the type of assumptions we work
with. They also show that M.C.E. are definitely unstable.

2 The abstract model

Our framework follows more or less the classical nonparametric regression model,
although it is intended to describe various other models too, as will become
obvious later. We assume the existence of 2n independent variables X4,. .., X,
and W,. .., W, with values on measurable spaces & and ¥~ respectively. We are
given some abstract parameter space S and some measurable transformation f,
indexed by S from & x #" to another measurable space &. We only observe the
variables Z; = f(X;, W, 5s) where the parameter s is unknown and the distribution
of the X;’s and W;’s depends on s. Let us denote by P! the joint distribution of
(X;, W;, Z;) when s obtains, by IE; the expectation with respect to probability
P,=n"1%"__ Piand by P, the empirical distribution of the Z/s.
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Our purpose is to estimate the unknown s on the basis of the observations. The
estimators that we shall consider in this paper are defined by the mean of
a “contrast function”.

Definition 1. A real function y on & x S is a contrast function if for all s in §,

tilelg E[y(Z, 0] = El[y(Z,s)] .

Since s is a minimizer of IE,[y(Z, t)], a natural candidate for an estimator of
s would be a minimizer of the expectation of y(Z, t) with respect to the empirical
distribution of the Z;’s which leads to the following definition.

Definition 2. Given some contrast function y, a minimum contrast estimator or
. C . l
M.C.E. will be any minimizer 3(Z,. .., Z,) of the function t—)—zz'zl Y2, 1) =
n
vn(t) (empirical contrast).

Remark. Actually, § may very-well not exist at all, but then we could define
e-minimum contrast estimators (or &-M.C.E.) in the usual way: an e-M.C.E. will be
any § such that

7,(8) < infp,(t) + €.
t

Due to the very definition of our estimators, it is clear that their performances
are naturally measured in terms of the “loss function £” on S x S:

£(s,0) = [((z, 8) = (2, 9))dP, = E,[y(Z, 1) ~ y(Z, 9)] .

The assumptions that we need in order to control the regularity of y and the “size”,
when properly defined, of the parameter space S may be rather restrictive when
applied to y itself. To allow more flexibility we shall introduce an auxillary function
7 defined on the same space 2 x S to which our assumptions apply and another
loss function d(s, t) which, in the applications, will be equivalent to #/2,

In what follows, the true value s of the parameter is fixed and all auxilliary
quantities might depend on it.

(A1) There exists two positive functions M and #” and 4 on & x S? and a positive
constant B such that for all xe &, we #", t,ue S and z = f(x, w, s) we have

15z, ©) — (z, )| < M(w)A(x, t,u) £ BM(w) P, as.

Remark. Usually S will be a set of functions acting on Z and we must think of
A(x, t, u) as'|t(x) — u(x)| or similar quantities.

(A2) There exists positive constants o and I' such that for 1 <i<n
[explaM(w)]dPi < T .

(A3) For any 6 > 0, let us denote by &; a covering of S of minimum cardinality
exp[H (9, S)] such that for all S; € &

*
IES[< sup 4%(X,t, u)) ]g 62,
t,ueS;

then Card &5 < + oo. Here Y* denotes the measurable envelope of Y.



118 L. Birgé and P. Massart

We define the pseudo-distance d on S by
d*(t, u) = E[4*(X, t, u)]

and let v, be the normalized centered empirical process defined by

vn=\/ﬁ(Pn_"Ps)’

which means that for any function g(z) on Z we have

nig) =12 3 [9(Z)) - Eg(Z))] .
i=1

(A4) There exists a constant C = Ba/I' such that for any ¢ in S whenever
Vult) = 7,(s) + &, then

Clds,) < —n 2y [(z 1) — F(z 9] + ¢

In many cases 7 and 7y are related in a very simple way and then (A4) will be
a consequence of

(A’4) There exists a function ¥ defined on S such that
¥z ) =79z 0+ @)
and a constant C = Be/I" such that for any ¢ in S d*(s, 1) < C/(s, t).
Indeed, due to the centering in v, we see that
a3z, 1) = 3z, )1 = valr(z, £) — (2, 9] = 02 [(t) — 1als) — £(5, D] .

Remarks. 1) All the assumptions only involve differences between functions 3 and
we can therefore always assume without loss of generality that 5(z, s) = 0,Vz € Z.
This fact will be used systematically in the proofs.

2) In (A2) « and I' are not uniquely defined but in view of Theorem 1 below it is

clear that we should choose the ratio \/f /o as small as possible. When M(w) = M

is constant, the best choice is @ = 2/M leading to \/1: Jo = Me/2.

We can clearly define numbers H(5, $’) for any subset S’ of S as in (A3)
assuming S’ to be the parameter space. These numbers, defined for § > 0 and S’ any
subset of S will play the role of entropy numbers and will determine the rate of
convergence of M.C.E. as the following theorem shows:

Theorem 1. Let us denote by s the true parameter and assume that (A1) to (A4) hold.
Let By(o)y = {teS:d(s,t) < c}. Leta=1v (64061{;C> and let H be a function from
10, + o[ x 70, 1] to [1, + oo such that:

(i) H(u, By(0)) < H(u, 6), for any (u, 6) €10, +oo[ x 10, 17,

setting

2ac ~
pl@)= [ H'*(u,26)du ,
Ta8rc

(i) the function o — @(0)/c is non increasing and continuous.
Then, there is an absolute constant K such that, if n is large enough, the equation

1) KT )= oo,
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has a unique solution ¢* and the following bound holds for any positive A:
P*[ 3¢ such that y,(t) < y4(s) + & and d*(s, t) > max(2Ce, Ao**)] < 8.1 exp(—4/2),
where P* denotes the outer measure associated with P = ®}_ P..

Comments. Concermng the existence and the choice of a function A fulfilling (i)
and (ii), it is worth noticing that it is always possible to define H(u, o) =
1 v H(u, S). In the standard finite dimensional parametric case however, we shall
see in Sect. 3 that H(u, B,(0)) is typically bounded by ALog(s/u) and therefore
H(u, 6) = (ALog(s/u)) v 1 will be a more judicious choice, allowing to ensure
a n~!2 rate of convergence which is precisely what one can expect under these
circumstances. It is also worth to notice the unpleasant effect of the bound B which
prevents us to work with an unbounded distance. Even in the simplest case of finite
dimension and H(x, ) as defined above, for large B, ¢(c) will essentially be of order
ac leading to o* of order B/\/ﬁ. For unbounded sets, there is a need for
a preliminary estimator in order to restrict oneself to a fixed ball of moderate size.
Theorem 1 is a consequence of Assumption (A4) and of the following result
which might prove interesting by itself:

Theorem 2. Assume that Assumptions (Al), (A2) and (A3) hold. Let K = 1920 and
a, H and ¢ be defined as in Theorem 1 for some C > 0. Let 0¥ be defined by eq. (2.1).
Then, for any non-negative integer L such that 2*“¢*> < BCI/ua, the following
inequality holds:

P*( |vn(?('at)_7}('ss))|

su
res d2(s, ) v 22Lg*?

> ﬁ/(ZC)) < 8.1 exp(—2%E*1ng*?/b) ,

with b = 9a2K2C*I'/a? < no*2.

The proof of these theorems will be defered to the Appendix. An immediate
corollary is as follows:

Corollary 1. Let §(Z,. .., Z,) be an -M.C.E. Under (A1) to (A4) we have for any
p > 0 and some absolute constant C,:

E*[d”(s, §)] < (2Ce)?? + C,o*?.
Proof of Corollary 1

E*[d?(s, §)] +f°° P*[d%(s, §) > t2/7]dt

+ oo
< [ P*[d%(s, §) > Ac*2]APR" 150*%/1 + (2Ce)P?

2eCo*-?
+
< (2CeP2 + 405pa*? [ P2 "lemH2dh . [
0

Remark. For practical purposes, ¢ should be small compared to ¢*2 in order not to
affect the risk of the estimators. Unfortunately, we do not usually know the
constants involved in the model. Nevertheless, it seems that a choice of the type
¢ = n~ 2 would be safe in most cases.

Some comments concerning assumption (A3) are necessary in order to relate
this assumption to previous works on rates of convergence and mainly to Le Cam
(1973), Birgé (1983) and Van de Geer (1990a) where those rates are related to the
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entropy structure of the parameter space. In our framework, another notion will be
useful, which was introduced by Dudley (1978). In order to keep the presentation
simple, we shall restrict ourselves to the following case:

Definition 3. Let (@, || - ||) be some subset of an IL#-space of real functions, with
1 £ p <o For any subset S of 6 we shall denote by H(J, S) = Log N(4, S) its
d-entropy with bracketing where N (4, S) denotes the smallest number of pairs
87,0, 1 <i< N(5,S) such that

@) 67 <6/ and ”9i+ —07 19
(ii) ScYNeS0eo107 <0067},

It is clear that entropy with bracketing is larger than ordinary entropy and that the
two numbers will be the same for p = oo, The notion can also be extended to
Hellinger distance which is actually an I?-norm on the square roots of the
densities.

In most cases, 4(x, t, u) will be some function of the difference |¢(x) — u(x)] (or

eventually |./t(x) — ./s(x)]) and d will be an IL?-norm. If we can control entropy
with bracketing for this norm, it will clearly be easy to check (A3), since we shall
then have when 0" >t >0; and ;) Zu =07, A(x,t,u) < A(x, 0], 0;). There-
fore, in examples, checking (A3) will amount to compute entropy with bracketing,
and mainly for I2-norm. This is usually not much more complicated than comput-
ing ordinary entropy and the results are quite similar. When we have entropy
results concerning uniform (sup-norm) metric, they immediately extend to entropy
with bracketing and we shall not give details here, refering to Kolmogorov and
Tihomirov (1961) or Lorentz (1966) for entropy computations. I[*-entropies of
Sobolev and other spaces are studied by Birman and Solomjak (1967) and can be
extended to I*-entropy with bracketing as shown in Birgé and Massart (1993).
Applications to estimation can be found in Birgé (1983) and (1986) (with further
computations) and Van de Geer (1990a).

