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Summary. Let X be a BES;(d) (0<d<1) with canonical decomposition X
=B+(d—1)H, where B is a brownian motion and H locally of zero energy.
The process (X ; H) is shown to have a Jocal time at (0; 0), and the characteris-
tic measure of its excursions (in It6’s sense) is described. This study leads
us to new determinations of the — space variable — process defined by the
occupation densities of H taken at some optional times.

1. Introduction

The theory of the excursions of a Markov process out of a regular point, initiated
by It6 [7], is a powerful tool to study diffusions on the line such as brownian
motion and Bessel processes. It both provides global information on the paths
and allows explicit computation of distributions (see Williams [12]; Rogers
[9]; Pitman and Yor [§]; Biane and Yor [4]; Barlow et al. [1]).

In this paper, we consider the Markovian couple formed by a Bessel process
X of dimension de(0; 1) and its drift term H which appears in the canonical
decomposition of X

(1.1) X()=B(t)+(d—1) H(t)

as the sum of a real brownian motion B and a locally of zero energy process
(d—1)H. We firstly note that (0; 0) is a regular point for (X; H) and that its
associated local time satisfies an analogy of Lévy’s downcrossing theorem. Fol-
lowing It6 [7], the process of the excursions of (X; H) out of (0; 0) is a Poisson
point process, and we describe its characteristic measure.

The initial motivation of this work was an attempt to explain the Ray-Knight
theorems obtained in [2] for the occupation densities of H. We will see in
Sect. 4 that the excursion theory not only gives a direct proof of those theorems,
but also yields to new results. There are now two natural excursion processes
related to X (the classical one, as it is described for instance in Pitman and
Yor [8], and the present one); and a comparizon of the two would be interesting
since each is likely to produce new information about the other.
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In this paper, (2, &, (%);zq, P) will stand for a complete probability space,
endowed with a right-continuous family of g-ficlds. We will denote by X a
Bessel process of dimension de(0; 1), starting from 0 and with an instantaneous
reflecting barrier at 0 (in short, X is a BESy(d)); and by {L}:acR,,t>0} a
jointly continuous version of its local times, ic. P as., for every positive ¢t and
bounded Borel ¢, we have

[ o) ds= | o@Iiat! da
0 R.

We saw in [2] that the drift term H of X [see (1.1)] admits a representation
as a “partie finie” (p.f) in Hadamard’s sense associated to the local times of
X:

(1.2) H(t)z%p.f.th_l(s)dS=% [ (Li—L)a'*da
0

R,

t
(remember that de(0; 1), so [ X "'(s)ds=o0 p.s. for every positive t). This for-
0

mula implies that

(1.3) p.s., H increases on every interval on which X is never zero.

Note however that, according to (1.1) and since d—1 is negative, H is negative
when B is positive. More precisely, if we introduce

T(b)=inf{t=0: H{)=b} (beR),

then T(b) is finite a.s. (cf. Lemma 3.7. in [2]), and it follows from (1.3) that
X (T'(b))=0 provided that b is negative.

2. Local Time and Down-Crossings Number

In this paragraph, we introduce a local time at (0;0) for (X; H). For every
nelN and telR,, let us denote by d,(t) the number of down-crossings of H
from 0 to —27" during the interval of time [0; £]. Our main result is

Theorem 2.1. P as., for all t, 2"~V d, (t) converges as n goes to + oo to a continu-
ous non-decreasing process 0(t). Furthermore, the set of times at which § increases
is {t: X(©)=H(t)=0} and lim 6 = + c0.

+ o

Remark. (0; 0) is a regular point for the Markov process (X; H) (indeed, if g,
denotes the last time before T{—¢g) when H is zero, then there is no neighbour-
hood of g, on which H increases, so according to (1.3), X(g,)=H(g,)=0, 0<g,
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Fig. 1. (X; H) graph on [0; T(—1)]

<T(—¢)and T(—e)] 0 p.s.), and since J is clearly a positive continuous homoge-
neous additive functional of (X, H) which increases only when (X; H)=(0; 0),
0 is the (unique up to a multiplicative constant) local time at (0; 0) of (X; H).

Proof. Two lemmas are interspersed through the proof; the first is

Lemma 2.2. {2"“~Vq (T(—1)): neN} is a positive martingale (with regards to
its natural filtration). Hence it converges P a.s. and in L*(P), and its limit, 6(T(—1))
has an exponential distribution with parameter 1.

Proof of Lemma 2.2. Let us set, for all (k, n)eIN?: S5=0,
Tr=inf{t=8;: H(f)=—2""} A T(—1),

Ul=inf{t=T": H({t)=0} A T(—1),
and
Sy =inf{t> U HE)=0} A T(—1).

