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Summary. In the case of diffusions, we show that the isomorphism theorem
of Dynkin and the Ray-Knight theorems can be derived from each other. Our
proof uses additivity properties of squared Bessel processes and an absolute
continuity relation between squared Bessel processes of dimensions one and
three.
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Introduction

The isomorphism theorem of Dynkin [5] is an identity in law involving on
one hand the local times of a given Markov process with a symmetric Green’s
function, and on the other hand the centered Gaussian process with this Green’s
function as its covariance. Using the properties of this Gaussian process, Shep-
pard [15] recovered parts of the Ray-Knight theorems on the local times of
a diffusion (cf. [14, 9]). Here we adopt a different approach based on the additi-
vity properties of squared Bessel processes, to prove in a new way the general
Ray-Knight theorems (see, for example, Jeulin [7]) and also the Markov proper-
ties of the local times process. Conversely, our study allows us to establish
Dynkin’s isomorphism theorem as a simple consequence of the Ray-Knight
theorems. Our arguments use the mutual absolute continuity between squared
Bessel processes of dimensions one and three on every bounded time interval.

In Sect. 1, we introduce the isomorphism theorem and describe the processes
involved in this identity. In Sect. II, we establish the equivalence between the
isomorphism theorem and the Ray-Knight theorems. Using the previous study,
Sect. III translates the Ray-Knight theorems in terms of infinitesimal generators.
In Sect. IV we give, in a particular case, an unconditional version of the
isomorphism theorem.
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I The isomorphism theorem

We start by introducing Dynkin’s isomorphism.
Let Y be a regular diffusion on an open interval E of R, admitting symmetric

transition densities p,(x, y) with respect to a reference measure, with a finite
+

Green’s function g(x,y)= [ p,(x,y)dt for (x, y)eE* (Itd and McKean proved
0
in [6, p. 149] that this hypothesis is always satisfied by a transient diffusion
with its speed measure taken as reference measure).
Let the probability B, be defined by

g(Y;, b)
g(a, b)

Pal?:a a, bEEJ

Byls,

where F, is the distribution of Y starting at a, and F,|;, is the restriction of
P, to %, the o-field generated by Y on the time interval [0,¢]. We notice that,
under P,, Y is killed at b. As Y is regular, g(a, b) is strictly positive for every
(a,b) in E2.

Let (L}, xeE) be the local time process of Y, evaluated at the life time #
of Y. Let (¢,, xeE) be a Gaussian process with zero mean and with covariance
equal to the Green’s function (g(x, y), (x, y)e E?), defined on an arbitrary proba-
bility space unrelated to the path space of Y. The expectation with respect
to the probability on this probability space will be denoted by (->. Note that
¢ is continuous (see Remark 1.3.1). Marcus and Rosen proved in [11] that
the continuity of ¢ is equivalent to the continuity of the process (L, xe E).

The isomorphism theorem of Dynkin can be expressed as

(st (o) =Pl 3+

for every positive measurable functional F.
One of the surprising consequences of this identity is that the law of 1 ¢?

23 ;> is a probability measure. Proposition 1.1
g(a, b)
gives an explanation of this in our case.

From now we suppose that a<b.

C(R ., R,) s the set of the continuous functions on R, to R .

under the signed measure <

Proposition 1.1 For every positive measurable functional F, we have

bl en){fon(ie)

(Pa ol l; xER L)) =, do| 14(1F])
A={yeC(R,,R,):Yue(a, b),y,>0}.

and

where



Dynkin’s isomorphism theorem and the Ray-Knight theorems 323

Proof of Proposition 1.1 Let B= A°. By the isomorphism theorem,

ol ol U L

But under B,, our diffusion takes almost surely all the values between a and
b. Consequently the support of L, contains (a, b) (sec for example Jeulin [8]).

Hence we have <:)(:1¢l:) (15.F) (% q,'>2>>=0. As ¢ is continuous, if it does not

reach zero between a and b, we have sgn(¢,)=sgn(¢,). Thus

Pa Py ( z)> <I¢a byl ( >>
= 1,.F
e G- {(eh (e
Remark 1.2 1f the original diffusion Y is obtained by killing a real Brownian
motion B, at the first time it reaches zero, then, as: g(x,y)=2(xAy) for x,

y>0, if B starts from a positive value, ¢ is equal to ]/iﬁ with f a Brownian
motion starting from zero. The previous equality then becomes, for s<t,

E[By B Liay<n (1Pl uz0)]=0

where d,=inf{u=s:f,=0}. One can prove this equality directly by using the
strong Markov property at time d.

