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Summary. To extend the traditional Fourier theory of stationary processes, some
new boundedness notions, for processes and for random measures, are intro-
duced. This leads, for these processes and measures, to Plancherel and Hausdorff-
Young type formulae and to a decomposition theory via dilations and multipli-
cations. Various applications of our methods are also presented.

1 Introduction

The object of this work is to present some advances in the representation of
stochastic processes as Fourier integrals. These advances provide a Plancherel
and Hausdorff-Young theory for stochastic processes and random measures
and, in particular, a framework in which to develop a Fourier theory for the
ubiquitous white noise model. Several applications of these methods, when com-
bined with a dilation theory, are also presented. Among others, existence results
for linear stochastic differential equations.

The use of Fourier techniques to study linear problems in stochastic processes
is hardly recent. It goes back to Slutsky [S] and Cramér [C] who obtained
Fourier integral representations for (weakly) stationary processes and extends
to Phillips ([Ph] and Kluvanek [K] who characterized processes as Fourier
transforms of vector measures. Common assumptions made to derive these rep-
resentations are the (norm) continuity of the process, the og-additivity of the
representing measure or the orthogonality of its increments. These assumptions
are severe and for basic classes of processes, cannot be satisfied. Moreover,
these developments do not recover classical scalar results such as, for example,
the I>-Fourier theory.

In the work below, we relax these various assumptions. In particular, we
develop a “stochastic” Fourier theory in which expressions such as | ¢"'*dW,

R+
where W is the Wiener process on R*, make senses. With this approach, we
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also study some linear problems for the corresponding stochastic processes and
random measures.

We now come to a brief description of the contents of this paper. In the
forthcoming section, we set the stage with some definitions and examples, and
also obtain a basic representation theorem. In the third section we relax the
convergence assumptions and develop a summability theory for processes and
random measures. Via finitely additive vector measures, we obtain in Sect. 4,
a “stochastic” Plancherel and Hausdorff-Young theories. Our fifth section ana-
lyzes the relationships between “correlated and uncorrelated” stochastic mea-
sures, and it is shown that the later can be decomposed in terms of dilations
and multiplications of the former. The last section is devoted to some applica-
tions of the previous sections. First to obtain a decomposition of random mea-
sures into continuous and discrete parts, then to give existence results for autono-
mous linear stochastic differential equations. Most of our results have been
announced in [H2], while some of the discrete time versions are in [H1].

2 Preliminary results

Let (2, #,%) be a probability space and for 1a<2, let [*(Q, 4, #) (L'(#)
for short) be the space of random variables with finite «"*-moment. On I#(%),
the norm is denoted by |||, and for Y and Z in I*(#), the covariation of
Yand Z is <Y, Z>,=&EYZ* 1>, where Z<* =|Z|*~ ! Z and where & is the expec-
tation. For 1 £B< + oo, I#(R) is the usual Lebesgue space with associated norm
[-1l5. We also denote by Cy(R) (resp. C.(IR)) the space of continuous functions
vanishing at infinity (resp. with compact support) and the uniform norm by
I*1l,. Finally, for 1<B< + o0, If(R) is the space of functions fel!(R) such
that f()= [ "¢ f(&) déeIf(IR), while for f= + o0, we set If(R)’=L'(R), since
R

in this case feC,(R). A last notation, throughout this work K denotes a generic
absolute constant whose value might change from an expression to another.

Let #(R) be the Borel o-ring of R and let %,(R) be the d-ring of eclements
of Z(R) which are bounded. A random measure is a finitely additive set function
u: Bo(R)— L’(#), where [°(2) is the vector space of random variables. If y,
denotes the indicator function of the set A, we now introduce a concept originat-
ing in Bochner [B1], [B2].

Definition 2.1. A random measure y has finite (¢, §)-variation whenever

Il =sup{llul(4), AeBo(R)} <+ oo,

where
N
) =sup{ | ¥ o) : 14) = Bo®
i=1 .
finite partition of 4, ¢, @, || Y a; x4/t < 1}.
i=1 B

The definition of (2, f)-boundedness makes implicit use of the Lebesgue mea-
sure, this is somehow superfluous. Most of our results continue to hold if we
replace I#(R) by I?(1) where J is a o-finite regular Borel measure on some
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locally compact Hausdorff space, replacing also #;(R) by the corresponding
J-ring of sets with finite 4 measure. Generally, I*(#) can also be replaced by
an arbitrary Banach space. To be consistent with the results of Section 4 and
for probabilistic considerations (in which instance the case o> 2 is of little inter-
est, furthermore included in I*(2)) we will however keep, with a few exceptions
(mainly examples), our “restricted” framework.

For = + oo, Definition 2.1 reduces to the usual definition of semi- (or Fré-
chet) variation, but for 1< f< + co, it differs from the definition of S-variation
(see [Di]), in that it involves § and not its conjugate exponent. It is assumed
in the («, f)-boundedness requirement that u(4)el?(#), hence if u has finite
(o, f)-variation it also has finite {y, B)-variation, y <a. Typically, u is only finitely
additive, and in fact, if u is s-additive on #(IR), then it has finite (&, co)-variation
(see [DS, IV.10]).

The following properties of the (a, §)-variation are now easy to verify.

lu( Al =lul () p),  AcBo@R).

el (D= pl(B), A=Be#,(R)
Il (AwB) = |al (A + lul (B), A, BeZ(R).

Even for A and B are disjoints, the last inequality is usually strict and |u|(-)
1s additive if and only if
!
for each Ae%,(R).
The integration with respect to u can now be defined as follows: for a simple
function

N
Il (d)=sup< ¥ lla; p(Al,:

i=1

N
Z a; X4,
i=1

N
S R-C, f=z i Xa;» A;eB,(R),

i=1]

as usual, the integral (of f with respect to u) is

N
2.1) §fdu=7Y a p(4).

