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Summary. In this paper we establish an almost sure invariance principle
with an error term o((¢ log log £)*/?) (as t — co) for partial sums of stationary
ergodic martingale difference sequences taking values in a real separable
Banach space. As partial sums of weakly dependent random variables can
often be well approximated by martingales, this result also leads to almost
sure invariance principles for a wide class of stationary ergodic sequences
such as ¢-mixing and «-mixing sequences and functionals of such sequences.
Compared with previous related work for vector valued random variables
(starting with an article by Kuelbs and Philipp [27]), the present approach
leads to a unification of the theory (at least for stationary sequences), moment
conditions required by earlier authors are relaxed (only second order weak
moments are needed), and our proofs are easier in that we do not employ
estimates of the rate of convergence in the central limit theorem but merely
the central limit theorem itself.

0. Introduction

Throughout this paper, we shall adhere to the following standard notation:
R:=set of all real numbers, R*:={xelR: x>0}, Z:=set of all integers, N
={x€Z: x>0}, No:=Nu{0}. For xeR*, we use L,x to mean
log log(max(e®, x)).

The present article is concerned with extensions of the following (by now
classical) invariance principle for the law of the iterated logarithm established
by Strassen [44] in 1964.

Theorem 0.A. Let (X;);cn be a sequence of independent, identically distributed
(iid.) real-valued random variables (r.v.’s) with EX ; =0 and EX? = 1. Then, without
changing its distribution, one can redefine the sequence (X j);cn on a new probability
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space (Q, #, P) on which there exists a Brownian motion (W (1)),», with W(0)=0
and EW(1)>=1 such that

E X~ W(t)‘ =o((tL,)¥?) P—as. (ast— ) (0.1)

k=1

Strassen utilized this theorem in order to show that his functional version
of the law of the iterated logarithm for a Brownian motion can be carried
over to the partial sum process of a sequence of ii.d. real-valued r.v.’s with
mean zero and variance one.

Since the appearance of Strassen’s paper, almost sure invariance principles
of the form (0.1) have been obtained for a large class of independent and “weakly
dependent ” sequences (X). Strassen himself [45] (Theorem 4.4) also investigated
the case when (X,) is a martingale difference sequence. Partial extensions of
this latter result have been published by Heyde and Scott [18] and Hall and
Heyde [16]. Weakly dependent sequences such as mixing sequences, functions
of mixing sequences, lacunary trigonometric sequences, or moving averages of
iid. r.v.’s have been studied by Heyde and Scott [18], Philipp and Stout [34],
and Heyde [19]. The key idea exploited in [18], [34], and [19] is that, under
a variety of assumptions, partial sums of “weakly dependent” sequences can
be well approximated by martingales (see also Gordin [15] and StatuleviCius
[407). If the error term of this approximation is small enough, and if the associat-
ed martingale admits an almost sure invariance principle, this also leads to
an almost sure invariance principle for the original partial sum sequence.

The results quoted till now are confined to real-valued r.v.’s, and the corre-
sponding proofs all depend on the Skorohod embedding for martingales (applied
either to the partial sum process itself or to an associated martingale). To prove
almost sure invariance principles for r.v.’s taking values in a higher dimensional
Euclidean space (or even in a general Banach space), Berkes and Philipp [2]
developed a new approximation technique based on the Strassen-Dudley theo-
rem and suitable estimates of the rate of convergence in the central limit theorem
with respect to the Prohorov distance. In the meantime this approach has been
pursued by several authors. Kuelbs and Philipp [27] investigated sequences
of independent, ¢-mixing, and x-mixing sequences of Banach space valued r.v.’s.
In [35], Philipp weakened the assumption of finite absolute (2 4+ J)-th moments
(for some 6> 0) still required in the proof of a Banach space analogue of Stras-
sen’s invariance principle for iid. r.v.’s given in [27] (see also [7]). Dehling
and Philipp [7] are concerned with absolutely regular (or weak Bernoulli) and
a-mixing sequences of Banach space valued r.v.’s. Morrow and Philipp [31]
derived partial generalizations of Strassen’s [45] martingale invariance principle
to the case of Hilbert space valued r.v.’s. For further related results, we refer
to Philipp’s [36] survey and the references given there.

In this paper we shall establish an almost sure invariance principle with
an error term o((tL, £)'/?) (as t — o0) for partial sums of certain stationary ergodic
sequences of r.v.’s taking values in a real separable Banach space. More precisely,
we consider stationary ergodic sequences having the property that their partial
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sums can in a sense be approximated by partial sums of stationary ergodic
martingale difference sequences. This approach leads to a unification of the
theory for stationary vector valued sequences analogous to that described in
the book by Hall and Heyde [17], Chapter 5, for real-valued r.v.’s. In the station-
ary case, our main results (Theorems 3.1 and 3.2 below) contain several results
previously derived by the Berkes-Philipp method as special cases (see Corol-
lary 4.1 and Remark 4.3 below). In contrast to earlier work concerning almost
sure invariance principles for weakly dependent random vectors, the results
of this paper usually hold under minimal moment conditions. (Only second
order weak moments are required in Theorems 3.1 and 3.2; previous authors
generally needed moment conditions somewhat stronger than finite absolute
second moments.) This is achieved by organizing the proofs in such a way
that estimates of the rate of convergence in the central limit theorem are com-
pletely avoided; only a conditional version of the usual central limit theorem
for stationary ergodic martingale difference sequences taking values in a finite-
dimensional Euclidean space is employed. Thus our proofs are also easier than
earlier proofs of related results in that the tools required are weaker.

We now proceed to describe the organization of this paper. In Sect. 2 we
introduce and discuss the dependence structure on which our main results are
based. The essential condition (the “ M ,-property”) ensures that the partial sums
of a stationary ergodic sequence can be well approximated by partial sums
of a stationary ergodic martingale difference sequence (Proposition 2.1). It turns
out (Proposition 2.2) that this condition, though usually much easier to handle,
is actually equivalent to a condition occurring in the book by Hall and Heyde
[17]. Proposition 2.2 can be regarded as an answer to a question implicitly
posed in [17]. The already announced general invariance principles (Theo-
rems 3.1 and 3.2) for stationary ergodic sequences satisfying a suitable variant
of the M ,-property are then stated in Sect. 3. Section 4 contains applications
of the results of Sect.3 to sequences of mixing r.v.’s and functions of such
sequences (Corollary 4.1). We also relate these results to those obtained in the
previous literature (Remarks 4.2 and 4.3). Sections 5-10 are devoted to proving
the as yet indicated results. In Sect. 5 we give a new proof of Strassen’s invariance
principle. This proof illustrates in a simple setting some of the ideas to be
used in the proof of Theorems 3.1 and 3.2. The proof of Theorems 3.1 and
3.2 is then carried out in Sects. 6-8. Having the proof in Sect. 5 in mind, the
role of the auxiliary results stated in Sect. 6 becomes fairly obvious. Section 7
contains an approximation theorem (Proposition 7.1) for random variables tak-
ing values in a sequence space. The invariance principle for finite-dimensional
Banach spaces (Theorem 3.1) is an immediate consequence of this proposition,
while the remaining part of the proof of Theorem 3.2 (where the underlying
separable Banach space is admitted to be infinite-dimensional) consists to a
considerable extent in simply translating Proposition 7.1 into a Banach space
result (see Sect. 8). It seems worthwhile to note that concepts connected with
the theory of abstract Wiener spaces or the law of the iterated logarithm in
general Banach spaces come into the picture only in Sect. 8. The proof of Propo-
sition 2.2 is given in Sect. 9; Corollary 4.1 and Remark 4.1 are verified in Sect. 10.
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1. Notation and Preliminaries

1.1. General notations. The topological dual of a Banach space (B, || - ||g) is denot-
ed by B* 1, is the indicator function of a set A. For nelN and x
=(xq, ..., x,)€R", | x| will always stand for the Euclidean norm of x, ie, || x|

n 1/2
:=( Y x,z) . I, is the n x n identity matrix. For a symmetric, nonnegative definite
i=1

n x n matrix C, N(0, C) denotes the normal distribution with mean 0 and covari-
ance matrix C. The convolution of two probability measures u and v defined
on the Borel o-field of a separable Banach space B is written as u*v.

Let (2,, #1, 1) be a measure space, let (£2,, %,) be a measurable space,
and let T: Q, - Q, be a measurable mapping. Then p, o T~ ! denotes the measure
pp defined by p, (A):=p, (T 1 4) (AeF).

1.2. Further notations and conventions. For a Polish space 6, #(@) denotes the
Borel o-field induced by the topology of &.

Let (Q, #, P) be a probability space, and let @ be a Polish space. A mapping
X: 22— O will be called a random variable (r.v.} if and only if it is Borel measur-
able. If X is simply said to be measurable, this will always mean that it is
Borel measurable.

For a probability space (Q, #, P), %, (2, #, P) denotes the Banach space
of P-equivalence classes of Borel measurable functions f: @—R such that
[ f?dP <o, equipped with the norm ||- |, defined by | f ||, =({ f*dP)"/2. If the
underlying probability space is clear from the context, we shall also use the
abridged notation %, in place of %(Q, #, P). For a sequence (fuenoiwy 1IN
% (R, F, P), the convergence | f,—f |2 —0 (as n — o) will usually be indicated
by “ "Tf” asn—o0”.

Let acR™, and let (B, || |p) be a separable Banach space. Then Cg[O0, a]
denotes the separable Banach space of all continuous functions f: [0, a]— 1B,
furnished with the norm |+ ||, defined by || f [l ,:=sup {|| f (x)lls: x€[0, a]}.

If (X})je; (J an arbitrary set) is a family of r.v.’s, o/ (X;; A(j)) denotes the
o-field generated by all X; such that j has the property A(j).

1.3. Mixing conditions. Let (Q, &, P) be a probability space, let & be a Polish
space, and let (X,)..z be a stationary sequence of r.v.s X;: @Q—6. For JcZ,
put #; =/ (X;; jeJ), and let P|.%; denote the restriction of P to &;. Write

Iy={meZ: m<p}, I,={meZ: mzp} (for peZ),
and define (for neIN)
a(n):=sup {|P(4B)—P(4) P(B)|: Ae %, BeFy,},

p(n):=sup{(f fg dP)/(f f?dP)/*(fg*dP)!/?):
fe%(Q, F1, P|Fy), 8€ £ (Q, Fryy, P F),
f+0,g+0,{fdP=[gdP=0},
¢(n):==sup{|P(B|A)— P(B)|: Ac #,, Be #1,,, P(4)>0}.
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The sequence (X ) is called a-mixing, p-mixing, or ¢-mixing according as o(n)
-0, p(n)—0, or ¢(n)—0 as n—o0. It is clear that a p-mixing sequence is o-
mixing. Moreover, a ¢-mixing sequence is p~mixing (cf. Ibragimov and Linnik
[20], Theorem 17.2.3, and Ibragimov [21]).

