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Summary. We investigate a class of statistical problems, where usual bootstrap
methods fail, and discuss two alternative solutions. In particular, a stochastic
procedure for constructing confidence sets is proposed. Special applications are
the eigenvalues of a covariance matrix and minimum distance functionals.
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1 Introduction

We investigate a class of statistical problems, where usual bootstrap methods
fail, and discuss two alternative solutions. One special case are the eigenvalues
of a covariance matrix, which is a well-known counterexample of Beran and
Srivastava (1985, 1987); see also Eaton and Tyler (1991). Other examples are
given in connection with minimum distance procedures.

In general we are dealing with a sequence of statistical models that can
be partially described by an unknown parameter ¢, in a real Banach space
(X, | - 1). For each = let £, be an estimator for t, defined on a probability space

(Q,, B). For the random elements B, ==]/Z(f,,— t,) we assume that

Al B, converges in distribution to a random variable B, where L:=%(B) is
a tight Borel distribution on X

(the factors W could be replaced with any other constants r,>0 tending to
oo0). The second basic assumption is that there are consistent estimators for
#(B,). That means, there are random distributions L,=L,(+|w,) on X, defined
for w,€Q,, such that

A2 L, converges weakly to L in probability
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(we refer to Hoffmann-Jorgensen’s, 1984, concept of weak convergence; see the
appendix for more details). Two examples for A1-2 are given at the end of
this section.

It follows from A1-2 that one can construct confidence sets C,<X for ¢,.
But suppose that one is merely interested in ¢(t,), where ¢ is any function
from X into another Banach space (Y, || - ||). One might use ¢(C,) as a confidence
set for ¢ (t,). However, these sets are too conservative in general. Another prob-
lem is that it is not always clear how to compute or represent ¢(C,).

An alternative is the naive bootstrap. It estimates the distribution of

V/n(¢ () — () by
M=% 1 (/0@ G+ 0"  X)— b (5,)

(t,, L, regarded as fixed). Under some regularity conditions this method works
well, if ¢ is compactly differentiable in the sense of Reeds (1976); see Gill (1989).
However the functions ¢ we are interested in are not necessarily differentiable,
although they have other regularity properties. One consequence is that the
naive bootstrap fails in general.

There is a possible modification of the bootstrap, called the ‘rescaled boot-
strap’ hereafter. In an i.i.d. setting it is equivalent to the sample size modification
described by Bretagnolle (1983); see also Beran and Srivastava (1987) and Eaton
and Tyler (1991). The naive bootstrap estimator M, is replaced by

M=%y, (Y m@E+])/m™ X)— o @),

where m=m(n) are numbers such that m — oo and m/n— 0. In the present frame-
work it typically works in case of constant sequences of parameters, t,=t for
all n. But if this condition is violated, the rescaled bootstrap might fail either.
In that sense it is very nonrobust and shouldn’t be used. Both the naive and
the rescaled bootstrap are treated in Sect. 2.

In Sect. 3 we discuss an ad hoc method, which is more reliable but computer-
intensive. The basic idea is to use the classical recipe of inverting tests: Each
hypothetical parameter in X is tested for being a plausible candidate for ¢,,
and then the set of plausible parameters is used to define a confidence set for
¢(t,). In many classical problems this approach reduces to looking only at
one or a few possible parameters, but in the present situation no such reduction
seems possible. Therefore it is proposed to replace the whole parameter space
X by a random finite subset, which leads to a stochastic procedure as in Beran
and Millar (1987).

Some technical details and most proofs are deferred to the appendix.

Example 1.1: sample covariance matrices. Let X be the space of real, symmetric
d x d matrices x=(x; ;: 1<i, j<d), and for a probability measure Q on R? with
finite second moments let X~(Q)eX be its covariance matrix. Given a sequence
(Q,). of such distributions, let 0, be the empirical distribution of n independent
random variables with distribution Q,. Under mild regularity conditions the
estimators f,:=X(0,) for t,:=2(Q,) meet Al, see Beran and Srivastava (1985):
Suppose that

(1) Qn——57Q and Ey o (IYII*) = Ey ol Y]*) <o

weakly
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for a fixed Q. Then ¢, — ¢, and Z(B,) converges weakly to a centered Gaussian
distribution L=L(Q) on X. Furthermore (1) holds in probability, if Q,, is replaced
with Q,. Thus by resampling from Q, one gets a consistent estimator L, for
the distribution of B,. The distribution L is typically nonsingular; for instance,
if Q is absolutely continuous with respect to Lebesgue measure. This fact is
needed in Sect. 3.