R i=1
If u has finite (o, B)-variation, then

(2.2) 1§ fdplla< Il (IS g5
R

N
where A= { ) A;. Since ||ul| (4)=<|ull, and by the density of the simple functions
i=1
in I!(R) 1=8< + 0, (resp. in Co(R)), the integral can be extended to I!(R)
((resp. to Co(IR)), this is done so, and integration with respect to u is always
taken in that sense. On Z(IR), and for o-additive y, the above integral is the
Bartle-Dunford and Schwartz integral [DS, 1V.10], while for du(f)= u(t) dt, it
is just the strong, i.e., the Bochner, integral.
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Our first result identifying random measures with operators, is certainly
known. For (&, c0)-bounded measures and in a more general framework, it is
in [DS], [P] and [K], replacing of course I#(IR) below, by C,(R). For the
sake of completeness, a sketch of proof in the case f< + oo is included. Let
us say that a random measure u is regular if for every AeB,(IR) and >0
there exist O open €%,(IR) and C compact e#,(IR) such that Cc 40 and
lu(B)|l,<s, for every B ON\C.

Theorem 2.2. Let & be a dense linear subspace of I!(R), 1<B< + 0, and let
T: 9 — IZ(#P) be a linear mapping such that there exists a constant K >0 with

(2.3) ITf l.=K 1S g,

for all fe9. Then, there exists a unique regular random measure p with finite
(e, B)-variation such that

(2.4) Tf={fdu
R

for all feP. Moreover, if there exists a random measure y with finite (a, B)-
variation such that (2.4) holds, then (2.3) is also satisfied. In either case, | T| = ||pl.

Proof. From Definition 2.1, the “if” part is immediate. For the converse, since
9 is dense in I#(R), T can be extended to all of I/(R) without change of
norm. We do extend it that way and still denote the extension by T Now,
if we set u(Ay=T(y,), AcB,(R), then u is well defined, additive, and has finite
(o, B)-variation. Finally, the regularity of the random measure g follows from
the regularity of the Lebesgue measure, and the equality of the norms is also
clear. [J

Remark 2.3. As already mentioned, it is well known, that every o-additive p
on #(IR) has finite (x, co)-variation ([DS, IV.10]), and furthermore that there
exist finitely additive (x, co)-bounded measures on %#,(IR) which are not o-addi-
tive on #(R), e.g., a Hahn-Banach extension of a Dirac measure. However,
when given via an operator T: 2 < Cy(R)— I*(#) and since I[¥(#), 1Za=2,
is weakly complete the corresponding p is g-additive on Z(IR) (see [DS, VL.7]
for the compact case, which can be modified to give the result for C,(IR)).
Since all the (x, oo)-bounded measures appearing in this work are given by,
obtained from, or extended to bounded linear operators from Cy(R) to [*(2),
we identify throughout the (a, o0)-bounded case with the o-additive one, ie.,
with the bounded linear operator from C,(R) to [*(#) case.

Remark 2.4. In Theorem 2.2, I#(#) can be replaced by a Banach space B as
long as (2.3) is replaced by the relative weak compactness of B of the set
S={T(f): I flz=1, fe2}. As in [K], for B weakly complete, S is relatively
weakly compact whenever T: & — B, is linear and bounded.

From the above result, it is clear that the set of (o, f}-bounded measures
u from a Banach space under the norm |u|. It is denoted by .#%%.

To complete this introductory section, we provide a few examples which
illustrates the scope of our method. First, a stochastic measure u is called orthog-
onally scattered if {u(A), u(B)>,=0, whenever A, Be%,(R), AnB=¢. As well
known, u is orthogonally scattered if and only if there exists a finitely additive
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positive function m on %,(IR) such that {u(A4), u(B)>,=m(ANB). For 1La<?2,
a similar réle is played by the isotropic independently scattered symmetric o-stable
(SaS) (in short, independently scattered S«S) random measures, namely, for
each Ae,(R), u(A4) is an isotropic SaS random variable such that for any
pairwise disjoint {d4;, A,, ..., A,} <%B,(R), the random variables u(4,),
u(A4,), ..., u(4,) are independent. If u is independently scattered and SaS, there
also exists a positive finitely additive m such that [u(A), u(B)],=m(4 N B),
A, Be#,(R), where [+,-], is the covariation of the corresponding random vari-
ables (see Weron [W] and Cambanis [C] for more details on the properties
of SaS processes and measures used here). Furthermore, for any 1 <y <a, [u(A4),
w(B)1,=K<u(A), u(B)),, A, Be#,(R), where K depends only on « and y. With
these notations, we now characterize the independently scattered SaS (resp.
orthogonally scattered) elements of .#?-* (resp. .4#%*). Our proof is similar to
the discrete time case (see [H1]) and so only sketched.

Propeosition 2.5. Let a << + oo (resp. 2 < B < + 0), and let u be an independently
scattered SoS (resp. orthogonally scattered) random measure u with control mea-
sure m. Then, p is (y, B)-bounded, 1 <y<a, (resp. (2, B)-bounded) if and only
dm=mdt, meI!#~*(R) (resp. me ! ~2(R)).

Proof. We first treat the case 1<ua<2. Let x4 have the stated properties, with
dm=mdt, meI*(R). Then, stability and Hélder’s inequality give pe.#?’.
Conversely, if p is independently scattered SoS and in .#%% then for f

N
=) a; )4, A;€B,(R) (and more generally for any fe I/(R)),

i=1

I fadul,=K(f1fFdm=< |u] K(f1f1PdD*?,
R R R

hence dm=mdt, with m=0 and locally in L! (R). Now as in [H1], in the above

1 B—ajap
inequality we take f=m'#"%y_ ... a<p, get (j m”/”_“dt) <K, and
monotone convergence gives the result. The case a=§ can again be obtained
essentially as in [H1], while for «=2 the techniques are identical, replacing
independence by orthogonality. []

For f= + o0, comparable arguments easily show that ue.#"® (resp. M* ©)
if and only if m defines a positive bounded linear functional C,(R) which is
uniquely extended to C,(R), i.e., m is a positive finite measure on #(R). Replac-
ing, in the definition of variation, the Lebesgue measure by some o-finite 4,
we similarly get, for independently scattered u, dm=(dm/dl)di, with
dm/dAeIf/#~2(}), this case corresponds, for example, to infinitely divisible ran-
dom measures with control measure 4. As in [H1], for 1 <p<a, the only SaS
independently scattered element of .#?-# is the zero random measure and similar-
ly for a=2.