1.4. Brownian motion in a Banach space. Let (B, | + ||p) be a real separable Banach
space. A probability measure v on #(IB) is called a mean zero Gaussian measure
if for every feB* vof ™! is a mean zero Gaussian distribution with variance
j f(x)?v(dx). Starting from a mean zero Gaussian measure on % (B), the con-
struction of a corresponding Brownian motion can be carried out analogously
to the real case (see, e.g., Kuelbs [23]).

2. Martingale Approximation of Partial Sums of Stationary Sequences

To describe the general setting underlying Theorems 3.1 and 3.2, we begin with
some definitions.

Definition 2.1. Let @ be a Polish space. A quadruple G:=((Q, &, P), 7, %,, Y,)
consisting of a probability space (2, &, P), an ergodic automorphism 7: Q—Q
on (Q, #, P), a sub-o-field F,cF with Fy,c1 ' %y, and a r.v. Y,: Q-0 is
called the germ of a ©-valued stationary ergodic F-sequence. (Here “F” is used
to remind of “filtration”; cf. Definition 2.2 below.)

Definition 2.2. Notation is as in Definition 2.1. The sequence (Y, Fi)z defined
by
Yk=:Yo°Tk and %::’C—k'g'—o (2.1)

is called the stationary ergodic F-sequence induced by G.

Definition 2.3. Let G=((Q2, #, P), 1, %, &) be the germ of an IR-valued station-
ary ergodic F-sequence, and let (&, %),z be the stationary ergodic F-sequence
induced by G.

(a) Suppose E|£y| < 0. Then the sequence (&, F)rz is said to be a stationary
ergodic martingale difference sequence if and only if

& 18 Fy-measurableand E(&y1%_,)=0 as. 2.2)

(b) Suppose E&%<oo. Then the sequence (&, %)z is said to have the
M ,-property if and only if the sequences

(j:lE(é" |y°)>neN and (jin(fj—E(éjI%)))neN 2.3)

are Cauchy in .%,.

Remark 2.1. If (&, iz is a stationary ergodic martingale difference sequence
in the sense of (a), then

& is F-measurable and E (&, | % _ ) =E(&y|F-1)oT"=0 as.
for all keZ.
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The importance of the M ,-property resides in the fact that under this condi-
tion the partial sums of the sequence (). behave in a sense like partial sums
of a stationary ergodic martingale difference sequence; this is a consequence
of the following

Proposition 2.1. Let G=((Q, &, P), 1, %y, £,) be the germ of an R-valued station-
ary ergodic F-sequence, and let ({;, #));.z be the stationary ergodic F-sequence
induced by @. Suppose

E&< . (2.4)

If
(&}, F;)jez has the M ,-property, (2.5)

then the t.v.’s &, (keZ) admit a representation of the form

&= Ek 9 - as, (2.6)
where
& i» F)jen IS a stationary ergodic martingale
difference sequence with E &% < oo 2.7
and
() ez is a stationary sequence of T.v.’s with E|n®|* < co. (2.8)

Proof (see also Gordin [15], and Hall and Heyde [17], Chapter 5). For keZ
and [eN, define

1 4]
nP=3 E+ilF)— Y = E | A)).
j=1

=1

Using (2.4) and (2.5), we see that the limits

M=, — lim 17} (2.9)
exist and that
6-;~E(€—z|%)70 as -0 (2.10)
and
E(&|#H)——0 as [l—o0. (2.11)
L2

(Here we have also made use of the fact that

E@€ulF)=EE|Fo)or as. 212)
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for all j, leZ.) This implies that the right-hand side of the identity

l
Y ECl R~ E x| Fi-r))

j=—1
=&+ = —&imy
+EC— 11| )—E(& | F1) as. (2.13)

converges in %, (as [ - o) to
G =l — iy (2.14)

Since &F can also be obtained as the %,-limit of the left-hand side of (2.13),
it is easy to check that

EC¥%#-)=0 as. (2.15)
and that
& can be assumed to be F,-measurable. (2.16)
Moreover, (2.12) entails that
Ex=Ftot as. and g@=n{ot* as. (2.17)

Taking & :=&% 7" and using (2.14)«2.17), we arrive at (2.6).

An alternative characterization of the M ,-property is provided by the follow-
ing
Proposition 2.2. Let G=((Q, F, P), 1, %o, &) be the germ of an R-valued station-

ary ergodic F-sequence, and let (&;, %)z be the stationary ergodic F-sequence
induced by G. Suppose E £3 < oo. Moreover, let

xp=E(_ | F)—E(_,|#_,) for [eZ,

let #_ =) %, and let F,, denote the o-field generated by | ) %. Then the
keZ keZ

following two statements are equivalent:

(i) (Z E(’g’klﬁo)) is a Cauchy sequence in %, ;
k=1 nelN

(i1) i limsupE ((i x_,)2>< oo and E(&y|F_ ,)=0as.

m=1 hn>® l=m

Similarly, the statements (iii ) and (iv) are also equivalent:

-1
(iif) ( Y (&—E (éﬂ%))) is a Cauchy sequence in %, ;
nelN

k= —n

(iv) i lim supE <(zn: x,>2)< o and E(&y| F,)=E&, as.
= l=m

m=1 #n—0o0

Proof. See Sect. 9.
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Heyde [19] and Hall and Heyde [17], p. 144, implicitly posed the problem
of simplifying conditions (i) and (iv) in a convenient way. The result stated
in Proposition 2.2 can be regarded as an answer to this question.

In [19] and [17], the representation (2.6) is obtained for sequences (¢;, %))jcz
satisfying (ii) and (iv) instead of (i) and (iii) (as in our Proposition 2.1). Usually,
conditions (i) and (iii) are easier to work with; but in some cases (e.g., for station-
ary linear processes) conditions (ii) and (iv) apply in a natural way. (For further
details, see Corollary 4.1 (below) and its proof.)

The next definition extends the M,-property to the vector space setting.

Definition 2.4. Let (B, ||-|g) be a real separable Banach space, let &
=((Q, &, P), 1, %5, X,) be the germ of a IB-valued stationary ergodic F-sequence,
and let (X, %),z be the stationary ergodic F-sequence induced by @G. Suppose
that

Ef(Xo)?<o forall feB*,

Then the sequence (X, Fhiez is said to have the weak M ,-property if and
only if, for all feB*, the sequences {f (X), Fi)kez have the M,-property.

3. General Theorems

After these preparations, we are now in a position to state our main results.

Theorem 3.1. Let deN, let G=((Q, %, P), 1, o, X,,) be the germ of an R%valued
stationary ergodic F-sequence, and let (X, F )iz be the stationary ergodic F-
sequence induced by G. Suppose:

E[X,]*<o0; (3.1)
(Xi> Fiez has the weak M ,-property. (3.2)

Write So+=0 (eR?) and, for neN, S,:= Y. X;. Then the limit

j=1

C:=lim 1 Cov(S,) (3.3)

no>ow N

exists, and, without changing its distribution, one can redefine the sequence (X )yen
on a new probability space (Q, &, P) on which there exists an R%-valued Brownian
motion (W(t));»o with W(0)=0 and Cov(W (1))=C such that

1S — WOl =0((tL, ') P—as. (ast— ). (3.4)

Taking k(r)=d for all relN in Proposition 7.1 (below), the proof follows
directly by combining this proposition and Lemma 6.4.

Remark 3.1. In the case d=1, the assertion of the above theorem coincides
with an almost sure invariance principle that can be obtained as a consequence
of the proof of a functional law of the iterated logarithm for partial sums of
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stationary sequences of real-valued r.v.s given by Heyde and Scott [18] and
Heyde [19]. This follows from Proposition 2.2 (above).

Next we consider r.v.’s taking values in an arbitrary real separable Banach
space.

Theorem 3.2. Let (B, |-|lg) be a real separable Banach space, let G
=(Q, #, P), 1, %, X,) be the germ of a B-valued stationary ergodic F-sequence,
and let (X, F)iez be the stationary ergodic F-sequence induced by G. Suppose:

Ef(Xoi <o  forall feB*; (3.5)
(X1, Priez has the weak M ,-property. (3.6)

Write Sy:=0 (€B) and, for nelN, S,== > X;. Then the limits

C(fg)=lim —Ef(5)g(S) a)

exist for all f, geIB¥, and the following two statements are equivalent:

(a) there exists a mean zero Gaussian measure v with covariance function
C (e, C(fg=[f(x)gx)v(dx) for all f geB*), and the sequence
((nL, n)~Y28,),en is with probability one conditionally || - |g-compact;

(b) without changing its distribution, one can redefine the sequence (X )ien

on a new probability space (Q, &, P) on which there exists a B-valued Brownian
motion (W (t));» o such that

IS —W®)ls=0((tL,t)**) P—as. (ast—>c0) (3.8)

(in this case, the covariance function of W(1) is necessarily equal to C).
The proof of Theorem 3.2 will be carried out in Sects. 6-8.

Remark 3.2. Together with the functional law of the iterated logarithm for Brown-
ian motion in a real separable Banach space (established by Kuelbs and LePage
[24]), an invariance principle of the form (3.8) implies that the partial sums
of the sequence (X ), also satisfy the functional law of the iterated logarithm.

Remark 3.3. The point of view adopted in Theorem 3.2 is similar to that in
Kuelbs’ [25] Theorem 3.1 in that both results involve the assumption that (with
the notation of our Theorem 3.2) the sequence ((nL, 1)~ 1/28S,),.n b€ a.s. condi-
tionally compact in the norm topology.

Remark 3.4. The criterion (a) in Theorem 3.2 is intimately connected with two
rather intricate questions, namely:

(i) Under which conditions on C does there exist a mean zero Gaussian
measure having C as its covariance function?

(ii) When is the sequence ((nL, n)~'/28,),x With probability one conditional-
ly norm compact?
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As to the first problem, only partial results are known. (For more detailed
information, see Vakhania, Tarieladze, and Chobanyan [46], Chapters [V and
V.) In the last years, a great deal of research has been focused on the second
problem in the special case when the S,’s are partial sums of a sequence (X )cn
of iid. r.v’s; an important recent paper on this subject is due to Ledoux and
Talagrand [28]. For weakly dependent (nonindependent) r.v.’s much less is
known. Some results in this respect can be found in [27] (Theorem 5 in conjunc-
tion with conditions (1.7}~(1.9) of Theorem 1), [7] (Theorem 6), and [31]. It
is natural to ask which of the results so far established for iid. r.v’s can be
carried over to the class of r.v.’s considered in Theorem 3.2, in particular to
stationary ergodic martingale difference sequences.

We emphasize, however, that further progress concerning the questions (i)
and (i) would hardly affect the proofs of the present paper; such results would
only be of complementary character.