To be at ease, it is important to understand what is related to those definitions
(see Fig. 1):

T3 is the first hitting time of —27" by H, and we saw in the introduction
that X (7g)=0. If Uj<T(—1), then U§ is the first time after Ty when H hits
0 again. Since X (Up)=0 a.s. on {Uj<T(—1)} (see Proposition 5.4. in [2]), H
increases on a neighbourhood of Uj; and §% is the second time after T when
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H hits 0 again. Since H is positive immediately after Uj, the same arguments
as before imply X (S7)=0.
We split H paths as in Fig. 1: let us denote

2u()=H(Si+1)  for te[0; T’ — 5]
Hyp ()=H(T¢+1)  for te[0; 87, —T].

Since X (SP)=X(T7)=0, the process t— X (S;+1) (respectively t+— X (T} +1)) is
a BES,(d), independent of Fx (respectively of #m); hence:

(i) Conditionally on H(S}), H3, is independent of F and of Fip
=c{X(t): t2 T}, is identically 0 when H(S})=—1, and is distributed as H}
when H(§})=0.

(i) Conditionally on (H(Ty), H(Sk+1)), H2x+1 is independent of #» and of
%£H=J{X (®):t>S; .}, is identically 0 if H(T)= —1, and is distributed as
(H}|H(S%)=0) (respectively (H}]H(S})= —1)) when H(S;.,)=0 (respectively
H(Si+,)=—1and H(TY)=—-27").

Now, notice that, for every peIN*, {d (T(—1))=p}={H (S})=0 and H(T})
=—2""k<p—1}n{H(S};)= — 1}. Since for every non negative integer r, down-
crossings of H from 0 to —27"7" only occur on intervals [S%; T;"], and since
for every positive integer g <n, d,(T(—1)) depends only on {H%, , ;: 0<k=<p—1};
we deduce from above that, conditionally on d,(T(—1)), {d,.+(T(—1)): reN}
and {d,(T(—1)): g<n} are independent (i.e. {d,(T(—1)): neN} is a Markov
chain).

On the one hand, we saw in §5 of [2] that, if f is a continuous function
and F is the primitive of f which is nul at 0, then

rf’f=exp{X(t)f(H(t))+(1 d) F(H(t)— H(f’+f2)(H(S))dS}

is a continuous local martingale. If we take f(x)=(x—1/2) %, then f'+ f*=0
on (—o0; 1/2), and the optional sampling theorem applied to T(—1/2) A T(1/2)
gives

P((T(~1/)<T(/2)=2"""=P({S}=T(-1)}.
Since X (S})=0, the strong Markov property implies
2.1 P{d(T(=1)>gp)=(1-2""" (qeN);
and particularly, E[d,(T(—1))]=2' "4
On the other hand, since conditionally on {d,(T(—1))=p}, {H5: k<p—1}
is a family of p independent processes, all having the same distribution as

{27"H(2"#): t<2™" T(—1)} (use the scaling property), we deduce from (2.1)
that

E(d,+ (T(—= I (T(— 1))=2""4d,(T(—1)),
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and the first part of Lemma 2.2. is proved (because {d,(T(—1)): neN} is a Mar-
kov chain).

Thus, (2.1) implies that P({d,(T(—1))>g})=(1—2"“" 14 Hence, taking the
limit as ntT + oo, we obtain that

P({8(T(—)>x)=e"% [

Proof of theorem 2.1 (continuation). Let us first show that if T is an optional
time such that T<T(—1) P as., then 2“1 (T) converges P a.s. as nt+ o
(according to Theorem 21, Chap. 1 in Dellacherie and Meyer [6], this shall
imply the convergence in L'(P), since, 2"¥~ V¢ (T)<2"@~ V4 (T(—1)), and
{274~V g, (T(—1)): neN} is uniformly integrable).

Let us set S=inf{s=T: H(s)=X(s)=0} A T(—1). As in the proof of Lem-
ma22, we see that on {H(T)>0}u{H(T)=0 and X(T7)=0},
S=inf{s>T: H(s)=0}, and on {X(T)=H(T)=0}, S=T. We have

(i) On {S=T(-1)}, H(T) is negative (since H(T)=0 implies
S=inf{s>T: H(s)=0}; and the last quantity is clearly less than 7(—1)); and
provided that H(T)<—27% d,(T)=4,(S) for every n>p. Consequently,
2"@=1 ¢ (T) converges.

(i) On {S<T(—1)}, let us define X(t)=X(S+1). Since X(5)=0, X is a

t

BES, (d): (t)=B(0)+(d—1) H(r), with A()=1pf. | £~1(s)ds. Let T(—1) den-
0

ote the first hitting time of —1 by H; and d,(T(—1)) the number of down-

crossings from 0 to —27* of H during [0; T(—1)]. We have

d,(T(—=1))=d,(S)+d,(T(-1)).

So, according to Lemma 2.2, 2"~ 1, (S) converges as nT+ oo. Now, notice
that d,(S)=d,(T) in each of the following cases:

(a) For every n if (H(T)>0) or if (H(T)=0 and X(T)%+0) (since then §
=inf{s>T: H(s)=0}).

(b) For every nif X(T)=H(T)=0 (since then S=T).

(c) For every n>p if H(T)< —27? (since then, if U=inf{s>T: H(s)=0},
then S=inf{s>U: H(s)=0}, and H is negative on (T; U) and positive on (U; S)).