Notation. We have to work with processes indexed on E. We can define the
processes on R by taking them equal to zero when the index lies outside of
E. We will use the canonical notation with probability measures on the space
of continuous functions from R to R, and (X, xeR) will denote the coordinate
process. Let P be the law of (¢7,x€R), and “’IL the law of (I, xeR) under
e

ab-

With this notation, the isomorphism theorem of Dynkin becomes

(X, X,)"?

W «P=2
g(a, b)

1,P

where * denotes the convolution of two probability measures. Defining

5 _ o (Xa X))

P=2 1,P

glab)
we finally get the following formulation of Dynkin’s isomorphism
O LxP=P.

From this it may be seen that, if we were able to describe precisely P and
P, we could deduce “*IL from (I) as the solution of a convolution equation.
The Ray-Knight theorems would be obtained as a consequence of Dynkin’s
isomorphism.

Conversely, suppose that “’IL is known. As P is easy to describe (see Lemma
1.3), the computation of *’IL+P must give us P. Thus Dynkin’s isomorphism
appears as a consequence of the Ray-Knight theorems.
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The claimed equivalence between the Ray-Knight theorems and Dynkin’s
isomorphism is based on a proper understanding of the probability measure
P. That is why, it will be studied below, independently of those theorems.

We need the following classical result (see for example Wong [17] or Neveu

[12]).

Lemma 1.3 Let (¢, xeR) a Gaussian process with covariance (g(x, y), (x, y)eR?)
and zero mean. Then: (¢,,xeR) is a Markov process if and only if there exist

two functions f and h, such that g(x, y)=f(x) h(y) for x<y. When the last condi-
tion is satisfied, the function 'c(x)=% is increasing and ¢ can be represented

as ¢.=h(x) B, where B is a Brownian motion starting at zero. Consequently,

X

g(a, x)

Remark 1.3.1 As Yis a transient diffusion, there exist two continuous functions
f and h such that

for every a€E,

(X a) is a martingale.

gl y)=f)h(y), x=Zy,
(see [6, p. 160]). Consequently ¢ is a Markov process. Moreover ¢ is continuous.

Any other choice for the pair (f, h) is of the form (/1 £ %) with 1>0. Because

of scaling properties of Bessel processes, our results arc independent of the
choice of (f, h).

Theorem 1.4 Under P, (X, xeR) is a Markov process. In particular we have

(1) B(X,15:120] X, =x)=P(X,45;120]| X, =x)

@ P(X, ;0<1<a]X,=y)=P(X,_,;0<t=<alX,=y).

Proof of Theorem 1.4 Since B is a real valued Brownian motion, B? is a Markov
process, and by the above lemma (X,, xeR) is also a Markov process under
P.

For every seR and every functional F of (X,,xeR), we have for every
A>0

~ 2(X, X)) _
B(e~**F =P<—"——’1——1 e ‘XSF).
= a1
This is equivalent to
+oo~ - + o X 1/2
[ PF|X,=x)e *P(X,edx)= | e‘“P(z({“’—b)——IAFlezx)P(Xsedx).
0 0 g(a, b)

Using the above equality with F equals to 1, it is easy to verify that

(2(Xa X,

) lAFIstx)P(Xsedx)

is equal to P(X,edx).
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Arguing as above one also obtains

P((Xa Xb)1/2 lAFlezx)
P((Xa ‘va)l/2 1A|Xs:x) '

) B(F|X,=x)=

Substitute in (i) F = F; . F, with F, measurable with respect to the o-field generated
by (X,;x=s) and F, measurable with respect to ¢(X,;x>s). It follows that
forsZaors=b

B(F, F,| X,=x)=PB(F,|X,=x) P(F,| X,=x).
If se(a, b), then
P(X,? 1, F|X,=x) 9 P(X;?1,, F|X,=x)
P(X3?1,]X,=x) P(X3771,,1X,=x)
=P(F | X,=x) x P(F,| X,=x)

where Ay ={Vue(a,s]; X,>0}
A, ={Vue(s, b); X,>0}.