Remark 3.5. Notation and assumptions are as in Theorem 3.2. The weak
M ,-property implies that the limits

n(f)=%— lim ¥ E(f(X;0)| %)

=1

and
0

p)=H=lm Y (fXa)—E( (X2 %)

exist for all keZ and all feB*, Setting

n(f)=n()—pe(f) and  &G(f)=f (X +m(f)—me—1 ()

it follows from the proof of Proposition 2.1 that

(&1 (frez 18 a stationary martingale difference sequence

with E&o(f)? <o
and that
(1:(kez Is a stationary sequence with E1o(f)* < oo.

Together with (3.7), this leads to the following alternative definition of C:

C(f.8)=E(o(f) o)) (f,2eB¥). (3.9)

4. Applications

Corollary 4.1 below gives an impression of the variety of applications of Theo-
rems 3.1 and 3.2. To formulate this result, we begin by introducing some nota-
tion.



An Almost Sure Invariance Principle 17

Let (Q, #, P) be a probability space, let (IB, || - ||g) be a real separable Banach
space, and let (X,),.z be a stationary sequence of r.v’s X,: Q—IB. Suppose
that

E(f(Xy)))<oo and Ef(Xy)=0 forall feB* 4.1

We consider the following conditions A.1-A.7.

A.I (stationary ergodic martingale difference sequences). (X ).z 18 ergodic and,
writing %=/ (X _;; jeNy), one has

E(f(X)|%)=0 as. forall feB*.

A.2 (a-mixing sequences). (X )z is a-mixing, E(| (X {)I* %)< oo for some 6eR*
and all feB* and the mixing coefficients (k) (keN) satisfy one of the following

two conditions:
247\ 1/(2+5)
)) s the series

(1) writing  ¢{J,f)= max (E ( f (i Xi)
1gj=2 i=1

Y (8, f) a (229 converges for all feB*;

=1

@) ¥ ak)?429 < o0,
k=1

A.3 (p-mixing sequences). (X, ).z is p-mixing with ) k™ '?p(k)< co.

k=1

A4 (¢-mixing sequences). (X kez 18 ¢-mixing, E(|f(X)]**%) <o for some
d€[0, 0} and all feIB*, and the mixing coefficients ¢ (k) (keN) satisfy one of
the following two conditions:

(i) letting ¢;(4, f) be defined as in A.2, one has

©

Y (8, /) YN0 forall feB*;

1=1

(i) Y k™YV2P(k)A T+ < o0, where 6* :=min (4, 1).
k=1

A.5 (functions of o-mixing sequences). The X,’s possess a representation of the
form X, =Y((Y;+1);cz), where

(i) (Y);cz 1s a stationary o-mixing sequence of r.v.s on € with values in
a Polish space @,
(i) E( f(X)* %) < oo for some §eR™* and all feB*,
aQ

(i) > a(k)“*29 < oo (the a(k)’s being the a-mixing coefficients pertaining
k=1
to the sequence (Y));.,),
(iv) ¥: ©Z 1B is measurable,
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and, writing 4% ==/ (Y;; —k<j<k) for keN, one has
V) X (EIE(f (Xo)l ML) —f(X,)*)! < o0 for all feB*.

k=1
A.6 (functions of ¢-mixing sequences). The X,’s possess a representation of the
fOrm Xk = lp((y}+k)jel)= Where
(1) (Y));ez 1s a stationary ¢-mixing sequence of r.v.’s on Q with values in

a Polish space @,
(i) E(| f(Xo)* %) < oo for some 5€[0, o) and all felB*,

(i) Y (k)T < oo (the P(k)’s being the ¢-mixing coefficients pertain-
k=1
ing to the sequence (Y});.z),
(iv) ¥: ©% - 1B is measurable,
and, writing #* ==/ (Y;;—k<j<k) for keN, one has

() 2 (E|E(f (Xl )—f (X o)) < oo for all feB*,
k=1

A.7 (stationary linear processes generated by iid. r.v.s). The X,’s possess a
e8]

representation of the form X, = Y ¢; Y,_;, where
j=—w
(i) (Y))jez is a sequence of iid. r.v.’s Y;: Q— B satisfying E(f(Y,)*)< oo and
E f(Y,)=0 for all feB*,

0
(i) (c)jez is a sequence of real numbers with > c}<oo and

@ n 2 j=—w
Y Y lim sup( cej) < o0.
j=m

ge{—1,1}m=1 B>

Corollary 4.1. Notation is as above. As usual, let So:=0 (€B) and S,=) X

j=1
for neIN. Suppose that (4.1) and, in addition, one of the conditions A.1-A.7 is
Sulfilled. Then:

(S1) In case B=R? (for some deN), the conclusion of Theorem 3.1 also
holds under the present hypotheses.

1
(82) The limits C(f, g):=lim ;E(f(Sn) 2(S,)) exist for all f, gcIB*, and the
equivalence of the statements (a) and (b) in Theorem 3.2 also holds under the
present hypotheses.
Proof. See Sect. 10.
Remark 4.1. Notation is as in Corollary 4.1. For nelN and f, geIB¥, define

n

U/ 8)=E(f(Xo) g(Xo)+ Y E(f(Xo) g(X)

=1

+ Y EGX) g(Xo)

k=1
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if one of the conditions A.1-A.6 is fulfilled, and

Vn(ﬁg)==( » CJ)ZE(f(Yo)g(Yo))

Jj=-—n

if A.7 is fulfilled. Then the sequences (U,(f, 2))pen (V. (s 2)uen» respectively) con-
verge to C(f, g).

Proof. See Sect. 10.

Remark 4.2 (related results for real-valued r.v.’s).

(a) If B=IRY then Corollary 4.1 is a corollary to Theorem 3.1. As already
mentioned, the case d=1 of Theorem 3.1 is equivalent to a result of Heyde
and Scott [18], [19]. Since Hall and Heyde [17] did not exploit the equivalence
given in Proposition 2.2 of the present paper, their assumption on the rate of
decay of the ¢-mixing coefficients in Corollary 5.5 (in [17]) is somewhat stronger

0
than our condition in A.4, namely Y ¢ (k) 2+ < o0,
k=1
(b) Improving earlier results of Iosifescu [22] and Reznik [38], Oodaira
and Yoshihara [32], [33] derived laws of the iterated logarithm for partial
sums of stationary sequences satisfying mixing conditions. For ¢-mixing
sequences and functions of ¢-mixing sequences, their assumptions are more
stringent than ours; on the other hand, for a-mixing sequences and functions

[eo]
of a-mixing sequences, they only need that ) o(k)*/?*%) < oo for some §'€(0, 9).
k=1
(Here 6 and a(k) (keNN) have the same meaning as in A.2 and A.5, respectively.)
(¢) In the case 6=0 (cf. A.4), the best condition on the mixing rate for
sequences of ¢-mixing r.v.’s occurring in the previous literature in connection

with results of iterated logarithm type seems to be Y ¢(k)'/*<oo (cf. [17],
k=1

Corollary 5.5). For (0, 1], Berkes and Philipp [2] and Dabrowski [6] obtained

almost sure invariance principles requiring only a logarithmic rate of decay

of the ¢-mixing coefficients. (For further extensions of these last mentioned

results to p-mixing and a-mixing sequences, see Bradley [4].)

Remark 4.3 (related results for Banach space valued r.v.’s).

(a) Taking Strassen’s converse to the law of the iterated logarithm (see, e.g.,
[13] or [43]) into account, we see that, under each of the assumptions A.1-A.7
except for A.2 and A.5, the above corollary comprises the independent case
(see [ 7], Theorem 3) in its full generality.

(b) Extending the work of Kuelbs and Philipp [27], Dehling and Philipp
[7], Theorem 2, established the equivalence of the statements (a) and (b) in
Theorem 3.2 (as to the definition of the covariance function, recall Remark 4.1
above) for weakly stationary, o-mixing sequences (X )in satisfying
supE || X, |3*°<o0 (for some &€(0,1]), EX,=0 for all keN, and o(n)
keN

=0(n~1+92*9%) for some eeR*. In the case of a finite-dimensional Banach
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space B, our mixing condition in A.2(ii), demanding a rate of decay similar
to a(n)=0(n" 94299 for some eeR *, is somewhat more restrictive.

(¢) For some further results related to the present paper, we refer to Morrow
and Philipp [31], Eberlein [12], and Philipp [37], where invariance principles
for R%valued and Hilbert space valued r.v.’s are obtained. These authors require
more stringent moment conditions, but, on the other hand, their results also
apply to a wide class of nonstationary sequences.

Remark 4.4 (a problem). It would be interesting to know whether the strictly
stationary case of Theorem 2 in [7] can be obtained as a consequence of our
Theorem 3.2 (cf. Remark 4.3(b)). A possible approach (suggested by A.2(i)) to

n 2+4"
Y & (6'€(0, 9)) for stationary ¢-mixing
k=1
sequences (&p)eez of real-valued r.v.’s satisfying E&, =0, E|&;

this problem would be to estimate E

|2*%< oo for some

deR*, and ) a(k)’®*?<oco. Some results (unfortunately too weak for our
k=1

purposes) in this direction have been derived by Yokoyama [47].

5. A New Proof of Strassen’s Invariance Principle

Before proceeding to the proof of Theorems 3.1 and 3.2 (in Sects. 6-8), we shall
sketch some of the underlying main ideas by giving a new proof of Strassen’s
invariance principle (Theorem 0.A above) based on the same type of reasoning.
Because of its neatness, this proof also seems to be of some interest in its own
right.

Compared with previous proofs of Theorem 0.A, the essential advantage
of the present proof is that the tools employed are more elementary in the
sense that they are easier to extend to more general situations. Indeed, examining
this proof and taking into account that Lemma 5.1 is only utilized to simplify
the presentation (see Remark 5.1 below), it turns out that the only deeper ingre-
dients are

(a) the easier upper half of the Hartman-Wintner law of the iterated loga-
rithm (a short proof of which can be found in a paper by de Acosta [1])
and

(b) the usual central limit theorem.

Especially, this proof works without estimates of the rate of convergence in
the central limit theorem. Apart from the proofs employing the Skorohod
embedding method, all previous proofs of Theorem 0.A and extensions thereof
required such estimates (see, e.g, Major [29], Kuelbs and Philipp [27], and
Philipp [35]). As such estimates are often difficult to prove (note that, e.g.,
Philipp’s [35] proof is based on a rather delicate estimate due to Yurinskii
[48] of the rate of convergence in the central limit theorem with respect to
the Prohorov distance), our approach appears to be particularly attractive. What
is even more important is that estimates of the rate of convergence in the central
limit theorem for general stationary ergodic martingale difference sequences
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(such sequences will play a crucial réle in the proof of Theorems 3.1 and 3.2)
are not available and unlikely to exist.

Though our proof of Theorem 0.A is markedly different from Major’s [29]
one, it nevertheless has two points in common with his proof in that it also
makes use of the quantile transform technique and the argument stated (in
a somewhat extended form) in Lemma 6.4 below.

We preface our proof by two lemmas.