The archetype of orthogonally scattered random measure is the white measure
(or noise) W i.e., for each Aec#,(R), W(A4) is a zero mean Gaussian random
variable and {W(A), W(B)»,=|4 n B| where |A ~ B| denotes the Lebesgue mea-
sure of AnB. Then W has finite (2, 2)-variation, in fact finite (e, 2)-variation
I1Sa<+oo0. For 1£a<2, we have the corresponding o-white measure V, ie.,
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V'is SaS independently scatiered with [V {4), V{B)1,=14 n B]. Moreover, ¥ (and
similarly W) is stationarily scattered, 1ie., for any telR and any
Ay, Ay, ..., A,eBo(R), the law of {V(4,+1), V(4,+1), ..., V(4,+1)} does not
depend on t, where A+t={a+t, acA].
Two last properties worth mentioning: Firstly if u is absolutely continuous,
ie, p(d)= j put)de, with p(-)el}(R, o) (the Lebesgue-Bochner space of
A

I#(#)-valued integrable functions), then by Holder’s inequality, pue.#*# whenev-
er uelf#~Y(R, a). Secondly, if pe.#** and if Q is a bounded linear operator
on I*(#) then v=Qu defined by v(4)=0Q p(A), Ac%,(R), is also and element
of #4%*, furthermore Q commutes with the integral.

3 Processes as Fourier integrals

Unless the measure u: %,(R)— I°(#) has finite (o, c0)-variation, the exponen-

tials are not p-integrable, and expressions such as | e"*du(&) do not make
R

sense. To bypass this handicap, we need to extend our definition of the Fourier
integral. A first natural step in that direction is to use summability methods
and such is done below. Throughout this work we assume that a process X
is a function X: R — I°(#).

Definition 3.1. A bounded (with respect to the IF(#)-norm) process X is (a, f)-
bounded if X is strongly measurable and if there exists a constant K>0 such
that

(3.1 I §f@® X del <Kl fllgs
R

for all feI!(R)".
In (3.1), j f@®) X, dt is a well defined Bochner integral since | X,|,<K. The
R

above notion of boundedness has been introduced, for discrete time processes

and for a=2, in [H1], and is directly inspired by Bochner’s V-boundedness,

ie., the case f=+oco. If [}{(#) is replaced by a Banach space B and for X

such that | X | £ K, the definition of (a, §)-boundedness can be translated into:

the B-valued function X is strongly measurable and the set {|| | f(1) X, dt| s
R

I 71 s=1, feI’(R)*} is relatively weakly compact in B. When B is weakly com-
plete, this last requirement is equivalent to (3.1).

We now present some examples of processes satisfying (3.1). First, it is clear
that if Y={Y,},.g is a continuous second order stationary process or a harmoniz-
able stable (of order o) process, it does satisfy (3.1) with f= + co. Hence for
X,=QY,, teR, where Q is a bounded linear operator on I[*(#) (when Y is
stationary) or on I(#), 1 £y <a, (when Y is stable harmonizable), we have:

1§ f@ X, del, SNQIN [ £ Yedel, K| fllo,  157<0,
R R
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and similarly for a=2. Less immediate examples are ARMA processes or solu-
tions to linear autonomous stochastic differential equations (see [H1] or Sect. 6).

For a more atypical example, let «>2 and let X be a discrete time I*-bounded
N

martingale difference process. For any P()= ) P,¢™* Burkholder’s square in-
j=1
equality as well as Minkowski’s inequality give

N a N a2
vy px, | =K| T |pRIx2)
i=1 ¢ i=1 w2
N a2
gx{z v13-|2J|X,?,.na,2}
j=1

<K sup HX,,].HZ{Z IBIZ}W

n /2
=K{j |P(t)lzdt} .
Hence, X is (o, 2)-bounded.

We are now ready to characterize («, f)-bounded processes as Fourier inte-
grals.
Theorem 3.2. A bounded process X is strongly continuous and (, f)-bounded if
and only if there exists a (unique) regular random measure p of finite («, p)-
variation such that

A
(3.2) X,= lim (l—ﬂ) ettd (&),
A=+ | 2 /1
in [¥(), uniformly on compact subsets of R.

Proof. Let X be strongly continuous and («, f)-bounded and let I'(R)={J:

j:eL1 (R)}. Then, by the uniqueness of the Fourier transform, the mapping 7T-

L'(R) N I#(R) — I*(2) such that T(f)= { f(¢t) X, dt is well defined and also lin-
R

ear. Since X is («, f)-bounded, T is bounded on I!(IR) ~I#(R) which is dense
in I/(R). Hence by Theorem 2.2, there exists a unique regular random measure
u of finite (a, f)-variation such that

G [ 10X, dt=[F0)dut), JelP®RY.
Let
22

be the Fejér kernel, and let K ,1(5):(1 —@) X1- 1, 21(¢) be its Fourier transform.
By (3.3), and since K eI} (R), K, e I#(R),

A

(3.4) K t—1) X, dr= | (1 —i% edpu(Q).
R

—A
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Now, using (3.4) and since K, is an approximate identity,

e -

Ssup [ X, — X, | IK,@lde+2sup|X,il, | [K;(@)ldt

[cd=é EEL R jr| >4

= J K@) (X,~X, ) d],

ssup IX,— X, [, +K | [K;(@)|dz.