Hence, in any case, 2"“~Vd _(T) converges.

Now, we have to prove that P as., 2"~ 14, (i) converges for all positive
t. For every positive &, let us introduce

A, ={t<T(—1): Iminf 2"~ Vd () +e<limsup 2“1 4, (1)},
nt+w nt+ew

and
S,=inf{t=0: ted,} AT(—1).

Since A, is a progressive set, S, is a stopping time; and we deduce from above
that 2"@~1 d,(S,) converges, so S.¢4,. If we suppose that P({4,+0}) is positive,
then, conditionally on {4,+0}, H(S)=X(S)=0 (if H(S,)+0, then, for every
5 close enough to S,, d,(S,)=d,(s) provided that n being sufficiently large; so
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s¢A,; and if H(S)=0 and X(S,)>0, then H increases on a neighbourhood
of 5., and the same arguments apply). Once again, X ()= X (S,+1) is a BES,(d);
if we define the corresponding d,(f), T(—1) and 5(T(— 1)), then, for all positive
s, the definition of S, implies the existence of a positive s such that s'<s
and limsup 2"¢~ Y, (s')>¢. Since 2™~V (s)<2"4" D g (T(—1)), we obtain
nt+
S(T(—1))>¢; and this is false because §(T(—1)) has an exponential distri-
bution. Hence P({4,+0})=0 and after usual scaling arguments, we have proven
that P a.s., 2"“@~ 14, (t) converges for all positive i.
The continuity of ¢ is a consequence of the following

Lemma 2.3. For each positive ¢, there exists an integer N such that, for every
n> N and every stopping time T, TS T{—1),

[EQM~Dd (T)—6(T)| <.

Proof of Lemma 2.3. Since the martingale {2"¢~Vd,(T(—1)): neN} is uniformly
integrable, for every positive ¢, there exists an integer N such that, if n>N,
then

E(|2""Dd,(T(~1)—-3(T(- 1)) =e.

Let S denote inf{s=T: H{t)=X()=0}AT(—1). In particular, we have
E(|2""Yd,(S)—4(S)| Lis=r(-1y)<&. On the other hand, conditionally on {S
<T(—1)}, X(t})=X(S+1)is a BESy(d), and with the corresponding notations,

d(T(—1)=4d,8)+d,(T(-1), S(T(—1)=5(S)+5(T(—1)).
So
E(12 "V d,(8)— ()| Lis< (- 1p)
<E(|12""Vd,(T(—1)—(T(—1))|
+]204=D g (T(—1)-8(T(- 1) =2e.

The lemma follows from the obvious inequality: d,(T)=d,(S)<d,(T)+1. O

Proof of theorem 2.1 (end). Since § is a previsible non-decreasing process, accord-
ing to Dellacherie and Meyer ([6]: Theorem 48, Chap. VI), in order to prove
the continuity of 4, it is sufficient to show that for any stopping time T < T(—1)
P as, and for any sequence {T,:neN} of stopping times, T,<T{—1) and
lim T, =T P a.s., we have lim E(6(T;))=E(6(T)), which is an easy consequence
of the former lemma.

Since we already know that 6 increases only when X and H are zero, it
remains to prove the converse: let a and b be two real numbers, 0<a<bh, and
let us define T=inf{t>a: X(1)=H(t)=0}. X@®=X(T+1) is a BES,(d); and
according to Lemma 2.2. and the scaling invariance property, for every positive
¢, 8(T(—¢)) has an exponential distribution. Since §(a)=45(T) and lim T(—g)=0,

¢l 0

we have P({ (T)=6(b), T<b})=0, and so
Pl | {3te]a;b[: X(O)=H()=0 and 6(a)=5(b)}]=0.

O0=24%h
a,be@
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Finally, Lemma 2.2. and the scaling invariance imply that lim 6= +oc0. []
+w

The local time at (0;0) is a natural measure on the zero set of (X; H).
In order to make a more rigourous statement, let us introduce the right-continu-
ous inverse of ¢:
o(ty=inf{s: d(s)>t}.

We easily deduce from Theorem 2.1.

Proposition 2.4. ¢ is a stable subordinator of index (1—d)/2. More precisely, for
all positive k, E[exp—k o(t)] =exp—t(8 k)1 ~9/72,

Proof. For all positive k, {H(kt):t%O}g{kl/zH(t):th}. Hence {d(kt):t

>0} 2 (k92 §(1): 120} and {o(ke): 20} 2 (K09 5(1): 20}, Further-
more, since ¢ only increases when X and H are both zero, the strong Markov
property implies that {X(a(t)+7): r20} is a BES,(d) independent of %, ,; and
o is a non-decreasing process with homogeneous independent increments. Even-
tually, the Laplace transform of ¢ is obtained by the computation of the Laplace
transform of inf{¢: d,(f)=x} which is done by the same techniques as in [2]. []
Corollary 2.5. There is a finite positive constant C such that, P a.s., for all positive
t, p—m({s=t: X(s)=H(s)=0})=C (t); where ¢ —m stands for the Hausdorff
p-measure, and
@(h)=h" "2 (log [log h|)* *72,