Lemma 5.1. (Skorohod [39]; see also Dudley and Philipp [9], p.521f) Let
(2, #, P) be a probability space, let ©, and @, be Polish spaces, let Y: Q— 0,
and U: Q—(0, 1) be two r.v.’s, and let Q be a probability measure on B(0, x @,).
Suppose:

(a) U is uniformly distributed on (0, 1);

(b) U and Y are independent;

(c) the first marginal of Q is equal to PoY ™%,
Then there is a Borel measurable mapping ¥:0,x(0,1)— @, such that
P(L (L, U) '=0.

Lemma 5.2. Let (Q,).en, be a sequence of probability measures on B(R) such
that | x*> Q,(dx)< oo for all neNy. Suppose:

(a) Q,— Q, weakly as n— 0;

(b) [x*Q,(dx)— [x*Qo(dx) as n— co.
Then there is a probability space (2, %, P) on which there is defined a sequence
(Enen, Of real-valued rv.’s &, with Po&; ' =Q, (for all neN,) such that

E(¢,~&¢0)*>0 as n— . (5.1)

Proof. Let (2, #, P)=((0, 1), 4((0, 1)), ), where A is the Lebesgue measure on
#((0, 1)). For each keN,, let F, be the distribution function corresponding to
Qka i'e~:
F(x)=0((—o0,x]) for xeR.
Moreover, let
&) =inf {teR: R()Zy}  for ye(, 1).

It is well-known (see, e.g., Dudley [8], p. 71, or Génssler and Stute [14],
Satz 1.12.6) that

Poé =0, (5.2)

and that lim ,(y)=¢,(y) except for at most countably many points ye(0, 1),
ie., e

lim ¢,=¢, P-as. (5.3)

Because of (b), (5.2) and (5.3), it follows from Scheffé’s lemma (see, e.g., Génssler
and Stute [14], Satz 1.6.11) that

the sequence (£,),cn, is uniformly square-integrable. (5.4)

Combining (5.3) and (5.4), we arrive at (5.1).
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Proof of theorem 0.A. Enlarging the underlying probability space if necessary,
we may assume that the probability space (22, Z, P) on which the sequence
(X j)jen 1s defined is so rich that there also exists a family {U); k, reN, ae{1, 2}}
(independent of (X);.n) of iid. r.v.’s Uf: @—(0, 1) with uniform distribution

on (0, 1). As usual, we write S,:=0 and S,:= ) X for neN.
j=1

The proof of Theorem 0.A consists of four steps S.1-S.4.

S.I (approximation of a single partial sum). Combining the central limit theorem
and Lemma 5.2, we can find a sequence (/(r)),en in N with

I(r+ 1)/l(r)eN (5.5)

and a probability space (2, #, P) on which there are defined r.v.’s S%,), T§: Q
— IR such that

Po(Sl*(r))_IZPOSl_(r%a Po(l(r)_l/z ’1-1'21;))_1=N(0a 1):
and
E|Sf,— Tty > 1(r)/2r*).

By virtue of Lemma 5.1, we may assume that
(‘Qa 97, P)=(Q= g?, p)a S;k(r)=Sl(r)>
T;?;) =Ar(sl(r): UY,)I):
where 4,: R x (0, 1) >R is a Borel measurable function.
S.2 (approximation of a single block). Let re NN, and let
Z(lr):zAr(Sl(r)a U{r,)1)
(with 4, being as in S.1). For aeR*, let C[0, a] denote the separable Banach

space of all continuous functions f: [0, a] >R, equipped with the supremum
norm. According to Lemma 5.1, there is a Borel measurable mapping

%:Rx(0, 1)~ C[0, /()]
such that
Vl(r) = %(Z(lr)a U(Zr,) 1)

is a Brownian motion with

VP0)=0 and E(V"(1)H)=1
satisfying
V()= 2" P-as.
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S.3 (a sequence of preliminary approximations of the partial sum process). Let
I))rens> (A)rens and (F),on be as in S.1 and S.2. Our next aim is to construct
a sequence (W), of Brownian motions W, ={W,(t); te[0, c0)} with

W.(0)=0 and EW(1)’>=1
having the following properties:
(@) o (W ((k—1)I(r)+1)— W (k—1) LIr)); te[0, I(r)])
C&/(SkZ(r)_S(k—m(r)s U(f,)k, U(Zr,)k) for all keN; )
(b) E|(W,(k1(r)—W,((k—1) 1) = (Sk1ey— St~ 1)1y
<1(»)/2r*) for all keN;
(©) (W (kl(r)— W, ((k—1) () —(Sk1n— Sw- 1y1rken

is a sequence of i.1d. r.v.’s.
To this end, we put

Z§{) ‘:Ar(Skt(r) - S(k — 1)) Uf?k)
and
VO =z, U

for k, reN. The desired Brownian motions W, (reIN) are then defined inductively
by setting W,{3):=0 and

W (0)=W,(k—1) () + V" (¢ — (k— 1) 1{r)

for te{(k— 1) I(r), ki(n] and keN. It is obvious from S.1 and S.2 that the thus
obtained sequence (W), satisfies (a){c). Moreover,

(d) lim sup (tL, 1)~ *?|S,,— W,(t)| <r~? P-as. for each reN.

t— o

To prove (d), let reN be arbitrarily fixed, and let the sequences (M )icn
(x€{1, 2}) be defined by

M(lr,)k: max ISm_S(k— l)l(r)l
(k— 1)) <m=<kl(r)
and
M‘z'fk:= max |W,((k—1+1)I(r)— W, (k—1) I(r))|.
0<r<1

It suffices to show that

lim sup (mi(r) L, (m1(r) ™|y — W (m (1))

m— oo

IIA

r2 P-as. (5.6)
and that

lim k™2 MY, =0 P-as. (xe{l,2}). (5.7

k—
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In view of (b) and (c), (5.6) is an immediate consequence of the upper class
part of the Hartman-Wintner law of the iterated logarithm, (5.7) follows from
the fact that the sequences (M$)en (2€{1,2}) are stationary and satisfy
fIMP,|?dP < .

S.4 (the final approximation of the partial sum process). Taking (5.5) and S.3
((a) and (d)) into account, the conclusion of Theorem 0.A now follows from
Lemma 6.4 below, i.e., by gluing increments of the Brownian motions W, in
a suitable way together.

Remark 5.1. From a formal point of view, the use of Lemma 5.1 is not really
essential for proving the main results of this paper. Random variables having
the desired joint distributions can always be constructed by more elementary
techniques based on the existence of regular conditional distributions and the
Ionescu-Tulcea theorem. In the case of the above proof, this alternative argument
would only lead to minor complications in the presentation; however, a detailed
exposition of the proofs of Theorems 3.1 and 3.2 relying on these “more elemen-
tary” tools turns out to be extremely cumbersome.

6. Auxiliary Results

6.1. Weak convergence of conditional distributions and approximation of r.v.’s.
One key ingredient for proving Theorems 3.1 and 3.2 is the approximation result
stated in Proposition 6.1 below. This result will play a similar rdle as Theorems 1
and 2 of Berkes and Philipp [2] do in previous related work. In contrast to
the Berkes-Philipp approximation theorems, the proof of Proposition 6.1 does
not depend on the Strassen-Dudley theorem (see, e.g., [8], Theorem 1), but on
the conditional quantile transform argument described in Lemmas 6.1 and 6.2
below.

Proposition 6.1. Let deN, let (Q, &, P) be a probability space, let @ be a Polish
space, and let (), be a sequence of square-integrable r.v.’s Y,: Q — R% More-
over, let U: Q— (0, 1) and X: Q— O be two r.v.’s, and let (Q,),en, be a sequence
of stochastic kernels Q,: @ x B(R%) — [0, 1]. Write u:=PoX ", and suppose:

(i) for each nelN, Q,(x, ") is a regular conditional distribution for Y, given
X=x (xe0);

(ii) there is a u-null set Ne%(0O) such that for each xeO\N, Q,(x,")
- Qo(x, *) weakly as n— 0,

(i) [f1yl*Qolx, dy) u(dx)<co;

(i) EI %17 [ 151* Qo (x, dy) p(dx) as n— oo;

(v) U is uniformly distributed on (0, 1) and independent of (X, (¥,),en)-
Then there is a sequence (A,),n of Borel measurable mappings

A, RYx @ x (0, 1)>R?
such that the rv.’s Y,*: Q — R? defined by

Y;:l= ’:An(Yns X, U)
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have the following properties:
P{XeA, Y¥eB}= [ Qu(x, Byu(dx) forall AcB(O)
A

and all Be Z(R%); (6.1)
E|Y,—Y*|?->0 as n— oco. ~ (6.2)

The proof of Proposition 6.1 depends crucially on Lemma 6.2 below which
in turn is basically a corollary to the following

Lemma 6.1. Let delN, let @ be a Polish space, let y be a probability measure
on B(0), and let Q,: @ x BRY)—[0,1], Q: @ x Z(R)— [0, 1] and OP: (®
xR* 1) x B(R) - [0, 1] (neNy, ke{2, ..., d}) be stochastic kernels. Suppose

Q.(x, A)=§f 14(¥is -5 ¥a) Qild)((xa W15 -5 Ya-1)) 4ya)
QR ((x, 1), dy2) QP (x, dy,)
for allneN, xe 0, Ac B(R"). Also assume that the functions F, (+|*) and F, ,(+|*)
defined by
Fo 1 (11%)=0"(x, (— 0, y11),
Felyis s Y- 15 X) =00 (% (15 > Yx— 1)) (— 20, 1),

(V15 .- a€R, x€0, ke {2, ..., d}) satisfy the following conditions:

(i) B, 1 (v1]%) = Fo, 1(y1[x) as n— o0,

E el yi oo Ve— 1> X) = Fo (W | V15 ovvs Yi—1, X) as B— 0

forallke{2,...,d}, yi, ..., y.€R, xe0;
(ii) for all ke{2,...,d}, yy, ..., ya_1€R, x€0O, the functions F, ,(+|x) and
Fo. . (*1y1, -5 Yu—1, X) are continuous and strictly increasing;
(iii) inf lim sup sup B, x (] y1s o5 Yi-1, %)
>0 now  zZx-1)eBs(Vx-1))

—F, elzg, 05 Zp-1, x)[=0

for all xe®, ke{2,....d}, yo-1,=1> -.» - )ER*™Y, yeR, where zy_,,
=(zy, .v5 Zx—1) and Bs(yg—1)):={zg—HeR* 1 12— 1~ Y- 1y | <8}

Then there is a probability space (Q, #, P) on which there are defined r.v.’s
X: Q-0 and Y,: Q- R* (nelN,) such that

P{XeA, Y,eB}= | Q,(x, Bu(dx) for all AcB(O)
A

and all BeA(RY) (6.3)
and
Y, (@) - Yo(w) for all weQ (asn— o0). 6.4)

Proof of Lemma 6.1. Let (2, &, P) be a probability space on which there are
defined independent r.v.’s X, Uy, ..., Uy, where X: Q - @ has distribution u and
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Uy, ..., U;: Q—(0, 1) are uniformly distributed on (0, 1). Further, let the r.v.’s
Y, 15 - Y 41 2 >R (neNy) be defined inductively by

Y, 1 (0)=inf {teR: F, (t| X (0))= U, (»)}

and
Y,,,k(w):zinf{te]R: F Y, (@), .., % (o), X(w)z Uk(w)}

for ke{2, ...,d} and weQ, and put Y,:=(Y, , ..., Y, ). It is well-known (and
easy to check) that the thus obtained r.v.’s Y, satisfy (6.3) (see, e.g., Skorohod
[39]1, p. 630). In order to demonstrate that they also satisfy (6.4), we proceed
by induction. The case k=1 requires only a minor reinterpretation of the follow-
ing argument. Suppose d> 1, let 1 <k <d, and assume that the first k—1 compo-
nents of Y, converge pointwise to those of Y;. Fix we, and put y,:=Y; (@)
Then, given >0, we can (by (i)iii)) find an n,eIN such that for n=n,

F;l,k(yk_ai Yn,l(w)> [ARE] Yn,k—l(w)s X(CU))
<Fo 1| Yo,1(@), ..., Yo k-1 (@), X (@)
<F  ntelY, (@), ..., Y, 41 (@), X (@),

i.e., using (ii) and the definition of the Y,’s,
| Y, k(@) — Yo (@) Se.