Example 1.2: empirical discrete measures. Now let Q,, O, be probability mea-
sures on the set {1, 2, ...} of positive integers. Any such distribution Q is identi-

fied with (Q {1}, @ {2}, ...)e/, or (/@ {1}, ]/Q {2}, ...)et,, where £, is the Banach

space of real sequences r=(r,, r, ...) w1th finite norm [r| = |r;[?)"’*. In both
cases, if i

@) Q. {1}~ 0Q{i}Vi and Y0Q.{} Y}/ Q{i <

for a fixed Q, then the B,: W(Qn Q,) satisfy Al with a centered Gaussian
distribution L=L(Q). Again one can bootstrap £ (B,) in the usual way, because
(2) still holds in probability, if Q,, is replaced with Q,,.

2 Naive and rescaled bootstrap
In this section we restrict our attention to the following asymptotic framework:

B1 W(tn —t)—> A for fixed points ¢, 4e€X.

The case 4=0 corresponds to the standard asymptotics ‘Q,=0Q for all n’ in
examples 1.1 and 1.2. Further suppose that the function ¢: X - Y is compactly
differentiable at ¢ in a weak sense:

B2 There are a linear space X,<X containing supp (L) and 4 and a function
&: X, — Y such that

Iim r Y(p(t+rx)—¢(t)=D(x) VxeX,

rlO,x' »x

(supp (L) is the smallest closed set A=X with L4=1). Note that the function
® in B2 is automatically continuous and positive homogeneous on X,, ie
&(rx)=r&(x) for all xeX, and r=0. If @ is linear, then ¢ is compactly differenti-
able tangentially at X, in the sense of Gill (1989). At the end of this section
we give examples for ¢ with a detailed discussion of its analytic properties.
The important thing is that B2 is satisfied, but @ is nonlinear in general.

It is notationally convenient to reformulate the problem in terms of

X)=)/n(@+])/n"' x)— (1),
Ap=)/n(t,— 1),

Ap=)/n(t,—t)=B,+4,.
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We also write
f(x,2)=f(z+x)—f(z) for functions f: X-Y.
Then &,(4,)— ®,(4,)=®,(B,, 4,), and
M,= % .1,(®,(X, 4,),
M=%y 1,(Bp(X, )/ m/nd,).

The next result gives the asymptotic joint distribution of & (A,)—@,(4,)
and M,. While &,(4,)— ®,(4,) has a definite limiting distribution, the bootstrap
estimator M, converges in distribution to a random measure:

Proposition 1 Suppose that A1-2 and B1-2 hold. Then the random elements
®,(4,)—d,(4,) converge in distribution to ®(B, A). Further, for any fixed
fe¥%(Y, [0, 1]), the random elements M, f converge in distribution to the random
variable M, . ) f, where M,:=% (9 (B, z)).

Generally, for any fe€(Y x Y, [0, 11) the random elements M, f (P,(B,, 4,),*)
converge in distribution to the random variable M 4, g, f (P(B, 4), ).

An exceptional case is @ being linear. For then &(-, z)=@ for all zeX,, and
M, converges weakly to the correct, nonrandom limit M g, in probability.
The rescaled bootstrap M, has a different behavior:

Proposition 2 Under A1-2 and B1-2, the rescaled bootstrap estimator M, con-
verges weakly to M, in probability.

For A=0 this is the correct limit, but otherwise the distributions M, and
M 4 can be different, unless @ is linear.

Both Propositions 1 and 2 can be derived from an extended Continuous
Mapping Theorem given by van der Vaart and Wellner (1989); see the appendix.

Example 2.1: eigenvalues of a symmetric matrix. Let X be as in example 1.1,
and for any real, symmetric d x d matrix % let ¢ () be the vector of its d eigen-
values in decreasing order. This function ¢ is positive homogeneous and Lip-
schitz continuous. In order to formulate other regularity properties we have
to introduce some notation: The set of all orthogonal d x d matrices is denoted
by T. For a (possibly void) subset E={e, ..., e¢,_} of {1, ..., d—1} with 0=:¢,
<e <e,<...<e,=d define

(x| B)=((xi e, <i,jSe): 1 SsZK).

Here is a basic result, which is given in Eaton and Tyler (1991):

Lemma 1 Let (£,), be a sequence in X. Further let 1,, 1€T and E={e, ...,
ex—13<={l, ..., d—1} such that

T'l - T’
Ty &n Ta=diag (¢ (£,) Jor all n,
qbi(én)"(rbe(s)(én)zo for es—1<i§es and 1§S§k,

Gl o+ :1(&) >0 for 1<s<k.
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Then
¢(x’ fn)—¢(T*XT|E)—>O

uniformly in x on bounded subsets of X ([ -]* denotes transposition).