P(F, F|X,=x)=

This establishes the Markov property of (X,, xeR) under P. (1) and (2) are
immediate consequences of (i). [

Let Q2 denote the law on €(R ., R ,) of the squared Bessel process of dimension
d =0, starting at x=0.

The following theorem is the main tool used to prove the equivalence between
the Ray-Knight theorems and the isomorphism theorem. It describes the law
of (X, xeR) under P.

Theorem 1.5 Under P the law of (X, xeR) is given by:

@ h2 b+t
(1) (X 4p:t20|Xp=x) = lex (_%Xt(b+l)—r(b);tgo)
W)

@
a)=

) (Xi14,0=t=b— Qo(h @+1) Xc(a+:);0§t§b“a)

d)

h*(a—t
O Crz0X=) 2 0, (T X 12010 =0)

(@)
where h and t are as defined in Lemma 1.3.

Proof of Theorem 1.5 By Lemma 1.3, $¢7 =%h*(t) B, where B is a real valued
Brownian motion starting at zero. This means that

P(X,;reR) ¥ Qo(h ® tm;teR).

Under the conditions of Remark 1.2, this becomes

P(X,;120) 2 Q3(X,;t20).
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Since 7 is an increasing continuous and positive function, it is enough to prove
Theorem 1.5 for 7 as in Remark 1.2 and the result will follow by a time change.
By Theorem 1.4(1), we have

13(Xt+b;thIXb:x)=Qalc(Xt; t=0)

which proves (1).
By Theorem 1.4(2)

BP(X,_;;0=t=<a|X,=y)=P(X,_;;0=51<a|X,=})
=Q(1,(Xa~,;0§t§aan=y)
=0 (X,;0=t<4a|X,=0)

which proves (3).

To prove (2), we use the absolute continuity of Q2 with respect to Q! on
F=0(X,;s=t). It was proved by Knight [10, p. 124], Pitman and Yor [13]
and Biance and Yor [1] that

(X To)”2
() Qi|:it=‘_t—’\;1’;z_)—Q}c|ft

where T(0)=inf{u=0; X,=0}.
Let F, y =F(X(y1q0p;u=0). Then F, ,=Fo 5,00,

(Xa Xb)llz
a

F(Fa,b)=P( 1F)

(Xa )(b)l/2
a

=Qé( 1AFa,,,)

X1/2
= Q(l) ( - Q;(a(X(lb/Ea) A T(0) FO,b—a))

a
X, o, (XM,
=0 (% ok (FEE o))

X
=04 (%2 0, Fos-0)

where the third equality follows from the Markov property at time a and the
fifth equality is thanks to (*).

Since —;C— 04 (X,edx)=03(X,edx), it follows again from the Markov property

at time a that

X X 1/2
0y (T LR} 0b0)

which proves (2).
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I1 The equivalence between Dynkin’s isomorphism theorem
and the Ray-Knight theorems

Assuming the isomorphism theorem, we shall prove the Ray-Knight theorems
in the following form

Theorem 2.1 Under *°IL (or *"IL) (X,,xeR) is a Markov process. Its law is
characterised by

@ h2(b+s
O Coris200%=92 0%, (FG5Xur-1520)
o)
2
(2) (Xa+s;0§_séb_a)g Q(z)(h—(azi)_Xr(a+s);0§_S§b_a>

@ h*(a—s
(3) (Xa—s;SEOIXa::y) = Q02y (—(Z—)Xt(a)—r(a—s);Sgolxr(a):())'

h*(a)

Proof of Theorem 2.1 As in the proof of Theorem 1.6, it is sufficient to establish
(1), (2) and (3) for the special case of Remark 1.2. The Markov property will
be proved at the end. Assertion (2) follows easely from the relation Q2+ Q5 =03
and from the fact that if X, Y, Z are independent random variables and X
+ Y2 X+Zthen Y2z,

To prove (1), by the isomorphism theorem, we have

(PIL* Qg)(F(X,;u20)-0,) =04 (@_i_f_bﬁ

1AF(Xu;uzO))
— QL (F (X, u20)06,)

using the Markov property at time b.
The additivity property of squared Bessel processes

09%0;=0:., VxeR%, VyeR,

leads after integration with respect to the pair of probability measures (u, v)
onR, to

000y =0
Hence
PIL(F(X,; u=0)| X,=x)=02(F(X,; u=0)).