Proof. ¢ has the same distribution as the right-continuous inverse of the local
time at O of a stable process of index 2/(1 +d); and so 6 has the same distribution
as the local time at O of this stable process. According to Taylor and Wendel
[11], there is a positive finite constant C such that

p-m({s<t: H)=X(9=0)=Co(). O
Remark. 1t is easy to prove that
{t:H=0}={t: HO)=X()=0} u{t: H{)=0; X ()0}

is the canonical decomposition of the closed set {t: H(t)=0} as the union of
a perfect closed set and the set of its isolated points. Furthermore, between
two isolated points (respectively two accumulation points), there exist infinitely
many accumulation points (respectively at least one isolated point). In particular,
we also have g —m({s<t: H(s)=0})=C (2.

3. Excursions of (X; H)

We saw in the former paragraph that (0;0) is a regular and recurrent point
for (X; H). Following It6 [7], we introduce the excursion process e=(e; e?),
where

e O={X©t=)+N1lzem-oa-y: reR.},
e*(t)= {H(o(t~)+7) Ly<ay-ca—y: TER L}

Theorem 3.1. (Itd). e is a Poisson point process.



238 J. Bertoin

We will denote by m its characteristic measure on 23, the set of continuous
w: R, —-R, xR, w(0)=(0;0) and w absorbed at (0; 0) after the first return
to the origine.

The purpose of this paragraph is to present a decomposition of the generic
excursion (see Theorem 3.4.). In comparizon with Williams’ decomposition at
the maximum of the brownian excursion (Williams [12]; Rogers [9]), it is inter-
sesting to note that here, the splitting time is a stopping time in the natural
filtration on Q3%. Several applications of this result are discusted in Sect. 4.
The key point for the description of m is the following

Lemma 3.2. {X (s): s<0(?)} and {X(o(t)—s): s<o(t)} are identical in law. Hence,
so are the processes {H(s): s<o(t)} and { —H(a(t)—s): s<a(t)}.

Proof. Let 7 stand for the right-continuous inverse of L° (tr,=inf{s: LY >1}). H(z.)
is a stable process of index 2—d (the strong Markov property implies that
H(z.) has homogeneous independent increments, and it remains to use the scal-
ing invariance property, see Biane and Yor [4]). According to Boylan [5], there
exists a jointly continuous version {A{: aeRR, t=0} of the occupation densities
of H(t.)i.e. a.s., for every bounded Borel ¢ and positive t,

[ HGE) ds= | pla)Aida.
Y R

Since d,(z,) is the number of down-crossings from 0 to —27" of H(z.) during
[0; ] (because H increases on every excursion interval of X), §(z.) is a continuous
positive homogeneous additive functional of H(z.) which increases only when
H(z.) is nul, and so there is a positive finite constant ¢ such that §(t,)=c 4.
Since & increases only when X =0, §(t)=c A9y Now set

IP=43, and [¥=Sup{lf:acR}.

(note that a.s., (g, t)— [ is continuous). We have
t
foH )AL= | (@) da.
0 R

Consider the process

2=ty 900 exp{ ~ 3 5. XA 0],

i=1

where n and x are two positive integers, 0=, <...<t,, (2, ..., %,)e(R )", and
¢ is a non negative with compact support C® function. Since a.s. for every
a, the measure dl¢ does not charge inf{z: [} =x}, the only discontinuous time

of Z, a— | Z(s)dl4 is continuous.
0]
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Now, let {f;: keIN} be an approximation of the Dirac mass at 0. On the
one hand,

E| | et ()20 dL?]=EL§ dafi(a) f 2 dict|

0

and the last term converges as kT + oo to

E[jOZ(s)dé(s)].

On the other hand,

E[ }O cfi(H() Z(2) dL?]

0

Oh—;s

E[1y <y cfiHE@) plcl) exp{—Y os X (t; A1)} dL.

Since {X (s): s<t,} has the same distribution as {X (s)= X (r,—s): s<7,} (because,
according to Pitman and Yor [8], the processes of excursions of those two
processes are two Poisson point processes stopped at the instant ¢, with the

same characteristic measure), if we set H(s)=1p.f. | du/X (u) and define the
corresponding {/*: acR, t>0}, then H(s)=H(z,)—H (t,—s); hence H(r,)=H(t,)
and [f =) "e Sq,

E[ly <qcfilH(z)) plcll) exp{—) o X (t; A1)}]
=E [1{l¥t<x} cfi(H(z)) ¢(c lff(’*)) CXp { —Z o X (t,— ;A Tt)}]:

consequently

E[  eh(H ) 20 dL?]

