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Summary. One-dimensional stochastic Ising systems with a local mean field
interaction (Kac potential) are investigated. It is shown that near the critical
temperature of the equilibrium (Gibbs) distribution the time dependent process
admits a scaling limit given by a nonlinear stochastic PDE. The initial condi-
tions of this approximation theorem are then verified for equilibrium states when
the temperature goes to its critical value in a suitable way. Earlier results of
Bertini-Presutti-Riidiger-Saada are improved, the proof is based on an energy
inequality obtained by coupling the Glauber dynamics to its voter type, linear
approximation.
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1 Introduction

The main purpose of this paper is to investigate the scaling limit of a stochastic
Ising ferromagnet with a Kac type, local mean field interaction. This is an ex-
tremely simplified model of the following physical phenomenon, see [HH] for a
more authentic explanation. In a vicinity of the critical temperature the equilib-
rium fluctuations blow up, while the time dependent fluctuations slow down and
they are described by a nonlinear stochastic PDE, a Ginzburg-Landau equation.
From a mathematical point of view we study a family of Markov processes in an
infinite product space (¥, #s), where X := {—1,+1}% is the set of spin config-
urations ¢ = o (k) on the one-dimensional integer lattice Z , and .%sx; denotes the
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associated Borel field. The so called local mean field, A, = h,(k, o) is defined
fork €Z,o0¢€ X and v > 0 as

hyle,0) =y Tk = j) o), (1.1)
J#k
where J, is a symmetric probability distribution on Z such that J4(k) = 0 if
k = 0 or v|k| > 1. Let * denote the convolution in the space £(Z) of real
functions ¢ : Z ~ R, then h, = J, * 0. Technical conditions expressing that
J, is an asymptotically uniform distribution are to be listed in the next section,
typical examples of J,, are such that J, (k) = z,J (vk), where J is a nonnegative
symmetric function on the interval [—1, 1], and z, = -y is the normalization.
For v,8 > 0 let )\f ~ e~ PHy denote the Gibbs state at inverse temperature
8 > 0 with energy H., ,

1
Hy(0) =~ > ok)hy(k, o). (1.2)

kel

In one space dimension )\f is a unique Borel probability on X' specified by the
DLR equations

Nlo()|o() : j # k] = tanh(Bh, (k,0)) forallk € Z, (1.3)

where A[-|-] denotes the conditional expectation. It is well known that this model
exhibits a phase transition at 3 = 1 as v — 0, see [KUH],[LP],[COP]. In fact, /\g
converges weakly in X to the uniform Bernoulli measure as v — 0if0 < 8 < 1,
while its limit distribution is a superposition of two product measures of mean
spin x5 if 8 > 1, where kg = tanh 3xg. A much richer picture is seen from a
perspective of continuum limit when the spacing of the lattice goes to zero and
we are interested in the limit distribution of the properly scaled local mean field
process. This means that we have a limiting process £ = £(x) with continuous
parameter x € R such that 4, (k, o) = §,£(e4k) in a weak sense as v, 6,64 — 0
in a proper way. At this level there is a transition from white noise (8 <« 1) to
a non-Gaussian limit process (8 = 1), the so called P(¢*), Euclidean field, see
[Sim]. At an intermediate scale the Ornstein-Uhlenbeck process appears as the
continuum limit of the local mean field. As it was pointed out by [BPRS], this
critical behavior is reflected also in a time dependent situation.

A stochastic spin flip dynamics with jump rates ¢ = c(k, o) is generated by
an operator L acting on local functions f : X +— R as

(Lf)0) = Lf (0) = Y _ ek, o) (f(a*) = f(0)) , (14)

kel

where of € X is defined by o*(k) = —o(k) and o*(j) = 6(j) if j # k. An
associated quadratic (Dirichlet) form D = Dy characterizes the intensity of the
noise, it is defined for local functions f, g by D.(f, ¢) :== L(fg9) —fLg — gLf , thus
from (1.4)
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Di(f,9) =Y clk,0)(f(c") - £(0))(9(c*) — g(0)) - (1.5)

k€L

Notice that Lh, = —2J., x(oc) and Dy (fi,f;) = 0 if fi(0) = o(k) and j # k , while
Di(fi,.fx) = 4c{k,o0). The evolved configuration at time ¢t > 0 will be denoted
by o, = (0,(k))rcz - A familiar version of the Glauber dynamics associated with
H, at inverse temperature 3 > 0 is specified by the jump rates c.,,

1
¢y(k,0) = 5 (1~ (k) tanh(Bhy k. o)), (1.6)

the generator of this process will be denoted by L. . Let us remark that /\,5Y isa
stationary and reversible measure of the spin flip evolution defined by L., see
[Lig].

Motivated by (1.3) and (1.6) we claim that the local mean field 4, plays
a crucial role here, first of all we evaluate Lk, . Since tanhx =~ x — x3/3 +
2x5/15 — - - - near zero, and A, is supposed to vanish in view of the law of large
numbers as v — 0, expanding L, h, up to its first nonlinear term we get

3 .
L'yh'yzAvhv"'(/@_I)Jv*hv_%'-’v*hs’*"'7

where A = J, % ¢ — ¢ for ¢ € #Z). Observe now that the asymptotic
behavior of this expression changes in a very radical way at § = 1 because there
the leading term (8 — 1)J,, * hy diminishes, thus the diffusive effect of A, can
not be neglected any more. Let € > 0 be the macroscopic size of the lattice and
interpret a smooth function ¢ : R — R as a sequence @, € UZ), p-(k) = p(ck),
then

2,1
Apety = L ED ST e vk — i + o)
JEL
2 .1
= a%gak) +0(* /7))
if e = 0(y) asy — 0, where a > 0 is the asymptotic variance of J , see condition
(2.1) below. This means that A, turns out to be a lattice approximation of mesh
g/~ to the differential operator ad? . Suppose that there is a macroscopic field
§=¢&x, 1), x € R, 7 > 0 such that k. (k,0;) = §,&(e~k,ayt) in a weak sense
as 7, Qy,6,,6, — +0. Then the rate of change of Eh, and the orders of the
linear terms A,h, and (1 — ), * by of Ly, are the same if o, = €2 /47 and
1 — B = pa.,, where p is a constant and E denotes the expectation. The space-
time intensity of the noise remains positive and finite if ay(ﬁ =¢&4, see (1.5) and
the calculation of the quadratic variation of the martingale part of the evolution
in Section 3. Therefore the contribution of the nonlinear term J., * h3 diminishes

3
if 637 = o(cy), and a nontrivial scaling limit is obtained if «., = 6,27, whence

by =7, ay=y B =1-pR, e =4 A

Define now the scaled field £ = {(x,7) forx € R and 7 > 0 by
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&y, 1) =6 hyk,000.) if key —e4/2 <x <key+e,/2.  (1.8)

In view of the multiscale analysis above, we expect that £, converges in a
weak sense to a macroscopic field £ = £(x, 7) specified as a weak solution to a
stochastic partial differential equation of type

de(x, ) = (ad2€(x, ) — p(x,7) — bE(x, 1)) dT + V2dw(x,7),  (1.9)

where b = 0 if 63 = 0(a), while b = 1/3 if a scaling (1.7) is adopted. Therefore
if |1 — B8|~" = o(y~%?) and the linear terms and the intensity of the noise are
of the same order, i.e. ay = p|l — (], £y = 70417/2 and 6., = 71/2a§1/4, then we
see Gaussian fluctuations at a time scale ay as b = 0 in (1.9). However, non-
Gaussian fluctuations take place if 1 — 8 = O(¥*/?) and the scaling parameters
are given by (1.7); they are governed by (1.9) with b = 1/3. In this paper we
focus on the second, more interesting case. In view of the physical interpretation,
it is reasonable to distribute the initial configuration of the microscopic process
by a Gibbs state AZ such that =1 — py?/3.