Lemma 6.2. Let d, @ and p be as in Lemma 6.1, let seR”, and let (Q,),ex,
be a sequence of stochastic kernels Q,: @ x Z(R?%) - [0, 1]. For x€® and neN,,
define

Qn(x= ‘)::Qn(xa ')*N(On 5Id)

Suppose that, for each x€©,
0, (x, *) converges weakly as n— oo to Qqy(x, *).

Then there is a probability space (Q, &, P) on which there are defined r.v.s
X: Q-0 and Y,: Q>R (neNy) satisfying (6.3) and (6.4).

Proof of Lemma 6.2. For xe® and nelN,, define
0,.4(x, A):=0,(x, AxR*™%  (for ke{l, ..., d}, AcZ#(RY),

El,k(ykly17 veey yk*lax)

Vi

j‘ j‘ exp(_(25)_1 ”(yl’ cees V=15 S)_tllz)gn,k(x’ dt) ds

- Rk

T T exp(—28) (s s Vi 15 =12 Oy i (x, d) ds

R Rk

(for kef{l, ..., d}, y1, ..., ya€R),

and let 0¥ ((x,(yy, ..., Vi—1)), *) be the probability measure (on #(IR)) corre-
sponding to the distribution function F, (*|¥;, ..., Vi1, X). Then it follows by
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routine computations that the thus defined Q,’s, Q%’s, and F, ,’s satisfy the
hypotheses of Lemma 6.1. (To verify (iii), note that the function

ur—exp (—(26) 7" ul?) meR*™Y)
is uniformly continuous.) This means that the conclusion of Lemma 6.2 is a
consequence of Lemma 6.1.

Proof of Proposition 6.1. Let Y,: Q -»R“ be a r.v. such that
P{XeA, YoeB}= | Qo(x, Byu(dx) for all Ac#(O)
A
and all Be#(RY), (6.5)

and let n: Q>R be a r.v. with Poy~!=N(0, I,) which is independent of
(X, (Y)nen,)- (In view of condition (v) and Lemma 5.1, the r.v.’s # and Y, can
be defined without enlarging the underlying probability space.)

Now let de{j~*: jeIN} be arbitrarily fixed. Using (i), (ii), and Lemma 6.2,
we find that there is a probability space (22, %, P) on which there are defined
rv’s Y, 5: Q>R (nelNy) and X: @ — © such that

Po(Y, 5, X)"'=Po(Y,+6'?n, X)"" forall neN, (6.6)
and
Y, s> Y5 ; P-as. as n-oo. 6.7

Enlarging the probability space (2, &, P) if necessary, we may assume that there
also exists a r.v. U: Q@ —(0, 1) with uniform distribution on (0, 1) which is inde-
pendent of (X, (¥, s)nen,)- By (6.6) and Lemma 5.1, there is a sequence (¥, s)uen,
of Borel measurable mappings

Y, R'x0x(0,1)>R*xR*
such that the r.v.’s Y, ; admit a decomposition of the form

Y, =Y, s+5'21, (6.8)
where
(Yn,éa fn)= %,a(maa X, U),
Po(Y, 5, X)" 1 =Po(Y,, X)77, (6.9)
71, is independent of (Y, ;, X), and Po7j, * =N(0, I,).

Because of (iii), (iv), and the definition of the r.v.’s ¥, ;, it follows from Scheffé’s
lemma (see, e.g., Ginssler and Stute [14], Satz 1.6.11) that

the sequence (¥, ;) en, is uniformly square-integrable. (6.10)
Combining (6.7) and (6.10), we obtain

lim [ || %, Y 52 dP=0,
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which entails that
lim sup {[|Y, ;— Yo,5/1?dP<4dé (6.11)

n—>w©

(by (6.8) and (6.9)).
According to Lemma 5.1, there is a sequence (4, 5),.n of Borel measurable
mappings
Ay s REx O x(0,1)>R?
such that the r.v.’s
Yis=4, 5, X, U) (6.12)
satisfy
Po(Y, X, V) ' =Po(Y, 5 X, Yo.5) 1. (6.13)

Taking into account that §e{;j~:jeIN} in our above considerations was arbi-
trary, it follows from (6.11) and (6.13) that there is a strictly increasing sequence
(Vren, 10 Ny such that v =0 and

sup E||Y*-.—Y,|2<8dl7"  forall leN\{1}. (6.14)

n>Vio1q

We define
Apy=4,,-, for vj_;<n=<v and leN.

It is obvious from (6.5), (6.9), and (6.12)6.14) that the thus obtained mappings
A, meet the requirements of Proposition 6.1.

6.2. A conditional central limit theorem. We begin with a technical lemma. (A
similar result appears in a paper of Eagleson [10], but his proof is somewhat
unclear.)

Lemma 6.3. Let @ be a Polish space, and let P be a probability measure on
B(O). Let (Q;, F,) (ie {1, 2}) be measurable spaces, where the o-field 7, is assumed
to be countably generated. Let X: @ —Q,,Y: O > Q,, and Z: @ >R be measur-
able mappings. Suppose {|Z|dP<oo. Put pu:=P.X"', and let Q:Q;x (O)
— [0, 17 be a stochastic kernel satisfying

[ O(x, 4) u(dx)=P(4~{XeB})

(for all AcB(O) and all BeF,), i.e, Q(x,*) is a regular conditional probability
on #(0) given X = x. Then there is a y-null set M e %, such that for all xeQ,\M

E*(Z|Y=y)=E(Z|X=x,Y=)) Q(x,")oY '-as. (6.15)
Here E* denotes the conditional expectation on the probability space
(0, #(0), Q(x, *)).

Proof. For xeQ,, we define Qy,=0(x,)eY ' (6.15) will be established by
showing that there is a g-null set M e %; such that for all xeQ\ M, Be %,

JEZIX=x,Y=y)0Qy(dy)= [ Z(0)Q(x, db). (6.16)
B

Y-1B
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For all Ac#, and all Be%#,, we have

| JEZ|X=x, Y=Y)Qy.(dy) u(dx)

= [ zdP=] [ Z(0)Q(x db)u(dx),

X~-14nY~1B A Y !B

which entails that for each Be#, there is a p-null set N(B)e#; such that
(6.16) holds for all xeQ,\N(B). Since &, is countably generated, we can even
find a countable field ¥ generating &#,. We set M= { ] N(B). Then p(M)=0.

Be%

It is obvious that (6.16) holds for all xe2,\ M and all Be %,.

The following proposition is a conditional version (essentially due to Eagle-
son [10], [11]) of the central limit theorem for stationary ergodic martingale
difference sequences in R? (deN).

Let ® be a Polish space, let P be a probability measure on %(@), and
let o: ® — @ be an ergodic automorphism on the probability space (@, 4(©), P).
Moreover, let Yy: ©@ >R be a r.v. with ||| Y, |?dP < co. For k, [€Z, put

Yi:=Ypo0* and ¥;:=o(Y;; —o0<j<I).
Suppose
E(Yolg_1)=0 a.s.

For each I =Z with I+0, let Q;:=] [IR%. Furnished with the product topolo-

kel
gy, ©; is a Polish space. Let Q; be endowed with the corresponding Borel
o-field #(2;. The mapping Y;:0—Q, defined by ¥;(0):=(Y;(9);, is
28 (Q,)-measurable. The corresponding distribution P ¥, will be denoted by
yr. Write C:=Cov (Yp), K:={jeZ: j<0}, and let Q(J, -) be a regular conditional
probability on %#(0) given Yy =9 (cf. Lemma 6.3).

Proposition 6.2. There is a pg-null set M e %(Qy) such that for all e Q \M

1

Q(?:')O(n_l/z z": Yk)w - N(,C) weakly (as n— o0).

Proof. Throughout this proof, the elements xeIR? are considered as row vectors,
while x” denotes the corresponding column vector. For keN, let % :=.o/ (Y}; 1
<j=<k). Together with Lemma 6.3, the assumptions jll Y,|?dP<coo and
E(Y,|%_,)=0 a.s. imply that there exists a ug-null set M, % (Qx) such that

(Y, % hien 1s a martingale difference sequence on (@, (@), 0(9,¢)) (6.17)

and
E||Y,|?<o (for all keN) (6.18)
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for all peQg\M,. (As in Lemma 6.3, E® denotes the conditional expectation
on the probability space (@, #(0), Q(, -)).) We also have

n=o0 Moy

N
=ﬂz{()’j)j523 lim W Z E(YkTYkla Y =y 4.
n-=* o

k=1

Yoot =)’k—1)=c}

n

o 1
— (00, ) % 1{(y,~)jeN: lim = 3 E() %o, Yoy =y,

po =1

Yk_1=yk_1)=6} ue(d9)
(with $=(y));cx)

. o~ R G
=100 )oK { e lim - 3 B BBy,

n=oo p=1

vy Yy =)’k—1)=c} px(d)
(by Lemma 6.3)

~fo(pfim & % B8 %1950 =C}) uatd)

noo Mooy

Combining this identity and the fact that — in consequence of the Birkhoff
ergodic theorem (note that, for all keN, E(Y Y, |%;_)=E(Y{ Y,|%)cd"**
a.s) — P, =1, we infer that there exists a ug-null set M,e%(Qy) such that for
all peQ \M,

12 .
o Y B %9 )-C Q@ )as. (6.19)
k=1
(as n — o0). A similar argument shows that

1 n
m kz E (1% Ly zn | %i-1)
=1

—’j' | Yy ||2 1{|1Y1 [ ;r}dP Q(, *)-as. (6.20)

(as n— o0) for all relN, and for all y in the complement of a suitable ug-null
set Mye(Qg). Setting M:=M,uM,uUM, and invoking Brown’s [5] mart-
ingale central limit theorem and the Crameér-Wold device, the assertion of Propo-
sition 6.2 follows from (6.17)6.20).
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6.3. A law of the iterated logarithm for stationary martingale difference sequences.
The following proposition is a generalization of the upper class part of Stout’s
[41] martingale analogue of the Hartman-Wintner law of the iterated logarithm
to the case of not necessarily ergodic sequences.