We shall content ourselves here to consider one very classical situation which
has already been extensively studied (Birgé 1983 and 1986, Van de Geer 1990a,
Stone 1982, Ibragimov and Has’minskii 1983, etc.) of parameter spaces of the
following type. We shall denote by S(m, o, A) the set of functions s on some given
compact interval of the real line such that s™ exists and

s™(x) — s™(y)| £ Alx — yI*.

1
For such a space H(d, S) will typically be of order § =+« (for IL?-norm, the situation
being more complicated with Hellinger as shown in Birgé 1986) and optimal rates
of convergence J, are given by the solution of the equation

2.2) né: = H(,, S)
mta
leading to &, of order n~2tmTa)+1_ this being true both for density estimation and
regression curve estimation (with gaussian errors, say). It is easy to check that, for
t

H(x, S) of order x~ ', ¢ > 0 the solution &, of Eq. (2.1) if of order n~Zt+1 when the
integral is convergent at zero, i.e. when t > 1/2 and n~%2 when t < 1/2. Therefore
M.C.E. estimators will be optimal when ¢t > 1/2 and more generally when the
integral involved is equivalent to a,H'*(a,, S) since then solving (2.1) basically
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amounts to solving (2.2). When this is not true, only suboptimal rates can be
derived from Theorem 1 and this is the case for ¢ < 1/2. Clearly this does not prove
that M.C.E. are suboptimal but only that Theorem 1 leads to such rates. But we
shall see, in Sect. 4, that, for some subspace of S(0, «, 4) the actual rate is not better
than n~ %2 for « < 1/2 which shows that the theorem cannot be improved without
additional assumptions. We actually do not know what is the true rate of conver-
gence of M.L.E. for density estimation or L.S.E. for regression curve estimation
with parameter space S(0, a, 4) with 0 < a0 < 1/2.

3 Hlustrations

We shall give here several examples of classical models for which the preceding
theory works.

A) M.L.E. for density estimation

We observe here nii.d. variables X,. . ., X, and we can take W; = 0, Z, = X;. The
parameter s is the density of the distribution of the X;s with respect to some
measure u and it is known to belong to some function space S. For simplicity we
shall always identify the value of the parameter and the corresponding probability.
The M.L.E. is a M.C.E. with contrast function y(z, s) = —log(s(z)). The corres-
ponding natural loss function is given by

£05,) = ELL1(Z,0) ~ 1Z09] = [ log 3 st)du(x) = K, 1)
where K denotes the Kullback—Leibler information number. Unfortunately, this
choice of a loss function leads to serious problems because it is unbounded. The
following example shows that, even if sup,.s|t/s]«» < o0, M.L.E. could very well be
divergent.
Define S to be a parametric set of densities fy on [0,2] with 0 £ 6 <4 and f;
defined as follows

fox)=0for0=x<86,

fH(x)=x—0for 6 <x <20,
2

ﬁ,(x):%lil+ﬂ9:—0—)zil(x—20)+9for20§x§2.

Assume that f is the true density. Clearly for 8 > 0, K( fo, f3) = + c0. On the other
hand, if the smallest observation Xy, is larger than 20, then

3. log /(X > . Tog fo(X) .

The simplest solution to the problem is to assume that the family of densities is
uniformly bounded from above and from below by some constants ¢! and c, say,
and to use uniform distance to control the fluctuations of y. Indeed we shall then
have

Iy (x, 1) — (¢, w)| = cltlx) — ux)] .



122 L. Birgé and P. Massart

Taking § =y, M = B = ¢ and A(x, t, u) = |t(x) — u{x)| will clearly solve the prob-
lem when S is compact in IL®. The entropy numbers which will appear will
correspond to this metric structure. (A’4) will always be satisfied in this context (see
the relations between Kullback information and I2-distances in Birgé 1983). We
shall not develop on this, because we would like to avoid such assumptions and
also because we know from Birgé (1983) that rates of convergence for estimators
should be related to the metric structure with Hellinger metric rather than sup-
norm. Indeed, when all likelihood ratios are bounded by some fixed constant A,
which is clearly the case in the above setting, we know (Birgé 1983, Lemma 4.4) that
for some constant C(4) > 4:

3.1) 2h2(s, £) S K(s, 1) < C(AYh2(s, 1)

where h denotes Hellinger distance on densities:

W, =35 [ (/509 — /i(9)* du(o)

This definition extends to non-negative elements of I ().

This implies that, up to a multiplicative constant, K(s, t) could be replaced by
h2(s, t) which leads us to adopt a slightly different approach and consider the
problem of maximum likelihood estimation with loss function k2 With this loss
function, it is not necessary to assume that | s/t| ., is bounded but some control on
the ratios t/s is clearly needed. Actually, the counterexample of Bahadur (1958)
shows that, even with a compact parameter space, M.L.E. can diverge when
likelihood ratios are unbounded. Our assumptions will be as follows

(Aa) A =sup|t/sll, < + oo P, as.
teS
(Ab) For any 6 > 0, we can find a minimal number N (3, §) of pairs of non-negative
functions in ! (p) (¢7, t7), 1 < i < N(5, S) with h(tf, t7) < 6 and S = | JV%S S5
with S5 = {reS|t; <t <tf}. N, S) is related to the notion of entropy with
bracketing as given in Definition 3.
To put the problem in our basic framework, we choose

1
(3.2) ¥z, t) = —log [5 (t(2) + s(z))] .

The following lemma will be useful to check (A4):

Lemma 1. For any pair of probabilities P and Q

P+0
2

(3.3) WP, Q)zh (P, ) Z bh(P, Q) ,

_ 2 1/2
with b = <L22;[> ~ 0.293.

Proof. The left hand side inequality easily follows from convexity arguments since
h2(P,Q)=1— f /dPdQ. The reverse inequality is more computational. Let us

define the function t(x) on [—1, + o[ by /1 +x=1 +f ~%

5 x2. t(x) is
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a continuous decreasing function with t(—1) = 4, t(0) = 1 and ¢(+ oo} = 0. Assume

thatQ<Pandputu—Z—g~l then

p(P, Q)= [ 1+udP=1——%ft(u)u2dP

p
since [ udP = 0. The same argument applies to p (P, —;—Q) with u replaced by
id
Q+adpb I:Eandweget

2 dp 2
P+0Q\ 1 uy
p(P, 3 >—-1—~—32ft<2> dP .

P+Q

W2 (P, Q)/h? <P, . ) =4 [ twyu?dP/[ t (g) u?dP .

One can check by elementary calculus and some numerical computations that the
ratio t(x)/1(x/2) is bounded by t(—1)/t(—1/2) which leads to the constant in the
inequality. The general case follows if we replace Q by (1 — £)Q + P and let £ go to
zero. U

It follows that

Remark. The constant cannot be improved as shown by the following example:

d 1
and 40 _ = 1 + ¢ with probability T+ Then

g . -
take e 0 with probability = 1P

the ratio is:
2

t(——l)rj—_—g+t(s)1 -

16

* T

=12~ 4 12
1+¢ 1+
2 P+
t(—1/2) =83 — Zf) and therefore the ratio h2(P, Q)/h? | P, ) - — 2f
It is clear, since |log(a) — log(b)| < ﬁla —blfora b= 1/\/5 that

t
365 1) = 305 0] = 2/24(5, 1,0 = 2 |log_| 2" —log_|“T*

N

1 1+4
Therefore (A1) is satisfied with M = 2\/5 and B = 2——5 log <+T) We also get
/

E[4%(X, t,u)] £ h*(t, u) which allows us to take d = h, to see that (A3) is a conse-
quence of (Ab) and get H(u, B,(c)) = log N(u, By(c)). In order to check (A4} we note
that the concavity of the logarithm implies that when y,(f) < y,(s) + ¢, then

Y log (M) 2 ¥ log(s(Z)) - nef2
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and therefore

I =

n 1 n
Zl ’)N)(Z éﬁ_z i» S)+8/2
Using (3.1} and (3.3) we get
M2y 5(, ) = (-, 9] < /2 — Eg[log(2s/(t + )] = &/2 — K(s, (s + 1)/2)
< /2 —2h%(s, (s + 1)/2) < ¢/2 — 2b*K3(s, 1) .

All assumptions are satisfied and Theorem 1 allows us to control (s, §) in terms of
N{u, B,(c)) which is entropy with bracketing for Hellinger distance. We can also
note that the effect of 4 is moderate since B is of order of log(4).

Remark on the parametric case. If the model is parametric, ie. S = {s;, 6 € O}
where @ is a bounded set in IR¥, and is regular enough in the following sense:
(Ac) for some positive «

D8 — 6] £ h*(se, 59) S D110 — 0"

where || - || is a norm on IR* and D, D’ are positive constants, then we can use the
local entropy with bracketing with respect to Hellinger distance. This local entropy
is defined to be log N(5, B,{S, h)), where B,{(S, h) is the ball with radius ¢ with
respect to the Hellinger distance k. Condition (Ac) implies (see Le Cam 1973) that
N(8, B,(S, h)) is of order of 1 v (6/5)~* Using the same arguments as above we
can apply Theorem 1 with H(u, 6) = (4'log(a/u)) v 1. Therefore, if conditions (Aa)
and (Ac) hold, we find that the M.L.E. § of 6 converges to the true value of the
parameter with rate n~ /2.