In our basic reference [BPRS] it is shown that if 3 = 1 and the initial
distribution of ¢ is the uniform Bernoulli measure then the scaling rule (1.7)
results in a macroscopic equation (1.9) with p =0, b = 1/3 and £(x,0) = 0.
Since the proof is based on Girsanov’s formula, this nice result is restricted to
finite volumes. In fact, it is assumed that the system is periodic with period
[2y~%/3], where [u] denotes the integer part of # € IR. Using a method of
parabolic energy inequalities we can handle the large scale description (1.7)-(1.9)
of model (1.6) with 1 — 3 = O(*/) in an infinite volume, and on the initial
distribution we only need a moment condition of type Eh;‘(k, 0p) = 0(61‘,). We
also show that the Gibbs states )\5 satisfy this moment condition, thus (1.9)
really describes the time dependent fluctuations of the Kac-Glauber model (1.6)
near its critical point. Since (1.9) has a unique stationary and reversible state,
a P(¢*) field, the stationary distribution of &, should converge to his object.
From a technical point of view, our basic result is an approximation theorem for
(1.9), see Theorem 2.10 below, and Theorem 2.12 of [FR] for a more general
formulation. Even the study of the equilibrium states )\5 is based on dynamical
properties of the system.

2 Conditions and main results

First we list the conditions we need on J., and on the initial distribution. Through-
out this paper we assume that /., satisfies

2
. 2_
lim = Y Lk =a, @2.1)
kEL
1
limsup = >~ JX(k) < +00, (2.2)

70V ren
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R a
1-J,w)> v min{w?, 7%, /a5 } (2.3)

for all w € [—m,+7], where 0 < a’ < a are given constants, a, > 0 is the
macroscopic unit of microscopic time, and

Ty(w) =" e™* I (k)

k€L

denotes the Fourier transform of J, , i.e. 2 := v/—1 . Obviously, J, is a 27-periodic
real function such that jW(O) =1 and |.7,Y(w)| < 1 otherwise; (2.1) and (2.2) can
also be formulated in terms of J, . The above conditions can easily be verified
if J,(k) = J (vk), cf. [BPRS]. Here and in what follows a., 6., €, denote the
scaling parameters, i.e. hy(k,0;) = 6,&,(e4k,a4t) and 5 = [, = 1 — po, with
some fix p € R.

The initial configuration of the microscopic evolution is distributed by a
family of probability measures {, : v > 0} on (X, Ay satisfying the following
moment condition

limsup ) ~ exp(—qéyk|) / h3(k,0) py(do) < +00 (2.4)
70 ez

forallg > 0. Since €, = 61‘Y , cf. (1.7), (2.4) is actually a statement on the scaled
magnetization &, = 63 'h., . The initial value of the macroscopic equation (1.9)
is a locally integrable function & : R — R such that

tim 2 57 ey, ) = / P0)E(x) dx 2.5)
7 kez —oo

in probability with respect to pi, for all test functions ¢ from the real Schwartz
space Z (R) of infinitely differentiable functions with compact supports.

Solutions to (1.9) are to be interpreted in a very weak sense. Let R, := [0, +00)
and R? := R x R,, the second coordinate of (x,7) € R2 is interpreted as
time, the first one is the space variable. The spaces of integrable or locally
integrable functions on X = R, R2, R? will be denoted by I7(X) or by ]L‘i’OC(X),
respectively; they are considered as subsets of the corresponding Schwartz space
of distributions, Z’(X). For example, & (R?) denotes the space of infinitely
differentiable and compactly supported ¢ : R? — R, its dual space is Z'(R?).
If £ : R?2 — R is jointly measurable and £(-,7) € JL{OC(}R) for all 7 > 0 then

o
X(p, )= / wx)(x, )dx for p € Z(R) 2.6)
—0o0

defines a trajectory in Z'(R). The Skerohod space of right continuous func-
tionals X : R, — Z'(R) having left limits at every 7 € R, will be denoted by
D[R, Z’'(R)], see [HS] or [EK], and X (¢, 7) is the value of X € D[R, Z'(R)]
at ¢ € Z(R) and 7 > 0. The scaled magnetization &, shall be interpreted as a
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random element of D[R,, Z’'(R)], cf. (2.6),(2.9), and we are going to describe
its limit distribution on this space as v — 0.

Suppose now that we are given a white noise on R? , that is a Borel probability
@7 on &' (IR?) such that the substitution functional W (¢, w) = w(¢) is a Gaussian
random variable of mean zero and variance

oo oo
[wowewn= [ ar [~ dana
0 —00
for all € Z/(R?). Intuitively, the random functional W can be considered as a

stochastic integral: W (¢, w) = [5° [22, é(x, ) w(dx,dT).
2.7 Definition. Consider the following formal SPDE:

dé(x,7) = (ad}¢ — €B(©)) dT + VAdw(x, T), (i)

where B : R — R is a continuously differentiable function, a,A > 0 are given
constants, and w is the white noise, i.e. w € Z'(R?) is distributed by (7 as
specified above. A jointly measurable map € = £(x, T, w) of R2 x Z'(R?) into R
is called a weak solution to (i) with initial value &, ¢ ]L;OC(R) if both € and £EB(€)
belong to }L;OC(}R?() for O-ae. w, and

/ Tdr / " e, w8, +ad? — BEGr, T, w) dx, T d
0 —
+ / E(x)d(x,0)dx + VAW (¢, w) =0 (if)

@-a.s. simultaneously for all ¢ € Z(R?).

Since the diffusion coefficient A does not depend on £, we need not refer to
an underlying filtration. In fact, we have a very good uniqueness result for weak
solutions allowing us to identify the solution we obtain as the weak limit of the
scaled field £, , see Section 6.

2.8 Theorem. Suppose that we have two constants p > 0 and d > 0 such that

xB(x) — yB(y)
X =y

—d <C(x,y) = <d 1+ |xf+1y]¥ @)

Jorallx,y € R.Then (2.7) has at most one weak solution &€ = £(x, T, w) satisfying

T [e’s}
/ dT/ e~ e, 7, w)P dx < +o0 w-as (i1)
0 — 00

forallT,qg > 0.

To prove existence of solutions we have to assume that the drift has the right
sign. The condition d + dB(x) > |x|P is certainly sufficient, but we need not go
into details of this issue because the existence of weak solutions to equation (1.9)
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is implied also by our approximation procedure as follows. Consider the scaled
field £, = €,(x, T) defined by (1.8) forx € R, 7 > 0, v > 0 and set

o

X, (o, 1) = / wx) & (x,T)dx for ¢ € Z(R). 2.9)
—

We interpret X, as a random element of D[R,, Z/(R)], its law will be denoted

by & . By means of the a priori bounds of Sections 4 and 5 we show that the

family {# : 0 < v < 1} is tight on D[R,, Z’(R)], which is a crucial step

towards proving

2.10 Theorem. Suppose (1.7) and (2.1)-(2.5), then &%, converges weakly to a
probability measure 7 on D[R, Z'(R)] such that & is the distribution of a
Jointly measurable process £ = £(x, T, w) satisfying (1.9) with initial value & , i.e.
B(x)=p+x%/3 and A =2 in (2.7). Moreover

T [
/ dT/ e IR x, Ty dx < +00
0 —00

forall T,q > 0, thus £ is uniquely specified in view of Theorem 2.8.