Assertion (3) is obtained by the same arguments.

We have thus shown that under *’IL, X is a Markov process on (— 0, a],
on [a,b] and on [b, + ). This, however, is not enough to claim that X is
a Markov process on R under “’IL. To prove it, we shall need the following
definition.
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Definition. A probability measure P on C(R ., R ) has property (*) if for every
A=(A1sAgs oy A) 420, t=(t1, 5, ..., t,) satisfying 0S¢, <t, < ... <t,, and s=0
there exist ¢, (t, 1) and (¢, A) strictly positive such that

P[exp(— > A X,iﬂ)

i=1

)

Using the results of Pitman and Yor [13] the following lemma can be easely
established.

Lemma 2.2 (i) Squared Bessel processes satisfy property (*), all with the same

Y2, 4).
(ii) Squared Bessel bridges ending at zero satisfy property (*), all with the
same Y (t, A).

Theorem 2.3 Let P and Q be two probability laws on C(R ., R ) satisfying proper-
ty (*) with the same \,(t, /). Let Y and Z be two independent stochastic processes
governed by the laws P and Q respectively. Then for every s=0

(Y+Z2)(t+5),t=0]|Y(s), Z(s)) by (Y+2)(t+5),t 20| Y(s)+ Z ().

Proof. By the independence of Y and Z, we have

E [exp (— Zn: /L-(Y-I-Z)(ti'i“s))

i=1

Y(s) Z(s)]

_ E[exp (_ z A Y(ti+s))

i=1

Y(s)].E [exp (— i A Z(t+ s))

i=1

VA (s)].

Applying property (*) to each term of the above product, it follows that

Y(5) Z(s)]

E[exp(—iil Ai(Y+Z)<t,-+s))

is a function of Y(s)+ Z(s) only. [

We now return to the proof of the Markov property. Toward this end it is
easy to check, using Lemma 2.2, that the laws of (X,;,,5=0) and (X,_,,520)
under both P, P satisfy property (*) with the same (t, A). Since *’IL*P="P,
the same is true under *°IL..

For the sake of clarity we shall return to the notation involving L} and
¢, introduced at the beginning of the paper.

We first establish the Markov property at time a of L, under B,.

For feC(R,,R,), let

Fl(f>=exp(*_£ fsd#(5)>

Fz(f)=eXP(* :was du(S))
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and F=F,.F,. We have to show that

By (F(L)I L) =By (F (L) ). By (B (L) ).

Using the Markov property of L, +3¢> obtained in Theorem 1.4, we have

By (F(L, 459D L+502=x+))
=By (F(Ly+39)| Ly +5ds=x+y).
By (B (L, + 50| L+ 502 =x+y)
= B, (F (L) L =x). Py (F, (L) | Ly =x).<F G 07 302 = v,

where the last equality follows from Theorem 2.3.

Set,
f1(0)= By (Fi (L) | Ly =x). By (Fy (L) | Iy = X)
L0=CFG)1362 =
J3(x)=Ep(F(L,)| I, = X).
Then
B, (F(Ly+3¢))| L +3¢2> = fi(L) f2(502).
On the other hand

By (F(L,+5¢?) L +502>
=B, (B, (F(L,+3¢)Ls, 302 | L+ 502>
= :b<f3(La11)f2(%¢2)lLaq+%¢g>'

Thus we have

D f (Lar])
B”’<ff ()

a 2
L"+_¢a>-—1.