Proposition 6.3. Let (2, &, P) be a probability space, and let ({)ren be a stationary
martingale difference sequence of r.v.’s £,: @ >R, Suppose E£2 < . Then

lim sup(2nL, n)~ "2 Y & <E(E| A as., (6.21)

=0 k=1

where £ is the o-field of invariant events pertaining to the sequence (&y).

Remark 6.1. By the very argument given below, “<” in (6.21) can be replaced
by “="; but we shall not need this refinement of Proposition 6.3.

Proof of proposition 6.3. If E(¢7].#)>0 as., the proof can be carried through
(with only minor modifications) by following the lines of Stout’s [41] proof
in the ergodic case. If E(¢7].9)=0 as., then &,=0 as. (for all k), so that (6.21)
is trivial. Finally, the case 0<P{E(¢?].9)>0} <1 can be reduced to these two
cases by considering the sequence (&) separately on Q':={E(¢}|.#)>0} and
on Q=N ’

Remark 6.2. To establish the upper class part of Stout’s [41] theorem (or of
its generalized version stated in Proposition 6.3), only the upper half of Stout’s
[42] martingale analogue of Kolmogorov’s law of the iterated logarithm is
required. An elegant proof of the latter can be found in Stout’s [43] monograph.

6.4. A subsequence argument. The last result of this section generalizes an argu-
ment due to Major [29].

Lemma 6.4. Let (2, %, P) be a probability space, let (B, || - |g) be a real separable
Banach space (endowed with its Borel o-field %(B)), and let (& )y be a sequence
of rv’s &:Q— IB. Suppose that, for each reN, there is a B-valued Brownian
motion (W,(t));z0 (defined on the same probability space) with W,(0)=0 and co-
variance function C of W,(1) (C being independent of r) such that

P{lim sup (¢L, )2 | Y &— W o) 2r 2} <r 2. (622

k<t

Also assume that there is a system .# ={M(s): seIN} of infinite subsets of N
satisfying
M) cM(s) if s> (6.23)
such that
A (W(t); sSr,t=n) and o (W(t)— W, (n); t=n)
are independent for each (n, ryeIN? with ne M (7). (6.24)
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Then one can even find a B-valued Brownian motion (W(t))»o, with W(0)=0
and covariance function C of W (1) such that

1Y &—W®ll=o(tL, ') as. (6.25)

k=t

Proof. From (6.22) it follows that there is a sequence (m));. of positive integers
with

mj=2m;  forall jeN {6.26)
such that for all relN
P{sup(tL, )™ 'Y &—=W ()| 22r 2} 22177, (6.27)
tzny kst

where n,= Y, m;e M(r). We define inductively
j=1

6.28
Win)+ W)~ Wi(n)  if m<tSn. (6.28)

W(t)=={

(reN). In view of (6.24), it is clear that W is a Brownian motion with W({0)=0
and covariance function C of W(1). It remains to prove (6.25). Using (6.26)
and (6.27), we see that on a set of probability >1-2r~2

By + 1

Y &= (Wnes)— W(n)

k=n.+1

ésr(mr+1 L2 m, 1)1/27

where ¢,=o0(1) (as r - o0). Hence

g

which, together with the Borel-Cantelli lemma and (6.26), leads to

Ay 4 q

Z ék_'(VVr(nr+ 1)_W'(nr))

k=n,+1

12
> (M, Lym,iy) / }< 00,

=o(n, L,n)'"? as. (6.29)

Y & —Win,)
k=1

In conjunction with the Borel-Cantelli lemma, the estimate

[1]

Y G—(WO—-Wwm)

k=n.+1

P{ sup (tL,n)"'7?

mEtSnees

g4r‘2}§2r_2 (6.30)

(reIN), implied by (6.27), completes the proof of the lemma.
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7. An Approximation for R.V.’s Taking Values in a Sequence Space

In this section we shall derive an approximation theorem for partial sums of
stationary ergodic sequences taking values in RN (equipped with the usual prod-
uct topology and the corresponding Borel o-field). This result is of preparatory
nature; it will, however, constitute the core of the proofs of Theorems 3.1 and
3.2.

For 1eN, we use p, (4,, resp.) to denote the projection RN— R (RN - R’
resp.) of RY onto the i-th component (the first 1 components, respectively).

Now let G=((Q, Z, P), 1, %5, Y} be the germ of an RN-valued stationary
ergodic F-sequence, and let (Y, %z be the stationary ergodic F-sequence
induced by (. We write

To:=0(€R"™) and, for neN, T,:=) Y.
j=1
Definition 7.1. Suppose
Elp,(Yo)l<oo  forall zeN.

Then (Y, Fi ez is said to be a stationary ergodic martingale difference sequence
if and only if, for all :elN, the sequences (p,(Y,), Fi)iz are stationary ergodic
martingale difference sequences.

Definition 7.2. Suppose
E|lp.(Y)|?*<x for all 1eN.

Then (Y, Fiez is said to have the weak M ,-property if and only if, for all
1€N, the sequences (p,(Y,), F )iz have the M,-property.

Proposition 7.1. Notation is as above. Moreover, let 5eR™, and let (x(r)),.n be
a nondecreasing sequence in N. Suppose:

E|p.(Yo)?<oo  for all 1eN; (7.1)
(Ye, Pihez  has the weak M,-property. {7.2)
Then the limits
.1
C,=1lim - Cov(4,»n Th) (7.3)

exist for all relN, and, without changing its distribution, one can redefine the
sequence (Y yew on a new probability space (Q, #, P) on which there exists a
sequence (W,),.x of Brownian motions W,={W,(t); te[0, c0)} with values in R*®
such that

W,.(0)=0 and Cov(W,(1))=C, (7.4)

having the following properties:
(U there is a sequence ({(¥),n in IN with

l(r+1)/l(r)eN (7.5)
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such that, for each (m, r)eIN?, the o-fields

A (W, (); LSs<r, t<ml(r))
and
A (W,(6) = W, (ml(r); tZml(r))
are independent ;

(i) P{lim sup (tL, )™ | W,(6) — A T
21/26r*)}<r~?  (for each reN). (7.6)

Proof. The result is established in six steps S.1-S.6.

S.1 (reduction to the case of a stationary ergodic martingale difference sequence).
According to Proposition 2.1, the r.v.’s Y; (keZ) can be written in the form

Y, =Y, +R.-,—R, as, (7.7)
where
(T/j, F));ez 18 a stationary ergodic martingale difference
sequence such that E|p,(Y,)|?<o forall :eN (7.8)
and

(R))jez is a stationary sequence of r.v.’s such that
E|p.(Ry)|*<oo  for all :eN. (7.9)

For neNN, we write T,:= Y ¥,. Then
i=1

T,=T,+R,—R, as. (forall neN). (7.10)

In view of (7.8) and (7.9), this implies that the limits in (7.3) exist and that,
for each relN and all nelN,

= 1 ~
C,=Cov (A Yo) == Cov (A, 1) (7.11)

Furthermore, by (7.9) and (7.10),

lim 1™ Y2 | Agy(T,—T) =0 as. (7.12)

n—>w

(for each relN). Consequently, it is enough to es~tablish the assertion of Proposi-
tion 7.1 with T, in (7.6) replaced by T}, (where T;:=0eR™).

S.2 (an application of the conditional central limit theorem). Let reIN be arbitrar-
ily fixed. (7.8) entails that, for each keZ,

E(4y Y1902 )=0 as., (7.13)
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where 900 = (A ¥ 13 — 0 <j<k—1). In order to apply the conditional cen-
tral limit theorem stated in Proposition 6.2, we consider the coordinate represen-
tation process correspondlng to the sequence (A ]) jez> 1.6, the process
(Q, #, P, (§));cz) defined by Q= =R, 7 # :=Borel o-field on Q induced by the
product topology, P:=Po o((Axe ¥)je) ™1, &+=j-th projection @ —»R*®. By (7.8)
and (7.13), the process (€))jez satisfies the hypotheses of Proposition 6.2. Now
let f:= =Po ((E J)J<0)_ , and let O(%,) be a regular conditional probability on
(Q, %, P) given (§));<o="%. For %€ [| R*" and meN, put

j=0

Om(X, A)==Q<>@ {m_”z i EjeA}) (for AeB(R*M)).

Then
Q.%,)isa regular conditional distribution for

-y ZAK(,) T, given (A, Y) i<o
(ke 1‘[ R*®). (7.14)

j=0

Moreover, according to Proposition 6.2, there is a g-null set NeZ(] [ R*")
such that for each £e([] R*O\N jgo

iso
On(®,)=>N(0,C,) weakly as m— co. (7.15)

(Note that, by (7.11), C,=CoV (4. Yo).)

5.3 (enlargement of the underlying probability space). Let (Q,, #;, P,) be a proba-
b111ty space on which there is defined a family {US}; k, reN, ae{1, 2}} of iid.
r.v’s U%: Q, —(0, 1) with uniform distribution on (0, 1), and let (2, &, P) be
the product space (QxQ,, FQRF,, PQPF). In the sequel, all r.v.’s originally
defined on Q (€, resp.) will tacitly be regarded as r.v.’s on (2, &, P) by identifying
a rv. X (Y, resp.) defined on Q (Q,, resp.) with the r.v. X (T’, resp.) deﬁned
by X(w wy)=X(o) (Y(0, ®,)=Y(®,), resp.); note that Po X '=PoX~! and
PoY"'=P oY1 We shall also make repeated use of the fact that, under the
above hypotheses

Po(X, 7)1 =(P- X" V(P Y V). (7.16)

S.4 (approximation of a single partial sum). By (7.11), we have, for each reN
and all meNN,

m ™ [ || A Tl > dP=trace (C,). (7.17)

Combining (7.14), (7.15), (7.17), and Proposition 6.1, we can find a sequence
(I(r))yen in N with

I(r+1)/1(r)eN (7.18)
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and, for each relN, a Borel measurable mapping

A, RO x (TTR*) x (0, 1) > R*® (7.19)
Jj=0
such that the r.v.
(r)__A (Ax(r) 7;(r)5 (Atc(r) J)]<0= Ul 1) (720)

has the following properties:

Po(Z9)"'=N(, I(r) C,), (7.21)
Z{ is independent of (4,4 ¥)i<o> (7.22)
Sl 4 Ty —Z9 1> AP <1(r)/(8 52 r°). (7.23)

8.5 (approximation of a single block). Let reIN be arbitrarily fixed, and let
I(r) and Z{¥ be as in S.4. For aeR*, let Cr«»[0, a] denote the separable Banach
space of all continuous functions f: [0, a] > R*®), equipped with the norm || - |,
defined by | f ||g:=sup {I| f(*)|l: x€[0, al}. According to Lemma 5.1, there is
a Borel measurable mapping

¥R x (0, 1) = Crew [0, 1(r)]

such that
V=820, U

is a Brownian motion with

V(0)=0 and Cov(VP(1))=C,
satisfying
Vi()=2¢ P-as.