HEL lej>o

The norm continuity of X on the compact set |t| <6 gives lim sup | X,—X,_.|,
70 igs
=0 and since again K, is an approximate identity, lim | |K,(¢)ldr
A=+
|t} >é
=0. For the converse, X is the uniform limit of the continuous X}
A

= | (1 —%) e'**d (&), hence is (norm) continuous. Let feIf(R)" have compact
-2
support, then by the uniform convergence on compacts, we have | f(t) X, dt

R
A

= lim | f(@)X}dtin @) But, | f() X?de= | ( m)f(é)du(g) with
l—’+ooR R -2

of finite (&, f)-variation, and since K,(HS1 we get | [ r X, dt|,
R

< \|m1(§ | F(ENEAE)YP. For an arbitrary feIf(R)", the functions f,,(t)=( —lﬂ>

“Y1-n, ,,[(t) f(t) have compact support, converge to f in L'(R), with moreover
lim | f—f, |,=0. Hence,

n— +

Hf(t)X def,= H(f SO Xedtll +l|§f(t)X dtll,

=sup | X[, | |fO—f@1de+llgl (f 150 d)",
R R R

from which the result easily follows. []

For = + o0, ie., replacing If(R) by C,(R), Theorem 3.2 is due, in a more
general framework, to Phillips and Kluvanek. When X is (¢, o0)-bounded, equi-

valently, when u is o-additive (see Remark 2.3), the exponentials are p-integrable
A

and X,= | e“.fdu(cf):llim | (l—l—fi> e*d (&), by dominated convergence
R =+ —2 (s

[DS, IV.10]. Theorem 3.2 continue to hold when X is B-valued as long as
we replace our boundedness conditions by the equivalent, and now familiar,
compactness conditions. Except for being an approximate identity, no particular
property of the Fejér kernel has been used in the proof of Theorem 3.2. Hence,
in (3.2) the Fejér kernel can be replaced by any approximate identity.
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A
A process X is called Cesdro harmonizable if X, —1hr+n ] ( uﬁ) edu(é),
for some S«S independently scattered random measure g (orthogonally scatter-
edd p for a=2). With this definition as well as Proposition 2.5 and its notations,
we have:

Corollary 3.3. For a<f< + co(resp. 2<f < + o0), a strongly continuous Cesdro
harmonizable process is (y, p)-bounded (resp. (2, f)-bounded) if and only if
dm=mdt, meI}(R)n IP#~*(R) (resp. [F/*~2(R)).

Proof. In view of Proposition 2.5, only the additional requirement meL!(R)
needs some justification. Since the process X is a strongly continuous S«S pro-
cess or since g is a SoS random measure, we must have

El I8N . "‘ mr
11— it . - 11— d
%= lim e _I,( ) MO_ qim e I T | m0
A=m+ A=+
_ ewsi’n{ m(@) dé

where the last equality follows from Fatou’s lemma and since

i
e—lSl“ Afi '1—ﬂ m(f)d§> —lsl* jm(f)éf

In other words, me L' (R) (of course, the process X is not identically zero). []

The case f= + oo is trivial: a strongly continuous Cesaro harmonizable pro-
cess is always (7, 0)-bounded ((2, oo)-bounded when a =2) since the control mea-
sure m is finite. The measure p and the process X are dual of one another,
and p can be recovered from X (see Theorem 4.3 for a more general result).

Although Theorem 3.2 allows us to extend the definition of the Fourier
transform beyond Bochner’s V-bounded class, it retains some disadvantages.
Very apparent disadvantages are the L*-boundedness and the continuity require-
ments. These can be partially removed as shown by the following result, which
for p= + oo is due to Phillips and which clearly is not a characterization. First,
a process X is said to be essentially bounded if |X,|,£K, for almost all ¢
(Lebesgue).

Theorem 3.4. Let X be essentially bounded, strongly measurable and (v, f)-
bounded, then there a (unigue) regular random measure u of finite («, B)-variation
such that for almost all t (Leb.)

A
(3.5) ~ lim f( 'Tf’)e“édu@,

lﬂ+w_

in I# ().
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Proof. Let X be strongly measurable and («, 8)-bounded. Then, as in the proof
of Theorem 3.2, we have jf(t X, dt= jf ) du(®), for all feL”(]R)" Hence,

X, - f (1—%)6'

-4

(3.6) ‘

= | K,(0) (X, —X,_ ) d|,.
a R

To prove the result, we need to show that for almost all ¢, the right hand
side of (3.6) converges to zero. Since K,(r)<K/At* and since |X,[[,<K for

almost all ¢, it follows that || { K,(7) (X,— X,-,) dt]|, is dominated by
R

I K& -XJdd.+l | K@OX-X.-)d,

MEFEE le|> A~ 304

<l | K@OE-X_)dr,+2K [ 1/ic*de

[clsi-3/4 EESREZ

=] | K@O&-X_)d,+4Ki""

le|<2-3/4

To prove the result, it is thus enough that, in the above expression, the first
term converges to zero as A becomes infinite. It is clear that except at the
origin, K, is absolutely continuous. By integrating by parts and since X is
essentially bounded we get:

I | K@&-X.-)drl,

CEPSE

. PREY
g{( i nxt—xt_uuadu) Km}

—A—3/4

+ j' (fHXt-“Xt—uHadu>Kr)~(T)dT

[dlga-3/4 \o

SAK AT K (AT 4K ATIEK, (A7),

Finally, 734K, (A 3*)=4)"1*(sin(2*/#/2))* and the result follows. []

There is no hope with the methods presented above to go beyond Theo-
rem 3.4. In other words, these methods can produce, at best, convergence results
for almost all teR, and so even under “weaker requirements”. For example,
if Xe’(R, o), i.e, X is strongly measurable and |X,|,e’(R), 1Sp< + 00, it
easily follows from the same methods that: X is (x, f)-bounded if and only
if there exists a (unique) regular p of finite («, §)-variation such that

% § (1-14)

dt—

l—>+oo
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Similarly, at any point ¢t where

lim ¢~ lfuxt —X,| dr=0,

=0

we have
A

lim _f( %l)e“fd,u(f)=Xt (in I#(P)).

A= +w

These almost sure results are somehow restrictive since there exist important
random measures for which they do not hold. A case at hand is a white measure
W, where for no telR, does

P
f (1) oo

—A

converge, either in I2(%) or in IP(R, 2), 1<p= + co. In order to deal with such
a case, we need to extend our definition of the Fourier transform, and such
is done in the next section.