B) Another contrast function for density estimation

Another simple, although not currently used, contrast function in the iid case,
could be, assuming that S is some compact set in I2(z) where u is a probability
measure and || - | denotes II? norm

e ) = llt]? = 2t(2) .

Then E,[y(z, t)] = ||t — s]|* — ||s||®> which is clearly minimal for s =1t If we
assume that S is bounded in sup-norm by some constant A and that it has finite
entropy with bracketing in I? (p), it is easy to check assumptions (A1) to (A4) with
% = 7. Clearly, the entropy property implies that sup,.s ||| = A’ and therefore

Iz, ) — y(z, w)] £ 24°| 2] — llull] + 2]¢(2) — u(2)] .

Wecan take M = 2, B = (A + A'?) and A(z, ¢, u) to be one half of this upper bound.
Then d(s, t) is equivalent to IL2-norm. More precisely

lt—=sl=dtw =0+ A)t—ul.

Since £ (s, t) = ||t — s]||?, (A4) is satisfied. Finally, (A3) only requires that S has finite
entropy with bracketing in IL?(u) which is our assumption.

Remark. Another contrast function which could be used in the same context
would be

’))(Z, t) = t(Z)/“t” 5
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but it does not lead to very attractive values of d and £ and we shall not develop this
example here.

C) Regression models.
In this case, our observations are Z; = (X, ¥;), 1 £i < n with
Yi = S(Xi) + VI/! 5

s belonging to § and the underlying variables (X;, W;} being independent with
respective distributions R; ® Q;. When R; is a Dirac measure, we get the fixed
design model. Usually the W;s will be i.id. with distribution Q but this is not
necessary.

We shall build the estimator with the use of a function F which has the
following properties:

(Ca) F is convex, non linear (but possibly piecewise linear) and for some version F’
of the derivative
E[F'(W;)]=0 forl1<i<n.

In this case, our contrast function is defined by
(2 8) = F(y —t(x)) .
Then
E[y(Z,1)] _121E[F (s(X;) — t(X3) + W]

i=

The convexity of F implies that
F(s(X;) —t(X3) + W) 2 F(W) + (s(Xy) — t(X) F' (W)

and the centering of the variables F'(W;) shows that y is a contrast function with
the corresponding loss function

25,0 = n7t Y, BLFG(X) — (X)) + W) — FOV)]

We shall have to put some additional restrictions on the model in order to check
our assumptions:

(Cb) There exists some constant 4 such that for 1 £i<nandall t,u, in S,
[t(X;) —u(X;)| £ A4 R;as.

(Cc) The function F cannot grow too fast in the sense that for some constants
a,b,wy >0

|[F'(w—a)| S b|F'(w)| forw= —wo

|F'(w +a)| < b|F'(W)| for w = w,.
(Cd) For some constants o', I'" > 0.

Efexp(@ |F'(W)NIST' 1<Si<n.
(Ce) If G is defined by

G(w,h)=F(w + h) — F(w) — hF'(w)
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then for some constants ¢g, Co, ho =0and 1 <i<n
(3.4) co S PE[G(W, W] < Co if [h| < hy .

Remark. The convexity of F implies that G is non-negative and non-decreasing
with respect to h for h > 0, non-increasing for h < 0.

Proposition 1. Assumptions (Ca)—(Ce) imply (A1), (A2) and (A4) with § = 7.
Proof. We shall first define M, B and 4:
W(Zi, 1) =9 (Zi, u)| = [F(s(X3) — t(X;) + W) — F(s(X:) — u(X;) + W)l
< [¢(X3) —u(X;) max ([F"(W; — A)|, [F'(W; + A)])

by (Cb) and the convexity of F. We can therefore define A(x, t, u) = {t{x) — u(x)]|
and M (w) as the second factor. (A1) is satisfied with B = A4 and in order to check
(A2), it is enough, in view of (Cd) to prove that M (W) < D, |F'(W;)| + D,. We
shall content ourselves to prove that

[F'(w+ A)| < D,|F'(W)| + D, YweW ,

the other inequality being proved in the same way. The inequality is clearly true for
w = w, by repeated applications of (Cc). It is also true when F'(w + A) <0 by
monotonicity of F'. Finally, for F'(w + 4) >0 and w <wy we can choose
Dz = F'(Wo + A)

With our definition of 4, d is associated to some IL?(u) norm with u defined as

¢ can be expressed as a function of G in the following way

Ls,t)=n"t Y ELG(W, s(X:) — t(X0))] -

i=1

(A'4) will follow if we can show that, for |k < A and some positive constant ¢

nl 2 EL[G(W,, h)]= ch?.

i=1

This is true by (Ce) if | 4| £ hy and for A = [h| > hg, the properties of G imply that

n1 Y E[G(W, )] = cohd = coh3 A2k . [

i=1

Remarks. (i) In order to check (A’'4), we only used one half of inequality (3.4). The
other half will be useful to get lower bounds results on rates of convergence.
(ii) Clearly, apart from (Cb), all assumptions are related to the structure of the
“errors” W, and not the “explanatory variables” X;. The results will therefore be
valid for any choice of the Xs.

In order to illustrate those assumptions, we shall consider the popular choices
F(w) = w? (least squares estimators) and F(w) = |w| (minimum IL! regression
estimators).
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The case of F(w) = |w]| is the most complicated because F’ is not continuous,
but it requires weaker assumptions on the errors. In this case F’'(x) = sgn(x) where
we define

sgn{x)=1 forx=0; sgn(x}=—1forx<0.

One can then write
[x + k| = x| + hsgn(x) + 2[x + k| L 1, (sgn (hx)) 1y 4}, + 01 (15])

and therefore
G(x, h) = 2|x + k|1, (sgn(hx)) Uy 5, + w(|A]) -

It is clear, under such circumstances that we only have to assume that the W}’s have
a median zero and that (Ce) is satisfied. For h > 0 we get

0
E[GW, h)]1=2 [ (x+ h)dQ;(x)
—~h
from which we derive

ho, [ - 0] < E[G(W;, h)] < 2hQ:([— ,0])

An analogous result holds for 4 < 0 and (Ce) will be satisfied if we assume that the
distributions Q; have densities with respect to Lebesgue measure which are uni-
formly bounded away from zero and from infinity in some vicinity of zero.

If F (w) = w?, the assumptions are clearly satisfied if the W’s are centered with
exponential moments which is the assumption used by Stone (1982) and slightly
better than Van de Geer (1990a) who uses subgaussian tails but far from what is
expected in such a situation, as shown in Nemirovskii et al. (1985). It is actually
possible to substantially improve our results in this case and to weaken the
moment condition (A2) when the approximating nets used for entropy computa-
tions are derived from finite dimensional linear approximations of S. Since the
details are not obvious and the existence of such approximations suggests the use of
some better type of estimator, namely restricted M.C.E. which will be dealt with in
a subsequent work, we defer this extension to this context. Another desirable
extension is to unbounded parameter sets. In the case of density estimation, the
need for positivity and bounded integral plus the entropy restrictions will usually
lead to bounded parameter sets. A trivial example would be the set S of densities on
[0, 1] satisfying the Lipschitz condition

[t(x) =t =[x —y| Vx,ye[0,1].

For regression functions, the situation is different and a more natural model would
be a regression function u of the form 6 + t(x) with 6 R and te S. More generally
we shall assume the following model
q
Ifi: Z 0}¢](X1)+S(Xl)+ I/I/i: SGS:0:(915‘-~99¢1)E]R‘1
i=1
where the ¢js are bounded functions. We also assume that the differences
[t(x) —u(x)| for ¢, u in S are bounded by A which is assumption (Cb) restricted to
S and that the two norms defined by

1 n q 2
ol =supoy; 1017 == % IE[( ) 0j<p,~(X,-)> ]



128 L. Birgé and P. Massart

are equivalent and especially that

(3.5) 1el* = ploy>.
Without loss of generality we can also assume that

(3.6) lo;x) =1 Vxe&, j=1,....,q.

Let us denote by (6, §) the L.S.E. in R?x S (assuming that it exists and ¢ = 0 for
simplicity), and put

n q 2
Ty= ). [ ej(Pj(Xi)] —n|l01%; T =sup (|Tl/l161]*) .
i=1L j=1 f8cR

In this setting d is the distance in IL?(u). Let us assume without loss of generality
that # = 0. Then from the definition of the L.S.E. we know that

n 4 2 n
> [ 0;0,(X:) + 8(X;) —s(Xy) - W} <)y wi
i=1L j=1 i=1

from which we easily derive using {(Cb) that

n 4 2712 n 1/2
[Z[Zngoj(Xi)] ] <A n+2<ZWf>
i=1 ji=1 i=1
and by (3.5)

BT nl 01> S TINON? + 24+ 4 Y, W< TD|O)? +24°n+4 Y, WP,

i=1 i=1
Let k be chosen and assume that 7' < n/(2D) which is always true in the case of
fixed design points since then T= 0. If Y |_, W? < knA?/2, then by (3.5)
116117 < 4DA>(L + k).
And also in any case
d((5,0,(5,0) <19 + 4.

