Probab. Theory Relat. Fields 100, 131-156 (1994)

Probability
Theory &t.ir

© Springer-Verlag 1994

A phase transition for a stochastic PDE
related to the contact process*

Carl Mueller *, Roger Tribe >

! Department of Mathematics, University of Rochester, Rochester, NY 14627, USA
(e-mail: cmlr@troi.cc.rochester.edu)
2 Mathematics Institute, University of Warwick, Coventry CV4 7AL, UK

Received: 7 June 1993 / In revised form: 1 April 1994

Summary: We consider the one-dimensional heat equation, with a semilin-
ear term and with a nonlinear white noise term. R. Durrett conjectured
that this equation arises as a weak limit of the contact process with long-
range interactions. We show that our equation possesses a phase transition.
To be more precise, we assume that the initial function is nonnegative
with bounded total mass. If a certain parameter in the equation is small
enough, then the solution dies out to 0 in finite time, with probability 1.
If this parameter is large enough, then the solution has a positive probability
of never dying out to 0. This result answers a question of Durett.
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1 Introduction

Consider the equation

(1.0 U=tu, +0u—u+urW, >0, xeR, >0

u(0, x)=uy(x)20

where W= W(t, x) is spacetime white noise. Durrett suggested that (1.1)
should arise as a limit of the long-range contact process studied in Bramson,
Durrett, and Swindle [1]. In addition, Durrett guessed that (1.1} exhibits
a phase transition as 6 varies. For small values of 6, u(t, x) should die
out to 0 in finite time. For large values of 8, u(z, x) should survive with
nonzero probability.

* Supported by an NSA grant, and by the Army’s Mathematical Sciences Institute at
Cornell
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The purpose of this paper is to prove the existence of a phase transition.
In a companion paper, we show that our solution arises as the limit of
a long-range contact process.

For our main result, we assume that the initial function u,(x) in (1.1)
is continuous with compact support, nonnegative, and not identically O.
We write ugeC.S. We say that u(t, x) survives if for all £>0, u(z, 0) is not
identically 0.

Theorem 1 Let u(t, x) be a solution to (1.1). There exists a constant 8,>0,
not depending on u,, such that

() If <86, then P(u(t, x) survives)=0
(i) If 6>8,, then P(u(t, x) survives)>0.

For future use, we let T be the first time such that u(t, x) is identically
0. Let T= oo if there is no such time.

Next we discuss the proof of Theorem 1. First consider case (i), in which
<40, and we must show P(u(t, x) survives)=0). We compare u(t, x) to
a continuous time branching process with expected offspring size u< 1.

Such a branching process dies out with Probability 1. To implement this
N

comparison, we write uo(x)= Y u(x), where u{ is supported on interval
z;+1

. i=1 .
[z, z;+1], | u@(x)dx=<1, and u(x)=0. We show that one can think
of the u(t, x) as almost evolving independently, starting from u{(x), and
N

such that u(f, x)= Y. u?(t, x). The u'” satisfy an equation similar to (1.1).
i=1

We call the u? “bricks” that make up u. We choose a stopping time «,

and again majorize u'(t, x) by a sum of N (i, t) bricks. These are the offspring

of the original brick. If 8 is small, we show that the expected offspring

size EN (i, 1) <1, completing the proof. This final step involves scaling (1.1),

thereby transforming it into

93 Lo
1.2) vt=—6~vxx+v~uz+va.

Here, 0 is small, so the solution does not spread quickly. Furthermore,
the term —u* keeps the solution from becoming too large. Assume that
we start with a brick: v(0, x)=1(n<x=<n+1). If 0 is small, then with high
probability, the noise will drive v(f, x) to 0 before it spreads out too much.

Secondly, consider Theorem 1, case (i1). Here 6 > 0,, and we must prove
that P(u(t, x) survives)>0. We compare u(t, x) to oriented percolation. This
idea has already been used in particle systems, as explained in [4]. We
begin with another scaling of u(t, x), obtaining

(1.3) v=tv, Fv—024+0" it W.
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If § is large, the noise in (1.3) is small, and we almost have
(1.4) W, =1 Wy, +w—w.

But (1.4) is the classical Kolmogorov-Petrovskii-Piscuinov equation for

which many solutions converge to travelling waves. In particular, if
w(0, x)>4+ 1 (n<x=<n+1) then for some future time ¢y, w(ty, x)=1 1(n—1
<x=n+2). The same holds true for v(t, x) satisfying (1.2), with high proba-
bility. Again, we can show approximate independence of the bricks. By
this method, we compare v(t, x) to an oriented site percolation process.
This process will be described in Sect. 2.2. It is similar to ordinary percola-
tion, except that only paths having certain directions (the forward time
direction) are allowed. There is some mild dependence in our percolation
process, but this causes no trouble. We show that if §>46_, then there is
a positive probability that, in the percolation model, the origin is part
of an infinite connected cluster. This in turn implies that u(t, x) survives
with positive probability.

Finally, we note that there is a further connection between (1.1) and
the Kolmogorov-Petrovskii-Piscuinov equation. In a future paper, Tribe
will show that (1.1) possesses random travelling wave solutions. The proof
will use techniques of Durrett [3].

2 Phase transition
2.1 Preliminary results

First we specify the martingale problem mentioned in the introduction.
Let C([0, o), My) be the space of continuous My valued paths and
D([0, «o), M) the corresponding space of cadlag paths. On either space
X, are the coordinate variables, #; the canonical right continuous filtration
and #' =o(#:120). We write X,(f) for {f(x)X,(dx) whenever this is
defined. For me M, define a candidate density at xelR by

li 2 —(1/n), x+(1 )
U ) nin;)(n/ ym(Lxe—(1/m), x+(1/m] if the limit exists
m =
¥ {0 otherwise.