B f3(La) —A(Le+4 2> p —A(Lg+ 302
B afz e ML+ 143) =P (e l(L,,+2¢a)>,
”<f1(L,,> ’

which is equivalent to

()
o (fl &,

L",,) =1,
and consequently f5(L5)= f; (I5).
The Markov property at time b can be established in the same manner.
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To prove the global Markov property, let x be in (—oo, a] and for f in
C(R,,R,)let

3 (f)=exp(— i fsdu(S)>

—

F() —exp( ff;du(s))
R(f)—ewp - uffsd#(S))

and F=F, F, F,. We have to show that
By(F(L,)| L) = By (Fi (Ly)| B By (F, F3 (L) ).
Using the Markov property at time a

By(F(L)IL)

ll

By (By(F(L,)|o(Ly, y<a))|L;)

By (F, (L, ab(F3(Lq)|U(L s y<a)|L3)
By

E

If

It

(Fy Fy(Ly) By (F5 (L) | L5 | )
b(F1 (L) L) By (B (Ly) By(F3 (L)1 )| L)

Il

where the last equality follows from the Markov property of (L577,y=0) at
time (@ —x). The global Markov property at x in [a, +o0) is argued similarly.
This finishes the proof of Theorem 2.1. []

For the other direction of the equivalence we assume now the Ray-Knight
theorems and deduce Dynkin’s isomorphism theorem. This amounts to showing
that

ey o «P=P

is a consequence of Theorem 2.1.

Proof of (I) On one hand, we described completely P in Theorem 1.4 (indepen-
dently of the isomorphism theorem) and saw that it was markovian. On the

other hand, using the equality P(X,; teR) Q0 (h (t) Xews teR), Theorem 2.1

and the additivity property of squared Bessel processes, it is easy to obtain
the precise expression of “?IL*P on (— oo, a], [a, b] and [b, + o0). Thus we check
that P and “’IL%P are equal on each of those three intervals. Now to see that
they are completely equal, it is sufficient to prove that “?IL+P is Markovian.
We know already that *’IL and P are Markovian and that under those two
probability measures the laws of (X,.,s=0) and (X,_,,s=0) have property
(*) with the same (z, 2). This is enough, thanks to Theorem 2.3 to prove
the global Markov property of “’IL*P. We detail for example the computations
for the proof of the Markov property at time a. We take the same notations
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as in the proof of the Markov property of “°IL in Theorem 2.1. For f in
CR;:,R ) et

Fi(f)=exp( - j £du)

— 0

Fz(f)=exp(— :fmfs du(S))

and F=F,.F,. We want to show that

BuCFL+36)IL+302>
= ab<F1(Ln+%¢2)|La11 2¢a Bz FZ(Lq+%¢2)|Lan+%¢3>

Using the independence of L, and ¢, we have

Eb<F(L§+%¢2)|L§ 302
=By (F(Ly+ 507 L, 3921 Ly + 502
_sz<Pab(F(Ln)‘L)<F(2¢Z)I O L +502>
=B, (By<F (L, +39Y) | L, 562>
ab<F2(L +2¢2)|Lm2¢a>|La +302>

where the last equality follows from the Markov property of L, and 1¢? at
time a.
Now, by Theorem 2.3, we have for k=1,2

Pab<Ec(L +3z ¢2)|Ln= Z(b > Ezb<Ec(Ln+%¢2)|Un+%¢§>

which finishes to proof.

IIT Use of the Ray-Knight theorems under the form given
by the isomorphism theorem

Using Theorem 2.1, we can immediately enunciate the following theorem

Theorem 3.1 Assume that the functions f and h are continuously differentiable.
Then the law of the processes

(Xpis;0<s<supE—b), (X;;a<s=£h) and (X,_,;a—infE<s<a)

under “PIL or *“IL are respectively characterized by their strong generators defined
as follows

Ab+s—a(b+s)x @ +ﬂ(b+s)x d 0<s<supE-—b

2

d d
= _ _ < <
Agps oc(a+s)xdx2+(ﬁ(a+s)x+oc(a+s)) I as<s=<bh

2

d d .
= — R — — _— <
A, _=o(a s)xdx2+y(a s)xdx, a—infE<s=Za
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with
a(s)=h2(s) 7'(s)
W (s)

:5’(5)=2W

)
=275

Example. In the case of a real Brownian motion killed at an independent expo-
nential time of parameter §%/2, the Green’s function of this diffusion is: g(x, y)
=1/0e 0" if x<yso: a(s)=2, B(s)= —26, y(s)= —20. The formulation given
by Theorem 3.1 of the Ray-Knight theorem in that case, has been found by
Borodin [4]. (See also Biane and Yor [3].)
Now setting: I,= ing Y,, and S,=supY;; where Y is our original diffusion,
sz sz0

we have the following corollary of Theorem 3.1.