Let us remark that the initial value of the limiting process need not be a
deterministic function. Without any change of the argument we can replace (2.5)
by an assumption that P- , the distribution of &,(-,0), converges in Z'(R) to a
limit P as v — 0. Of course, (2.4) implies that the macroscopic initial distribution
P will be concentrated on measurable functions.

Suppose first that the initial distribution p is chosen as the homogeneous
Bernoulli measure of mean zero, then (2.4) is obviously satisfied and we have
(2.5) with &(x) =0 for all x € R; this is the problem discussed by [BPRS] with
periodic boundary conditions. Consider now the equilibrium dynamics, that is
fy = /\?/ with 8 =1 — pa, and p € R. The distribution of ¢, in this stationary
and reversible regime will be denoted as /775’; its marginal at any fixed time
is Pf, that is the distribution of &,(-,7) for each 7 > 0. We shall see that
the moment condition (2.4) holds true also in this case, but the initial value
of the limiting process shall not be a deterministic function any more. The limit
distribution of P# can be specified as follows. Let Q2 denote the distribution of
the Wiener bridge of variance 2a on the interval [r, r] with boundary conditions
x(=ry=x,x(r)=y, Q is a Borel probability on the space & (R) of continuous
functions y : R — R.

2.11 Definition. A Borel probability P on & (R) is called a P(¢*), field with
parameters a > 0, b > 0 and p € R if its two-sided conditional distributions
satisfy the DLR equation

Pldx|4;] _ exp(=FE)"(x)
A 5% Z(x,y,a,b,p)

forallr > 0 and x,y € R whenever x(—r) = x, x(r) = y, where Z, is the
normalization,

P-a.s.
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r

l
FEP00 = g / (20x°) + ') du,
and ¢ denotes the o-field of & (R) generated by the projections {x(v) : |v| >
rt.

If b =0 and p > O then (2.11) defines a familiar Ornstein-Uhlenbeck process.
For b > 0 and p € R the existence of a P(¢*); field is proven by [Sim]; in fact
it is specified as a diffusion process with a unique stationary distribution. Let P*
denote the law of this diffusion process; since P™ is ergodic, it is easy to verify
that there is no other P(¢*); field. [Iwa2] identifies the stationary and reversible
measures of (1.9) as P(¢*), Gibbs states, see also [Fun2] for a more general
treatment of such fields including their characterization as reversible measures
of Ginzburg-Landau equations. In our case b = 1/3 and a > 0 is given by (2.1),
The equilibrium dynamics is characterized by

2.12 Theorem. Suppose (1.7),(2.1),(2.2),(2.3), and let p., = /\3 with 3 =1-pa.,,
then H?f = Z* inD[R, Z' R asy— 0.

If p > O then a straightforward coupling trick (energy inequality, see Section
3) shows that P~ is the unique stationary state of (1.9), but a more sophisticated
entropy argument is needed to prove the same statement when p < 0. Here we
claim only that every reversible measure is a Gibbs state.

3 The macroscopic equation and its derivation

In this section we prove Theorem 2.8 and outline the derivation of equation (1.9).

Proof of Theorem 2.8. We use some standard methods of parabolic equations, see
e.g. [Frie]. Suppose that § and £ are weak solutions with a common initial value,
then { := £ — £ satisfies

/ e / T (0 +adk - CEE)P A =0 (B
4] — 00

w-a.s. for all ¢ € Z(R?), and (3.1) extends to a much wider class of test
functions by continuity.

Let 0 < ¢ € Z(R?) vanishing outside of the strip Rx [0, T}, fix w € Z'(R?)
such that condition (ii) holds true for both solutions, and consider the classical
solution ¢ to

Orp(x,T) +a('3x2¢(x, 7y —I'(x, 'r)-qb(x, T)=y(x,7) forT e [0,T] 3.2)
specified by ¢, (x,T) = O for each x € R, where I" : R2 — R is uniformly

continuous and bounded together with its first and second partial derivatives. We
shall see that ¢, vanishes exponentially fast at infinity, thus (3.1) turns into
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T [es]

/ dT/ Clr, 7, w)(x, T) dx (3.3)
0 —00

T oQ
:/ dT/ C(X,T, w)(C({,E) - F(X,T))(bp(x,T)dx .
0 —00

It is certainly clear that we want to approximate C by I" to conclude that the
left hand side vanishes for each 1, thus I" > —d may be assumed. In view of
the maximum principle, (or by the Feynman-Kac formula, see [Sim]), 0 < ¢ <
¢_a , where ¢_, denotes the solution corresponding to I = —d . Since

T o0 )
balr, ) = e / d9 e / Dorx =00, Dy (34)

.
for 7 < T, where II is a heat kernel,

)
exp(——) if >0,

II =
) 4maTt dat

we have an explicit bound for ¢, allowing us to derive (3.3) and conclude that
the left hand side of (3.3) is zero by sending I" to C . Since % is an arbitrary
element of a rich class of functions, this completes the proof. 0

The study of SPDE (2.7) can be reduced by a coupling trick to its particular case
of B(x) = 5> 0 and A =2, this idea will then be used to prove Theorem 2.10.
Observe that this Gaussian solution & with initial value &, can be represented as

Ex,mw) = e / T, = )t dy (3.5)
Ve / "o / T o — ) widy,d9),
0 —o0

where w is the white noise and IT is the heat kernel (3.4). Since II ¢
L2(R x [0,T]) for all T > O, the stochastic integral on the right hand side
is a well defined extension of the random functional W (¢,w), and € is a jointly
continuous function of 7 > 0 and x € R, see e.g. [Iwal], [Wal] or [Funl].
It is plain that £ is the unique weak solution to (2.7) with B = p and initial
value &, cf. Theorem 2.8. It will be useful to interpret £ as a random element
of D[R,, Z'(R)] by introducing X (i, 7) := (@, &(-, 7, w)) for ¢ € Z(R), where
(0, &) == [ p&dx denotes the usual scalar product in L2(R), cf. (2.9); X(-,7) is
actually a continuous trajectory in Z’'(R). Let {%% : 7 > 0} denote the natural
filtration in D[R, &Z'(R)], that is .7 is the o-field generated by the projections
{X(p,9): 9 <7, p € ZR)}, then X is the only process such that

Wp,7) 1=X(<P,T)—/ Xay" — pp,9)d9
0

and W2(p,7) — 2(p, )7 (3.6)
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are .7 -martingales for each ¢ € Z(R), see [HS1] or [Iwal]. This charac-
terization will be used when we prove the weak convergence of the linearized
version (voter model) of the Kac-Glauber evolution to the generalized Ornstein-
Uhlenbeck process € given by (3.5). The distribution of X will be denoted by

Let us summarize now some basic information on the microscopic systems.
An auxiliary process, the voter model is specified by the jump rates &, ,

—

&k, o) = 3 (1 = Bok)h,(k, ), (3.7)

where 0 < B =1-poa, <1,ie.p >0 and pa, < 1; the corresponding
generator will be denoted as L., . Related questions are discussed by [MT]. Since

Lohy(k,0) = Ayhk,0) — (1 — By  hy(k, o), (3.8)

the voter process can really be interpreted as a lattice approximation of the
Ornstein-Uhlenbeck process. In case of the original model we write 8 =1 — pov,,
with p € R, thus