Consider the martingale problem for probabilities on (C[0, o), M),
H,, H): for all peC2 the space of infinitely differentiable functions of com-
pact support, Z,(¢} is an almost surely continuous local martingale where

21 ZAH=X($)—Xo(®)— | X,((1/6) ¢+ 0¢—U(X,, ) $) ds,
0

(Z(@).=[ X ($*ds.
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If ugel! and u(t, x) is a solution to (1.1) then letting X,(dx)=u(t, x)dx,
the law of X solves (2.1). We also give a martingale problem for a related
process which will prove useful: for all ¢eC®, Z,(¢) is an almost surely
continuous local martingale where

(2.2) Z($)=X,($)—Xo(d)~ | X,(1/6) P+ 0)ds,
0
[Z(¢)],= | X, (¢?) ds.
o]

If uge L' and #(t, x) solves
(2.3) =% i+ 0a+a? W, a0, x)=u,

then the law of X,(dx)=i(t, x)dx solves (2.2). Note that uniqueness in
law for the martingale problems implies uniqueness in law for the stochastic
P.D.Es. (2.2) is the martingale problem for the measure-valued branching
process studied by Dawson, Perkins, and others. It is known that (2.2)
has a unique solution if #(0, x) is nonnegative and integrable. For uniqueness
of (2.1) we have the following lemma, given in Evans and Perkins [8],
Theorem 3.9. Let M be the set of finite measures on IR, and define

F =(meM;: {[log, (1/|x—y|) m(dx) m(dy) < ).

Lemma 2.1.1 Let me % . Then there exists a unique solution P to (2.1) satisfy-
ing P(Xo=m)=1.

Next, we give a scaling result which will prove useful later. A similar idea
appeared in Mueller and Sowers [13], Lemma 2.4.

Lemma 2.1.2 Let u(t, x) satisfy (1.1), and let
v(t, x)=culat, bx).

Then v(t, x) satisfies

=6_C;5vxx+9av—%vz+%):—z i W,

where the W in (2.4) may be a different white noise than the W in (1.1).

Proof. By Theorem 3.2 of Walsh [18], (1.1) is equivalent to the following
weak form: for all ¢p(x)eC°, we have

(24) v,

(2.5 }Ou(t, xX)p(x)dx= }Ou((), x)p(x)dx

S0 uls, X) e+ 00 —uls, x) ()] dx

+ [ uls,x)* W(dxds).

0 -
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Lemma 2.1.2 follows by scaling (2.5), and observing that if W(, x) is a
Brownian sheet, then a~* b~ % W(at, bx) is also a Brownian sheet.

We also need comparison theorems. Similar theorems appear in Kotelen-
ez [11], Mueller [12], Pardoux [14], and Shiga [16]. In passing, we note
that the proof of the existence of a critical parameter 6, is buried in the
middle of this sequence of lemmas, in 2.1.6. We nead a slightly different
equation than (1.1). Suppose that a>0, b>0. Consider

(2.6) u,=%uxx+u—u2+bu% W,

u(0, x)=uqy(x).

Of course, (2.6) can be given rigorous meaning via an integral equation
similar to (2.5). We also consider the following equations

2.7) u=2 ot utbut W,
U(O, X):uo (x)>
(2.8) ut=§um+u—~u2+bzﬁ W, L<x<R,

ult, L)=u(t, Ry=0,
u(0, x)=uy(x).

Lemma 2.1.3 Let ueC! for i=1,2; and assume that u§’(x) <uf(x) for
all xeIR. Then, on a common probability space, we can find solutions u?(t, x)
i=1,2 to (2.6), such that u”(0, x)=ul(x), i=1,2; and such that uV(t, x)
<u?(t, x) for all t 20, xeRR, a.s.

Lemma 2.14 Let ueC; for i=1,2; and assume that u’(x)<u@(x) for
all xeR. Then, on a common probability space, we can construct solutions
uM(t, x) to (2.6) and u'(t, x) to (2.7), such that u®(0, x)=ul(x); i=1, 2;
and such that uV(t, x) Su®(t, x) for all t =0, xeR, a.s.

Lemma 2.1.5 Let u?eC; for i=0; and assume that uf’(x)=ul(x) for all
xelR, i=1. Then, on a common probability space, we can find a solution
uO(t, x) to (2.6) and u™(t, x); i=1 to (2.8), such that u”(0, x)=uld(x), i=0;
and such that u'O(t, x)Zu?(t, x) for all i=1, t=0, xelR, a.s. Here, we are
assuming that uV(t, x) are given by (2.8) for i=1 and L;Sx=<R,. Outside
of [L;, R;], we assume that u®(t, x)=0.

The following lemma proves the existence of a critical parameter 8,e[0, o]
for a given initial condition. Using absolute continuity results of Evans
and Perkins [7], it follows that for ¢ >0, solutions u(¢, -} with different initial
conditions induce absolutely continuous measures on function space. Thus,
the critical parameter must be the same for all initial conditions.
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We include the following lemma here because its proof is similar to
that of the preceding lemmas.

Lemma 2.1.6 Suppose that u,(t, x) and u,(t, x) are two solutions of (1.1)
with the same initial conditions uy(x), but with different parameters 6=20,
and 8=0,, respectively. Suppose further that 8,<0,. Then, with Probability
1, uy (8, X)Su, (¢, x) for all t>0, xeR.