4 Random measures as Fourier integrals

For discrete time processes, (o, f§)-boundedness implies («, co)}-boundedness and
(@, B)-bounded processes are Fourier integrals; and similarly when u has compact
support. However, outside of these two cases things happen quite differently,
since the Lebesgue measure of R is infinite, a random measure or a random
process which is («, §)-bounded is not necessarily (o, oc)-bounded. In order to
clear this obstacle and to extend our notion of Fourier transform, our strategy
is to think of 4 not as a stochastic process, but more globally as a stochastic
measure.

Again, for u of finite (a, co)-variation, ie., ue.#*“ the exponentials are
p-integrable, hence fi={u(t)},.g makes perfect sense and is a (a, oo)-bounded
process, But, ji can also be looked at in a different way, namely, as the absolutely
continuous element of .#* ', dfi(t) = fi(t) dt. This follows from the simple calcula-
tion given below, where we make use of a Fubini type theorem which is justified,
since pe.#* .

I r@a@dtl.=i§ 7Odu®lS1 1< [1f@Ode,  fel'R).
R R R

Since for u in #**, fi belongs to .#*', it becomes natural to try to define
the Fourier transform of a random measure as being itself a random measure.
This is done below, where we first tackle the case f=2, and where we drop
in our notation the reference to «, ic., we write .#2 for .#*%2 and #> for
A™*. The relevant results is a Plancherel type theorem in which u and
play identical roles.

Theorem 4.1. There exists a unique bounded linear operator F from M* onto
itself such that
) Fu=p, for pyed*n.u>.
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(i) | pf = [l

Proof. Let pe#? and let p, be defined via u,(4)=pu(AN]—n,n[), AcB,R).
Clearly, for each n, y, is (2, 2)-bounded as well as (2, o0)-bounded, with moreover

j fdu,= j fdu, feC (R). Since, each u,e.#, f, is the previously well defined

Fourler transform, ie., fi, is a (2, co)-bounded process or, dfi, =/, dte.#.
Hence, for each n,

L, CR)cZR)->LX(?), [ —>L(f)={fda,

R

is also well defined and linear. Furthermore, since j fdi,= j fdu,, (f and
R R

U, have compact support so a Fubini theorem holds) L, is also bounded. Now,
the (2, 2)-boundedness of u gives

Jim L)~ LNz = Tim gl )| fu=Full2=0,

since feC,(R) and by the classical Plancherel theory. Thus, the sequence L, (f)
is a Cauchy sequence with limit denoted by A(f) also satisfying [ fdp
R
= j fdu, feC,(R). Clearly, i is linear and by the Banach-Steinhaus theorem
R

it is also (2, 2)-bounded and, as such, has a unique extension (also denoted
) to I2(R). It is also clear that for ue.#*, the two definitions of Fourier
transform agree. Now, let #: #?— M#?, u: — fi, then F is well defined, linear.
By, the density of C.(R) in *(R), by the above Parseval type formula as well
as by the classical Plancherel theory, it follows that

|Zul= sup |iffdpl,= sup ] fdal,

friiz21 R Ifllas1 R
feCe(R)
= sup If Fdul,= sup I §fdpl=1lul.
ifllas1 R IFfil2g1 R
feCc(R) feCc(®)

Thus, & is norm preserving, hence bounded and one to one. It just remains
to show that & is also onto. May be the simplest way to see that is to take
f in a dense subset of IZ(R), with f=¢ (the twice differentiable elements of
Cc(R) will do it, with ge L' (R) » L* (IR) = [?(R)). Then,

ff(é)du(é =[&©du®= f g8 da)= f 8(—9)dp()

-~

)d () ff(f)du( &)

5%5

where the next to last equality is just the inversion formula for the classical
Fourier transform. [
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Let us mention a few immediate consequences of the arguments given above.
Firstly, the definition of £ is independent of the sequence, i.e., we can replace
u, by any sequence

vneM? M= with Tim v, (f)=p(f), feC.(R)

(setting v,(f)= j fdv,), and define 4 as the limit of the 9,. Since & is invertible

R
we have

w(f)= lim | Jap  fer®)

Finally, we state Parseval’s formula: j Fdu= f fdp, for all feI2(R).
R R

We will come back, in a short while, to the preceding theorem. In the mean-
time, let us study the case f+2. As in the scalar case, a dichotomy occurs.
First, for 2 < < + oo, our approach can be extended.

Theorem 4.2. For 2<f <+ o0, the Fourier transform operator is a contraction
from M* into M7, 1/B+1/y=1.

Proof. For B=2, # is an isometry from .#? to .#>* For f=+c0, & is a
contraction from .#* to .#*. For 2< < + oo, the complex or the real interpola-
tion method applied to the Banach spaces .42, #* and .#™ (see, for example,
Bergh and Lofstrom [BL]) gives the result. [

For 2<B< + 00, and for pe.#*, we can also define /i by the method used
in Theorem 4.1. For feI/(R), lim |u,(f)—u(f)l,=0 and for feC,(R)<=(R),
n—>+w

1/B+1jy=1, { fdp,= | fdu,. Hence, by (, f)-boundedness and the classical
R

R
Hausdorff-Young inequality, it follows that

lim “ j fdﬂn— jfdﬁm“a: lim “ I J?d,un'_ jfd.umHm
mn—+ + oo R R m,n—> + o R R

< lim ([ 170~Tu@Fdi

m,n— 0 R
< lim - (JIA@O—f.0dD) =0.

m,n—> + R
As in theorem 4.1, this method uniquely defines p. It is then clear that a Parse-
val’s formula holds, ie., [ fdu={fdg, for all fe’(R), and that the range

R R

of # is a proper subset of #7. Again, if ue.#?, if pe # > or if as in Theorem 3.2,
the Cesaro averages of y converge, all the definitions of Fourier transform agree,
and we have in the last instance

p

AF u®)=( lim | (1—'%)2'5@(5))&.
A=+ —2
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Another important property shared by the Fourier transform on .#* is the
inversion formula. Since & is not invertible, this is not as immediate as in
the case f=2.

Theorem 4.3. Let pe #?,2<B< + oo. Then, for any AcB,(R)

nLiIIIwHM(A)— | 24 dp)

-n a

Proof. The cases f=2 and = + oo have already been obtained. For h in IZ(R),
1<y<2, the classical inversion formula gives

h(t)— fﬁ(i)e“fdflydt=0, 1B+ 1/y=1.