A particular consequence of Lemma 1 is condition B2: For any fixed reX
let E(r) be the set of all indices ie{1, ..., d—1} such that ¢;(t)>¢;, (), and
let T(t) be the set of all T€T such that t*tt=diag ¢(z)). Then

(B)  lim i (@E+rx)—)=P(*xt|E(®) for xeX and (D).

rlo,x —-x

This follows by letting &,=r, ' t, where r, | 0. Formula (3) shows that ¢ is differ-
entiable at ¢ if and only if all eigenvalues of ¢ are different.

Example 2.2: minimum distance functionals. Let (q,: 0 @) be a parametric family
in X, and define

¢ (x):=inf [|go—x] .
9c0

This functional ¢ is obviously Lipschitz continucus with constant 1 for any
parametric family. Minimum distance tests based on functionals of this type
are discussed by Pollard (1980). It would be interesting to have upper confidence
bounds for the distance ¢(¢,) rather than just a test, whether the parametric
family is correct or not. Suppose that @ is an open subset of R? such that

inf  |lgz—gq, >0 Ve>0 V0eO,

0c0,|10—-0|z¢

and @30+->q, is continuously differentiable with nonsingular derivatives
Dgy: R? - X, Then one can prove

Lemma 2 Let (s,), be a sequence in X such that ¢(sn)=0(|/n‘1) and s, qq
Jor some 0€@. Let (0,), be any sequence in © such that ||qy —s,|| < P(s,)+n" ",

and define n,,:=]/ﬁ(s,,~q9n). Then
(s, +)/n" " x)—min| Dy h—m,— x| >0
heRP

uniformly in x on bounded subsets of X.
In particular, Lemma 2 implics that B2 is satisfied for t=g¢,, 6@, with limit

@(x):=min||Dyh—x| .
heRP

Moreover, there is an expansion for the corresponding minimum distance
approximations: For r>0 let ¢,: X > © be any function such that [|Q, ,—x||
= é(x)+r? for all xeX. Then

lim r !'y,(ge+rx)=arg min||D, h—x|
heRr

rj0,x ->x

whenever this argmin is uniquely defined. Even if uniqueness is guaranteed
for sufficiently many xeX, the argmin is nonlinear in general.
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3 Robust confidence sets

Now the points An=\/ﬁ(tn—t) are no longer assumed to converge to a fixed
point in X. The only assumption (if any) is that

B3 t,—t.

Moreover, @,: X—Y could be any function; only in the examples we refer
to @,(x)=]/n(@(t+]/n"Tx)— (1)

Generally a confidence set for @,(4,) is a random subset C, of Y defined
on (2, B). For a fixed level «&(0, 1/2) the confidence sets C, are said to be
asymptotically valid, if

lim sup B,{9,(4,)¢C,} <o.

n-=* o

In this paper we restrict our attention to confidence sets, which are determined
by one shape function S: Y — R and one confidence bound R,: £, — R as follows:

For instance, if S(y)=|y|, then C, is the closed ball with center &,(4,) and
radius R,. If Y=R and S(y)= —y, then C, is the halfline (— o0, &,(4,)+R,].
Generally it is assumed that S is Lipschitz continuous.

The naive bootstrap leads to the sets C®:={S(®,(4,)— *) < 4,(4,)}, where

Gu(@=sup {reR: Pry_z (Sod,(X, H2r} 20}

Alternatively, we test the hypothesis “4,=¢” for all points ¢ in a random finite
subset =, of X. The tests are based on the teststatistic

T.(x, §):=S(P,(x) = ,(S))-

Thus 1{T,(4,, &> 4a(8)} is a test of “4,=¢” with nominal level «. Now the
confidence bound R, is defined as

R,=max {T,(4,, &): (€5, T,(4,, <40},

and the corresponding confidence set is denoted by C,.

This description is convenient for theoretical considerations. But one can
avoid the computation of all quantiles 4,(¢), £€Z,, by computing R, inductively
after arranging the values T,(4,, £) in decreasing order.

The particular choice of 7, seems intuitive and often leads to reasonable
confidence sets. However, one can also find examples, where this particular
teststatistic does not work well. One possible improvement is to replace 7,(x, £)
with w,(x) T, (x, £), where w,>0 is a suitable weight function (studentization).
The choice of an appropriate teststatistic as well as more flexible shapes for
C, will be the subject of future research.

In what follows the asymptotic behavior of C, is studied under conditions
Al-2, where we also assume that

A3 supp (L) is a linear subspace of X.
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It is well-known that this requirement is always satisfied for a centered Gaussian
distribution L. In addition one needs conditions on the random sets =, and
the functions @,.