S.6 (conclusion of the proof). Let ({(r)en, (Ar)rew, and (F),en be as in S.4 and
S.5. Our next aim is to construct a sequence (W)),.n of Brownian motions W,
={W,(1); te[0, o)} with values in R*® satisfying (7.4) and the following four
conditions:
(a) for all kelN,
oA (W ((k—1) 1) +0)— W, (k— 1) 1(); te[0, [(n)])

CVQ/(AK(r)(T;cl(r)_ ~(k— 1)l(r))5 (Alc(r) j)]<(k Iy Ul ko Ué )k)
(b) for all ke, the o-fields

A (W,((k—1) 1(r)+1)— W, (k= 1) 1(r)); te[0, 1(")])
and
r'Q{(ch(r) ?ja Ui':)ma U(2r,)m9 — 0 <]§(k'—1) l(r)a lémék_l)

are independent;
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(c) for all keN,

TN KT — Wk — D IO — ATy — Toe— 11612 dP
<1(1)/(86°r%);
@) (W (k1) — Wk — 1) 1N — Ay (Tirn— Ta—1y10ken is @ stationary

sequence of r.v.’s. _
(Here and below, T,:=0eRN.) To this end, we put

Z?cr) ‘=Ar(Ax(r)(Tkl(r) - T(k— 1) l(r)), (Ak(r) Yj)jg(k~ 1)16)> UY,)k)
and
=828, UDe

for k, reN. The Brownian motions W, (reN) are then defined inductively by
setting W,(0):=0 and

W) =W, (k—D1@)+ VOt~ (k—1) 1()

for te((k—1) I(r), kl(r)] and keN. It is obvious from S.4, 8.5, and the stationarity
of the sequence (Y)Jez that the thus obtained sequence (W)),. satisfies (7.4)
and (a}{d). Moreover,

(&) P{lim sup (tL; )2 | W, () — Aegy Tl 2 /2517 <12
t—>w

for each reN.

To prove (e), let re N be arbitrarily fixed, and let the sequences (MP ) o (2€{1, 2})
be defined by

M(f,)k‘: max “Ax(r)(Tm'—T(k—m(r))H
k-1 <m<kl@)

and
MY = max | W (k— 140 1(r)— W (k—1) 1()].

0=t=1

It suffices to show that

P {lim sup (m1(r) L, (m1() ™" | Axgy T

—Wmle) 2 1/26r3)} <r ™2 (7.24)
and that
klim k"2 MO, =0 P-as. (xe{l, 2}). (7.25)

Taking (c) and (d) into account, it follows from Proposition 6.3 that

lim sup (ml(r) L, (ml(r))) "'/ “Ak(r) Tml(r)

m—>

~W,(ml()| =227, P-as,
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where 7, is a real-valued r.v. with 7,20 and Ey2<1/(86%r). Using Chebyshev’s
inequality, this leads to (7.24). (7.25) is an immediate consequence of the fact
that the sequences (MY )ew (2€{1, 2}) are stationary and satisfy [ (| M, (>dP
< 0.

To complete the proof, it remains only to demonstrate that the above defined
sequence (W), has the properties (i) and (ii) stated in Proposition 7.1. But
(i) can easily be deduced from (a), (b), (7.18), and the fact that the sequence
{(x ("), 1s nondecreasing, while (i) is implied by (7.12) and (e).

8. Proof of Theorem 3.2

8.1. Preliminaries. As already mentioned in Sect. 3, Theorem 3.1 is an immediate
consequence of Proposition 7.1 and Lemma 6.4. The last mentioned two results
have already been established, and so the proof of Theorem 3.1 too is complete.

The existence of the limits in (3.7) follows directly from relation (3.3) in
Theorem 3.1 (case de {1, 2}). We also mention that the case d=1 of Theorem 3.1
together with the law of the iterated logarithm for a real-valued Brownian
motion entails that

lim sup 2nL, n)~Y2£(S,)=C(f,f)*?* as.

n=w

for all feB* (8.1)

Next we need to introduce some facts and notations concerning Gaussian
measures in Banach spaces (for further details, see Kuelbs [25], Lemma 2.1).
Let C: B* x B* - IR be as in Theorem 3.2. C is a nonnegative definite, symmetric,
bilinear functional. Suppose there exists a mean zero Gaussian measure v (on
% (IB)) with covariance function C. To avoid trivial complications, assume that
C+0. Since v is a mean zero Gaussian measure, we have [xv(dx)=0 and
fIxlgv(dx)<oo (see [25], Lemma 2.1(vi)). Thus v satisfies the hypotheses of
Lemma 2.1 in [25]. Let the linear operator S: B* — B be defined by the Bochner
integral Sf:={xf(x)v(dx), and let H, denote the completion of the range of
S with respect to the norm || - ||, induced by the inner product {(Sf, Sg>,=C(f, g)
(f, ge#*). The continuous extensions of {-,->, and |- |, from the range of
S to all of H, will be denoted by the same symbols again. IH, can be realized
as a subset of BB, and, writing c,:=({ [|yll§ v(dy))'/%, one has

IxlgZec,lxl, forall xeH,. (8.2)

(H,, {-,*>,) is a separable Hilbert space. Proceeding from a weak-star dense
subset F={ f;: keIN} of the unit ball of B* (note that IB is separable), a complete
orthonormal system of IH, can be constructed as follows:

Put Fy={f,eF: C(f, fi)*+0 and fi¢span{f;:j<k}}, D,={leN:1=]
<dimH,}, and let {«,:keD,} be an orthonormal system obtained from F,
by applying the Gram-Schmidt orthonormalization procedure with respect to
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the inner product C(-, ). Then {So,: keD,} is a complete orthonormal system
of H,. Moreover, the linear operators IIy: B— B (NeD,) defined by

Iy x:= i o (%) Sy (8.3)

k=1

are continuous. When restricted to H,, the IIy’s are orthogonal projections
onto their ranges.

8.2. An intermediate result. In a sense, the following proposition is obtained
by translating Proposition 7.1 into a Banach space result.

Proposition 8.1. Under the basic hypotheses of Theorem 3.2, suppose there exists
a mean zero Gaussian measure v with covariance function C. Also assume that
C=0, and that for each reN there is an N(r)eD, such that for all NeD, with
Nz=N()

!

lim sup (nL, n)~ /2 57 r 2 as. (8.4)

n=

z (Xk_HNXk)
k=1

Then, without changing its distribution, one can redefine the sequence (X)ien
on a new probability space (Q, Z, P) on which there exists a sequence (W,),cn
of B-valued Brownian motions with W,(0)=0 and covariance function C of W,(1)
such that the assumptions of Lemma 6.4, with (£, )ien replaced by (Xien, are
satisfied for an appropriate system . of infinite subsets of N.

Proof. For 1€D,, let o, be as above, and let the operators IT,: B— R’ be defined
by

I, x:=(a,(x), ..., o,(x)).

Moreover, let the projections p,: RN—>R and A4,: RN>R* (:eN) be defined
as in Sect. 7. We associate with (X ).z the sequence (¥y),.z of r.v.’s with values
in RN determined by
o,(X,) if 1eD,, '
Y)= .
80 {0 if 1eN\D,. ®3)

It is obvious that the thus obtained sequence (Y, %),z satisfies the hypotheses
of Proposition 7.1. As in Sect. 7, we write

To=0€R™ and T,:=3 Y, for neN.
j=1

Next, invoking Lemma 4.2 of Kuelbs and Philipp [27], we choose a nonde-
creasing sequence (k(r)),on in IN such that:
(@) N(n=x(r)<dim H, for all reN;
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(b) if W*={WH*(t); te[0, o)} is a B-valued Brownian motion with W*(0)=0
and covariance function C of W*(1), then

lim sup (tL, t) Y2 | W*(t) — oy W* (@) |pg<ir % as. (8.6)

t—w

for each reN.

(The formulation of Lemma 4.2 in [27] is somewhat misleading; one should
replace “there is an N such that” by “there is an N(y)eIN with N(n)<dim H,
such that for all NeN with N(n) <N <dim H,”.)

By virtue of (8.5) and the definition of the linear functionals «,, it follows
from Proposition 7.1 that

lim — Cov(AK(,,I",,) I.» foreach relN.

n—

Furthermore, using Proposition 7.1 and (¢.g.) Lemma 5.1, we can, without chang-
ing its distribution, redefine the sequence (X k)keN on a new probability space
(R, Z, P) on which there exists a sequence (W), of Brownian motions W,
={W,(t); te[0, o)} with values in R*® such that

W0=0 and Cov(W(1)=I.y,

having the following properties:
(c) there is a sequence (/(r)),en in N with

Ir+1)/I(r)eN (8.7)
such that, for each (m, r)eIN?, the o-fields

o (Wy(1); 1S s<r, t<ml(r)
and
o (W (1) — W (m1(r); t Zml(r))
are independent;
(d) for each reNN,

p{hm Sllp (tLZ t)_ 12 H W’(t) _Ax(r) YEI] H
21/2c, )} sr 2 (8.8)

(Here, ¢, is as in (8.2).)

We now proceed to construct the Brownian motions W, (relN) occurring
in Proposition 8.1. To this end, we may assume that the probability space
(Q, Z, P) is so rich that there also exists a family {U®; (k, r)eIN?} of i.id. r.v.’s
UP: Q-(0,1) with uniform distribution on (0, 1) which is independent of
(Xer> Woen). For k, reN, and te[0, I(r)], let

V00 =W(k—1) 1) +10~ W, (k— 1D I(r)). (8.9)



An Almost Sure Invariance Principle 195

According to Lemma 5.1, there is a sequence (H,),. of Borel measurable map-
pings
H,: Cren [0, 1(¥)] x (0, 1) - Cg[0, I{r)]
such that
KO=H, (72, UY) (8.10)

is a Brownian motion with V{?(0)=0 and covariance function C of V(1) satisfy-
ing

M VOO=V0(@) for tel0, I(r)]. (8.11)

The Brownian motions W, (reN) are then defined inductively by setting W, (0):=0
and

W (0:=W, (k=D 1)+ K"t —k— 1) 1(r) (8.12)

for te((k—1) I(r), kI(r)] and keNN.