0
~E| [ dafile) [ Lgm S ) exp [~ X X (s t,79) dich)
R 0
and this last quantity converges as kT + co to
E[ }O Lgg<ny @l exp{—Y o, X (s—1; A 5)} dé(s)].
0

Furthermore, since ¢ increases only when H=0, the last expression is equal
to

E[ }O iy @OG6) exp{—> 0; X (s—t; A s)} dé(s)].
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So, eventually, we have
| f uw¢<a<s))exp{72aiX(tiAs)}dé(s)]
=E[f Ly D) exp (-~ Tt X5 105} 4309
Taking the limit as x T + o0, we obtain
:f ds (5 Elexp{— Y. X (605~ 1 (5D}
. :fwds¢(S)E[€XP{—Z°‘iX(ti/\G(S))}]-

Hence, for almost every s,

Elexp{—Y ;X (a(s)—t; na(s)}]=E[exp{—Y o, X (t; na(s))}].

We deduce that, for all ¢,

(X(s): s<o(®) 2 (X (6()—9): 5= 0 (D)

In particular,
S du @ s du }
S| ——=1sZ1,r=<pfl | ———:s<7
{p X —‘} {p I xGo—w =

@ dy
= - o<
{p.f. Gmf‘ Xw s< 7:,}

ot} du G{t)—s du
=<{p.f —p.f. h—:sgr},
{p Yxw Pt xwoEn
o(t)
and since p.f. j ———==0), we have the second part of the Lemma. []

o X
We start the description of m introducing the following

Notations. For all o =(w'; w?)e 23", we set

u=inf{r>0: w?(r)=0}, v=inf{r>0: w(r)=(0,0)},

i=inf{w?(r):r=0} and s=sup{w’(r):r=0}.

J. Bertoin
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— For all positive t, we set

=Sup{s<t:H(s)=X(s)=0}

and
d,=inf{s>t: H(s)= X (s)=0}.
We have
Lemma 3.3. (o)) m(i=0)=m(s=0)=m(w*(u)=0)=0.
(B) For all positive x, m(i< —x)=x*"1
—d
) M Wed) =5 X Ty .

Proof. (2) Let ¢ be a positive real number. Since m(i< —¢) is finite and positive,
we can introduce the probability m,(-)=m(-|i< —¢). We know that m, is the
law of the process

{(X(gr(—o+); HEr(—o+ ) Vs<ar e o) 0<s}
As in Sect. 2, we notice that if gy, =sup{s<T(—e): H(s)=0}, then X (§r-)
=0 (because if it were positive, then H would increase on a neighbourhood
of gr(—y, and gy, would not be the last time before T(—e¢) at which H is
zero); and so gy (-, =gr(—,- In particular, H is negative on (gr(-,; T(—¢)).
According to Proposition 5.4 in [2], we have
my(s>0) Zm, (o' )>0)=1,
so, taking the limit as ¢ | 0,
3.1 m(s=0;i+0)=m(w'w)=0;i+£0)=0.

On the other hand, according to Lemma 3.2,

m(s+0;i=0)=m(s=0;i=+0),
thus

m(i=0)=m(s+0;i=0)+m(s=0;i=0)=m(w?*=0).

On {w*=0}, v=inf{r>0: w'(r)=0}, ' is positive on (0; v), and so

0=w’)=4%p fj 1(r_2fa)(r)

Hence, necessarily v=0, i.e. ®=0. So m(w?=0)=m(w =0)=0; and consequently,
m(i=0)=0. According to (3.1), we deduce that m(s=0)=m(w! (u)=0)=0.
(f) According to Lemma 2.2. and to the scaling invariance property,

E[0(T(—x)]=x'"% so m(i<—x)=x*"1.
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(y) According to Proposition5.4. in [2] and to the scaling invariance proper-
ty, for every positive € and ¢, we have

Elexp—0X(T(e)]=(1+e0)' 9 —(eH) 2
Hence,

fm(dw) Lg< -y [exp(—0o' @) —1]=e"""[(1 +&0)' " —(e6)' '~ 1];

and the last quantity converges as |0 to —@'"% This implies that m(i
1-d

+0; wl(wedx)= d

of (). [
We are now able to describe m:

Theorem 3.4. For all positive x, let X* denote a BES, (d): X*(t)=x+B(t)+(d
3
d
— 1) H*(t), where B is a standard brownian motion and H*(f)=%pf. | X"—z); and
0 s
let S*(0) stand for inf{t>0: H*(t)=0}. Then (remember that v denotes the life
time of the excursion) for every positive x, conditionally on w' (u)=x, the processes

x¥7 21,5 gy dx; and we achieve the proof with the help

{(@'(r+u); @*(r+u): 0<r<v—u}
and
{@'u—r); —0*(@—r): 0<rsu}
are independent and have both the same distribution as
{(X*(r); H*(r)): 0=r = 5*(0)}.