On the one hand it is assumed that Z, is asymptotically dense in A4, + supp (L)
in a weak sense:

C1 min [{ — A—zll—»O Vzesupp (L).

¢ekp

On the other hand the sets £, must not be too large:

2 max ¢ A1 =0,(/n).

ek,

An explicit construction of =, might be as follows: Let L, be a Markov kernel
in the classical sense, and let By .. By,,, ... be random variables, which are
conditionally independent with distribution L given 4,, L,. Then the random
sets

Z,={4,—B; . 15i<k,}
meet assumption Cl, provided that k, tends to infinity. This follows from the

fact that the joint distribution of B,, By ,, ..., By, converges weakly to L¥*!
for any fixed integer k>0. For

lim supP{mlnllé A —z||>a}<1nf11m supP{mm |B,—z—B; .l =&}

n— oo ek, n—ao

<infE(L{|B—z— - 2}")
k

=Pr{L{||B—z— | <¢&}=0}
=0 Vzesupp(l).

The second requirement C2 can always be achieved by a proper truncation.
Note also that max || B, ,, | =0p(]/k—,,), provided that E(|| B, |*| 4,, L) - E(||B]?).
iZkyn

The following assumption for @, is used in order to establish a lower bound
for R, and the asymptotic validity of C,,:
D1 There is a function @: supp (L) — Y such that

?,(x,, 4,)— DP(x) whenever x,— xesupp (L).

Typically one can verify this condition only along certain subsequences (V)
of (n). Then the results below have to be modified in an obvious way. On
the other hand one can often prove the following stronger compactness condi-
tion, which is used in order to obtain an upper bound for R,:

D2 For arbitrary points &,eX such that |£,—4,] zo(ﬂ) and for any subse-
quence of (n) there are a subsubsequence (n); and a function &:supp(L)—Y
such that

@, (%, &, )~ P(x)  whenever x, - xesupp (L).
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For instance, if Y has finite dimension and the functions @, are uniformly Lip-
schitz continuous, then D2 is satisfied. A special case of D1-2 is:

D3 There is a continuous, linear function @,: supp (L) — Y such that
®D,(x,, &) > D,(x) whenever x,—xesupp(L) and ||, —4,]= o(ﬁ).

For ch:]/ﬁ(zi)(t—i- // n~1:)—¢(t)), the latter assumption is satisfied, if B3 holds
and ¢ is continuously Frechet differentiable in a neighborhood of ¢.

Before stating the results let us introduce some further notation: In case
of D1 the function S(®(x)— &(z)) is denoted by T(x, z), and ¢q(z) stands for
the (1 —a)-quantile of £ (S-®(B, z)). If D1-2 hold, let & be the family of all

sequences Z = (my, &), where (n)y =(n), &eX, [ &—4,, | =0 (|/n), and ,,(-, &)
converges to some function ®(+, Z) as in D2. Then let g(Z) be the (1 —a)-quantile

of £ (S-®(B, Z)), and define

T(x, Z):=lim sup T, (4, +x, &,).

k—

This slight abuse of notation can be justified, because P(x, z)=d(x, Z), q(z)
=q(Z), and T(x, z)=T(x, Z) for x, zesupp (L) and Z:=(n, 4,+ z),.

Theorem 1 Suppose that A1--3, C1 and D1 are satified, and define
f*(x):==sup {T(x, z): zesupp (L), T(x, z2)<q(z)}  (xesupp (L))
If f: X — [ — o0, o0) is upper semicontinuous such that f < f* on supp (L), then
exp (R)Zexp (f(B,)+0,(1).
Moreover, let @ satisfy the following assumption:

4 supp (L)az+> T(B, z) has no local maximum at 0 almost surely.

Then
lim sup B,{®,(4,)¢C,} <Pr {S-®(B)2 ¢(0)}.

In particular, the confidence sets C, are asymptotically valid, if the distribution
of So@(B) is continuous.

Theorem 2 Suppose that A1-3, C2, and D1-2 are satisfied. Let
F*(x):=sup{T(x, Z): ZeZ, T(x, Z)<q(Z)}  (xesupp(L)).
Then F* is bounded from above, and
R,<F(B,)+0,(1)

Jor any lower semicontinuous F: X — R such that F = F* on supp (L).

These lower and upper bounds for R, are not very handy, but in some
special cases they lead to good and simpler bounds. Especially in case of D3
they imply that the confidence sets C, and C® are asymptotically equivalent:
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Proposition 3 Suppose that A1-3, C1-2, and D3 are satisfied, where % (S ®,(B))
is continuous. Then the confidence bounds 4,(A,) and R, converge to q(0) in proba-
bility. In particular,

lim B{®(4,)¢C,}=1—a.