Let us consider the event A = {||8]|> < 4DA%(1 + k)} and S’ the parameter set
{(6,5), seS, I|011* < 4DA?(1 + k)}. Then if A occurs the L.S.E. in §’ is the global
L.S.E. and we can apply our theory to S’ in order to compute H and ¢* relative to
S” and get bounds of the type E[d>((s, 0), (8, 0)1,] < C,0*% We also have when
T < n/(2D)

(5,0, 6,0) £ 1047 +° 3 WP
i=1

Taking into account the fact that any moment of the variables W)’s can be bounded
in terms of o and I'" independently of i and n, it comes from Marcin-
kiewicz—Zygmund’s inequality and Markov’s inequality that, for and any p = 2
and x 2 2y ' E(W?):

JP[ > Wiz nx] < Clp oty ) (/)7
i=1
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yielding, via Holder’s inequality:

IEliZl WiZﬂ[Z:=1Wi2%nx] jlé [C(p, O("F’)]l—l/p[

| W;u,,](ﬁx)—”“.
=1

Noting that £)°7_, IE(W?#)is also bounded independently of n and choosing p = 3
say, we finally get that for large enough k:

E[d?((s,0), (5 0) 14V r<mopy] < Ca/n .

Since the parameter set contains an Euclidean space, 6* cannot be of order smaller
than n~ /2 and finally we see that

E[d2((s, 0), (% )< opy ] £ Cs0%2.

In the case of fixed design points, T = 0 and we are done. In general, since the X;’s
are available one can check whether T < n/2D is true or not. In any case we get by
Bernstein’s inequality (see Appendix 2 and formula (6.4)) using the bound on the

lo;I's
_12
> /n | S 2exp| ————— |.
- ﬁ]‘ eXp[8+4A/3ﬁ}

i

3. (0:(X)9u(X0) — Elg; (X,) e (X,

i=1

vl
Now if those differences are smaller than A\/ﬁ for all j, k we get

S TAYNCESN AP G

J 1

and finally

_}'2
PLT|= A 21 5242 _— |.
[T] 2 4/ng*1 < 2 exp[s+4;v/3ﬁ]
J

If we choose A = 2D we see that

P[|T| = n/2D] < 2q* exp(— Csn) .

This gives our extension to unbounded parameter spaces. A particular case could
be the space of functions of bounded variation, with a variation bounded by a given
fixed constant ¥ on [0, 1]. Any such function can be written as 6 + s with 6e R and
sup, |s(x)] < V/2. This would fit perfectly in our framework but leads us to the
second question: how can we control the IL?>-entropy with bracketing of spaces of
functions of bounded variation or other classical function spaces? A lot is known
on ordinary IL?-entropies. The necessary extensions, using classical methods of
Birman and Solomjak (1967) are provided by Birgé and Massart (1993) and we
shall not insist on this matter. It allows to deal with the classical Sobolev spaces on
[0, 11™, say, provided that the regularity is good enough compared to m. Those
multidimensional extensions provide new examples for which the integral defining
¢ (o) in Theorem 1 is not convergent at 0. This is the case in one dimension for
a-Holderian densities with « < 1/2 but when the dimension increases, the split
occurs for smoother functions. Roughly speaking, if we work with spaces of
functions of smoothness g (not necessarily an integer) the function H(u, o) is of
order u” ™4 As soon as m > 2q we see that ¢ (o) is of order 62~ ™4 which leads to
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q
a o* of order n~ %™ instead of the optimal rate which should be n™2a+m. Multi-
dimensional examples show that the split occurs for differentiable functions for
m = 3. Let us also notice that in the case of fixed design points, a better choice for
7 would be

Fz,8) = (y —t(x))* = 2s(x)t(x) — (%) .
In this case
9z, 1) — (2, u) = 2w(ulx) —t(x))

and assumption (A.1) becomes much simpler with M (w) = 2w. This does not
change anything else since then

va[7(z, 1) =5z )] = vu[y(2, 1) = 7(z, W) ] .

D) Ill-posed problems

The framework is similar to the one used in regression, with independent variables
X;, W;,1 £i £ nand observations Z; = (X;, Y;) but now the X;’s and the elements
of S belong to the same IL2-space with respect to some measure u with a scalar
product denoted by <-, ). The model is given by

=(X;,sD+ W, 1<i<n.

Usually, the X;’s will be deterministic but they could be random as well. We shall
again deal with least squares estimation and therefore our assumptions on the W;’s
will be the same as in the regression model. They should be centered variables with
exponential moments. The contrast function will clearly be

Pz )= (y —<{x 1)) =z 1)
leading to the loss function
£is,)=n""Y E[{X;s—t)].
i=1
We also have
I7(z, 1) = y(z, )l = {2y — (X 0 + up|[<xu — 1))

=2w + {x,28 —t —up||{x,u — 1|

SCwl+ lIx2s =t —ul)IKx,u — )] .
We shall assume the following
(Da) For 1 £i<n E(W,)=0and E[exp(|{W;|)]=T".
(DY) sup,cslit] = A/2; sup; | X; || < A" as.

We can therefore choose  A(x,t,u) < |{x,t—uy|, B=AA" and
M (w) = 2(Jw| + AA"). This leads to the distance d*(s, t) = £(s, t). For the entropy
counts, it is actually enough to control the entropy with respect to the IL>-norm
fit —ull. Suppose that ¢ and u belong to the same IL? ball of radius ¢, then

A (x, tu) <t —u? < (20)?
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and Assumption (A3) will trivially be satisfied with 6 = 2¢. This is a case where only
usual I%-entropy is needed rather than entropy with bracketing.

E) Mixture models and deconvolution

We observe here n ii.d. variables X,..., X, and we can take W; =0, Z; = X,.
The distribution of the X;’s is assumed to have a density with respect to some
measure g which is known to be of the following form:

f@ = [16,2) ds(6)

where the parameter s belongs to some subspace S of distribution functions on
R and f(-,')is a known non-negative mesurable function such that:

(Ea) f; is a density for all seS.

(Eb) sup; || fillo = A < + 0.

(Ec) There exists non negative constants CI, C,, j,m, B; and points z; such that

| fi(2) —fu(2)] £ C4 Z Bilt(z + z;) —u(z + z)| + Co |t —u|, .

i=1
We consider the contrast function

) = 11413 - 24() .

With this choice we exactly have as in B):

L) =l fi=Al3.
Defining §(z, t) = — 2f;(2), it follows from (Eb) that ¥ satisfies condition (A1) with
Az, t,u) = | f,(z) —f,(2)|, B= A4 and M = 2. Now conditions (A2) and (A'4) are
clearly satisfied. In order to verify (A3) we need some entropy condition. We shall
here assume that 1) IL2-entropy with bracketing and 2) ILP-entropy are bounded
(note that condition (i) is unnecessary when C; =0). We can now give three
examples where this framework applies.

Mixture models. (i) f(6,z) is bounded and differentiable with respect to 6,

0
—ZfC)

in the same compact interval, [0, 1] say. Then integrating by parts we get

is bounded by some constant b and all elements of S have their support

0
f@) =13 = = [35/(6,2)(t(0) — u(9))d0

and (Ec) is satisfied with C; = 0, C, = b, j = 0 and p = 1. It follows from Birgé and
Massart (1993) that H (9, S) < K/é. Therefore Theorem 1 implies that a M.C.E.
converges to the true value of the parameter with rate n~!/3 (with respect to the
pseudo-metric £ /%),

Deconvolution. (i) f,(z) f k(z — 0) ds(0), where k is a bounded density of the form:
= Z Bilp, +op+ f Kwdu, f,z0.
i=1 —

Moreover k' belongs to IL? and the elements of S are continuous with support in
[0, 1]. Integration by parts leads to

fi(2) —ful2) = i Bi(tz + z)) —u(z + ) + [K'(z — 0)(£(0) —u(6)) dO

i=1
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which implies by Cauchy-Schwarz that (Ec) holds with C; =1, C, = [[k’]|,,j =0
and p = 2. By Birgé and Massart (1993), IL? entropy with bracketing of bounded
decreasing functions is of order 1/5 which implies rates of order n™ /3,

We can readily see that this rate canriot be improved in general. Let us consider
the set of distribution functions s such that fs = 1/8 where  is a fixed constant,
p > 1, as the parameter set S. Let u be the Lebesgue measure on [0, 1] and
f(0,z) = f1,<,, then we simply have:

fo="Ps

and we know from Birgé (1989) for instance that, in this situation, the IL'-minimax
risk (and therefore the IL>-minimax risk) is bounded from below by Kn~1/3,

(iii) The framework is the same but k instead of k' belongs to IL? and
the elements of S have densities with respect to Lebesgue measure. Then, by

Cauchy-Schwarz
|£i(2) —fu@ S k20 =2,

hence (Ec) holds with C; =0, C, = |k|l;,j =1 and p = 2. The rates of conver-
gence will be derived in the usual way from the IL? entropy properties of the
densities of the elements of S.

Remarks. (i) This framework can be extended to the case of # belonging to R*.
(i) If the likelihood ratios f;/f, are uniformly bounded, the same theory can be
developed with the contrast function y(z, t) = —log f;(z) leading to maximum
likelihood deconvolution. Unfortunately, the loss function will then be K (f;, f;) or
equivalently | f; —f; |3 which can be much smaller than ||s" —¢'||3.

4 Suboptimality of minimum contrast estimators

As we already mentioned, the rates of convergence given by Theorem 1 in the case
of a “large” parameter set for which the integral [o H'2(x, S)dx is divergent at
zero are not the optimal ones, as defined by the general theory in Birgé (1983).
Therefore the question naturally arises of knowing whether the proof of Theorem 1
is suboptimal or the estimator itself is. The answer will be given in this section
where we shall exhibit sets S for which the “bad” rate announced by Theorem 1 is
actually the true one, for two different models: density estimation and regression.
This does not mean that M.C.E. are always suboptimal when the entropy condition
does not hold. We do not know anything about it, but if M.C.E. are optimal when
the entropy condition does not hold, it is clear that some additional circumstance
occurs, which is not a consequence of the assumptions of Theorem 1. Under the
assumptions we use, it is impossible to derive better rates of convergence and those
could very well be the right ones in some particular situations. In particular, even
on a convex set of densities with uniformly bounded likelihood ratios, M.L.E. can
be suboptimal.