R

If feC.(R) is twice differentiable, then f=¢ with ge ! R)~ L*(IR) = IZ(IR), and

\f fdu— [ Fdpl.=||fgda— | fdp
R -n R —n

=(§ 180 = ty-nm@® S O de)'7,
R

-4

since pe.#*. But, by the classical L! (R)-inversion formula,

n

H-nm@F = | 8@ e de,

3

and

]

lim
n— + o R

Given any feI(R), we can now find a sequence of compactly supported func-
tions { f,} which are twice differentiable with

tim [ fi—fll;=0 and  lim 1 fu=T o =0

g | ﬁ(i)e’“‘fdé!ydt)”LO.

—-n

Hence,

lim || § fdu— | Fdp|| =0,
-+ R ~n @

n

for all feI#(R), from which the result follows. [

In the above proof, we obtained a stronger result than the one actually
stated: x, can be replaced by any feI’(R). The version stated here, that we
often cryptically rewrite as u(A4)=j(A), is the most practical since it permits
to recover u from fi. A completely symmetrical formula which permits to recover
i from y is also valid. Theorem 4.3 can be “extended” to the («, f)-bounded
case under the conditions of Theorem 3.2 or 3.4, with it as defined there. It
is also readily seen from the inversion formula the y is Gaussian, SaS or infinitely
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divisible if and only if /i has the same property. As a simple application of
the above results we also have.

Corollary 44. Let a=2 and 2<B=< + o0, and let y be a random measure with
finite («, B)-variation. Then, u is orthogonally scattered (resp. stationarily scattered)
if and only if {i is stationarily scattered (resp. orthogonally scattered).

Proof. Let u be orthogonalily scattered with control measure m. By the inversion
or Parseval’s formula, and since {4, (t) =e'"*74(¢) we have, for any seR,

(A +5), f(B+5)) =L 445 b(Xp+5)02= f Ra+s(O) fg+s(t)dm(t)
R

= [ 240 5@ dm (@)= a(A+5), A(B+5)),.

Let f be stationarily scattered, then for any AeZ,(R) with |4]>0, S: R — I*(%),
s: —» fi(A+s) is shift invariant, and since pe.#? it is also continuous. Thus,
S is a stationary process and there exists a random measure v, which is orthogon-
ally scattered and (2, co)-bounded such that

AA+s)= [ edv,(0). but pA+3)= | zars( A0
R R

= [ Ra+s@®dp@)= [ €140 dp(t).
R R

Finally, the uniqueness of the Fourier transform gives dv,=%,du, and du
=$71dv, is orthogonally scattered. []

For a=pf=2, the above corollary was already known to Bochner. Since
a white measure is both orthogonally and stationarily scattered as well as Gaus-
sian, so is & W=W For 1< <2, the approach presented here does not work,
and this is not surprising, in view of the scalar case. The methods developed
by Gel'fand (see [GV]) or Dudley [D1-2], i.e., generalized processes and random
Schwartz distributions, do provide a way of defining the Fourier transform
of random measures with finite (o, f)-variation, 1 £f<2. In particular, and in
contrast to the Brownian motion case, the Fourier transform of the Lévy motion
cannot be defined by our methods. However, such a definition is possible via
random Schwartz distribution (see [D1-2]). Another approach to this problem
is also presented in [CH].

5 Dilation theory

In this section, our first task is to obtain another characterization of random
measures with bounded (o, f)-variation. This characterization, via dominating
measures and Grothendieck’s type inequality, leads to a few important applica-
tions. In particular, it clarifies the role played by the orthogonally scattered
elements in #*?. The cases f< + oo and B= + co read slightly differently, be-
cause of well known duality problems. We first have:

Theorem 5.1. Let 1Sa=<2=f< + o0 (resp. let f= + o0). A measure u has finite
(o, Byvariation (resp. (x, oo)-variation) if and only if there exists a non-negative
function h in If*~2(R) (resp. a finite positive Borel measure h) such that || |

fdul.=(J1f1hd0)!2, for all feIl’(R) (resp. || [ fdul <(f1f1?dm)'?, for all
R R R
feCo(R)).
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Proof. The “if part” simply follows from Hoélder’s inequality. For the converse:
the case a=2, =+ o0 is just the positive definite version of Grothendieck’s
inequality (see Pisier [Pi] for extensive developments on Grothendieck’s inequali-
ty and its ramifications); while the case 1 £a <2, f= + co is essentially contained,
using also Pietsch domination theorem, in Lindenstrauss and Pelczynski [LP].
For 1 £a<2=< < + o0, we only sketch the proof indicating the major differences
with the Hilbert space case, i.e., =2, already given, for x4 with compact support,
in [H1]. First, we need to show that there exists a constant K >0 such that

ilf!2

i=1

H

B/2

(5.0 Y[ fidulZsK

for all f1,f5, ..., f,€C.(R). To do so, let X, X,, ..., X, be independent N (0, 1)
random variables on some probability space (€', #', #"). Then, by Minkowski’s
inequality and by the independence and Gaussian assumptions we have,

{z I nawit = f (lzl (f i @2z @]
=(£|X1|>—‘{I(Q§

il (Jfdw @) Xi@) ’ d7 (w’))“dgﬁ(w)}m

n a 1/a
<@IX,) 5{5 Y ({ fidn) @) X d2(@)) 47 w)
o W0 li=1 R
(Minkowski’s inequality)
=@IXH Z [ fi dg”(w)
2 lHi=1 R

Slul@Xht§

dZ' (@)  ((o, B)-boundedness)

i l

i X (o )H a7 (' )}Uﬁ (Holder’s inequality)

Q'
<|ul(@1X,) " {
§

if,(t)X (a))] dg”(cu)dt} 4

— (61X 1) {

R

5l

" 1
= nun<£|Xll>-1(£lxll”>"”{f (Z lfi(t)lz)”’zdt}
R \i=1

(N(0, 1), independence)
1/2

an | fi?