For under the conditions of Proposition 3,
*=sup {S¢®,(z): zesupp (L), S P,(z) <¢(0)} =4(0)

on supp (L). Further, ¢(Z)=¢(0) for all Ze%, so that F*<q(0).
In the remainder of this section we apply Theorems 1 and 2 to Examples
2.1 and 2.2.

Example 2.1 (continued). Suppose that B3 holds, where ¢,(f)>0 and
t=diag (¢(1)). Further suppose that L is absolutely continuous with respect to
Lebesgue measure on X, which is denoted by Leb. Now consider the functions

Y(x)=(log §y(x), ..., log gs(x)), S (y)==1rrslagxd|yi|,

where logr may be defined arbitrarily for »<0 (the use of ¥ instead of ¢ is
motivated by the asymptotic theory for normal distributions Q in Example
1.1). Under these assumptions the confidence sets C, are asymptotically valid,
and the confidence bounds R, are stochastically bounded.

Limit functions corresponding to %==W(lﬁ (t+)/ n~1s)—y(t)) are denoted
with the letter ¥ in place of &. Condition D2 is satisfied, and all possible
limits ¥ (-, Z) have the form

(5) t '@(t*xr, diag(y)| E)=t" Y(P(diag (y)+1* xt| E)— ®(diag (y)| E))

for some E=E(Z)={ey, ...,e_}<{l,...,d—1} with ESE(t), t=1(Z)eT(1)
and y=y(Z)eR’. This follows from Lemma 1 together with a simple compactness
argument. In particular, if ¢ has d different eigenvalues, then D3 holds with
limit

q{)(x)::t_l(xl, 15 ++vs Xa,a)-

For proving the asymptotic validity of the confidence sets C,, suppose (with-
out loss of generality) that D1 holds with limit ¥ (x)=t"' &(¢¥ xt,, diag (y,) | E,).
Since ¥ (z+r 1d) equals ¥(z)+t~'(r, ..., r) for any reR and zeX, condition
(4) in Theorem 1 is satisfied. Moreover,

6) Leb {xeX: some component of ¥(x) equals 21} =0 VieR.

Hence £ (S- ¥ (B)) is continuous by our assumption on L.
The function F* is given by

7 F*(x)=sup {T(x, z): zeX, T(x, 2)=§(2)},

where §(z) is the maximum of all (1 —a)-quantiles of Z(S-¥(t* Br, z)), te E(0).
This is very similar to f*(x) except that ‘<’ and g¢(-) are replaced with ‘<’
and g(+) respectively. In fact, if E,=E(t), then g(-)=g(-), because ®(+|E(1))
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=@ (t*(-) | EQt)) for all zeT(¢). If E, =+ E(¢), this does not hold in general. How-
ever, if L is the distribution L(Q) in Example 1.1, where Q is a nonsingular
Gaussian measure on RY, then t* Bt= B for all teT(t) and again g(+)=4(*).

Example 2.2 (continued ). One can easily apply Theorems 1 and 2, if X is finite
dimensional with supp (L)=X. Alternatively we consider a Hilbert space X with

inner product (-, ). Let B3 be satisfied with t=¢,, 0€0, let ¢(z,)=0(]/n ‘1)
and let L be centered Gaussian with supp (L)dDgR?. If one is interested in
upper confidence bounds for ¢(z,), one has to consider S(y)= —y. Under the
present assumptions the confidence sets C, are asymptotically valid. Moreover,

the corresponding confidence bounds ¢ (i,)+ [/ n ~1 R, can be bounded explicitly:
There are a function G*: [0, o) —[ — oo, c0) and constants c*, d*€(0, ) to be
defined later with the following properties:

(8) V@) +R,ZG*([/nd(E)+0,(1),
and

9) G*=—o0 on [0, ¢*),
G* is continuous on {c*, «o) with G*(c*)=0,

G*(r)—r is nondecreasing in re[c*, co) with limit d* as r —» co.

Note that G*(r)<r for some r>0. This indicates that the confidence sets C,
capture the positive bias of the estimator ¢ (z,).

Precisely, let II be the orthogonal projection onto (D,R?)*, and let N be
the set of all veIIX with ||v| £1. For veN and ¢=0 let

P (xlc, v)s=(c?+2c<v, x>+ x| )2 =(2— v + llev+ x| 2,
4 (c, v):==a—quantile of Z(¥(Bic,v)).
Then
G*(r):=sup {c=0: §(c, v)<r for some veN},
c*:=4(0, 0),
d*:=sup {(1 —a)—quantile of Z(<v, B)): veN}.