Lihy(k,0)= Ayhy(k,0) — (1 = B)y x hylk, 0)
— .y Bk, o), (3.9)

where {2(u) := u — tanh u is the nonlinear term of the drift. Observe that L, h, =
Lohy —Jy % £2. A common form of the stochastic evolution equations reads as

t
hﬂ,(k,g,)=h7(k,oo)+/ Loh(k, o) ds +my(k, 1), (3.10)
0

where m.(k,t) is a martingale for each k € Z. If necessary then objects related
to the voter process shall be distinguished by a mark “tilde”. For instance, in
(3.10) we ought to write L, 5,7 instead of L, o, m in case of the voter model.
The mean intensity of the cross variation of the martingales m.,(k, ) and m.(j, t)
is Ay(k,j,0) = D (hy(k, ), hy(j,-)); from (1.5)

Ay(k,j,0) =4 cyli, Wy — k)i — ) (3.11)
i€z

and the same expression holds true for the voter model, too. Notice that A, (k,J, o)
vanishes if |k —j| > 2/v, and A,(k,j,o) = 2+ otherwise, provided that k.,
is really a vanishing quantity. The scaling rule ayéfy = ¢, is motivated by
this observation. More precisely, in the next two sections we shall show that
Eh2 = O(82) in both cases, therefore the intensity of the noise at site k € Z
is just Ejez EA,(k,j,0) ~ 2, which is magnified by a factor a;lé;z in the
macroscopic picture. Since € is the macroscopic width of one site, a nontrivial
scaling requires €' = a’a;'6;%, and if o = 1 then a constant A = 2 is obtained
as the intensity of the macroscopic noise, see the calculations below.
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Let 57 = Ev(x, T) denote the scaled local mean field of the voter process, see
(1.8), and define also X, = X,(y, 7), cf. (2.9). Of course, X, is a function of the
evolved configuration &, € X at t = 7/a,,, thus its rate of change is governed

by the scaled generator Z =al ~1L.,. Since 1 — 3 = pv, by assumption, from
(3.8)

Fo X0, 7) = Xy (Ao — BZ x40, 7) (3.12)

- / £, 1) (Ayp(x) — 57, + o) d

where f * g denotes the convolution also in L! (R), A, is the macroscopic
9 loc v P
version of A, , that is

A’Y(p = % * QO(X) - (p(x)

Qi

for ¢ € Ly (R), (3.13)

where Z, € L2(R) is defined by Z,(x) :=J,([27! +x6;l]).

Notice that if ¢ € Z(R) then Z, x ¢ —  and Ap — ad*p uniformly in
x € Ras v — 0. In view of (3.11) the quadratic form associated with (3.12)
reads as

D9, 7) = X 2, 1) — 2K (0, NVE Ko (10, T)

_2/ (%*go(x)) (1 — B6,8,(x, & (x, ) dx, (3.14)

where s,(-,7) == 0,(k) for 7 = ta, and ke, —27le, <x <key+27'e,.

The a priori bounds of the next section imply that the right hand side of
(3.14) converges in mean square to 2(y, ). Let 93, denote the distribution of
&, , by means of the martingale approach we prove in Section 6

3.15 Proposmon Letf=1-—- poy with p > 0 and suppose (1.7) and (2.1)-(2.5),
then 7 converges in D[R,, Z'(R)] to PP as v — 0.

The martingale approach can also be applied to prove Theorem 2.10, but we
prefer a more direct way. Let 7 = € — £, where € and £ denote the solutions
to problem (2.7) with a general B, and with B(x) = p > 0, respectively. If
&(-,0)= £(-,0) then (ii) of (2.7) turns into

o o
/ dr / 10, 7O +ad)(x, ) dx
0 —00
o oQ _
=/ dT/ (¢B(&) - pE)¢(x, 7)dx (3.16)
0 —o0

for ¢ € Z'(R). Sincesthe existence of the Gaussian solution & = £(x, 7, w) is
known, we can consider (3.16) as a deterministic equation for £. In view of

Theorem 2.8, under a mild regularity condition, there is at most one solution of
this problem. This solution can be found by means of a standard compactness
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argument based on a parabolic energy inequality, see the end of this section for
explanation. The possibility of such a simplified treatment is due to the existence
of an effective coupling of & and £ obtained by identifying the realizations of
their white noise fields. Now we suggest that an analogous, although a bit more
sophisticated coupling argument is available also at the microscopic level.

A coupled process (o;,5,) can be defined as follows, we assume that
ag(k) = Golk) for each k € Z. If o,(k) # &,(k) at t+ > O then they flip inde-
pendently with rates c,(k,o;) and &,(k,&,), respectively, while identical spins
change simultaneously at the largest possible rate, see Chapter III of [Lig]. Let
G., denote the generator of the coupled process, it is acting on local functions
fiExX—Ras

Gof(0,5) = Y cyk,0)(f(0*,8) ~ f(0,8) + Y _ &k, 8)(f(0,6*) — f(0,5))

kEZ kEL

+ > min{eyk,0), 8k, 5)}Tif (0,5), (3.17)

k:o(k)=6(k)

where
Tif =f(0*,6%) = F(0*,8) = f(0,6") +f(0,5).
Of course, if B < 1 then it is reasonable to set 5= 3, while |1 — 3] < 1 -3
otherwise.
Observe that Ty (o(j) — 6()) =0 even if j =k, and
Gy (0() = 5G))” + (¢4, 0) + &, 8)) (0() — 5())°
= (&40, 0) — 2,6, &) (0G) +5())” (3.18)

To get further information on the effectivity of the coupling, let us consider also
the Dirichlet form (1.5) for G, and denote Q4 (k,j, o, &) its value if f = o(k) —
&(k) while g = 0(j) — 6(j) . From (3.17) and (1.5) we see that Q(k,j,0,5)=0
if j # k, while
0.k, k,0,5) = dc(k,0) +4E,(k,5) — 2min{c,(k, 0), & (k,5)} (o (k) + 5(k))2
-2 ~ - IPRY
< ~G,(o(k) = 5(k)) ™ +2|cyk,0) — &k, 5)|(0(k) +5(k))
~ 2 3 ~
< =Gy (ok) = 5(k))" +4B|hy(k, 0)| + 40|k (k, 5)|
(3.19)
in view of (3.18) and |tanhx| < |x|.

Consider now the coupled process at the macroscopic level, let 7, = &, — &,
and & = a G, . Since € and ¢ coincide at 7 = 0 by assumption,

,
Ny, T) :/ Znx,Hdo+My(x,7) (3.20)
0 ,
for each x € R, where M, is a family of martingales, and

Gty = Dy = 0. # &y + PT ¥ & — 77 2y ¥ 2B8,E)
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thus multiplying by 0,¢ and integrating by parts we get

/Ood‘r/ nv(x,'r)(87+A7)¢(x,T)dx+/ dx/ M, (x,dT)p(x,T)
0 —o0 -00 0 :

- / dr / (7 B6, 0 e, 7) + i, 7) — B (7)) T, 5 G, 7)
1] —00
3.2

simultaneously for each ¢ € & (R?) with probability one.

We are going to compare (3.16) and (3.21). By means of (3.19) in Section
6 we show that the mean square of the martingale term on the left hand side of
(3.21) vanishes as v — 0, thus the equivalence of the left hand sides will be
more or less obvious. The evaluation of the right hand side of (3.21) needs a
bit more work because we have to determine the limit of a nonlinear function
of a weakly convergent sequence. While the tightness of the joint distribution of
X, and X, follows immediately by moment estimates, at this step we also need
a property of spatial smoothness of &, . The necessary a priori bounds will be
proven in Sections 4 and 5.