The main reason for this trouble is the following. The solution J, of Eq. (2.2)
only involves H(x, S) for x = J,. Bven if H{x, S) is explosive for x smaller than §,,
this will not change anything to the optimal rate for »n observations. On the
contrary, the integral in Theorem 1 depends on values of H(x, S) for x smaller than
o,. As a consequence, M.C.E. are definitely unstable and will be sensitive to
perturbations of S which only involves H(x, §) for x < 4,. This is not the case for
optimal estimators as shown in Birgé (1984).
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A) Construction of the parameter spaces
In order to define a convenient parameter space, let us start with the basic functions
fx)= XWjo; 1741 (0) + 1/4 Lj1/a53741 (%) + (1 —X)Ly374, 13(%)
v{x) = x1jo; 17270} + (1 — X)y1 /2, 15(x) .
We shall then define on [ —1/2; 1/2] and [ —#; ] respectively with A, 8,1 > 0

[ = A @0) =F(=2x)); 0,5 = 0(x/n) —v(—x/m)) »
which clearly satisfy
1fillo =44 lvonllo=0/2 [fi(x)dx = [v5,(x)=0
[fi(x)dx = 2%/24; [vj ,(x)dx = n0%/2.

We shall say that the set y = {y;, . . ., yi } satisfies the property A(y) if all intervals
lyi—nyi+n[,1Li<k are disjointed and included into the set
J=[—1%; —%]v[%;2] Here kis an arbitrary positive integer.

Assuming that the following relationships hold with constants ¢, 0 < ¢ < 1 and
0, 0<a=< 1.

G=ci% y*=2*10; 0ZAL1/4,
which implies that 8 < /4 and 5 < 1/8, we can define for ye A(x),

k

wyy(x) = Z Vg, n(¥i — X)

i=1

and notice that whatever 4, 4/, f fi(x)w;, = 0. We shall define the parameter spaces
0, and O,. O, is the set of all densities of the form 1 + f;(x) + w; ;(x) where
0 £ 1 £ 1/4 and y is any vector of any dimension satisfying 4 (y) with » as above.
@, will be the convex hull of @,, i.e. the set of ¢’s of the form

L L
g= 1 + Z /“tl(f:lz(x) + W/'»;,y:(x))n M ; 09 Z W = 1

=1 =1
=1+ fix) + zi W,y (X)
with 2=Y /", wh.
Proposition 2. Denoting f(x) = g(x) — 1, we have for all g in 8,
@ 1 fllo < 34/8 < 3/32; | fi(x)] < 2| f ()] < 3] (3l
@) |12z 7%/24;
(i) H*(1,g) = A?/210;
(iv) 1g(x) —g(W)| < |x —y[* for any x, y in [—1/2,1/2].

Proof. (i) One has |f;(x) + w,,(x)| £ 34/8 since § < A/4 and the first inequality
follows by convexity. The second uses the same arguments since
|Way 0] < 3100

(i) Follows from orthogonality between f, and w; ,(x), whatever 4, ' and y are
and (iii) from Lemma 4.1 in Birgé (1983) and our upper bound on g¢.
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(iv) The assumption A(x) implies that f; is constant on the supports of the
vg,,(y; — ) which are themselves- disjointed. Considering that the largest mono-
tonous parts of f; and v, , have respective lengths 1/4 and # and the maximal slopes
are 24 and 8/n we have to check that

26+ 0 e <(e+0) for0<o<1/4 0<e<p.

Since (¢ + 6)* = 2%~ 1(e* + 6%) by concavity and & < %5 7% it is enough to check
that 246 + O~ *e* < 27 '(¢* + 6*) which clearly follows from our upper bound on
2. The result follows by convexity. O

Then it follows from our proposition that &, is a convex set of a-Holderian
densities. We shall use @, as a parameter space to derive lower bounds on rates of
convergence of M.C.E. and demonstrate the limitations of those estimators. Since
0, is a subset of the set of a-Holderian functions, from Birgé (1983) we know that,
at least in the i.i.d. case, rates of convergence of optimal estimators should be at

least n3at 1, which could be readily checked with suitable histograms. Similar
results also hold in the regression framework. Computations below will show that
M.C.E. cannot reach this rate for « < 1/2.

B) Maximum likelihood estimators

Let us now consider what happens when we use M.L.E. on @, with ¢ = 1. Assume
the observations X4,..., X, are iid. and uniform on [ —%;1] and g, is the
M.LE.

Theorem 3. There exists some positive constant & such that

liminf P[h(1; g,) = e(nlog (n))"®*] = 1/2 .

An immediate consequence of this theorem is the fact that, as soon as o < 1/2, the
rate of convergence of M.L.E. is not better than (nlog(n))~*? which is suboptimal

as compared to n3++1. The rate is actually bounded by n~%?2, as follows from

Sect. 3. The log(n) gap is likely to be due to our proof and we believe that the actual
rate is n~ %2,

The proof of the theorem relies in a crucial way on the following technical
lemma (see the proof in the Appendix) about spacings of uniform random variables.

Lemma 2. Let Xq,.. ., X, be nindependant uniform variables on [ —1/2;1/2] and

: 02
A< 0+2 >andf0r an)Jpair Xi,Xj Wlth XiES and X]¢ S, IXl _XJ| ;m Then
n

Proof of Theorem 3. Let g(x) = 1 + f(x) be an element of @,. We already noticed
that | f i, < 3/32. Now for |x| < 3/32 we can write (x ?[log (1 + x) — x] being
increasing) with a = 0.47, b = 0.534

x —bx% Zlog(l + x) < x —ax?.
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This implies that the likelihood function can be written

Y logg(X)= Y f(X)— 3 ,f2X)); a<e<b.

j=1 i=1 i=1

It follows from Proposition 2(i) that

f3X)

=]

1 ..
Zf%(Xj)éfz(Xj)é
then
n n L n n
Y logg(X;) =7 Z LHED+ Y Y w (X)) —M, A% Y f%(Xj)
j=1 ji=1 =1 j=1 j=1
with a/4 < M, < 9b/4 and finally

n 12 L
Y logg(X;) = f LM T+ Y W,

j=1 f 24 =1

where

S, SNO,1); 011 S M, <1202 T,-%51 W,,=Y wy (X))
=1

Claim. For ¢ > 0, there exists K, such that uniformly over @, with probability larger
than 1 —¢

M =

W, < K ni(log(n)/n)**

=1

]

and therefore for large n and some K with great probability
Y. logg(X;) £ Kni(log(n)/n)>.
i=1

On the other hand, Lemma 2 proves the existence of a subset of size N, of the X s,

0.2
which we shall denote by {X;,,..., Xy, } such that if 34/2 < 1 the density

Nn
569 =1+409+ 3 ve,n(in +3- x)
i=1

belongs to @, and asymptotically N, = g with a probability close to 1. Then, with
large probability

nA? niz
X))z — .
Zlogg( DERENGS 199 T 16

Choosing n = 3 in the definition of g, we find that the corresponding A is given by

= (4n)~*/2. The log-likelihood for § is therefore of order n' ~* which implies that
the M.L.E. is obtained for values of 1 larger than &(rnlog(n))~ %2 for some & > 0,
hence the result.
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There remains to prove our claim. Let us first consider the following situation
of n 1i.d. uniform variables on [a, b] with common c.d.f. F and empirical distribu-

tion F, and let Z, = \/ﬁ(F » — F) be the normalized empirical process. Let also u
be a fixed absolutely continuous function defined on [0,1] and satisfying
u(0) =u(1l)=0 and [ o u(x) dx = 0. We shall consider the following set %, of
functions defined on [a,b] for 0 < a £ 1:

k

W= {W(X) =2 ul(yi—x)m), 0< A< 1/4, 0% = 21_%2}

i=1
where {y;:}o<i< IS a sequence satisfying
Yo=0; yierZyitm w=b k=b-a/n.

Under such conditions, for each & > 0 there exists some K, such that

1 n
(4.1) IP[ sup — Y w(X;) 2 K.(n"*log(m)*]1 < ¢.
wew, nﬂ‘ ji=1
Indeed, since IE[w(X)] = 0 by assumption, we have to control n*/? sup,, 4 ™* Z,(w).
But clearly, integrating by parts we get

Zow =22 [ ul(y—x)/n) dZu(x)

i=1yi—n
/12 k yi

==Y [ w((yn—x)/MZ,(x)dx

=1y
yi

k
=2 ; [ n” ' (v — x) /M [Z,(x) — Z,(y:) ] dx

<Xk sup |Z,00 —Z,()i [ 0/ (x)|dx
0

Ix=yls9

S b —a)fnully sup |Z,(x) —Zu(y)l .

x—ylSn

Now the inequality by Mason, Shorack and Wellner (see Shorack and Wellner
1986, p. 545) shows that, for y > 0, ¢t > 0

K K,t?
IP[ sup |Z,.(x)—z,,(y>tzr]g—lexp[—;],
lx =yl £n n ﬂ*‘ﬁ\/ﬁ

where the K;’s denote different constants. Therefore, summing those probabilities
for values of # of the form 27/n, j = 0 with t = K;(n/2log(n))*/* we get for K; large
enough

1

P [3'7 Z . S 1Z,() — Zu(y)| 2 K (’110%(”))1/2] <e.
x—yl=n

From this we deduce that with probability larger than 1 —e, uniformly for

X Z (log (m)/n)*"?