For proving the preceding claims note first that condition D2 is satisfied
by the Lipschitz continuity of ¢. In particular, let ¥,(x): ]/qi) (s +1/n 1x),

where s, — t and ¢ (s,)= 0(]/n""). It follows from Lemma 2 that there are n,e [IX
such that ¥ —Am,+ ()| converges to 0 uniformly on bounded sets. On the
other hand, for each subsequence of (n) there exist a subsubsequence (1), a

number ¢=0 and a point veN such that |/n, ¢(,) — ¢ and T, ~weniiis” V- But

then ¥, converges to ¥(+|c, v) uniformly on compact sets. These functions have
obviously no local maximum on supp (L), and

(10) F (Y (B|c,v)) 1is continuous.

Hence Theorem 1 yields the asymptotic validity of C,,.



On nondifferentiable functions and the bootstrap 135

As for the upper bound (8), one can argue similarly as in the proof of (7).
‘Without loss of generality suppose that D1 holds with limit ®=Y(+|c,, v,)—c,

for some v,eN and ¢,= lim |/n¢(t,). If Z=(n, |/m(s,— 1)) is a point in Z

such that T(x, Z)<oo for some xeX, then ¢(s)=0(/m Y. Hence @(-, Z)
=¥(+|c, v)—c with c=c(Z), v=v(Z). In particular,

T(X, Z)=C—T(X|C0,V0), q(Z)=C—q(C, V),
and a little algebra yields
F*(X)é G*('P(X I Co» vo))w l]/(x ] Cos vo)'

Now let G(r):==G*(r) for r=§(0, 0) and G(r)==r—g(0, 0) for 0<r=<4(0, 0). Then
G is continuous on [0, o0), according to (9), and Theorem 2 implies that
]/ﬁ(f)(f,,)%—ﬁ,, is not greater than G(]/;1¢(fn))+0p(1). But (10) implies that the
asymptotic probability of ﬁd)(fn) being in (§(0, 0)—¢, G(0, 0)) is arbitrarily small
for suitable £>0, and ]/n¢(?n)+Rn<0 means that W¢(fn)+ﬁn= — 0. This
yields (8).

Claims (9-10) are proved in the appendix.

Appendix

If P is an outer probability measure on a set 2, we call (2, P) a probability
space and P a distribution. A mapping X from Q into some other set X is
called a random element, and the distribution of X is defined to be the outer
measure &£ (X):=PoX 1 If (2, o, P)is a probability space in the classical sense,
P is identified with the corresponding outer measure. In particular, if Q is a
topological space and .« is the Borel g-field, then P is called a Borel distribution.
For a bounded, nonnegative function f on @ the integral of f with respect
to P is defined as

Pfi= }OP{fgr} dr.

Here are some properties of this integral: For any bounded f, g: 2 [0, «0)
and r=0,

P(rf)=rPf, P(r+f)=r+PFf,
P(fvg<=Pf+Pg, IPf—PglésugI(f—g)(w)l-

Following Hoffmann-Jergensen (1984) (see also van der Vaart and Wellner,
1989), a sequence of distributions L, on a metric space (X, d) converges weakly
to a Borel distribution L on X, if

L.f-Lf Vfe€X[0,1]);
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¢(X,[0,1]) denotes the space of continuous functions from X into [0,1]. A
sequence of random elements X,:(2,, P)— X converges in distribution to an
X-random variable X, if ¥ (X,) converges weakly to Z(X).

Let L, be random distributions on X defined on (Q,, B); that means, L,
=L,(- |cu) is a distribution on X for all w,eQ,. Then L, converges Weakly
to L in probability, if

Lf—1Lf Vfe?(X[0,1])

(‘T»’ denotes convergence in outer probability).
A basic tool is the following result, see van der Vaart and Wellner (1989):

Theorem 3 For n=1,2,... let L, be a distribution on a metric space X and
g, a function from X into another metric space Y. Suppose that L, converges
weakly to a tight Borel distribution L on X and

2. (x)—>g(x) whenever x,—xeX,<X,

where X, is such that L(X\X,)=0 and g is a function from X, into Y. Then
g is continuous, and L, g, ' converges weakly to Log™!

Proof of Propositions I and 2 For proving Proposition 1 it suffices to verify
the general part, where f maps Y x Y into [0, 1]. With

Gu(x):= Lo f(Pn(x, 4,), B+, 4,+x)  and  g(x)s=Lf(D(x, 4), D(-, 4+ x))

one has to show that G,(B,) converges in distribution to g(B). Using some
standard approximation arguments one can deduce that there are events 4, =€,
such that P(2,\4,)—0 and L, ———>L along (4,),. Now one can utlhze

Theorem 3 iteratively as follows: By B172,
D,(x, A, +2,)—> D(x, 4+2z) whenever x,—xeX, and z,—zeX,.