Lemmas 2.1.3-2.1.6 have similar proofs, so we omit some details. But first,
note that these lemmas are easy to see on the heuristic level. We think
of u as a limit of contact processes. Lemma 2.1.6 says that for two contact
processes with the same initial conditions, the contact process with more
growth will be larger. The other lemmas say that for two contact processes,
if one has a larger set of occupied sites at time 0, it will still have a larger
set of occupied sites at some later time. Standard coupling methods can
be used to make these statements precise.

Now we give rigorous proofs. We first consider Lemmas 2.1.3 and 2.1.4.
Let f,(u) be a sequence of Lipschitz functions converging uniformly to u*
for ue[0, co]. Also assume that f,(0)=0.

Consider the equations

(2.9) ut=%uxx+u—u2+bfn(u) W,

u(0, x)=uf’(x),
(2.10) utzguxx—i—u—l—bfn(u) W,

u(0, x)=ulP (x).

By Theorem 3.3 of Kotelenez [11], if u*>"(t, x) and u'®>™(¢, x) are solutions
to (2.9) and (2.10) respectively, and if u{’(x)SulP(x) for all xeR, then for
all t=0, xeR, we have u:"(t, x) Lu®"(t, x) a.s. Now we use the same
argument as in the proof of Theorem 2.5 of Shiga [16]. First, this argument
gives the tightness of u‘®*™(t, x). Then since u'**" (¢, x) <u'®"(t, x), and since
—u? is locally Lipschitz, Shiga’s argument also shows the tightness of
(™t "(t, x), u®"(t, x)). Choosing a subsequence which converges in distribu-
tion, we obtain solutions u*(z, x) and u'?(t, x) to (2.6) and (2.7), respectively,
such that for all >0, xeR, we have u'V(t, x) u'®(t, x). This proves Lemma
2.1.4. We can also prove Lemma 2.1.3, by considering solutions u**" and
w2 to (2.9) which are both majorized by a solution ¥**® to (2.10). Using
Kotelenez’s Theorem and extracting a convergent subsequence proves Lem-
ma 2.1.3.

Let us outline the proof of Lemma 2.1.5. Again, we replace u® by f, (1)
in (2.6) and (2.8), where f, was given earlier in the proof of Lemmas 2.1.3
and 2.1.4. To analyze such equations, Kotelenez [11] considers Picard itera-
tion for the corresponding integral equations, where W is approximated



A stochastic PDE 137

by a smoother noise. We have a countable number of processes while Kote-
lenez has just 2, but in the approximation, for each i=1 we would have
that u'®(t, x)Zu®(t, x) for all £>0, xeR. The union of the null sets would
still be a null set. We would have to show tightness for an infinite set
of processes instead of just 2, but again this would cause no difficulties.
Lemma 2.1.5 would fit into his scheme, except that (2.6) involves the Lapla-
cian 4 on R, and (2.8) involves the Dirichlet Laplacian on [L, R]. Let
S(t, x, f) be the semigroup generated by 4 on R, and let S(z, x, f) be the
semigroup generated by 4 on [L, R]. To prove Lemma 2.1.5 by Kotelenez’s
methods, we would merely use the fact that for xe[L, R], =0, and f >0,
we have S(t, x, f)<S(t, x, f).

Finally, 2.1.6 also follows from Kotelenez’s comparison theorem, after
replacing u? by a sequence of Lipschitz approximations f,(x) and taking
the weak limit.

Lemma 2.1.7 Suppose that uPeC; for k=0, ..., n; and that {W,(t, x)}i-,

are independent white noises. Suppose that u’ (x)< Y, ul(x).
k=1

Let o, $>0. Then for some white noise W,(t, x) there exist solutions
{u®(t, x)}5 to

(2.11) u® =gy +u® — )2 4 Bu®)E W,

u®0, x)=uP(x); k=0,...,n

such that for all t 20, xeIR, we have

n
u®@t, x)< Y u®(, x).
k=1

Proof. We reformulate (2.11) as a martingale problem. For a function

$eC2(R), let x,(t, p)= [ u(t, x) p(x)dx. Fix k in (2.11). As is well known

from Walsh [18] or Shiga [16], (2.11) holds for some white noise W, iff
Z.{t, ¢) is a continuous local martingale for all e C2(IR), where

(2.12)  Z,(t, P)=x,(t, §)—x, (0, $) + f Xi (5, 0Py +—Pu®(s, *)) ds,
0
Zy (v, ¢)>t=ﬂ2 j‘ X (s, ¢2) ds.

Furthermore, if W, and W, are independent white noises, we have

<Zk(‘: ('b)a Zl(': ¢)>t=0
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Let u(t, x)= i u®(, x) and let X(t, ¢)= }O u(t, x) (x)dx, for geC*(R).
k=1 -

Adding (2.12) for k=1, ..., n; and taking into account (2.1), we find that

(2.13) w=ou +u—ui+2 Y uPud+put W,
15i<j=n

u(0, x) 2 uf’ (x),

for some white noise W. Applying arguments similar to those used to prove
Lemmas 2.1.4-2.1.7, we find that for =0, x€IR, we have

uO®, x)<u(t, x) a.s.

Here, the W, in (2.11) is the same as in (2.13). This proves Lemma 2.1.7.

We wish to show that if ugeC/, then solutions u(t, x) of (2.6) have
compact support in x, and to estimate the size of the support. By Lemma
2.1.4, we need only study solutions i(t, x) of (2.7). Note that i(t, x) is the
density of a super-Brownian motion, with different parameters than usual.
Consider the equation

(2.14) o :% B2+ 90 £ D) W,

(2.15) v(0, x) =1, (x).