Proof. According to Lemma 3.3, w!(u) is positive m(dw) a.s., so w? increases
on a neighbourhood of u, and hence, v=inf{r>u: @*(r)=0} and O=sup{r
<u: ®*(r}=0}. We deduce that u is the only zero of w? on J0; v[. Since Lem-
ma 3.2. implies that, under m, the processes {@w'(r): 0=r=<v} and {w'(v—7r):0
<r=<v} have the same distribution, we deduce that {®'(u+r): 0=r=<v—u} and
{w' (u—r): 0=r Zu} are equally distributed too.
For every positive ¢, with the notations of the proof Lemma 3.3., let us

consider

P=P({w' (u+r):0sr=sv—u})
and

Y=P({w'(u—r):0=r=u})

two non-negative Borel functionals on Q3%%; and let us denote by @, (w'(w)
and (o' () their respective m-mean conditionally on w!(u): ¢, and , are
both non-negative Borel functions and, for all Borel non-negative functions f,

fmdo) 1<y (@ @)= [mdw) 1<y @0 @) flo! @)
fmdo)li<—y ¥ fo' W)= fmdw) 1< -y ¥.(0' @) f(* @)
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According to Lemma 3.3.1), the left-sides of the former equalities converge as
¢} 0 respectively to [ m(dw) @ f(w' (u)) and [m(dw) ¥ f(w* (). So 1« _, ¢,(w (1))
and 1;._, ¥.(w" (w)) increase as £] 0 respectively to two o (u)-measurable ran-
dom variables denoted by ¢(w* (1)) and ¥ (! ().

On the other hand, we know that the distribution of {w(r): 0<r<v} under
m, is equal to the distribution of {(X(gr—,+7); H(gr—y+r): 0Sr=<dy,
—8r(-g under P. Let us introduce

U=inf{r>T(—e¢): H(r)=0}(=inf{r>gy,: H(r)=0}).

Then dy_,=inf{r>U,: H(r)=0} (because, since X (U,) is positive, H increases
on a neighbourhood of U)), and, according to the strong Markov property,
conditionally on X(U)=x, {X(U,+r): 0=r=dy_,—U,} is independent of %,
and has the same law as {X*(r): 0=r=<S5%(0)}. We deduce firstly that ¢,(x)
=E[P({X*(r): 0=r=5¥(0)})]=¢(x); and secondly that, for every non-negative
Borel function f,

fmdo) ;<4 @¥ fo' ()
=mdw) 1< _py o(0" @) (0" W) f (' @).
Taking the limit as ¢ | 0, we finally get

fm{dw) oY f(o' )= [m(do) ¢(o' W) ¢ (' ) f (o' W),

so, conditionally on @' (u)=x, {®'(u+r): 0<r=<v—u} and {0 (u—r): 0<r=<u}
are two independent processes, the first one having the same distribution as
{X*(r): 0=r<8%(0)}.

Finally, since

utt

o*w+t)=%pl | drjo'(r)
0

utt

=?w)+4pf | dr/wl(r):%p.f.jfdr/wl(u+r) 0=tgv—u)

and
—1

o*(u—t)=4pf. uj dr/ow'(r)

=w?(u)—ipl f dr/cul(r)z—%p.f.jtdr/ool(u—r) 0Ztgw),

Theorem 3.4. is proven. []
Finally, let us see an easy application
t
Proposition 3.5. Consider Z* a BES,(d) and K*(t)=%pf. | Ziz)
0 r
Sup{K*(r): r=8*(0)} =1 (where S*(0)=inf{r>0: K*(r)=0}), and let D*(1)

=Sup{t<8%(0): K*(t)=1}. Then, conditionally on X(T(1))=x, the process
{(X(T(1)—1): t< T(1)} is distributed as {Z*(1): t < D*(1)}.

conditioned on
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Proof. When Q is a probability measure on a set of paths and W a process,
let us denote by £(W, Q) the law of W under Q. We also denote by @, the
translation operator of . We have
B({X(r): rs T(l)}: P)ZQ({X(V)O@T(—U: r<T(0)e Or 1)}: P)
= 2({0! (4 £(=1): 0= r Su— (1)}, my),
where #(—1)=inf{r: ®*(r)= —1}. Hence
LUX(TM)=r):r =T}, P(-|X(T(1)=x))
=Q{o'(u—r): 0= r<u—4(— 1)}, m(-| o' @W)=x))
=L{o'Ww+r): 0Zr< L) —u}, m(-|o* (u)=x and s= 1)),

where . (1)=sup {r>0: w*(r)=1}; it just remains to apply Theorem 3.4. []

4. Some Applications
4.1. Ray-Knight’s Type Results

Let us now recall the main results of [2]: P a.s., the occupation measure of
H is absolutely continuous with respect to Lebesgue measure on R, with densi-
ties {4{: aelR, =0}, and we have the following analogies of Ray-Knight theo-
rems

(RX.~1) Conditionally on A%-;,=x, {2}, a=0}
is the square of a BES, z(0) (in short BES Q, (0)).
(R.K. 1) Conditionally on A4,=x, {17{,: =0} is a BES Q,(0).

In order to explain these results via the excursion theory, let us first give
a Ray-Knight theorem for the generic excursion of H: for m-a.e. w, there exists
a family {4*: aeR} of r.v. such that for every Borel bounded ¢,

[ o@*@)dr= | p(a)4*da.
0 R

We have

Lemma 4.1. Conditionally on o' (u)=x, {1*:aecR,} and {17% acR.} are two
independent BES Q,..(0).