JnZyw) < K227 (nlog (n)'? < niK, (log (n) /) .
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On the other hand since ) 7_, w(X;) < nfu| A for A < (log(n)/n)*?
/1Zy(w) = nillul o (log (m)/m)*?

which proves (4.1) from which our claim follows. O

Remark. As a by-product of our proof, we get a lower bound for convergence of
empirical processes. Let G, be the set of functions g defined on [ —1/2; 1/2] and
such that

lg(x) —gMI = lx -5 gl 1.

Let P be the uniform probability on [ —1/2;1/2] and P, the empirical measure
derived from n iid. variables with distribution P. Now, all g’s of the form
g(x) = ZL L Vo, n(¥; — X) with n* = 2! 7*0 and the y,’s satisfying A(x) are in G, and
centered for P. But there exists some

Nn
ﬂ@=20mﬁﬁ+g—x)

i=1

defined as above such that with probability tending to 1, P,g = 35(4n)~* This
implies that the classical n~ */? rate of convergence in the T.C.L. cannot be true over
the class G, for a < $, a result which goes back to Bakhvalov. Another consequence
|P g P, nd i

is the fact that the ratio sup,.¢, T
gl2

o in 10, 1].

will be bounded away from zero, for any

C) Regression

Let us now consider a regression framework of the type Y;=g(X;)+¢; as
described in Sect. 3, where g belongs to @,, the ¢;’s are i.i.d. and independent of the
X;’s which are themselves independent and uniformly distributed over
[—1/2,1/2]. Given some convex function F satisfying

E(F'(5;) = 0, B(1F'(¢))]) = ¢/, var (F'(¢;)) = 0,

we shall define our estimator g, to be the minimizer over @, of the quantity
Y i=1 F(¥;—g(X})) or equivalently of ) I_, [F(Y; —g(X;)) — F(e;)]. As before
we assume that the true value of g is 1, therefore the quantity of interest can be
written with g = 1 + fas

J

Rif9)= 3. [F(5=g0) ~Fe)] = %, Fly = (X)) ~ Fi6)]

fl

- 3 S)F'(0)+ 3. Gley, —fX))

n

i ,ﬁlfl(xj)F'(s,-) = Yy XDF )+ Y Gl —1(X))-

j i=1 i=1

Using the properties of G and the same arguments as before we get

A/ RO

R,(g) = 2\/8

S, +nA*M,T, + nM.,V,
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where

Coll /i I2 <20,

S, —Z5N@©,1; 0<M, < ]
o NOd 0= M, < =64

-l>-[&o

L2515 V=51 M, S 002

and then for large n with large probability
R.{g9) = — A /noc —ng'6/2 .
On the other hand, using again Lemma 2 we can define g belonging to @, if

32 <22 by
n

+1
N F (8 )
j(x) =1 X+
6= 150+ 8 (X )
where P[N, = 4] —— 1. Therefore, asymptotically with a large probability we
n—>+o
get
R,(§) S A/no + 2252 —0/2 Z |F'(e;,)

Since the ¢;s and X,’s are independent, the last term obeys the law of large
numbers which implies that with large probability

3C
If we define ©, by 0 = 7022, we can just conclude as before and get:

Theorem 4 In the above regression framework, the rate of convergence of M.C.E.
over @, will satisfy for some positive ¢

liminf P[h(1, §,) = en~*2]1= 1/2.

Remark. With a slight modification of the proof we can extend the result to the
case where the sequence {X;},, satisfies Lemma 2, possibly with different values
of the constants. This will be the case if, for example, the X;’s are deterministic and
equispaced or iid. with a density with respect to Lebesgue measure, which is
bounded away from zero and infinity on a subinterval of J.

Unstability of the risk of M.C.E. estimators. The phenomenon is well-known, at
least for the M.L.E., and we shall not go into great details but just give some
illustrative example derived from our previous construction.

Let @, be the set of Lipschitz densities on [—1/2, 1/2] which means that
lg(x) —g(y)] < |x — y| for gin O, . In this case the optimal rate of convergence is
n~ 13 and it follows from Birgé (1984) that the rate will not change if we replace for
each n, @, by @, such that any element of @, is at a distance of &, smaller than
n~1 This is due to the fact that for n observations the risk is, in this case, only
determined by the metric structure relative to balls of radius n™'/3 or larger.
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Modifying the structure for smaller balls will only slightly affect the minimax risk
as shown in Birgé (1984). Unfortunately, our proofs of convergence of M.C.E. do
involve smaller balls in a crucial way through a chaining argument. The following
illustration will show that this is not only a defect of the proof but a real drawback
of the estimator.

For each n, we define a subset @, of our set @, by 6 = A2, 5 = 2c2n"%3,¢, < 1.
Clearly, any element g of ©, is within (m102/2)”2 <%n '3 in L?norm, (and
similarly in Hellinger distance) of a Lipschitz density 1 + fa. Now the arguments
used in the proof of Theorem 3 show that with large probability when # goes to
infinity we shall have uniformly over 6,

Z 1ogg(X)<A\/Z+—_z\[+"j‘2

and for some §

" nA? n0 ni?

N _na” B ni*

j;logg(Xj)= A/n o9+ Ayn+ T
The M.L.E. will occur for large values of A although the distance between ©, and
Lipschitz densities can be made arbitrarily small by a proper choice of ¢,. Of
course, this implies that perturbations v, , will be rather wild. If we assume some
smoothness on them, various rates of convergence may occur but in the worst case

above, the M.L.E. will not even be consistent.

5 Appendix 1
The purpose of this appendix is to provide a proof of Lemma 2. The following large
deviation inequality for uniform spacings will be helpful.

Lemma 3 Let Uy =0,Uyy, ..., U, Up+1y =1 be the order statistics corres-
ponding to n ii.d. variables, uniformly distributed on [0,1] and V; = Uy41y — Uy,
0 < i £ nbe the corresponding spacings. Then, settmg J = [a/(n + 1), 1], we have for
any positive &, 6

1P< Y LVi-)L () < bn) < exp(—(n + 1)(6 —log(l +9)))

i=1

(5.1) + 2exp(—(n —1)&?)

with b = exp(—2a(l + 96)) —e.

Proof. Let us first recall some classical facts about large deviation theory.

e If S is binomial #(n, p) and 0 < ¢, then

(5.2) IP(S — np = ne) < exp(— 2ne?)
(see Massart 1990, for a more precise inequality).
o If Wy, Wy,..., W, are iid. exponential r.v’s with parameter 1, by the

Crameér—Chernoff inequality, we get for ¢ < 0

(5.3) ]P( Z (W, —1)>(n + 1)8) < + & lexp(— (n + 1)e) .

i=0
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It is well known that the joint distribution of the Vs is the same as the joint
distribution of the (W;/ Z;?:O W;)’s, so that the left-hand side of (5.1) is equal to

P, = 11>< Z 1L,(W;) < bn>

i=1

with Vf/, =W, A W,_, and I = [aW, 1], where
w=73 W/n+1).
j=0

Now, assuming that n = 2m + 1is odd, it is clear that the event {3'7_ 1,(W}) = bn}
is included in the intersection of the events

m+1

{Wé t}a{ Y ll[at,l](WZi—l) = b(m + 1)} ) { Y ﬁ[at,l](WZi) = bm
i=1

i=1

Therefore, an upper bound for Py, is

POW 2 1) + IP(mf fio, o (Wai-1) Z (1 — b)(m + 1))

i=1

( Z, Lo, at[(WZE )2 (1 - b)m)

Assuming t = 1 + §, we can bound the first term using (5.3) by
exp(—(n + 1)(6 — log(l + d)) .

For the second term, we use (52) after convenient centering by
p=P(W;<at)=1-— e * since the corresponding W/s are independent. As-
suming that e =1 — b — p = ¢~ ¥ — b, we get the bound exp(—2(m + 1)¢?). The
last term can be bounded analogously by exp(—2me?). The conclusion follows, the
case of n = 2m being similar. O

Proof of Lemma 2. Assuming that M, observations fall in [ —3/8, —1/8], let us
order them and denote them Yy,..., Yy, With Yo = —3/8 and
Y, +1) = —1/8, the variables U, = 4(Y;, + 3/8) satisfy the assumptions of
Lemma 3 with M, replacing n. Clearly Y; will belong to S if

-1 A V; 2 4(04/(n + 1)). Let N, be the number of those Y;’s, it is enough using
the same arguments for the mterval [1/8, 3/8] to prove that P(N, = n/16) > 1 as
n— + co. Now for M, + 1 < f(n + 1), we have

My

N,z Y L,(Vi-)L;(V); J=[168/(M,+ 1),1]

i=1

and if M, = an, (M, /(160)) = n/16. This allows us to conclude that

P(N, > n/16) > m(ﬂf 1,(Vi—1)1,(V;) = M,/(160), M ef)

i

> E(1p< S 1L, (7) 2 Mn/(lsa)aM,,)nfn(Mn))

i=1

> min 1P< > L)L) 2 m/(léa))P(M.,eJ,,)

meFn
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where S, {meN:m2on and m+ 1 < (n+ 1)}. Now if « <1/4 < B, the last
factor converges to 1. The first one can be bounded from below using Lemma
3 with a= 16§ and b= 1/(16a) which clearly allows s 6 to be positive for
convenient choices of ¢ and . U

6 Appendix 2

The purpose of this Appendix is to provide a proof of Theorems 1 and 2. This proof
is based on a control of the modulus of continuity of the empirical process

Y, = ﬁ(P,, — P,) indexed by the family {j(-,#) — (-, ), te S}. Without loss of
generality we assume throughout the proofs that (-, s) = 0.