Iscoe [10] has shown that v'”(t, x) has compact support in x, if u,eC;.
However vV, not v'®, satisfies (2.6). To compare v'* to v'?), we need a
result of Dawson [2]. Dawson proved the following lemma for (2.15) with
a=6, b=1; but his proof casily generalizes to our case.

Lemma 2.1.8 Let P, , denote the measure induced on path space by v¥(s, x);
s=t, xeR. Assume that v(0, X)=uy(x). Then B, , is absolutely continuous
with respect to B, ,, and

(2.16) 45, =exp(-—l jt }O vE(s, x) W(dxds)—~ji f }O v(s x)dxds)
VT b ’ 257 ] ’ '

0 - —

Let A=A(t, ) be the event that for 0<s<t and |x| >y, we have v (s, x)=0.
Suppose that v™(0,x)=0 for |x|>R, and that the initial mass

{ 90, x)dx=1.

-

1
Lemma 2.1.9 If y=R and t§4—, then
Y

. /a
PA R4 ) Sel 5
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Proof. By Lemma 2.1.8 and Cauchy’s inequality,

217) P (A9=Eq. (I(4) exp(—% j }O vE (s, x) W(dxds)
0 —w
_2y—;2£ —ji v(s, x)dxds))
t 1/2
<P (A) (Eo,<exp<-—j [ v3(s, x) W(dxds)))) )

However, results of Iscoe [10] allow us to estimate R, ;(4). He only dealt
with the case a=6, b= 1, but some simple modifications give us the following
result. This is a modification of Theorem 1 of Iscoe [10]. Here, v(t, x)
=%, x).

Lemma 2.1.10 Suppose I=1. Then
PO,OO(A)=1—exp[ (R+y)~? f (0, x)h( )dx]

where h(x) is the solution of:

(2.18) %hxxzzﬂ K2
lim A(x)=c0.
[x] =1

Let hy(x) be the solution of (2.18) with a=6, b=1. By scaling, we find
that

hix)= ho ().

Iscoe [10] notes that h,(0)=~ 8.38. Therefore
B (A= h, (A9

§1—exp[ (R+y)~* 6b2 Ihg (—R%):I

since ho(x) is nondecreasing in [0, 1]. Recall that I= [ v(0, x)dx. Using
the inequality 1 —e¢~* < x for x>0, we have T

R
B (A9=Z(R 2 IThy|——
h(AVS(R+)7 O(R+y)
a

=R+

A

for y= R, where c=6hy(3).
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Now consider X = | ' | v*(s, x) W(dxds), where v=2v". Since X is a
0 —w

white noise integral in the sense of Walsh [18], X is equal in distribution
to a time-changed Brownian motion. That is, for some Brownian motion B

X =B(T), T=jt Eov(s,x)dxds.
0 —x

It is well known that the total mass M ()= | v(t, x)dx satisfies the Feller

equation dM =bM?* dB, for some Brownian motion B. We have:
(2.19) P(|X|>l)§P(sup|B(s)l>/1)+P<sup M(s)>~:—)
sEr s=t
=)+ (II).

By standard estimates,

(2.20) (I)Zexp [ — 11;]

2
for A%/r sufficiently large. To estimate (II), we let Y(t)— M (t)* and use
Ito’s lemma:

dedE—gM‘%dtng.

Nl

Therefore, since Y (0)=(2/b) M (0): =(2/b) I*

(2.21) (=P S]ilz)bM() zﬂ)
2
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if 1 <0.08r/t and if r/(b? £?) is sufficiently large. Putting together (2.19), (2.20),
and (2.21), with »=Abt, we have

(222) P(|X|>i)§eXP[—'172]+exp[—bTrt;]

(2.23) <2exp [—%]

for A sufficiently large, and such that I <0.08 1 5.

1
Now, using (2.22), for t<4~, we have
Y

Eq  exp [sz—y— f }O vi(s, x) W(dx ds)]

0 -

_EO,exp[ b2y ]

g‘j:)exp[ 2y ]P(Xedy)+1

= fo [f( 2b)exp[_ yz]+1]dzP{Xedy}+1
w Lo

A

2+ | jP(IXledy)——exp[ i”]dz
4}

°° 2 2
§2+§P{|X|>z}—yexp[——y£]dz
; b b

2y —2vyz z
<2 — ——1d
I i

<c< o0

1
where ¢ does not depend on a, b, or y, but only on the fact that t>—.
Putting together (2.17), (2.19), and (2.24), we obtain Lemma 2.1.9. 4y

Next, we prove a large deviations lemma. As stated earlier, several au-
thors have given similar theorems. For t=0, —M <x<M, let v(t, x) and
w(t, x) satisfy the following equations.

(2.24) v,=Lv  +v—0*+bvE W,
v(t, —M)=v(t, M)=0,
v(0, x)=uo(x),

(2.25) we=%tw,, +w—w?
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w(t, —M)=w(t, M)=0,
w(0, x)=uqy(x).
Our goal is to show the following lemma. Its proof will take up the rest

of the subsection.

L
Lemma 2.1.11 Let L, M, T>1, and suppose that sup uo(x)<5 e~ 7. There
xeR

exists a constant C(T, M) such that if 6*/(Lb*)> C(T, M) then

cd? cL

P t, x)—wit, P — -1

( ,Sup lo(t, x)—w(t, x)|> )<6Xp[ Lbz]JrEXp{ bz]
—MZxsM

It is convenient to cut off v when it becomes large. Let v'P(z, x) satisfy

(2.26) oD =1 8 o @ — (W A LY + b A L) W,
U(L) (ta - M) = U(L) (t> M) = 0:

(0, x)=uqy(x).