i=1

=[ul(E1X1) T EIX P

This gives 5.1. Then, for f real valued and in C,(R), and for any finite set
{fla "'5fn}CCC(IR)a let
AN
SUitis S ={ {15 (2 152)
R i=1

2/8

atd [ fdul2,

i=1 R
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where K is the infimum of the constants appearing in (5.1); and let also Q(f)
=inf S(f, f1, ..., f,), where the infimum is taken over all finite sets of elements
of C.(IR). Then, as in [H1], Q is a subadditive homogeneous functional on
CI(IR) (the real valued elements of C.(IR)) such that:

(5.2) IQUNZ 1S N2

Again, by applying Hahn-Banach twice, there exists a linear functional L such

that for all fe C,(R) |L(f)| 22| f ||5»- Now, by the density of C.(R) in I#/*(IR)

and the Riesz representation theorem, there exists hyeI?*~2(R) such that

L(f)= [ fhodt, feI’*(R). Finally, and exactly as in [H1], Lis a positive func-
R

tional and furthermore,

(5.3) 1§ fauli<K [1fPhodt.
R R

Taking h= K hy and by the density of C,(IR) in I?(R), the result follows. []

A major difference between the above theorem and the classical Grothen-
dieck’s inequality is the unboundedness of the dominating measure. A case
at hand is, again, a white measure which has finite (2, 2)-variation and for which
a dominating measure is Lebesgue measure. The dominating h above is clearly
not unique, however (see [H1]), there exists a unique & such that ||k z,_, =inf K
appearing in (5.1). The orthogonally (resp. independently) scattered case, clearly
shows that for 1<f<2(resp. 1<fB<a) the only h satisfying the conclusions
of Theorem 5.1 is h=0. It is also clear that in Theorem 5.1, I*(#) and I/(RR)
can be respectively replaced by L*(v) and I£(y), for some o-finite v and #; the
corresponding h is then in I#/#~2(n).

A consequence of Theorem 5.1 is the following dilation and multiplication
result.

Theorem 5.2. Let 1<a<2=<f=< +o0. A random measure p: By(R)— [°(P) has
Sfinite (o, B)-variation if and only if there exist a probability space (Q, &, ?) with
I2(P)<I*(P), an orthogonally scattered v: B (R) — I(P) with finite (2, f)-varia-
tion and A in I***~*(P) such that u=APv, ie., u(A)=APv(A), Ac B,(R), where
P is the orthogonal projection from I*(%?) to I*(%).

Proof. Holder’s inequality and the property of the (a, f)-variation mentioned
at the end of Sect. 2 give the sufficiency part. For the necessity part, in order
to find /, it is enough to apply Maurey’s criterion (see [M, Théor. 8]) after
having identify u with the operator given by Theorem 2.2. But, in Theorem 5.1,
we proved that:

{ § ( Z I ]g fidw (w)lz)alz AP ()"

Q NM=1
<lul (£|X1|)—1(£|X1|ﬁ)”ﬂ{ i (z m(t);z)"”dt}””

R \i=1

n 12
gnuu(é"|xlr)—1(£|xl|ﬁ>lﬂ’(z uf,-u,%) ,
i=1
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where the last inequality is again Minkowski’s since 2< f < + 0. We also get,
using methods corresponding to the case

p+eo {I(T U0 hdw (w)tZ)md@(cu)}”“gK(i 11z

2 \i=1 R i=1

Thus Maurey’s criterion is verified and this gives AeI?*27*(2). For the rest

of the proof, let h be as in Theorem 5.1 and let f and geC.(R). As in [H1],

and after having identified the functions f such that | j fdul?
R

= [ |f1*hdt(resp.= [ | f|>dh when f= + o0), we can define a inner product by
R R

(fi8o= [ fghdt—{{ fdu, | gdu>,
R R R

(J fgdh—< | fdp, [ gdud, when f=+ o).
R R R

Completing the corresponding space with respect to the norm |+|,, we
get a Hilbert space I2(%,). Then, and again as in [H1], [}(P)=12(Z))® [*(P)
and for each AeZ,(R), v(4A)=vy(4)+ u(A4). As constructed, v has the desired
properties. [

Combining Theorem 3.2 and 5.2, the result below is clear.

Corollary 5.3. Let 1<a<2<3< + 0. A bounded process X is strongly continu-
ous and (o, B)-bounded if and only if there exists a bounded (2, f)-bounded Cesdro
harmonizable strongly continuous process Y defined on (), with I*(#)c 12(P),
and a random variable J. in I**2~*(#) such that X,=APY,, teR, where P is
the orthogonal projection from I2(2) to 12(P).

For «=2 and =+ o0, Theorem 5.1 is due to Niemi [N] (when a=2, 4
can be taken constant hence u=Pv,, where v, =A4v). Combining Theorem 3.4
and 5.2, a measurable version of Corollary 5.3 readily follows.

For 1 £ <a, Proposition 2.5 and its remark show that no version of Theo-
rem 5.2 can hold. On the other hand, for 1£a<f<2, and by taking for u
the Lévy motion it is clear that with 2 replaced by «, (5.3) does not hold.
Furthermore, as alluded to by the independently scattered S« S random measure,
a potential range for the values of the parameters is 1 <y<a < ff<2. However,
no similar 1 £y<a = f<2 version of the domination theorem 5.1 do hold, since
the ideals of a-summing operators from If to IV are increasing for 1<y<2,
B <a<2 and 2< fi< + oo (see Pietsch [P, 22.4]). Nevertheless, by replacing the
independent N(0, 1) by i.id. SaS random variables, it can be shown (see [M])
that

Thus, the corresponding version of Maurey’s criterion is verified and p can
be decomposed as p=Av, with Ae[#"*~7(2), v itself cannot be further decom-
posed as in theorem 5.2.

(£ g o) s S usm)

i=1
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6 Some applications

The rest of this paper is devoted to some applications of methods developed
to this point and will be devoted to two problems (see [H3] for other types
of applications). Firstly, the more theoretical problem of decomposing random
measures, secondly, the more practical problem of finding existence results for
linear stochastic differential equations.