Proof. w? is negative on (0; u) and positive on (u; v). According to Theorem 3.4,
conditionally on w'=x, {1*:aeR.} and {A7* aelR,} are independent and
have both the same distribution as the occupation densities process of {H*(t): t
<S§*(0)}. Using generalized stochastic calculus introduced in [3], these occupa-
tion densities are easily shown to be a BES Q,,(0) (see proof of Theorem 4.1.

in[2]). O

Remember that ¢ is the right-continuous inverse of the local time at (0; 0)
of (X; H). We are now able to claim the following third Ray-Knight theorem:
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Theorem 4.2. (i) {A,,: t=0} is a unilateral stable process of index 1—d. More
precisely, for all positive k,

k
E[exp—i ,12(0]= exp—tk* 4

(ii) Conditionally on A3, =x (x> 0), the processes {12: a=0} and {i;§: a=0}
are two independent BES Q,(0).

Proof. Let f; and f, be two continuous non-negative functions with compact
support; and let ¢, and &, be the non-negative, non-increasing solutions of
&) = f,®;, with ¢,(0)=1 (i=1 or 2). According to the exponential formula (see
1t [7]),

Blexp{ = T UL O o+ o~ HOM i s0) )|
=exp{ o) 1—exp{ 4 [ (1070 Luso
(=00 Lazo)dr} ||
=exp{ e midal| 1-exp{~1([ fi—wnar+ | rioronar)} )

—exp{ =t [ - exp (x(@4 0+ 85 0]

R+

(use Lemmas 3.3. and 4.1. and Pitman and Yor’s description [8] of the Laplace
transform of a BESQ,(0)); and the last quantity is equal to exp{t @ (0)
+<1>’ (0))' 7?}. On the other hand, according to Corollary 3.10. in [2], 12,

= Y 2X(s)l-0 and the exponential formula implies easily that, for all

s=Za(t)

positive k,
k
E [exp ) )LS(,)J =exp—tk! ™4

Hence,

Bleso{ -1 | T fi@ g da—3 T 13(0) 153 daf|

=E[exp{ (&4,0)+ 2,(0) zam}]

that is, conditionally on A2, =x, {4%,,: a=0} and {A,&: a=0} are two indepen-
dent BES Q, (0) (see Pitman and Yor [8]). O

Let us give now an alternative proof of the descriptions (R.K.~1) and (R.K. 1):
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QT{;W T Orpay

H

Fig. 2. The transformation H +—H send the negative part of H-graph before gr(y, on the positive
part of H-graph before T(—1) (stripped areas), and the negative part of H-graph between g
and T(1) on the positive part of H-graph between T(1) and dy(- 1) (hatched areas)

Proof of (RK.~1). According to Theorem 3.1., the processes
t—e() Ljnrery> -1y and e lgnrzgz -1y

are two independent Poisson point processes with respective characteristic mea-
sure m1;, _; and m1;<_,. Thus, Lemma 2.2. implies that the process of the
excursions out of (0; 0) of (X (- A gy 1)); H(- Agr(-1)) is a Poisson point process
with characteristic measure m1;, _; and killed at an independent exponential
time with parameter 1. Since Theorem 3.4. allows us to claim that
{w(u+r): 0=r<v—u} has the same distribution under (m1,5_;|o'(u)=x) as
under (m|w!(u)=x), applying Theorem 4.2, we obtain that, conditionally on
S(T(—1)=t and 1%_)=x, {1511 a=0} is a BESQ,(0), and so (RK.-1) is
proven. [

Proof of (R.K.1). Let us see now that (R.X. 1) is a consequence of (R.K.~1)
and of the invariance under time reversal property (Lemma 3.2):

Let us introduce the process H:H(t)=—H(a(s)—t+a(s—)) for
tefo(s—); o(s)] (see Fig. 2). According to Lemma 3.2, H and H are equally
distributed (since their respective excursions processes are two Poisson point
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processes with the same characteristic measure); and we denote by 1, T(—1)...
the corresponding occupation densities, first hitting time of —1... for H. We
clearly have for every positive a, (see Fig. 2)

i a _7a _Nq
gT(y 8T T(-1)»

and

j'd-ra(l)zllf(al): ZT( 1y°

We know that, condltlonally on )T( H=X, {AT( 1 a>0} is a BES Q,(0). Fur-
thermore {)udT( Y ~ 74 1) a=0} is independent of Zz (- 1; and is, conditionally
on 79y -5 /IT( =Y, a BESQ,(0) (the first part is a consequence of the strong
Markov property, and Lemma 4.1. implies the second). The additive property
of squares of Bessel processes (Shiga and Watanabe [10]) allows us to claim
that, conditionally on 195 =2 {74 -1 @20} is a BESQ,(0); so (RK. 1) is
proven. []

Remark. Applying the same methods as in the proof of (R.K.-1), we easily
obtain other Ray-Knight’s representations of the occupation densities of H taken
at optional times such as inf{t: H(t)=0 and X (#)>1} or inf{t:t—g,>1 and
H(t)<0}.