Let t=t(L) be the first time t=0 that sup v'“(z, x)=L. Clearly, we can
xeR

construct u(t, x) and v'“(z, x) satisfying (2.25) and (2.26), respectively, such
that v(t, x)=vP(t, x) for t <1, —M <x< M.
Let H{t, x, y) be the fundamental solution of the equation
u=u.,+u; t=20, —-M=Zx=ZM,
u(t, — M)=u(t, M)=0,
u(0, x)=0(x—y).

Let
NGx)=b | | H—sx [0 1) ALY Wdyds).
0 —oo

Of course, N(t, x) is the noise term in the integral equation equivalent to
(2.26). The following lemma is very similar to proposition (A.2) of Sowers
[17].

52
Lemma 2.1.12 Fix T, M >0. There is a constant ¢>0 such that if —
is sufficiently large, then Lb

c6?

P N >8)< — )

(Oilslng (s, )| )_eXp[ Lbz]
—MEx=M

The proof of Lemma 2.1.12 rests on the following result.
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Lemma 2.1.13 Let 0O<h< M. If 0<o <3, then

T M

(A) [ [ |H(t,x+h y)—H(t x, )PP dydt<ch**
0 —-M
T M

B) | | [H(t+h x,y)—H(t x, y))>dyds<ch?
0 —-M
h M

(€ [ [ I|H(@+s x, yPdyds<ch?

0 -M
The constants ¢ depend on T and M.

Proof of Iemma 2.1.13. Sowers [17] Lemma A.l, gives a similar proof, for
periodic boundary conditions. Note that, for >0,

(2.27) H{t, x, y)=¢' 2 e (%) dr(y)

where
2 . (mkx =nk
Bu=]/ = sin (—2M —7)
72 k?

0=
Toam?

To prove part A of Lemma 2.1.13, by (2.27),

T M
[ [ IH@ x+h y)—H(t, x, y)dydt
0 —M
< 291:
<eé? 2‘ [@x (x4 1) — Pp(x)]?

k

2T

3 S D 2 Iyl )=, (9

II/\

2
Clearly, |¢.(x+h)— (%) = 21&, and by the mean value theorem, |¢;(x

k
+h)— ()] = 17[—3 h. Therefore
22 M=

T M ® 120
[ IH@G x+hy)—H( x, y)*dy<ch®>® },
0o -M k=1 Ok

<ch?°.
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To prove part B, by (2.27),

T M
jl j |H(t+h’ X, ,V)—H(f, X, _V)|2dy
0 —M

o T
§€2T Z ¢§(x) J‘ [e-ek(t+h)_e—0kt]2dt
0

k=1
2T o] 20T
2 ppgpy e
M L 20,
<ch?

if h<M.
To prove part C, by the maximum principle, H(z, x, y)<e*T G(t, x, y)
fort<T.

oM BoM
P IH@G +5,x,9)Pdyds<e?™ | | G@t+s,y)Pdyds
0 -M ho -M
1 ® 1
=c e ttsdyds
(u)[l/t—l-s —{o t+s Y
B
Zc|—=ds
e
=ch*.

This completes the proof of Lemma 2.1.13. Now we proceed with the proof
of Lemma 2.1.12. This part is similar to the proof of Lemma 2.1 of Mueller
[12]. We know by Walsh [18], Chap. 2, that N(¢, x) is a.s. continuous in
(¢, x). Therefore, the following estimate will prove Lemma 2.1.12,

Let .4 =.#(T, M) be the set of integers (i, k, 7, n) such that i=1,2; n=1;
0<k<2", —2"< ¢ <2 Define events A(i, k, £, n) by

k+1)T ¢M kT ¢M
A(l,k,f,n)={‘N((—+—)—, )—N<~T,—>§——5n—}
2" 2" 202 (M+T)2s*7
AR k¢, n)={‘N(kT,——(/“)M)—N(”,ﬂ) g—L}
2" 2" A (M+T)2s%7
Let
A= () A(k ¢, n).
(i,k,Z,n)e s
Note that
(2.28) { sup [N( x)|>3}c 4"
s=T

~MSExEM
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Indeed, consider the binary expansion of G, %) for (s, x)e[0, t]
x [— M, M]. By adding digits one by one, we can construct a path from
{0, 0) to (—:-, %) (with infinitely many steps), such that there is only 1 step

each of the type, except for n=1. In that case there may be as many as
2(M+T) steps

(kT /M)_) k+1)T ¢M
o o n e

(kT /M)_)(kT (/il)M)
n o o '

N(s, x) is an infinite sum of terms N(s,, x;)—N(s;, x,), where each step
(sy, x;)—>(s5, x,) is one of the above type. If A holds, then |N(s, x)| is
bounded by the sum of such terms, and the sum is less than or equal to

2%+ <5,

2M+1) i (M+T)

Now we estimate P(A°(i, k, £, n)). Note that

N(t’ X)—N(t, y)

=b jt }4 [H(t—s, x,z2)—H(t—s, y, 2] (s, 2) A L) W(dzds)
0 —-M

is a white noise integral. Thus, it is a time changed Brownian motion with
time scale S bounded by

T M
S<Lb* | | [H(t,x,2)—H(t, y, 2)]*dzdt.
0 -M

Therefore, by Lemma 2.1.13, with 6 =1,

(2.29) P(AQ, k, ¢, n))gP( sup  |B(s9)2
s<cLb*27%

¢824
éeXp<_ Lb? )
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for large 8, where ¢ depends on T and M. Now
N(@+h, x)—N(t, x)
ij [H(t+h—s,x,z)—H(t—s, x, 2) 10V (s, 2) A L) W(dzds)
-
+ [ | H@g+h—s x, 200" (s, 2) A L} W(dzd(t—s)).
0 -M

Thus, N(t+h, x)— N(t, x) is a time-changed Brownian motion with time
scale bounded by

M

[ 1H@t+h—s,x,z)—H(t—s, x,2)|*dzds
M

[ Hit+h—s,x,2)>dzds]?.