Corollary 3.2
~ _ t(a)—t(m)
P"b(1”>m)_m2r(a)—r(m) for m<a
Iﬁab(S,,<p)=—T(p—iE£@ for p>b
with (m, p)e E*.

Proof of Corollary 3.2 By Theorem 3.1,

By (I, >m| L =x)=""L(X,,=0|X,=x)

h(m)
= Q02—x (T Xr(a)—r(m) = 0)
h*(a)

_ X
”e"p<"h2(a)<r(a>—r(m»)

Bt =" [ (et |

hence

and by Theorem 3.1(2), under “’IL, X, has an exponential law with parameter
(g(a,a)) ~'. For S,, the proof is similar.

IV Unconditional version of the isomorphism theorem

Suppose that Y is a diffusion such that the upper boundary point of the state
space is the only absorbing point. In this case g(x, y)=h(x v y) (see [6, Chapt. 4]).
The following theorem gives a simplified version of the isomorphism theorem.
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Theorem 4.1 (1) If g(x, y)=h(x v y) for (x,y) in E* we set F,=F(X,;u<z). Then:

Y(a, z)e E2
koo

() If g(x, V)=f(x A y), for (x, y) in E*> we set G,=G(X,;u=z). Then: V(a,z)cE*:

1 PaPanz
(L)) (g oo #))
Proof of (1) We show first that

By (Tt ush) S Bl ugh).

Let p,(x, y) denote the transition density of Y under B,, and g(x, y) the Green’s
function under P,,, then

pi( y)~gzb y;pt(x V=p(x,y) and Z(x,y)=g(x,y)

for x, y<b.
We use now the following formulas established by Marcus and Rosen in
[11]. Fora<x,;<x,...<x,<b.

Eb[ﬂ Lx] Z 2(a, xs(l))xg(xs(l)a Xg(2)) -+ Xg(xs(n—1)>xs(n))

seFy,

Bz[n Lx] Z g(a, xs(l)) X g(xs(l)’ s(Z)) X Z(Xstm—1y5 Xsem)

i=1 se&n

where , is the set of all the permutations of {1,2, ..., n}.
Hence for all (m,, ..., m,) in N*

Pa| Ty || Tz

ool S o)

On the other hand, by the isomorphism theorem

N

and thus
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Since (¢, xeE) is a Markov process and ( (¢x )
Lemma 1.3), we have gl X

et )i e
proecly)

Assertion (2) is obtained by the same way. []

;xga) is a martingale (see

The equivalence between the isomorphism theorem formulated that way for
those diffusions and Ray-Knight theorems under P, can be established by the
same arguments.

Example. We consider the process of the local times (I7,,x=0) of a Bessel
process of dimension d=uo+2, >0, with respect to its speed measure. The

Green’s function with respect to the speed measure is: g(x, y)—g(xv ¥)~% By
Theorem 4.1

BT x>0) 2 QO( axng>o)

Let (L%, x=0) be the process of the local times with respect to the Lebesgue
measure, then (L%, , x> 0)=(x**1 I, , x = 0). Therefore

1
(L2, 5>0)= 03 1y X x>0).

This result has been established by Yor [18]. (See also Biane and Yor [2]
for another description.)
We end by a remark generalising a well-known result

Theorem 4.2 Let Z be a homogeneous symmetric Markov process with finite
Green’s function. Then, for every (a,b) such that g(a,b)>0 and g(a, a)>0, the
variable L5(Z) has an exponential law with parameter 1/g(a,a) under B, and
K.

Proof of Theorem 4.2 We use once more the isomorphism theorem

o )

On one hand, we have <e)%¢§>=(1 +Ag(a,a)~ 1% (¢, has a variance equal to
g(a, a)). On the other hand

Bubs o\ _[bee 2" >
<g(a . >_< €25 Chul 6>

2 »
= a AL
<ﬂ&me >

=(1+Ag(a, a) 3>

~

B, [e™ 1] x (e~ %y — <
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Ao
(This last equality is obtained by taking the derivative of (e_7¢">.)
Consequently

Eple " =(1+2g(a,a) "
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