Proposition 3 Suppose that assumptions (A1), (A2) and (A3) hold and B = 1. Then,
for any positive a, 6 and A such that 6 <1 £ a and

ac

(6.1) (KJ/T/w) [ max(l, HY(u, By(o)))du < A
Ax/ (64T /n)
(6.2) A < 32(al/a)o>/n

the following bound is available

(6.3) 1P*< sup v (7(+, 1) = 7(-, N 2 /1) < 8exp(— 40*2%/(K?a’I's?))

1€ Bs{a)

where K = 1920.

In order to prove Proposition 3 we shall use a chaining argument with adaptive
truncatures. This technique was intiated by Bass (1985) in the context of set-
indexed partial sum processes and then used by Ossiander (1988) and next by
Andersen et al. (1989) in order to prove uniform central limit theorems for
function-indexed empirical processes.

Since we shall use Bernstein’s inequality repeatedly we prefer to recall the
precise statement of this inequality. To do this we need to give some notation and
definition.

Definition 4 Let p and ¢ be positive constants. We define 5 (p, ¢) to be the set of
random variables X such that E| X |™ < (m!/2)pc™ 2, for any integer m = 2.
We can now state Bernstein’s inequality (see Shorack and Wellner 1986, p. 855).

Lemma 4 Let X4,. .., X, be independent random variables which are centered at
expectations. Let S, = X{ + - - - + X, and assume that X, belongs to 5 (p,, c) for
any 1 £ k £ n. Then, for any positive A

P(1S,] Z 24/n) < 2exp(— 22/2(0 + (c3//)))
where v =n""Y}_ px.

Remark. Tt is very easy to verify that if X belongs to 5#(p, ¢) then X — IEX belongs
to o (4p, 2¢). Thus, if the variables X ’s have the same properties as in Lemma 4 but
are no longer assumed to be centered, the following exponential inequality is still
available:

(6.4) (1S, — ES,| 2 Ay/n) < 2exp(— A%/4Q20 + (cA/\/n))) -
We are now in position to prove Proposition 3.
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Proof of Proposition 3 Let us keep in mind that A(x, ¢, u) < 1 since B = 1 and fix
the value of the constant K = 1920. Now using a regularization argument, it is
enough to prove (6.3) if we assume the following condition to be fulfilled instead
of (6.1)

ac

(6.5) (K/Tj) [  HYwdug<i

Aaj(641 /n)
where H is a continuous and strictly decreasing function such that
max (1, H(J, By(6))) < H(d) for any positive d and H(0) T + oo asd | 0. Since H is
decreasing (6.5) and (6.2) imply that A= (Ka\/f /0)H'*(ac)(a — as/2) which
means (since ¢ < 1) that A% = (I'/4)(aKo/x)*H(ac) and thus H(ac) < 4a?4?/
(I'K?a*¢?). So, since H is continuous and strictly decreasing with H(8) T + oo
as 6 | 0 we may define 6, = H ™ *(4024%/(I'K%a*c?)) and we have

(6.6) 8o < ac .

Next we define §; = 275, for any nonnegative integer i. Since s is fixed we shall
omit to mention explicitly (in the notations) the dependence with respect to s of the
various quantities we have to deal with. So, for any t€S, let f, = 7(-, t) (we recall
that (-, s) = 0). Now, since {A3) holds for B,(c), for each nonnegative integer i, we
may choose a covering &; = {S ;,. .., S;,.:} of By(o) with J; < exp H(5,) and

*
]Es|:< sup 4%(X,t, u)> :| <é7, for1<j<;.
t,ueSj,i

For any positive § we set H(d) = ), . ,H(5). This function H will be useful
because the mapping (mo, . . . , %) below ranges in a finite set with cardinality
bounded by exp(IH(d,)). For each pair (j, i) with i 2 0,1 £ j £ J; choose some
point s; ;in S; ; and define the mappings =, from S to {1, . . ., J;} in such a way that
t belongs to S; ; whenever 7,(t) = j. Setting t; = $y,¢,; and T; = Sy, (,; we then define

*
ka,=max<f,i—M<supA(-,u,t,-)) >
ik ueT;
and
%
Ak(ﬁ)zmin<supzl(-,u,ti)> .
i<k ueT;

It follows from those definitions that

(6.7) I fy < f; £ I fy + 2MA(f)
and
(6.8) E (47(£)) £ 67 .

We finally set & = { f;, € Bi{(0) }. From now on we shall write “f” instead of “f,” for
short and “4,, f” instead of “4,(f)”. We need to define a few more parameters. Let

A= 48\/f /o, and for any integer k
(6.9) M= A0 H(5:)"?

(6.10) & = (L /a)\/n0F i -
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Let N = min{k 2 0:8, < (2/(16I'))4/</n} and for any fe %,
u(f) = (min{k 2 0: 4, f>a}) A N.

When N = 1, the following decomposition is available:

6.11) f=Mof+(f— Oyf)+ T, (Tesrf—IIS) .
k=0

Now, summating by parts we get

N—-1 N—-1

Y e f = I )Ly py<her = kz (f=IL ), py=i + UInf = Nucpy<w -
k=0 =0

Then, plugging this identity in Eq. (6.11), we finally get the decomposition that we
shall use below, when N > 1

N N-1

(6.12.a) f=Iof+ Y (f— I f),usy=k + kz Ules st f = IL )y pyzhet s
=0

k=0

when N = 0, we shall simply use

(6.12.b) f=Iof+(f—If).

Proof of Proposition 3 when N = 1. The following inequality derives straightfor-
~wardly from (6.12.a)

IP*(SUP [va( )] 2 i) <P+ P, + Py,

fe#

where

P, = IP( sup|v,(Ilo f)| Z A/S) ;

feF
N N
P, = IP*( sup Y. [va((f = /)i sy-e) Z 348 +4 3 m) )
feF k=0 k=1
N-1 \
Py= ) IP( Sup [vu((e+ 1 f = I )Ly pyzi+ 1)l > ’1k+1>
k=0 fe# /
provided that the following inequality holds:
N
(6.13) Y < A/10.
k=1

In order to control the probabilities IP;,i = 1,2, 3 it is useful to notice some
elementary relations based on the fact that g, and 4, are non-increasing

(6.14) {u(f)=klc{a<dfSa-},for 1SkSN-1,
{u(f) =0} ={ag < Adof}, {u(f)=N}c {Avf<ay-1}.

Control of P,. We simply note that |(I1y f)(z;))] £ M(w)) (4o /)(x:) + A(xi, 5, 2g))-
Now x; and w; are independent, P{(M™) < I'm!/o™ by (A2) and 4 < 1 by (A1), hence

(o f)(z)) € # ((4/a*)T (P45 f + A%(s, t0)), 2/01) -
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Therefore, bound (6.4) yields
P, < 2exp(H (o)) exp(—2"%02A%/(32I (6% + 82) + ai//n)) ,
thus, using (6.2), (6.6) and the fact that a = 1, we get
P, < 2exp(H(d))exp(—27 12 a?A?/(I'a%a))
which finally gives, using the definition of §, and the crude bound K? > 21°,
Py < 2exp(— H(do)) -
Control of IP,. We note that |g| < h implies
(6.15) va(@)] = [va(B)] + 2/nP(R)
therefore, bound (6.7) yields
Wnl(f = I )iy =) S 2D0aM Ak )i gy=)| + 4/ mP(M (A )i 5)=1)) 5
thus, since M and (4, )1, s)=r are independent and P'(M) < I'/o, we get
(6.16) alf = e f)Bucpy=iol S 2Re(f) + 43/ m(T /) E(f)
where
Ri(f) = va(M (& S ) u( 5y=i)]

and

E(f) = P(e N 5y=19) -
Control of E,. For each integer k such that 0 £ k £ N — 1, we use (6.14), (6.8) and
(6.10) to obtain the bound

Ex(f) S P(4f) Ut p>a0) < 630 < (/D) 1/3/7

and for k = N, we simply use the Cauchy-Schwarz inequality and the definition of
o to get

Ex(f) < P(dx(f)) S Oy < ()(16T))A/ /1.

Control of R;. For each integer k such that 1 < k £ N, we note that {6.14) implies
for any integer m = 2, because of (A2)

E((M(Akf)ﬂ(u(f)=k))(2i))m) = ]E(Mm(wi)(A;inf)(xi)ﬂ((Akf)(xi)éak—1))
< PUM™)PHAZ f)ap=? < (I[o?)PH(AE ) @ue 1 fo™ 2l .

Therefore (M (Aif) L 7y=1y) (2:) € H ((2/0*) TP (AL f), ay— 1 /o). Thus using bound
(6.4) and (6.8), we get

2, 2
& i
P supR(f)gn>§2eprH(5 )exp< )
<fe? ¢ ‘ ) 4(4F5;% + m?kak—l/\/;l)

Therefore, using (6.10), our bound for R; becomes

IP(Sup Ri(f) =z m) < 2exp(H(0:) — i o?/(481'65))

feF
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and (6.9) yields

1P<Sup Ri(f) 2 rlk) < 2exp(— H(6:)(4%*/(481') — 1)) .
feF

Finally, it follows from the monotonicity of the function H and the definition of the
constant A that

P(Sup Re(f) 2 nk) = 2exp(— (k + 1)H(00)) .

fe#
When k = 0, we simply use 4, f < 1 and next proceed in the same way as above to
verify that the variable (M (4, f)1,( r)=0)(z:) belongs to H((2/a*)T P43 f), 1/a).
Now the inequalities (6.4) and (6.8) yield

1P<Sup Ro(f) 2 1/16) 22 eXp(H(5o) -

feF

27842)2
(16T°82 + a),/(4ﬁ))> '
Using (6.2) and (6.6), we get

2 -12 (x22‘2
- Ww_ﬂ))) '

We conclude exactly as we did for the control of IP; that

1P<SUP Ro(f) 2 /1/16) =2 eXp(H(5o)

fes

P(sup Ro(f) 2 1/16) < 2exp(— H(50)) .

feF
Collecting the above estimates, we get from (6.16) that
N
P, < 2exp(— H(éo))< Y. exp(— kH(5o))>
k=0
< 2exp(— H(do)) (1 — exp(— H(S0)))™" .
Taking into account that IP, < 1, this bound finally becomes
P, < 3exp(— H(do)) .