Therefore, by Lemma 2.1.13,

(2.30) P(A(1, k, £, n))gp( sup 1B(s)|>——f)
<cLh?2T (M+T)2:+7

c5? 2%>
Lb?

<o

for large 0, where ¢ depends on t and M.

Adding together (2.29) and (2.30) for (i, k, Z, n)e.#, we obtain Lemma
2.1.12.

Now we wish to relate v'” to v.

L
Lemma 2.1.14 Fix T, L, M >0, and suppose that  sup uo(x)§5e"T. If

-—MZxzM

L
7 is large enough, then

L
P( sup o, x)>L)§exp[—c—2].
0<t<T b
—M=x<M

Proof of Iemma 2.1.14. The following integral equation is equivalent to
(2.26).

M
(2.31) B, x)= [ H(t, x, y)uo(y)dy
-M
T M
_j 5 H(I—S, X, y)[vgwl,)y)/\szdde
0 -M

+N(t, x)
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If t < T, then the maximum principle shows that

M

L
| Ht, x, )ug(y)dy<e” sup up(x)<—.
M ~M<xsM 2

Lemma 2.1.14 would follow if we had

P( s IN(t )|>L)< X [ CL]

u LX) >—|<exp| ——=|.

ogth 2 p b?
—Msx<M

This estimate follows from Lemma 2.1.12. Now we can complete the proof
of Lemma 2.1.11, using a Gronwall type argument. The key step is:

Lemma 2.1.15 Under the same assumptions as in Lemma 2.1.11, we have

cd?

P (e, x)—w(t, x)| >0 — .

(,sup, 1096 x)=w(t, 9] >d)<exp| ~ o |
—MsxsM

Clearly, Lemmas 2.1.14 and 2.1.15 imply Lemma 2.1.11.

Proof of Lemma 2.1.15. Note that (2.25) and (2.26) are equivalent to the
following integral equations.

O, x)= | Ht, x, ) ue(y)dy

ﬂjf [ H(t—s, x, )[v"(s, y) AL]*dyds
0 —-M

+N(t, x)

M

wt, x)= [ H(t, x, y)uo(y)dy

-M
t M

—§ [ H@t—s,x, p)w(s, y)*dyds.
0 —M

Subtracting, we obtain

t M

(232) vP(x)—wt, x)={ | H({t~s x, [, y) A L+w(s, y)]
- [ (s, y)A L—w(s, y)]dyds
+N{(t, x).

Let
D(t, x)=[v"D(t, x)—w(t, x).
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L
Since L>1and sup uy(x)<=e T, the maximum principle shows that,
~M<x<M 2
for t £ T, w(t, x)< L for all xe[ —M, M]. Therefore, if s<T, ye[ — M, M],
[99(s, p) A L—w(s, YIS D(s, y).

Thus, (2.32) implies, for t £ 7,

t M
(2.33) D(t,x)<2L | [ H(t—s,x,y)D(s,y)dyds+|N(z x)|
0 -M

[IA

T
2Le™ | sup D(s,y)dyds+|N(t, x)|.
0

~Msy=M

Let
D)= sup Dt x),

~M<xsM

N= sup |N(,x).
0<t=T
~M<x=M

Then, (2.33) implies

t
D(1)<2Le" | D(syds+N.
0

Gronwall’s lemma then gives
D(t)<Nexp[2Le't]
<cN

where ¢ depends on L and T. This completes the proof of Lemma 2.1.15.

2.2 Survival

In this section we show that if 8> 6,, then u(t, x) has a positive probability
of survival. Of course, we assume that u(0, x)el!, and that u(0, x) is not
identically 0.

First, we scale (1.1). Using Lemma 2.1.2 with a=0"1, b=0"% c=0""1,
we find that v(t, x)=cu(at, bx) satisfies

(2.39) v=tv  +v—02+0"FEW.

It is easy to check that since v(0, x) is nonnegative and not identically
0, there is a constant 6>0 such that with positive probability, v(1, x)
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2015, 1(x). By the Markov property, we can start afresh at time t=1.
Thus, we may assume without loss that

v(0, x)2 01y, 15(x).
We wish to compare v(t, x) with v(z, x) and w(t, x). Here,
v(t, x)=v(t, x, s, ¥), wt x)=w(,x,s,))

are defined for seNuU {0}, yeZ, s<t<s+7T, and y—M<x=<y+M. Let
v and w satisfy
(2.35) U=t o020 EW
(e, y—M)=p(t, y+ M)=0
v(s, x)=v(s, x)A 1l
(2.36) w=tw,  +w—w?
wit, y—M)=w(t, y+ M)=0
w(s, x)=v(s, x)Al.

Lemma 2.1.5 implies that we may construct v and {v(*, -, s, Y} ycz On
a common probability space, such that with Probability 1,

(237) U(ta x)gy(t, X, 8, y)

for all s, y and all appropriate ¢, x.
Fix 6, e, M, T>0. Lemma 2.1.11 shows we can choose 8 so large that

(2.38) P(  sup [o(t, x)—w(t, x)|>d)<s.