Therefore,

G,(x,)—g(x) whenever x,—xeX, along(4,),.

With the nonrandom functions g,(x):= inf G,(x|w,) and d,(x):= sup G,(x|w,)

On€dn Wp€An

—g,(x) one can deduce from Theorem 3 that g,(B,) converges in distribution
to g(B) and d,(B)—~0. Thus the assertion follows from

|Go(B,) — (B S1(QN\A,) +d,(B,)=0,(1).
As for Proposition 2, note that
D,.(x,,z,) — P(x) whenever x,—xeX, and z,—0.

Since |/m/n 4,—>0, one may assume that |/m/n 4,—0 along (4,),. Then Theo-

rem 3 shows that f,nfodim(-,|/m/nﬁ,,)—>Lfod5 along (4,), for any function
feg(y,[0,1)) O
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Proof of Theorem 1 By the continuity of S and @, the limit teststatistic T is
continuous on supp (L) x supp (L). This implies that f* is lower semicontinuous
from supp (L) into [ — oc, oo]. For that reason one needs an auxiliary function
[ rather than just an extension of f*. Together with Theorem 3, the continuity
of T also implies that the quantiles g(z) are continuous in zesupp (L); note
that they are unique, because L has connected support.
Since supp (L) is separable, there are events A, <Q, with B,(2,\4,) — 0 such
that
L L and min|{—4,—z|—>0 Vzesupp(L) along(4,),.

feZn

. weakly

In what follows we consider an arbitrary fixed number ¢>0 and fixed points
w,eA¥, where 4} < A, such that

R@QN\ADSLX\C)+0o(1) and B,—C along(47),

for a compact set C<=supp (L) to be specified later. That means, we treat all
random elements as fixed points.

For proving the lower bound let C be any compact subset of supp (L) such
that L(X\ C) Z&. It suffices to show that

exp (R,) Zexp (f(B,)+o(1).

For any subsequence of (n) there are a subsubsequence (n,), and a point ceC
such that B, — c. Then lim sup f(B,,) < f(c), and it suffices to consider the case

k—

f*(c)> —o0. We show that
R, 2f*(@)+o(l).

For that purpose let z=z(c) be an arbitrary point in supp (L) such that T'(c, z)
< ¢(z). Then there are points &,=¢&,(z)eZ, such that ||, —4,—z| — 0. But then

1.4, &)~ T(c,2) and 4,(5,)—q(2),

according to D1 and Theorem 3. Hence T, (4,,, &, )<4,, (&) for sufficiently
large k. In particular,

R, =T(c,z)+o(1).

The validity of C, can be proved with similar arguments. Let X, be the
set of all xesupp (L) such that supp(L)sz—T(x, z) has no local maximum at
0. By (4), X, is a Borel set with LX,=1. Now one can find a compact subset
C of X,n{S<®(-)<q(0)} such that LX\C)SL{S-®(-)=¢(0)} +¢. It suffices
to show that

T(jn’ An) é Rn
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eventually as n— co. We can restrict our attention to a subsequence (n), of
(n) such that B, converges to some ceC. By the continuity of T and g, there
is a point z=z(c)esupp (L) such that

T(c,0)< T(c, z)<q(z).
Given points &,=¢&,(2)e 5, with ||, —4,—z| -0,

Tr’tk(jnw 4,)— T(c,0),
T, (4, €)= T(c, 2),
G (&) > 4(2).
Hence

T A) ST, (A, 80 £, ()

for sufficiently large k. [

Proof of Theorem 2 Condition D2 implies that the functions @, are asymptoti-
cally equicontinuous in the following sense: For each # >0 there are an ¢(5)>0
and an integer N(x) such that |®,()—,(8)] £y whenever n=N(y), ||&'—&|

Ze(m), [E—A4,] §s(11)]/ﬁ. In particular,
1@(x1, Z)—P(x2, Z)| =0 and T(x(, Z)ST{(x;, Z)+{n

for all x;, x,esupp (L) with || x; —x,i| Ze(n), and for any Ze %, where ¢ denotes
the Lipschitz constant of S. Hence T(-,Z) is either real-valued or constant
(00 or - o0), and the family of all real-valued T'(+, Z) is equicontinuous.