To expose the derivation of the a priori bounds at an intuitive level, let us
now return to the macroscopic process and assume for convenience that the
system is periodic with period one, B(x) = p +x?/3 and |p| < . From (3.16)
with ¢(x,d) = 2n(x,9) for 0 < ¥ < 7 and ¢ = O otherwise, by a standard
approximation procedure, or directly from (1.9), we get an energy inequality,

1 T 1 T 1
/nz(x,T)dx+2a/ dﬁ/(&xn)zdx+l/ dﬁ/ Ex, 9 dx
0 0 0 4 0 0

T 1 T 1
31/ dﬁ/ 54(x,z9>dx+3/ dﬂ/<£—£><3ﬁ€—3pz—§3>dx(3.22>
4 0 0 3 0 0
T 1 T 1
51/ a‘ﬂ/ (2§4+16p§2—g4)dxg1/ dﬁ/ (E* +32p%) dx
4 0 0 2 0 0

where 2uv < u?+v? and 4uv® < u*+30* were used. Since the Gaussian process
€ is well controlled, we have got a bound for the space-time integrals of &*
and (8,7)* . In Section 5 we materialize this argument at the microscopic level;
the second estimate concerns the space-time integral of —n,A.n, implying the
desired spatial smoothness of 7, , thus also that of £, . In this way we complete
the proof of Theorem 2.10 in Section 6.

The first step of the derivation of Theorem 2.12 from Theorem 2.10 is the
verification of the moment condition (2.4). We start the microscopic process with
the uniform Bernoulli distribution and consider the time averaged distribution i
as t — +oo while -y and 3 are fixed,

_ 1
B, ::—;/0 W ds, (3.23)
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where y, denotes the distribution of the evolved configuration oy . Since fl, =
)\g in X as t — +oo, it is sufficient to show that il satisfies the desired moment
condition, and the bound does not depend on ¢ and y.

The identification of the continuum limit of the equilibrium states, that is the
proof of Pf = P* needs some more work. Since )\ﬁf 1s a reversible measure of
the Kac-Glauber evolution, we have

/ F(@)Lyg(0) M (do)

1
==5 / ey (k,0)(f (0*) = (@) (9(0*) ~ 9(0)) AJ(do)

kel

for local functions f and g. Let g(o) = Ljez¥()hy(j, o), then we get

3 / F(@)hy(k, 0)(Ayp(k) — Balhy(k, o) = $(k)) Mo(do)

ker (3.24)

=Y / ylk, D)o (k)(f(o*) — F(@)y % (k) No(do),

k€EZ

where Bg(u) := 1 — u~!tanh Bu . This is an integration by parts formula (KMS
condition) characterizing the Gibbs states /\ff . We are going to evaluate the
continuum limit of (3.24).

Define now the scaled equilibrium magnetization X, = xy(x, ) as x,(x) =
865 hy(k, 0) if [xe;'+27'] = k , its distribution P# is considered as a Borel proba-
bility on I{_ (R). Letf(0) = F(x4), where F(x) := @((¢1, %), (92, X); -+, (¢, X))
fory e L2 (R),® € Z@®R")and o, € Z(R),i =1,2,...,n. The functional

) loc¢ .
dertvative of F can be written as

VFOO¥) =Y 800, 1),

i=1

thus a formal continuum limit procedure transforms (3.24) into

/F(X)V%(X,w)P(dx)= / VFOGHPy), whee  (3.25)

VI (x, 1) = — / X()(ad; = p—37@)gx)dx .
—00

By means of the a priori bounds we show that every limit point of the family

P,f satisfies (3.25), thus the argument is completed by noting that this KMS

condition implies the DLR equation (2.11), see [Iwa2].
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4 A priori bounds for the voter model

In this section we derive some basic probability estimates for the voter process
defined by the jump rates &, with 0 < 3 < 1, see (3.7). As in the previous
section, the mark 'tilde‘ refers to this model. The usual scalar product in £*(Z)
will be denoted as (-, -}, and |||l == (¢, ©) "2, |l = (1,|p]} are the norms of
fX(Z) and £'(Z), respectively. From (3.10)

h’y(kv &t) = h’y(k) &0)

t
. / (A, 5, + (B — Dy 5 oy, 5))ds + ik, 1), (4.1)
0
whence by an elementary Fourier calculus we obtain

(W, (-, 32)) = (3, Pyye * By, G0)) + Ry (1) 4.2)

whenever ¢ € ¢1(Z), where

Ros)i= 3 [ 04 )

ke

and
T

1 =
Pyt = Pryp(k) = 5;/ exp(wk — 1 + Bt (w)) dw .

-7

Notice that if 3 =1 then P~ 18 just the transition probability of a random walk
on Z with continuous time and jump rates J. .

First we investigate the martingale term R on the right hand side of (4.2), we
prove

4.3 Lemma. Suppose (2.2),(2.3) and o, < 1, then we have a universal constant
Ko such that

ER} () < Koll$[{ ¥* min{r + o', (1 - B)7'}.

Proof. Let .7 denote the natural filtration of the process and introduce

Rys@,u,0) =3 [ W% py (k) iny(k, ds)

115/

for 0 < u < v <. Since the jump rates are less than one, from (3.11) by the
Planchere] theorem it follows that
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E[(R: (v, u,v)| ]
—ZZ/ (15 Prs—s ) (6 % Prya—s D) ELA ., 0\ ds

k€l jEL

<4ZZZ/ (8 % P —s(K)) (¥ % Py s~ (D) Ik — NG — i) ds

k€L j€Z icl

= — / dw/ |1[)(w)j7(w)lzexp((2t - 2s)(ﬂ~j7(w) - 1)) ds

|

_ v /w jﬁ(w)exp((?u —20)(1 = BJ,)) — exp((2u — 26)(1 — ﬂJA,))
™ -7

’

1 — Bl ()
(4.4)
consequently
hmsgg —E[R], (%, 1, DIZ] < 9] Fy s (u) 4.5)
almost surely, where
2 (" . .
Foa(u) = — / Tw)exp((2u — 26)(1 — §J,)) dw
moreover s
B2, 6.0.9) < [0} [ Pyt du. 4.6)
0

From 2.3) with z =2t ~ 25 > 0

exp(~z(1 - Bly(w))) < e~U=P exp(—a’Bzw*y™%)
+e 1-0 exp(—a’fz al/z) ,
whence by a direct calculation using (2.2) we get
Fya(s) < Ky(v(e — )72 +exp(2a’(s — n)a; /%) @200 47)
consequently as a, < 1 by assumption,

ER2 (1,0,5) < Ko||[9|}y min{(s + a3 )'/?, (1 = B)7?},  (4.8)

where K and K are universal constants.
To estimate the fourth power of RletR, = Rﬁ,,,(w, O,nt/m) for 0 < n <
m € N and observe that

RY,, =R} — 4Ry — RORE < 6(Rysr ~ Ry)(RZ,; +RY)

= 12(Rps1 — Ry)’R} + 12(Ros1 — R’ Ry + 6(Rys1 — Ry (4.9)
< 18(Rus1 — RyYPRY + 12(Rys1 — R
We have to sum for n < m and take the expectation of both sides of (4.9) to

obtain a bound for ER*. Then (R,,; — R,)R> vanishes in view of the martingale
property of R, and the expectation of the contribution of the first term on the
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right hand side can be estimated by means of (4.5)-(4.8). On the other hand,
the flipping times of o(i) can be selected from the set of points of independent
Poisson process, N; of unit intensity, thus

m/m+t/m

K3(t77) . i
Rust — Re] < =220 +,-EZZ / L AN,

where K3 does not depend on m and

Ais) =2 Y )Py a—s(k — )G — ).