Definition 6.1. Let 1<a¢<2 and let 1<+ . A random measure u of
bounded (o, f)-variation is continuous if 1(A)=0, for all finite sets A and discrete
if there exists an increasing sequence {4,} of finite sets such that lim —

=0, where pu, is the restriction of u to A4,, i.e., y,(4A)=u(4 nA,,) AEQO(IR)

Although the following looks well known we believe it is or1g1na1 to this
work. It has, however, its origins in the bilinear case version, i.e., x=2 and
p=+0,as given by Graham and Schreiber [GS].

Theorem 6.2. Let 1S0<2=<f<+00. A random measure u of bounded (a, f)-
variation admits a unique decomposition pu=p + u, into continuous and discrete
parts, with both u, and y, of bounded (o, B)-variation.

Proof. The uniqueness follows directly from the above definition. Let & be any
of the positive dominating measure in Theorem 5.1 and let A= {teR: h(z)>0},

then A is at most countable and A= | ] 4, where A;cA4,c...c4,c... are
n=1
finite sets. Let u, be the restriction of u to 4 and let u, be the restriction
of u to A,. It is also clear from elementary properties of the (a, B)-variation
that p,; and p, have bounded (a, f)-variation with |p,f| < lpll and |, | < ||x].
We now show that p, is discrete by showing that lim |u,—u,|=0. Let
n—>+ow

N

Be#,(R) and {B;}=%,(R) be a finite partition of B, let f= ) b, yz, with
i=1

b;eC and let A4; denote the complement of 4, in A. Then,

i=1 i=1

N
= g i (B A)— Z binBin4,)|

i=1

N

i=1

=1 S llp h(Az),

by Theorem 5.1 and Holder’s inequality. Since A={reR: h(t)>0}, we have
11111 h(A:)=0, hence linl lpg— | = lim h(A5)=0 and u, is discrete. Let

n— + 0 -+ w n=>+w

H.=p— iy, then y, has bounded (o, f)-variation since both u and u, share this

property. Let B be any finite set, let 4 be as above, then p.(B)= u(B)— u,(B)
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=pu(ANB)+u(4°nB)—py,y(B), and by the domination theorem, ||u{A°nB)|,
<h(4°n B)=0 since the discrete part of h is supported on A. Since p, is the
restriction of u to A, we have p.(B)=pu(AnB)—pu,(B)=pu(ANB)—u(An B)=0
and y, is continuous. [

As immediate consequences of the definition of boundedness Theorem 5.1
as well as Theorem 5.2, 6.2 and its proof (using also the notations of Sect. 5)
we get:

Corollary 6.3. For 1<a=<2 and 1<p< + o0, a random measure p of bounded
(o, B)-variation is continuous.

Corollary 6.4, Let lsa=s2= B= + o0 and let p have finite (o, B)-variation. Then,
u is discrete (resp. continuous) if and only if p=APv, with v discrete (resp. continu-
ous).

It is clear that, using Corollary 5.3, stochastic processes versions of our corol-
laries easily follows; but it is also well known that, in general, the measure
i does not have a Radon-Nikodym derivative, i.e., y, cannot be further decom-
posed into an L!-function and a singular continuous part.

To end this work, we now present some results on linear stochastic differen-
tial equations (the derivatives are taken in the norm-sense). Once again, the
case a=2 and f=+ o0 was already known to Bochner [B2], the case ax<2
and =+ oo is omitted since essentially identical, and we thus assume that
1fa<2and 1<+ 0.

Theorem 6.5. Let Y be a norm bounded strongly continuous (o, f)-bounded Cesdro
harmonizable process, and let

L=Y a,d¥d*
k=0

be a linear autonomous differential operator. Then, the stochastic differential
equation LX =Y has a bounded strongly continuous («, f)-bounded solution
if and only if it has a bounded strongly continuous («, 8)-bounded Cesaro har-
monizable solution.

Proof. The “if” part is trivial. For the “only if” part, let L(¢)= ) a, &, ¢eRR,
k=0
be the characteristic polynomial of the operator L, let N={&: L(£)=0} and
let
A

tm i | (1-E)esance

+ oo —1

be a strongly continuous («, f)-bounded solution of LX=Y Let Ac#,(R) and
let also

A_ 1 A _@ 4
Xit= lim | {1-=")e" () dpe().

A=+ "y v
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Since a strong solution of the equation is also a weak solution and since L
commutes with the integral (dominated convergence), we have

A

LX/=L fim j( e @

A=+ -

_ lim (1_%)ei'fL(¢>xA(f>dux(é)=Y;‘
A=+ ~2

1 : |£l ité

= lim (1= e y,(8) din ().

Since A€ %,(IR), this becomes

j e L(E) (&) du (&)= j e xa(©) du, (8,
R R

and the uniqueness of the Fourier transform gives, for each Ae%,(R), y, Ldu,
=y4dp,, ie, Ldu,=dpu,. Now, by Theorem 5.1 or by the very definition of
boundedness, we have h(N)=0, and

A A

— A —A

is well deﬁned with LZ}=Y?. Again, since y, Ldp,=y,du, it directly follows
that L™ u, has bounded (x, f)-variation and thus we can set

A

Z= lim ;( l%')e“éL‘l(é)duy(f),

A=+

uniformly on compact sets. As defined, Z has the required properties. []

Theorem 6.5, can roughly be restated in the following way: under the same
hypotheses on Y, any (x, f)-bounded solution of LX =Y must be stationary.
In the above result, L can also take a more general form such as a differential-
convolution operator. The resulting theorem admits a similar proof since what
is needed is the interchangeability of the operator and the integral. In fact,
this is the type of operators studied in [B2]. Also, only assuming the existence
of a weak solution is enough. For = + oo, the result takes a slightly different
form, since h(N) might not be null. So, in the proof of the results, Z above
should be replaced by

A

Z— lim j( l/%e“'gL_l(f)XR\N(é)d#y(@,

A=+

with the corresponding adjustments in the conclusions. To finish, it is clear
that, for B= + co, if u, is discrete (resp. continuous) so is y,.
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