Control of IP;. We note that for any integer k such that 0 £k < N — 1, the
inclusion {u(f) = k + 1} < {4, f £ a,} holds. Then we can verify in the same way
as for the control of IP, above that (x4 f— I f)1,(r)zx+1)(z:) belongs to
H((16/2)TPHAZ(f) + A2+ 1(f)), 4ar/a). So, applying bound (6.4) again gives

P, <2 Nf exp(2H(6 ))exp( — i >
TS e A(160T82, , + 4oy, /\/n))

Thus, using (6.10) we get

N—1

P;<2 Z exp(2H(0y+1) — “27’113+ 1/(768F51%+1)) )

k=0
and then by (6.9)

N—1

Py <2 ) exp(~ H(G-1)((2*4%/(7681)) — 2)) .

k=0
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Now taking into account the definition of 4, we conclude by the same way as we
did for the control of IP, and finally get

Py<2 Y exp(— H(B 1)) < 3exp(— H(o)) .

k=0

End of the proof of Proposition 3 when N = 1. Collecting the above bounds for the
probabilities IP;, i = 1,2, 3 we get

P{supln()] 2 ) < Sexo(— Hido)

feF
provided that condition (6.13) is fulfilled. It only remains to show that (6.5) implies
condition (6.13). This will be a straightforward consequence of the following claim.
Claim 1
Z O (H(8,) > < 4 f H'(u)du .

on—y

Proof of Claim 1

=

5k< > H(5j))1/2 = % 5k< > HY*(6; )) .

k isk isk

i

1
Recalling that §; = 277§,, we have
1/2 N N
Z 5k<z H(o; ) <y H(éj)”z(Z 5k>§ Z GH(6;)M?
Y j=0 kzj i=0
thus, since H is non increasing
1/2 N d;
Z 5k<z H(9;) ) §4<Z f H”Z(u)du>
sk j=0 6541

which proves Claim L.
Now, using (6.9), we can deduce from Claim 1 that

Z M < 44 f H'?(u)du

k=1 O 1

So, noticing that since N = 1, dy_{ > cxi/(lél*\/ﬁ) and using (6.6)

aag

e < 44 [ HY"(wdu

1 aA{(64T n)

M=

k

which clearly means (taking into account the definitions of the constants 4 and K)
that (6.5) implies condition (6.13). Hence the proof of Proposition 3 is complete
when N = 1.

Proof of Proposition 3 when N = 0. We first recall that N = 0 means

(6.17) 8o < ak/(16T/n) .
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Next, it follows from (6.12b) that
(6.8 P{supn (/)24 ) S P+ By
feF
where
P, = P(Sup vaIlo /)] 2 /1/8> , Py= P(Sup [va(f = o )| 2 31/4> :

fe&F feF

The control of Py does not differ from the one that we have already performed
when N = 1 and gives

Py < 2exp(— H(dy)) -
In order to bound IP,, we use (6.15) which leads to

P, < exp(H(8o)) sup PQR|v(MAo f)| 2 34/4 — 4/nP(MA, f)) .

fe&F
Now P/(M) £ I'/a and, using (6.17), we get
P(MAof) < I'do/ < 3/(16./n) .
Hence
P, < exp(H (o)) sup P(1v,(MAo f)| 2 2/4) .

feF

But it is easy to verify that MA, f(z;) belongs to (2182 /o%, 1/a) hence using
bound (6.4) we get

P, < 2 exp(H(8o))exp(— 27 3024%/(8T0% + a1/(2,/n)))
and then, by (6.2) and (6.6}
P, < 2exp(H(8o))exp(— 2~ %a?4%/(3I'd%a?))
which implies (using the definition of &, and the crude bound K? > 3.2'1)
P, = 2exp(— H(bo)) -
Collecting the above estimates, we finally get from (6.18)

IP*<SUP Va() 2 /1) = 4exp(— H(do)) .

fe#F
Hence the proof of Proposition 3 has been completed. O
Proof of Theorem 2. Let us first assume that B =1. For any integer j, let
S;={teS:2%6** < d?(s,1) <2?U*Yg*2 A 1}. Then, since S=(u;>.5;)u
B,(2ka*), we have

IP*<Sup Pa@C \/ﬁ/(zc)) <P, +P,

res d2(s,8) v 2%kg*2 =

where

P, =) 1P*<suplvn(77(-, H)i = ﬁzzfa*z/QC))

jzL teS;
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and ,
P, = IP*( sup v (F(+, 1)) 2 \/;12“0*2/(2@> :
teBs(2ka ™)

Control of IP;. To bound IP; we can assume that 22£¢*2 < 1 (otherwise IP; = 0).
Now, for any integer j such that S;=@ we apply Proposition 3 with 1=
\/22210*2/(20 and ¢2 = 22U*Dg*2 A 1. We may do this only if conditions (6.1)
and (6.2) are fulfilled. These conditions will be a fortiori fulfilled if the following
inequalities hold

(6.19) (KJT/0)9Qis%) < /n2%6%%/(2C)
and
(6.20) 2%ig*2 < (64al Cla) (22U Vg*2 A 1) .

Noting that S; # § implies that (22U*Yg*2) A 1 2 22/g*? we see that (6.20) is
fuifilled whenever 64al’C/o. = 1 which is precisely ensured by our choice of a. On
the other hand, since the function ¢(c)/c? is decreasing, inequality (6.19) is implied
by Eq. (2.1). So, it comes from (6.3) that

0?22 pg*?
P, <8 — 22 ).
1= ;LL eXp( 4I"K2a2C2)
Since H =1 2 o*, (2.1) implies that no*? = b. Thus,
P, <8 Y exp(—9:2%ng**/(d4b)) <8 ¥ exp(— 9-222%ng*2/(4b))

jzL k20
which finally implies since 22 > 1 + 2k and no**> = b

P, < 8.09 exp(— 9-2*ng*?/(4b)) .

Control of P,. To bound P, we use Proposition 3 again with 1 = \/1222’“0*2/ (2C)
and o2 = 2*!¢*2 A 1. Conditions (6.1) and (6.2) will be fulfiiled if

a2le™
(6.21) (KJTly [ B Lo%)du £ \/n2?5e**/Q2C)
ac*2/(128IC)
and
(6.22) 22Lg*2 < (64al Cla) (2% a2 A 1).

Clearly (6.19) with j = L implies (6.21). On the other hand 2*L6*?* < I'C/a and
a=1v (0/(64I'C)) so that (6.22) is fulfilled. Thus we may apply inequality (6.3),
which gives

P, < 8exp(—~ 9K?2* na*2/(4b)) .

Now, collecting the above estimates for IP; and P, and taking into account the
facts that no*? 2 b and K = 1920 straightforward calculations yield (6.18), thus
completing the proof of Theorem 2 when B = 1. Let us now consider the general
casc of B=+1 We can always go back to our special case setting
A(x,t,u) = B~ A(x, t,u) and M'(w) = BM(w). Then we can derive assumptions
(A1),(A2) and (A3) for A4 and M’ changing the constants to B =1,
o« =B o, I"=1I and H(S,S) into H'(S,S)= H(BS, S) with a new distance
d'(s, t) = B~ 'd(s, t). This implies that H'(u, 6) = H(Bu, Bo). Defining C' = B~2C

and a =1v = a we can apply the proof for the case B =1 to the

o
64r'c’
setting with the primes everywhere and get the conclusion (6.18) provided that
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2%Lg*% < C'T'/of where o* is the solution of

’ ’ 2a’'a™’
\/ﬁa*’z = KCVI ,\/F [ HV2(y, 26 )du .

a 2
1281'C’
Going back to the original setting without primes and making a change of variable
inside the integral leads to the conclusion that Bo*' is the solution ¢* of Eq. (2.1).
This allows to translate (6.18) which is true for the prime values into the original
setting with ¢*' = B~ '¢*. It is easy to see that removing the primes does not affect
the probability. The exponent should therefore remain unchanged which leads,
since b'? = 9a'2K2C'*T'j'* < no*'? to
0_*/ afz
*2 b2 =
I = Sargr e
This gives the final value of b together with b? < no*2, The conclusion follows since
22Lg*2 < C'T'/of is equivalent to 2*L6** < BCI'/a. [

We are now in position to prove Theorem 1.
Proof of Theorem I Since d(s,t) < B and C = Bo/I" we can always assume that
6.23) A6*2 < BCI'/o .
Let 2, be the event

(-, D) < /nld(s, 1) v (3o *2))/(2C), for any teS .

Now, let T,(w) = {teS:y,(t) £ y4(s) + &}, then for any we Q; and any te T (w), we
have because of (A4)

d*(s,0)/C < —n7V2,((-, 1) + e S (d(s, 1) v (20*2))/20) + ¢
which means that for any we Q; and any te T, (®), we have
d*(s, t) £ (2Ce) v (Ao*?) .

Next we note that since we may assume that 8+ 1 exp(— //2) < 1, we may a fortiori
assume that A= 1. So, we can define L to be the integer such that
2L < ) < 228+ Because of (6.23), we have 2*46*2 < BCI'/a thus, we can use
Theorem 2 and get

P*(25) < 8.1 exp(— 4/2)
implying Theorem 1. O
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