k€D JEL

Therefore by a direct calculation

N Ka(t, ) '
S ERut — Rt < =220 Z/ AXs)ds
n=0 i€k
Ki(t,v) '
< B ksl [ Fru)ds *.10)
0
with some universal constant Ks. Indeed, as A; < 2||4||; maxJ, and maxJ, =
O(%'/?) in view of (2.2), by the Plancherel theorem

DA < Ksllwl Y AKs) < vKsIplITF, (),

iet i€z,
which completes the proof by sending m — +oo via (4.7)-(4.8). 0

A local bound for the deterministic part p., * ko of the right hand side of
(4.2) can be derived by means of a clever weight function 9, , see e.g. [Frit].
Let 8,(x) := 8(rx) for x € R and r > 0, where 8 : R ~ (0, 1] is an infinitely
differentiable and exponentially decreasing symmetric function such that 8(x) = 1
if |x| <1 and 8(x +y) < (1 +|y|) 8(x) whenever |y| < 1. For example, we can
choose —log# as a symmetric and convex function such that —log 8(x) = 0 if
|x| <1 and —logf(x) = |x|log2 if |x| > 2. Notice that 6, is a smooth version
of the indicator function of the interval [—1/r, 1/r] thus r = O(e.,) when we are
looking for a macroscopic bound. In the calculations below 8, = 8,(k), k € Z
is considered as an element of £2(Z), i.e., {6,,0) = Zrez8,(k)p(k) whenever
© € £2(Z), and so on.

4.11 Proposition. Conditions (2.2) and (2.3) imply the existence of a constant K
such that for allt > 0, and r > v > 0 we have

E(6,, h3(-,0,)) < 8exp(r’t /v")E(6,, h3(-, 00))
+ L min{r +o ', (1 = B)~'}
r v ’

Proof. Let g €~E(Z) be nonnegative and observe that g, := p,, * g satisfies
0rgr = Aygr + (B — 1)J4 * g , therefore as 3 < 1 and
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0,(x +y) +6,(x —y) = 26,(x) < y*rig,(x) ifrly| <1
we have

Or(br,91) < D I5O Y ak)(8(k + )+ 6,k — ) —20,(K))

£>0 k€L
S r27w2<9r79t> bl

which implies by the Gronwall inequality that

tr2
(0r,pv,: % 9) < (6r,9) exp(?) : (4.12)

Choosing g = hﬁ‘r(-, o) we obtain a bound also for (p.,, * g)* by convexity,
which completes the proof by Lemma 4.3. Indeed, set ¢ = ¢/ such that ¢, (k) =1
and ¥y (j) = 0if j # k . Since R, ; does not depend on k € Z and ||6, | = O(r~1),
we really have the desired bound. O

Proposition 4.11 yields an effective bound for the scaled field 57 because
0’ =0@) ift=7a;' =7y"? and r = ge, = gv*/* with 7,4 > 0.

The asymptotic evaluation of the right hand side of (3.21) is not immediate
because of the presence of a nonlinear term, {2 . Since we have tightness of the
scaled process only in D{R,, Z”(R)], we have to mollify it by a convolution
kernel ¥, . More exactly, we replace &, by m*mwg*g} , where 7, := fﬂ,-éy , E.,
denotes the scaled voter process, ¥ € Z(R) is a symmetric probability density,
Wy(x) = £¥({4x) for £ > 0, and * denotes the convolution operator also in ]Li oc -
At this step the following property of spatial smoothness of the voter process
will be needed.

4.13 Proposition. Suppose (1.7), (2.1)-(2.4) and B = 1 — pa., with p > 0, then
forallg,m>0

lim lim sup/ Gq(x)E(EW(T,x) — Wy x E,Y(T,x))zdx =0.

£—o0 ~—0 — oo

Proof. Our starting point is again the identity (4.2), first we handle its determin-
istic part p,, * hyo. We split £,(-,0) = &,(-,0) as &, = Or vEy + (1 — 0, 1)y,
where &, and 6, ., are step functions of step size € ; 8, 4(x) = 9,([x<€7"1 +271).
In view of (4.12) and (2.4) the contribution of the second term vanishes uni-
formly in v and £-as r — O while ¢ > 0 is fix. To treat the first term let
Cyrx,7) = Iy 7 % (6 46y (x,0)), where IIy,+(x) = &5 py((xe;! +271]) at
T = ta.,, and introduce ¥, , € £%(7) by

exk+ey /2
W, o(k) = E/ W(lx)dx .
ek —ey /2

Rewriting the integral of a step function as a sum, we get
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o 2
JR I R
—CoC
o 2
< / (C%r(xﬂ') — W, x C’y,r(xa T)) dx
— 00
Eq

= g/ (1 - @W,Z(W))zeXP(‘zTa;1(1 *jy(w)))|§%,(w)|2dw, (4.14)

where g, , € £X(Z) as g (k) = 6 '6,(e4k)hy(k, 00) . It is easy to verify that

a"w? a"+2 /a1~ ] (w)

0<1—",4w)<min{2, = b —0 . (4.15)
with some constant ¢’ depending only on ¥ . Since (2.4) implies
lim sup Al lgw(w)|2dw < 400 4.16)
y—0 27 -7

for each ¢g,r > 0, in view of (4.15) the left hand side of (4.14) vanishes as
v — 0 and then £ — +0c0.

To estimate the random term on the right hand side of (4.2) define ¢ = v, €
X(Z) by Yoy, e(k) =&, (k) if k #0, while 1, ¢(0) := ¥, ¢(0) — 1, where ¥, ; is
the same as above. In view of the scaling rule (1.7), we have to show that

lim limsup 67 2ER7 /oy Wr,0)=0.

{—+00 ~—0
Since 62 = o, and 1J,] < 1, from (4.4)

8, %ER: /o (¥0)

~ ,1—exp(—27a;'(1 - W(w)))
/ (1 — & pw)) T Ty@)

which completes the proof by (4.15). O

Now we are in a position to investigate the Kac-Glauber process (1.6) by means
of the coupling introduced in Section 3.

5 A priori bounds via coupling to the voter model

Having in mind (3.22), we are going to derive an energy inequality for the
coupled process. By a direct calculation, see (3.19), we obtain
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Gy (o, 0) — hy(k,5))’ =
= 4(hy(k,0) = hy(k, ) Y4k = ))(ey(Gr )o(G) — 4, 5)F())

Jj€L
+4 3" JHk =)oy (G, 0) + 241 5) -1
Jre()Ea()
+4 " Lk = ley(, o) = &G, )]
Jio()=a()

The critical terms containing ¢, + ¢y can be estimated by means of (3.18). For
brevity set b, := hy(-,G)}, we get

Gy (hy — by + 2% Gy (0 — 6) — 2(hy — hy)(Ayhy — Ayhy)

< 2hy — hy)((1 = B)Jy % By — T % (hy — tanh(Bhy)) + 272 % [y — &y |(0 + &)
< 20y = k) (1 = By ey = (1 = B)y % by — 2(Bhy))

= 2hy — hy) Ay 2(Bhy) + 417 % (Blhy] + Blhy ) (5.2)
as |tanh x| < |x|.