It remains to show that the thus obtained Brownian motions have the desired
properties. We first notice that the mapping 1| I,y B: I1,.(, B> R*® is an
isometry from the first space, regarded as a subspace of the Hilbert space
(H,, <-,+>,), onto the second space (equipped with the Euclidean norm | - |).
Hence and from (8.2), (8.5), (8.8), (8.11), and (8.12), it follows that, for each
reN,

P{limsup (tL, 1) "2 | y(W, () = S I 2 r 2} 172 (8.13)
t—
so that
P{lim sup (tL, t)""* | W,(t) — Sy ll2r 2} <r 72 (8.14)
=

(by (8.4) and (8.6)). Moreover, writing

A= (W(t); 1<s=Zr, t=ml(r))
and
At =2 (W(t) = W, (ml(r)); t2ml(r)

for (m, ¥)eIN?, we have
A vl (W(0), UG5 12521, kSml(n)/U(s), t<ml(r))
and
Ayt o (W,(0)— W, (ml(r), U5 k>m, t2ml(r),

which together with (c) and the choice of the family {U?; (k, )eIN?} implies
that '

¥, and /%% are independent. (8.15)

Combining (8.14) and (8.15) (and taking (8.7) into account), we see that the
proof of the proposition is complete.
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8.3. Conclusion of the proof of Theorem 3.2. In case C=0, our task reduces
to proving the equivalence of the following two statements:

(@) The sequence ((nL,n)”Y/28S,),n is with probability one conditionally
|+ |g-compact;

(b)) [ISale=0((nL;n)"'?) as. (as n— o).
The implication (b’)=-(a’) is trivial. To prove the converse implication, it is
enough to observe that, by (8.1), f(S,)=o((nL, n)"/?) a.s. (as n— oo) for all feB*.
(Note that the weak-star topology of B* is separable, and that a conditionally
[+ |s-compact sequence (x,),. in B satisfying

g2(x,) >0 (as n— o) for all g in a weak-star dense
subset of IB*

is strongly convergent to 0.)

We now proceed to the case C+0. First we consider the implication (a)=>(b)
of Theorem 3.2. In view of Lemma 6.4 and Proposition 8.1, we need only verify
(8.4). Combining (a), Lemma 2.1 in [25], and (8.1), we see that the conditions
of the first part of Theorem 3.1 in [25] are satisfied with

Y,==n"12§, and ¢,=QL,n)"* (neN).
Hence
lim d(2nl,n)~*?S,, K)=0 as.,

r> 0

where, for xeB, d(x, K):=inf{||x—y|p: yeK} and K is the unit ball of the
Hilbert space H, introduced in Subsection 8.1. But this means that the proof
of Lemma 4.1 in Kuelbs and Philipp [27] remains applicable to establish (8.4).

Let us turn to the converse implication (b)=>(a). From Theorem 4.1 in [26],
applied to the sequence (W(n)— W(n—1)),.n, and (3.8) we conclude that the
sequence ((nL, n)~Y/2S,),.n is with probability one conditionally | - |g-compact.
The proof that (b) entails the existence of a mean zero Gaussian measure v
with covariance function C, and that the covariance function of W(1) is necessari-
ly equal to C, can be adapted from Sect. 5 in [27], the only difference being
that one has to employ relation (8.1) instead of the Hartman-Wintner law of
the iterated logarithm.

9. Proof of Proposition 2.2

We shall only prove that (i)<>(ii). (The proof that (iii) «(iv) proceeds analogous-
ly.) Let

Q= i lim sup E ((z:imx_lf)'

m=1 "7®

We begin by demonstrating that the following three facts (F1){(F3) hold true
under (i) as well as (ii):
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(F1) For all m, neN with m=n, one has

(g 2o )

l=m

(F2) The sequence (Z x_l> is Cauchy in %,.
=1 nelN

© © 2
(F3) 09=> E (( Y x_,) ) (irrespective of whether Q is finite or infinite).
m=1 I=m

To verify (F1), we first recall that
E(& | B)=E(E | Fo)ott as. forall k,leZ. 9.1)
Next we observe that each of the assumptions (i) and (ii) entails that

E(@o|#.1)—2~0 as k—oo. 9.2)

In the case (i) this is evident; in the case (ii} it follows from the martingale
convergence theorem (note that E({q|#_ )=0 as.). From (9.1) and (9.2) we
infer that, again in both cases (i) and (ii),

E ‘_Zéklfo)= Y Y (EGIF)-EG| 7)) as

I=—w k=m

(for all m, neIN with m <n), where the infinite series converges in .%,. Hence

E(E(z fk|ffo)2)= 5 B ¥ @l 5 £l 7o)

m I=—w k=m

_5 E("_fﬂx_k)z (using (9.1)),
k=1

I=m

which gives (F1). (F2) is an immediate consequence of (i) and (F1); on the other
hand it can also be obtained from the relation

n 2
lim lim supE(Z x_k) =0,
K

N
m—>w© n->w© =m

implied by (ii). Finally, it is clear that (F2)=>(F3).

We now consider the implication (i)=>-(ii). Suppose that (i) is fulfilled. From
the martingale convergence theorem and (9.2), we conclude that E(&,| #_ ,)=0
a.s. Using (i) and (F1), we find that for each eeR™* there is an Ny(g)eN such
that

n—m+1 2
( Y x_k) <e¢ forall n,m=Ny(e) with n=m.
k=1

S E

I=m
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Because of (F2) and (F3), this is only possible if Q < co.
The converse implication (ii)=>(i) follows by combining (F1), the inequality

R S o S N

I=m I=n+1

(valid for all m, neIN with m=<n) and the fact that, on account of (F3) and
since Q< oo, the right-hand side of (9.3) becomes arbitrarily small if m and
n are chosen sufficiently large.

10. Proof of Corollary 4.1 and Remark 4.1

10.1. Proof of corollary 4.1. In the following we shall use the symbol || Y], to
denote the p-norm (pe[l, o)) of a r.v. V: Q—R with E|Y[P< o0, e, Y],

=(E|Y|")"'2. For m, neN with m<n, we write T,, ,:== ) X;.

We first consider the cases A.1-A.4. To this end, let (Q, % P, (X, Jcz) be
the coordinate representation process corresponding to the sequence (X Wkezs
ie, Q:=B?% % :=Borel o-field induced by the product topology on IBZ P:=
Po((Xhez)” !, Xii=k-th projection Q— IB. Without loss of generality we may
suppose that (Q, Z, P, (Xk)kel)z(gs Z, P, (X hen)- Let =0/ (X _;;jeNo), and
let 7: Q —Q be the shift transformation (i.e., T((x});ez) =(X;+1)jez fOr (X});cz€).
Then X;=X,ot* and F=1"*FH=/(X;;j<k) for all keZ. Each of the
assumptions A.1-A.4 entails that the sequence (X;),.z is ergodic (see, e.g., Ibragi-
mov and Linnik [20]). Hence 7 is also ergodic. Summarizing, it follows that,
with the above notations and conventions, (X, %)z is the stationary ergodic
F-sequence induced by (2, &, P), T, %o, X ). Therefore, it suffices to show that

(X, Pdeez  has the weak M ,-property. (10.1)

It is obvious that (10.1) holds under A.l1. So it remains only to investigate
the cases A.2-A.4. For kelN,, X _, is #;-measurable. Hence, and in view of
Minkowski’s inequality, it is enough to demonstrate that, for each felB*,

Z max [|E(f(Toxr 1, 2041)| Fo)ll < 00. (10.2)

k=1 1152

But this is immediate from the following estimates (valid for all m, ne N with
m=n).
Under A.2: |E(f(T,,)| F)l2 S 5am) 22| f(T, )2 +5
(cf. McLeish [30], Lemma 3.5),
[ (T2 4s=—m~+1) [ (X )24
(by Minkowski’s inequality).
Under A3: |E(f (T, ) | Fo)l2= p(m) | f (T, )l 2
(note that |E(f(T,,.) | %)

=E(f(T,,,) E(f(T,,1) | %0)
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SpME(f (T, ) | Z)2 1L f (T, ) 12),
If(Tu D2 St (f) (n—m+ 1)1
(cf. Ibragimov [21] and Bradley [3]).

Under Ad: |E(f (T, )| Fo)2 2 (m) T f(T, M2+
(cf. [30], Lemma 3.5),

IS (T, M2 4s=ca(f) (n—m+1)12
if lim sup E(f (T}, )*)= o0 and 6€f0, 1]
1= w

(cf. [21] and [3]),

TE(f (T, )| Zo)2 =20 (m) "2 c5(f)
if lim sup E(f(T},)*) < oo

1=«

(cf. [30], Lemma 3.5).

(Here ¢, (f), c,(f), and ¢5(f) are positive constants.)

Let us now turn to the cases A.5-A.7. In these cases we may, without loss
of generality, assume that (Q, %, P,(Y,).z) is equal to the coordinate representa-
tion process pertaining to the sequence (Yi)i.z- We choose t to be the shift
transformation on Q, and %=/ (Y;; j<k) (for keZ). Following the lines of
the above proof in the cases A.1-A.4 and using some arguments from McLeish
[30], p. 177, the details for proving that the assertion of the corollary holds
under A.5 and A.6 are straightforward and hence omitted. Finally, the proof
that the conclusion of the corollary also obtains under A.7 is immediate from
Theorems 3.1 and 3.2 in conjunction with Proposition 2.2.

10.2. Proof of Remark 4.1. For nelN, let T; , be defined as above. Again, we
begin by considering the cases A.1-A4. Let Fy:=o/(X;;j<0). Since X, is
Fy-measurable, we have
Un(fs 9)=E(f(Xo) g(Xo) +E(f (Xo) E(g(T1,.) | %))
+E@(Xo)E(f(Th,) | %)),
so that the convergence of the sequence (U,(f, g)),en follows from the fact that,

by (10.2), the sequences (E(h(T} )| %o))nen (heIB¥) are Cauchy in %, . It remains
to demonstrate that

U(f,g)==1im U,(f, g)=C(f,g) forall f, geB*.

n— o

As the mappings (f, g)— U(, g) and (f; g)— C(/, g) are symmetric bilinear func-
tionals, the polarization formula tells us that we need only show that
U(f, /)=C(/. f) for all feB*. Now

E(/ (T PD=EG X))+ T U(5f)  forall nel, feB

Since lim U,(f, f)=U(Y, f), this entails that

C(f )= lim - E((T, P)=U( ),

n— ©
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as desired.

If one of the assumptions A.5 and A.6 holds, the convergence of the sequences
(U(f; g))uen can easily be obtained by adapting the reasoning in Ibragimov
and Linnik [207], p. 352ff. The rest of the proof is as above. Finally, if A.7
is satisfied, the assertion concerning the convergence of (V,(f, g)nen to C(f; 2)
follows directly from Proposition 2.2, Remark 3.5, and the proof of Proposi-
tion 2.1.
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