Following Durrett and Neuhauser [5], our strategy is to compare v(Z, x)
to N-dependent oriented site percolation with density at least 1 —p. Let

& ={(x, mjeZ*: x+miseven, and m=0}.

Given random variables w(x, n), (x, n)je % that indicate whether the sites
are open (1) or closed (0), we say that (y, n) can be reached from (x, m)
and write (x, m)—(y, n) if there is a sequence of points x=x,,, ..., x,=y
so that [x,—x,_,|=1 for m<k=n and o(x,, k)=1 for m<k=n. Up to
this point the w(x, n) could be arbitrary random variables. The phrase “N
dependent with density at least 1—p” means that whenever (x;, n), 1 Si<[
is a sequence with [x;—x;| =N or |m;—n;| = N for i=] then

P(w(x;, n)=0 for 1Zi<D<ph.
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Let ¢, be the set of occupied sites at time 0: o ={x€Z: w(x, 0)=1}. Let
e, ={x€Z: (y, 0) > (x, n) for some yee,}. Let € be the cluster of points (x, n),
n>0, such that (0, 0)—(x, n). Durrett and Neuhauser [5], (Lemma 3.5)
prove:

Lemma 2.2.1 Suppose eo=2Z. If p<6 *@N"V* then P(0¢e,,)<p
+162pF@N-12,

Let €,={(x, m)e%: m=n}. Suppose that we reverse time in Lemma 2.2.1,
letting m{m)=2n—m. We find that

P(0¢e,,)=P(%,,=¢).

Letting n — o0, we deduce

Lemma 2.2.2
P({%¢|<o0)=lim P(€,,=¢)

<p+162ptC@N-12,

Now we describe how to couple v with N-dependent oriented percolation
w(y, n) where N depends on M and T. For (y, n)e %, let

1 if v(Th, y)261(ysx=y+1)
n(y, n)= :

0 otherwise.
Secondly, we construct a process w(y, n) for (y,n)e . If y(y—1, n—1)
=n(y+1, n—1)=0, we choose

oy, n)= {1 with probability 1—p
Y"=0  with probability p,

independently of the other random variables in the construction. Otherwise,
let w(y, n)=n(y, n).

To rigorously show that « is N-dependent, we focus on v(¢, x). For
v, s)eZ, let &,  be the o-field generated by {v(z, x): 0=t <s+ T, and either
M+1

t<sor |[x—y|>M+1}. Clearly, w is N=
least 1 —p if, for all (y, s)e &,

dependent with density at

(2.39) Py, s+T)=0|%, J)=p.

Suppose for the moment that (2.39) holds. Then Lemma 2.2.2 implies that
v(t, x) survives with positive probability, and we have accomplished our
goal for Sect. 3.
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Clearly, (2.39) is implied by the following lemma. For simplicity, we
take s, y=0; the general result follows from translation. Recall that p impli-
citly depends on M.

Lemma 2.2.3 Suppose p>0 and that v(0, x) =6 116, 11(x). There exist M, T>0
such that for 8 large enough, we have

PO(T, 028114, 5(0)>1—p.

Lemma 2.2.3 immediately follows from Lemma 2.1.11 and the following
lemma.

Lemma 2.2.4 There exist T, M, >0 such that the following holds. Suppose
that w(0, x) 2614, 11(x). Then

w(T, x) 2261, 3(x).

Proof of Lemma 2.2.4. Let M =6. We work with subsolutions of (2.36). Recall
w(t, x) is a subsolution of (2.36) if w,<(1/6)w,,+w—w?, and w satisfies
the initial conditions and boundary conditions given in (2.36). Let x be
a nonnegative constant, and let k(t, x); t =0, — M <x < M satisfy

h=Lh +xh
h(t, —M)=h(, M)=0
h(0, x)=01;0, 1;(x).
Then h(z, x) is a subsolution of (2.36) for all ¢, x such that sup h(s, y)

0=s=t,yeR
<1/2. Note that h(t, x) e ** solves the heat equation h,=(1/6)h,,, with
the same boundary and initial conditions as in (2.40).
Consider the eigenvalue expansion for A(t, x):

h(t, x)=08 . ¢, ™ ", (x)

k=0
where
1 M
o=/ 1-sin [kn x2+M ]
2
lk:(ﬂ)
2M
M
Cr= j @ (x) 1[0,1](x)dx.
-M
Of course,

1
leel = 53

See [6], Sects. 1.8 and 1.9, for the theory of such expansions.
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Choose x>0 such that k— 1, >0, but k—1;<0 for all i=2. Now choose
T sufficiently large that

@
Z cke(Kvlk)Tgé
k=2

and such that for —M<x<M,

x+M
2M

lclle(“_lk)Tsin[n ]g3-1[—2§x§3].

Finally, choose 6 >0 such that

sup sup  h(t, x)<1
0<t<T —MZXxsM

so that h(t, x) is a subsolution of (2.36). Then,
w(T, x)=h(T, x)
20c e T g (x)+ i e T g (x)
k=2
=220 if —2=x<3.

Of course, w(T, x)=0. This proves Lemma 2.2.4, and completes the proof
that v survives with positive probability.

2.3 Extinction

In this section, we show that if <8, then with Probability 1, u(t, x) does
not survive. Again, we assume that u,eC. .

For this section we use Lemma 2.1.2 with a=0"1 b=0"1 ¢=0"1,
We find that v(t, x)=cu(at, bx) satisfies

0 s
(2.40) vtzgvxx+v—vz+9_ivf w.