In the forthcoming calculations it will frequently be exploited that A, is a
negative operator in £%(Z) . Indeed, we have

<(pa 1/)>+ = _<Q07 A'yd’)
=3O ok)(2(k) — ik + &) — ik — 0)

>0 kET .
£—1 5.3)
=S50 N (e + 0 — o) ($lk + ) — p(k) '
£>0 Jj=0 k€LL+j
=D 1,0 (el +8) — o) (vik +0) — (k)
£>0 kEL

thus (-, -), is a new scalar product in £2(Z); set |||+ := (¢, cp)i/z and remember

that it does depend on ~v . In view of (3.9) and (3.22) it is not surprising that our
energy inequality will be formulated in terms of || - || and || - ||« -

A discrete version of the energy inequality (3.22) follows now from (5.2)
by summing for k¥ € Z and rearranging the sums. Since we are working in an
infinite Volume, the weight functions 8, play again an important role at this step.

5.4 Lemma. If 0 < v < r then for p, ¢ € £°(Z) we have
r .
(020, %) < (Orp, 6,40) + el el @)

and

2
(60, = Ay9) < (60,600 + 560 10,4 ”
11
+ 2 (18-l + e 161 -
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Proof. The first inequality is a direct consequence of |6,(k + ¢) — 6,(k)| <
rv~16,(k) for r£ < 1. To prove the second one we use an elementary identity,
see (5.3),

(620, = Byp) — (0r0,0,0)0 = > T Y O,k )pk)

£>0 kEL

x (8t +0) = 0,60 Yk + )+ (6 — D) — 6,000) ik - b))
= =300 ST (6,0 + O3k + 0) — 6,(k)p(k)) (B, k + &) — 6,(0)) (k)

£>0 keZ
+ 3T D 8.0tk 0k + £ — 6,(K)) ik + £) — (k) .
£>0 KEL

On the other hand, 6, (k)p(k +£) = 6,(k + y(k +£)+ (6, (k +£) — Gr(k)) Pk +4),
thus the statement follows directly by the Cauchy inequality. |

Now we are in a position to summarize the above calculations. Let h,; =
hy(-,04), by == hy(-,5;), and remember that 5 < 1 and gy = &) by assumption.
We have

5.5 Proposition. Under condition (2.2) there exist some constants 3 > 1,+',6 >
0 and K < +0co such that
o L 2 2 1 o2
B ks = 6,5l + 5 | BG4 | BN e — 0]
Krlt ~33 3 _B% 1 ~
<Kt exp(_’_z) (L TR B-p _/ E||6,R? S“zds)
¥ rooYt =9t i
forallt,r >0 whenever y <~ ,r <&yand|l —p|<1-F<p —1.
Proof. Multiplying (5.2) by 6#%(k) and summing for k € Z , by a direct calculation

it follows that

t t
E||0,f%,u2+2/ E||6.f, |2 ds g/ ER(s)ds , (5.6)
0 0

where f,; = hy; — hy, and R(t) = R; + R> + R3 + R4 + Rs . The remainders R; ,
1 <1i <5 are defined and estimated as follows. From (ii) of Lemma 5.4

2r2 4r
Ry = 2(62fy, Anfy) + 2016:55 )15 < 7||9rf'v||2 + 71|3rf71| 11077 ||+

2612 1
< 72—||9rf7||2 + 6||9rf’y||J2r

as 2uv < zu?+v?/z for any z > 0, while from (i) of Lemma 5.4 by the Schwarz
inequality
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Ry = 2(0y,(1 = B)Jy ¥ hy — (1 = B)y % hy)
< —(2 =261 = B)0:fy 1P + 418 = BL0f5 1] 116y )
<28 - B - 67N - By |6.h, )2

To handle the next term we need some facts on hyperbolic tangent. It is an odd
function such that 0 < x — tanhx < x3/3 and 0 < tanhx — x +x*/3 < 2x°/15
for all x > 0, moreover x — tanhx > x3/5 if 0 < x < 3", where 37 > 1 is so
small that (3")° +5tanh 8” < 53" . Using an elementary inequality, 2uv’ /3 <
75u* +v* /15, we get
3 3
Rs = ~2{62, Q0h,)) < 262, o)) — - o, 02

- B3
< T58°00-A51 = S 116-451%

Since [|||2 < 2{|¢|? and 3]|6, 22(8h.)|| < B°(|6,h2|| as |hy| < 1, by the Schwarz
inequality

\fbﬁ 3rﬂ

R, = 2(03f7, Q(Bhy))+ < 16,5511+ 16 h2||

16511 18- A3

81r

4
< Stz + Zionie + Lo

Finally, as 6, (k & £) < 26,(k) if |v¢| < 1, and ||6,|* = O(1/r), from (2.2) and
the Schwarz inequality

Rs =48/ (J2 % 07, |hy| + |hy|) <168 J2(k) (67, hy) + Ry))
kEZ

1 ip2 i (Y 2 P2
< KO, ol + o) < K3 (T 492101 |2 41168 1) ) -

Observe now that 2||6, k. ||* <z 7|6, |* + 2|6, #2||* for each z > 0, thus the
estimation of R, , R4 and Rs can be completed by choosing z small. Summarizing
the calculations above we obtain

1 1
R(t) + §||0rh2||2+ 21161 57)

LA Gl P
2 212
<K(Z 6 g+ et g IORP)

provided that ' — 1 > 0 is small enough, which completes the proof of Propo-
sition 5.5 by the Gronwall inequality. O

Let us remark that the formulation of Proposition 5.5 does not rely on the scaling
rule (1.7).
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6 Completion of the proofs

Now we are in a position to materialize the ideas outlined in Section 3. Adopt
the scaling rule (1.7) and let 3 = 1 — je,, where 5 > 0 and |p| < j for
convenience. The moment estimates of the previous sections can be reformulated
at the macroscopic level as follows. Under conditions (2.2)-(2.4) the coupled
process satisfies

T o
Iim sup/ dﬁ/ Hq(x)((Efi(x,ﬂ) + Eg:(x, 19)) dx < +00 6.H
~—0 0 —00
for all g,7 > 0. Let P, denote the joint distribution induced by the coupled
process (y = (€4, &,) on D[Ry, Z'(R) x Z'(R)].

In view of a general theorem of [Fo] the proof of the tightness of the family
{P, : v > 0} amounts to proving the tightness of the projections X, (i, 7) and
)?7(4,0, 7) on D[R,, R} for each ¢ € Z(R). From (3.10)

X, (0, 7) = X (10, 0) + / X0, 0)dD + W (o, ) 62)
43
F X, 0) = / £, D) Ay — p.Z0 — BE; 20066, (x, 0) ) ),

where W, (¢, 7) is a martingale, ) = u~"120) zind an abbre,viation Zyxp=
Z v is used. A similar expression is obtained for X, by omitting §2, see (3.12).
The associated quadratic form is just

D, 7) = Lo X2, ) = 2X, (0, T)E X (0, 7)