Another important consequence of D2 is a compactness property of the
set Z: For each sequence (Z), in & and for any xesupp (L) there are a subse-
quence (Z;); and a Z,e % such that ¢(Z,)—>q(Z,) and T(x,Z,)—> T(x, Z,). The
proof is omitted, because it is straightforward (though notationally somewhat
tedious). In addition to D2 one has to utilize the fact that

q(Z)=lim q, (&) VZeZ,
k—

where g,(&) is defined as §,(¢) with Lin place of L,,. This property of Z certainly
implies that g(-) is bounded on &. Together with the equicontinuity of the
functions T(-, Z), one can also deduce that F* is upper semicontinuous {rom
supp (L) into [ — oo, Iznezgf q(Z)].

Since |B,| is stochastically bounded, condition C2 is equivalent to max
ek,

[E—A,] =OP(W). With (4,) as in the proof of Theorem 1, one may also assume
that max [ —4,] =0(W) along (4,),. For a fixed ¢>0 let A}, C be as in the

EeZy

proof of Theorem 1, where L{X\ C) Ze&. It suffices to show that

R,<F(B,)+o(1)
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for any fixed sequence of points w,eA,. Let £, 5, be such that

ﬁn: E(AAI!J én)é‘jn(én)’

provided that R,> —oc. One only needs to consider a subsequence (n,), of
{n) such that

R, >—wVk, B, »ceC, Z:=(m,EheZ.
But then,
T(c, Z)=lim sup T, (4,, + B, &)

k—
=lim sup R,

k—

< lim 4y, (£,) = 4(2).

Hence lim sup R,, < F*(c), whereas lim inf F(B, )= F(c)=F*(c) O
k—

k—

Proof of (6) By the special form of ¥ it suffices to consider the function
¢ instead of ¥. Note that T is a compact, continuously differentiable manifold
with dimension (d—1)d/2. The set {xeX:¢;(x)=4 for some ie{1, ..., d}} may
be written as {t diag (4, y)r*:7eT, yeR?™!}. Thus it is the image of T x R4™*
under a continuously differentiable mapping. Therefore 1t has Lebesgue measure
0, because T x R?*™* has dimension (d — 1)d/2 +(d—1)=dim (X)—1 [

Proof of (7) Without loss of generality let r,=1d. Fix any point xeX. For
ZeZ the limit ¥(-, Z) has the form (5) with E=E(Z), t1=1(Z), and y=y(Z).
In general, E and E, are different. However, in order to compute F*(x) we
only have to consider such points Ze %, where T(x, Z)< co. This implies that

1/@ I (t,)—d(t+)/m "1 &) is bounded in k. Hence one can deduce from Lem-
ma 1 that E=E,, and one may even assume that

V@ () — S +]/n &)= vo—y

without changing T(x, Z). Then T(x, Z)=S(¥(x)— ¥ (z)), where z:=diag (y - y,),
and g(Z) is the (1 —x)-quantile of Z(S-¥(t*Br, z)). Hence F*(x) is not greater
than the right hand side of (7).

On the other hand, for any 7eT(z) and for any zeX let s, :=7(diag (¢(t,))

+|/ n~1z)t* Then one can deduce from Lemma 1 that Z:=(n, W(Sn_t))n
belongs to Z with ¥ (x, Z)=¥ (t*x1,2) and T(x, Z)=T(x,z) [

Proof of (9-10) Standard theory for Gaussian measures on a Hilbert space
shows that there is a complete orthonormal system (x;:i€l) in supp (£ (II B))
such that

IIB= g4 Z 20X,

iel
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with independent standard normal random variables Z; and constants ¢;>0
such that ) 67 <oo. But then

iel

¥(Ble,v)’ = o c*(1— Z s x>+ z (Z;oi+c v, xp)

iel iel

One can deduce (10) from this representation by conditioning on all but one
Z,,iel

Furthermore, (¢, v) is strictly increasing in ce[0, o) for any fixed velN.
This implies that

g(c)==min{G(c, v):veN}

is continuous and strictly increasing in ¢=0. Note that §(-) is welldefined and
continuous. For N is sequentially compact with respect to the weak topology,
and §(c,,v,) — §(c, vy Whenever ¢,— ¢ and v,————v. On the other hand, for

weakly
allveN, 6>0and c=0,
{xeX: ¥ (xlc, )< g(c,v)} = {xeX: ¥ (x|c+6,v)=G(c,v)+ 6},

because ¥ (x|c, v) is Lipschitz continuous in ¢ with constant 1. Hence, Pr{¥(B|c
+0,v)={(c, v)+ 0} = a, which implies that §(c)—c is nonincreasing in ¢20. Fi-
nally, since

¥(xlc,v)—c=<{v,x>+0(c }|x|?) as c—oo uniformlyin veN,

one can deduce that §(c)—c— —d* as ¢ —» oo. All these properties of §(+) imply
© O
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