Let V()= | o(t, x) dx, and let S(t) be the support of v(t, x) in the x variable.
Suppose that
(2.41) V(0)=K

SO)=[y, y+1].
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Finally, let 7 be the first time ¢ that either V(1)=0, V(£)=2K, or S(t) & [y—1,
y+2].

We claim that t<oo as. We only outline the argument, leaving it to
the reader to fill in the details. Unless v(z, x) is small for most values of
X, the noise term will not be small. Then the noise will have an appreciable
chance of driving V above 2K. If v(t, x) is small for most values of x,
and if S(t)<[y—1, y+2], then the terms v —v? will be small in comparison
to the noise term, and v will evolve like a super-Brownian motion. We
know that the super-Brownian motion dies out in finite time.

Lemma 2.3.1 For 0 small enough and K large enough,
PV(n)>0)<i.

Proof. Without loss of generality, let y=0. Let t <z, and integrate (2.40)
over x. Since S(f)=[ —1, 2] for t <1, we may use Jensen’s inequality:

2
dv=vdt— | v(t,x)*dx+0"*V*dB
-1
S(V—-1v?%)dit+0"*V*dB.
t 2
Here, B(t)={ V(s)™% [ v(s, x)* W(dxds) is a Brownian motion.
0 -1
Let Y (t) satisfy
dY=(Y—-1Y*dt+0"*Y*dB
Y0)=V(0)=K
K=0"3.
By Theorem 1.1, Chap. VI, of [9], V()£ Y(t) as., for t<1. Let ¢ be the
first time ¢ that Y(#)=0 or Y(t)=2K. Of course, o < o0 a.s.

Lemma 2.3.2 Given >0, we can find 0, small enough so that 0<0<8,
implies
P(Y(0)=2K)=Ze.

Proof. We make é scale change, seeking a function f such that f(Y) is
a martingale, and such that f(0)=0, f(2K)=1. For such an f, we have

1
f(K)=P(Y(s)=2K). Using Ito’s lemma, we find that 25 % 7+ (x—1x?)
f'=0, and thus

[ exp[0(—2y+%y?)]dy
f)="% :
[ exp[0(—2y+4iy?)1dy

0




154 C. Mueller, R. Tribe

For large y, the dominant term in the exponent is y2, and hence when
x=K and K is large, the denominator in f(K) is much larger than the
numerator. Now Lemma 2.3.2 easily follows.

Lemma 2.3.3 Fix ¢>0 and t>0. If 0, is small enough, and if 0<8<48,,
then
Plo>1t)<e.
Proof. Let
Z(t)=2K *Y*%,
Using Ito’s lemma with (2.42), and recalling that 8~ *=K?* we find that
Z(t) satisfies
dZ=dB+K Y dt—K s Y?dt—1 K3 Y 2dy
<dB+3Zd:t
Z(0)=2K"*%,

Now, let Z(¢) satisfy

(2.42) dZ=dB+1}Zdt
Z(0)=2K *.

Using Theorem 1.1, Chap. VI of [9], we conclude that
0SZW=Z(1).

Let 6 be the first time s=0 such that Z(s)=0. If Z(s) never equals 0, let
6 =00. Then ¢ <4, and

Plo>t)SP(d>1).

However, it is easy to check from (2.42) that if 8, is small enough, and
hence K is large enough, then

(2.43) PG>t)<e.

To see (2.43), note that for large K, Z(0) is close to 0. For small time,
the fluctuations of dB will dominate the d¢ term in (2.42), and will send
Z(t) to 0. We leave the details to the reader.

This proves (2.43), and completes the proof of Lemma 2.3.3.

Now we finish the proof of Lemma 2.3.1. First, using Lemma 2.3.2
and Lemma 2.3.3, choose 0, so small that P(Y(s)=2K)<+, and P(c>1)
<. Then, using Lemma 2.1.9, choose § <0, so small that if t=1/(4y),
then P(S(s)E[—1, 2], for some s=<1)<1/24. Clearly, these three estimates
imply that

PS@E[-1,2D) <75,
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Since V()< Y (¢) by construction, we have

PV@)>0)<P(S@)E[~1, 2]+ P(Y(0)=2K)+P(a>1)
<L

This proves Lemma 2.3.1.
Now we proceed with the proof of extinction. Since u(0, x) is continuous
with compact support, we may choose v*(0, x) such that

v(0, x)< i v®(0, x)

k=1

Xr+1
with v®(0, x) supported on an interval [x,, x,+1],and | v»®(0, x) dx=K.
Xk

By Lemma 2.1.7, we may extend the v®(0, x) to solutions v®(t, x) of
w_0 w0 0 g-i 0t
v} =gvxx+v — o487 W,

where the W, are independent white noises, and such that

n

v(t, x)< Y, oW, x).
k=1

As mentioned in the introduction, we wish to regard the v as individuals

in a branching process. Define 7, with respect to %), as in Lemma 2.3.2.
Xp+2

Then supp(v®(ty, ")) =[x, —1, x,+2] and V®(r)= | v¥(7,, x)dx<2K.
Xp—1

If V®(7,)=0, we say that v® has no offspring. If V% (7,)>0, then there

exist 6 nonnegative, continuous functions {v®?}¢_ such that each v*(z,, -)

X+ 1
is supported on an interval [x;, x,;+1], | v*7(z,x)dx=K; and
6 X
v® (7, x)< Y v* (7, x). The functions {v®?}¢_, are regarded as the off-

k=1
spring of v®. We can define v*?(z, +1, x) as before, and continue the argu-
ment. By Lemma 2.3.1, the expected offspring size is less than 1, so the
branching process dies out almost surely. This means that eventually, all
of the functions have reached 0. This proves extinction for v(t, x).
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