4.2. Computation of Some Distributions

Section 3 also allows us to compute the distribution of several r.v.’s such as
(for instance) H(1), g, and (8(Ty), 4%,) where T denotes and exponential time
with parameter 6%/2 independent of X.

Proposition 4.3. For every negative x,
P(H()edx)=2(1—d)(2II)" Y2 exp(—x?(1—d)*/2) dx.

Proof. According to the scaling invariance property, there is a positive constant
c such that, for every positive ¢, P({H(t) <0})=c. We have

-+ o(s)
c=E j. e_tlH(t)<0dt:|:E|:Z j e——tlH(t)<0dt]

s>0 6(s—)

:ELZ e 06— )(56 1 m2(,.)<0dr)o@o'(s—):|

s>0

(where ® denotes the translation operator)

=E—+§we ols= )ds]jm(dou)(f 'dr)

(using Maisonneuve’s formula)
+
= j exp(—8U "925) ds fm(dw)(1—e ™)

—d
= gU—-1/2 1—e V2% xd=2._pd-1
=38 3" dx(1—e )F(d) 2971,
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On the one hand, for any negative x,
PH(1)<x)=P(T(x)<1; H1-T(x))<0)

d -
—S—> Since X is

(whcre Ry=X(+7T(x) and W) =H{t+T{(x)—x=1pf 530

QO ey

independent of (), we have

PH)<x)=2"1 P(T(x)<1).
On the other hand, we easily deduce from (1.1) that
4.1) T(x)=inf{t>0: B(t)=x(1—4d)}.

Indeed, since X is non-negative, B(t}=x(1—d) for all t+<T(x); and since
X(T(x))=0, B(T(x))=x(1—d). So (4.1) is proven, and

P(T(x)<1)=P(inf{B(s): s <1} £ x(1 ~d))
—2P(B(1-d) ) <x);
and finally, P(H(1)<x)=2‘P(B(1—d)" %) <x). [
The result for the positive part of H(1) is less simple:

Proposition 4.4. The law of H™ (1) is given by: for every positive 0,
02
B(oxp{ ~ a1 @) 7)o <

Proof. Let T, be an exponential time with parameter §%/2 independent of X.
We have, for any positive x,

02 + w0 92
P(H(T},)>x)=E[—2~ i dtexp(—?t)lm,)”]
0
2

92 S{x) 0
=E[? ] dtexp(——z—t)

T(x)

02 + oo 02
+7 s({c) a exp(—f t) 117('—S(x))>o]>

where S(x)=inf{t> T(x): H()=x} and H(t)=H(t+S(x))-x. Since H has the
same distribution as H and is independent of %, we obtain

P(H(T9)>x)=E<exp{——%2» T(x)}—Zd_ ! exp{—%i S(x)}).
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2 92
The computation of E(exp—% T(x)) and E (exp —5 S (x)) is done by the same

methods as in [2], and we obtain

2
E(exp~% T(x)) =(chf0x)! "?—(shx)! ¢
and
02
E(exp—7 S(x)) =gl =D _(2sh 0x)t 4

Finally, we get
4.2) P(H(Ty)>x)=(ch 0x)! "4 —(e"*/2)! 4.
We finish the proof applying (4.2) to x=1 and using the scaling invariance
property. [
1—d 1+d
Proposition 4.5. g, follows a ﬁ(—z—d‘, %) distribution.
Proof. By the same computations as in the proof of Proposition 4.3, we easily
obtain for every positive {,

E[ +§°°exp_(t+é’gt)dt]=(1+C)(d—1)/2_
0

Then the scaling invariance property and Barlow, Pitman and Yor’s methods
[1] establish the proposition. []

Eventually we have

Proposition 4.6. For every positive 0, the law of (8(Ty), A},) is given by: for all
positive a and b,

E(exp{—ad(Tp)—bg,})
=[2O+b) " —(O+2b) "+0'"Y/[a+(2(0 +b))* 4.
In particular, 5(Ty) has an exponential distribution with parameter (26)! ¢,

Proof.
E(exp{—ad(T)—bAg,})

g2+ 02
=E[— | exp——(~t+a5(t)+b/1?)dt]
2 2
+ o 92
:E[ 5 exp—(jo(t)-i-at-f-b/{g(t))dt:l
0
02 v 92
‘(fm(dw)f § exp—(ﬁrﬂ—bl?)dr)
2 2

=< :500 e E(exp—(072 0(t)+b)yf,’(t))) dt)

(jm(dco) [(1 _e—e2u/2)+e—2bw1(u)(e—92u/2_e—ezu/z)])‘
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After usual computations, we obtain

02
E(exp—(7 o{t)+ bzlg(‘))):exp{ — 20+ b)Y,
[m(de)(1—e ") =011,

and
fm(d(u) e~2bm1(u)(e~62u/2_e~02v/2):(2(9+b))1 +d_(9+2b)1 —d;

which proves the proposition. []
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