&0 6.3
= 2/ (% * W)Z(x)(l — sy(x, 7) tanh(36, &, (x, T))) dx , )

see (3.14) for the case of the scaled voter process. Of course,
T
20,y =Wio.m) = [ (o0 d0
0

and the analogously defined processes Zy are also martingales. Moreover, (6.1)
implies in both cases for all ¢ € Z(R) and 7 > 0 that W$(<p, T) = Zy{(p, T) —
27(¢p, ) in probability as v — 0. Since the jumps of any of the above processes
go to zero uniformly as v — 0, it is easy to verify a general criterion of tightness
in the Skorohod space, see Theorem 9.4 of Chapter 3 in [EK]. Technical details
of this routine calculation and some further references can be found in [HS2], see
Theorem 1.11 there, or Section 3 of [BPRS]. We could also apply the martingale
CLT, see version (b) of Theorem 1.4 in Chapter 7 of [EK], because the processes
X, 7) — W,(p, T) are locally equicontinuous and bounded in time with large
probability, therefore it is sufficient to control the martingale components, W, .
This latter approach identifies the limits of W., and W., as a Wiener process of
variance 2(y, @) .
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Proof of Proposition 3.15. Since the family 3?; is tight, and B (1) = § in this case,
the statement is an immediate consequence of Definition 2.7, Theorem 2.8 and
the uniqueness of the martingale problem for the generalized Ornstein-Uhlenbeck
process (3.5), see Theorem 1.15 in [HS2] or Section 3 of [BPRS]. Let f((ga,'r)
denote the limiting process, then

W(p, ) =X(p,7)~ X(p,0) - / X" — pp,9)dv
0

is a Wiener process for each ¢ € Z(R), thus the underlying white noise W (¢)
can be constructed by expanding ¢ € Z'(R?) as ¢(x,T) = X (T)pr(x) . Re-
member that there is a one to one correspondence between £ and the white
noise. O

The crucial step towards proving Theorems 2.10 and 2.12 consists in the evalu-
ation of the nonlinear term of (3.21). Let ¥, be the mollifier introduced before
Proposition 4.13, we have

Proposition 6.4. Under conditions (2.2)-(2.4)

lim lim sup /T dd /00 ﬁq(x)Elfy“IQ(ﬁévéw(x,ﬂ))—3_1(47¢*§7(x,19))3|dx =0
0 —o0

£~00 ~—0

forall T,g > 0.
Proof. Since [£2(u) — 37 'u3| < 2|u’|/15, from (6.1)
limsupE/ dz?/ 0y ()Y~ 02(86,&4(x,9)) — 371 (x, )| dx = 0.
y—0 0 —00

On the other hand, {§§Y — (W * 57)3| < 20&, — W *+ &, |§% + (P x £,)?| and
&y = év + 7y , thus taking into account (6.1) and Proposition 4.13, the statement
reduces to

lim lim sup / ’ d? / ,(0E(n,(x,9) — & *nv(x,ﬂ))zdx =0 (6.5
0 —00

{—o00 ~—0

by means of the Schwarz inequality. Indeed, as
s LT 5 A2
60y = 6l = = [ (1= Ty @Dl P o,

where g, ; = 0.k, — 6’,717 , following (4.14)-(4.16) we obtain (6.4) directly from
the explicit bound of Proposition 5.5. for || - ||« . O

To complete the proof of (2.10), let us now return to (3.19)-(3.21).

Proof of Theorem 2.10. Let Y, (¢) denote the stochastic integral on the left hand
side of (3.21), from (3.19)

EY2(6) < 45, /O 49 / (7, * (e, 9)) (BEIE, (x, )] + PEIE, (v, 9)]) d
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which vanishes as v — 0 in view of (6.1). The nonlinear term of (3.21) is con-
trolled by Proposition 6.4, and from (6.1) we know also that all limit distributions
of {, are concentrated on measurable functions. Therefore as (¥ * £,)° is a con-
tinuous functional on Z'(R), we have (3.16) with probability one with respect
to any limit distribution, which completes the proof by Theorem 2.8. Indeed,
the Gaussian component £ is uniquely determined, and the proof of Theorem
2.8 yields a pathwise uniqueness of ¢ for each given trajectory of £ . Therefore
P, = P as v — 0, where P is a uniquely specified joint distribution of £ and
€ such that € solves (1.9). O

The study of the equilibrium states is based on a representation fif, == )\f as

t — +o0o allowing us to get information on )\2 from the a priori bounds of the
previous two sections, see also (3.23).

Proof of Theorem 2.12. Let 3=1— py*? and 8 = 1 — 4%/ in the construction
of the coupled process. Combining Proposition 5.5 and Proposition 4.11, and
exploiting the translation invariance of the initial distribution we get a uniform
bound

/hi‘y(k, o) il (do) + sz(f) /(h,,(k +4,0) — h,(k, 0))2 fil,(do)

>0
< K(p*? (6.6)

for all k € Z and v,t > 0. Indeed, multiplying both sides of the inequality (5.5)
by rt~!, using (5.3),(4.11), and sending r — 0, we obtain (6.6) by a direct
computation. Since (6.6) extends by continuity to the family )\g, we see that
the initial distributions ., = )\g satisfy the moment condition (2.4), therefore the
family @yﬁ of equilibrium processes is tight in D[R, Z/(IR)] . The starting point
of the identification of the limiting process is the KMS condition (3.24).

Let P denote any limit point of Pf as v — 0, in view of the first part of
(6.6), P can be considered as a Borel probability on &’ (R) . Although P is a limit
distribution with respect to the weak topology of I[fl‘oc(]R)7 we know also that it
is a stationary measure of (1.9). Since the solutions to (1.9) are continuous with
probability one even if the initial value is not so, see [Iwal] or [Funl], we really
have P[€(R)] = 1. Now following the lines of the derivation of (3.16) from
(3.21) via Proposition 6.4, we obtain (3.25) as a consequence of (3.24) and (6.6),
consequently every limit distribution P of the Gibbs states PE is a reversible
measure of the macroscopic equation. In view of the main result of [Iwa2] every
reversible measure is a P(¢*); Gibbs random field, see (2.11)

We also know that there is a diffusion process x of law P* such that
Pldx| 4] = P*[dx|.--¢]. This process is given by

dx; = ~V'(x:)dt +V2a dw, (6.7)

where V > 0 is smooth and imV (x) = +00 as x — 4o00; w is a standard
Wiener process. In fact, V is determined in terms of the ground state of a re-
lated Schrodinger equation, see page 172 of [Sim] with further references on the
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regularity properties of V . Let ¢ = g,(x,y) denote the transition density of this
process, and consider an .#¢-measurable, continuous and bounded function @ ;
for all £ > O we have

/ PdpP = / P*[W).2,,1dP (6.8)

:/dp //°° Y1, Y0 (X —r =1, Y1)G2r 31, Y2)q: 32, Xr41)
—c0 qzr+21(X——r—t, Xr+t)

dy; dy,

where ¥(x,x;) = P*[P|.4C] if x_, = x; and X, = x» . The evaluation of (6.8)
is now based on the ergodic properties of P*.

It is plain that (6.7) defines a reversible process: v(x)g:(x,y) = v(y)gq, (¥, x) is
an identity if v(x) := exp(—aV (x)). By a direct calculation we obtain an energy
inequality,

/00 (gb(t,x) - @)2v(x)dx +2a/0 ds /00 (wa(s,x))zv(x)dx

< / (p(x) — PP dy
where ¢ : R — IR is continuous and bounded,

p oo Lo PO /

T o) dr q:(x, yye(y)dy .

In the same way as above we see that the space integral of (8,1)%v is again a
decreasing function of time, consequently

|60~ g s2ar [ " (@, 1) oy d
< [ - prumar. (6.9)

This means that for any € > 0 and £ < +oo we have some T = T.(¢,p) such
that |(z,x) — @] < £ whenever t > T . Moreover, T depends only on the bound
of ¢. Therefore (6.8) turns into P(P) = P*(P) by sending t — 400, which
completes the proof. O
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