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Summary. We define three types of non causal stochastic integrals: forward,
backward and symmetric. Our approach consists in approximating the integra-
tor. Two optics are considered: the first one is based on traditional usual stochas-
tic calculus and the second one on Wiener distributions.
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0 Introduction and notations

Many authors have examined extensions of classical stochastic integrals to a
certain class of anticipating integrands. A good list of references for this purpose
is contained in [N]. Among the generalisations we find the classical backward
stochastic integration [K 1], the enlargement of filtrations [Je], the extension
of Stratonovich integral [O], [Z], [NP], the Skorohod integration [N], and
finally the forward integration [KR], [BM], [AP]. Let us remark that in the
three last approaches the only integrator involved is essentially the Brownian
motion.

In this paper we define forward, backward and symmetric integrals by a
limit procedure. These integrals are respectively extensions of Ito, backward
and Stratonovich integrals. We have focused our attention especially on the
forward integration; the backward anticipating integral is defined in an analo-
gous way and the symmetric integral is obtained by averaging. Our work has
the following features:

i) through the definition, we make explicite the “forward” nature of the integral:
in fact the integrator must operate with an infinitesimal anticipation with respect
to the integrand,

ii) we introduce an effective non-causal stochastic integration with respect to
more general integrators than the Brownian motion,
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iii) one of the straightforward consequence of the definition is an integration
by parts formula,

iv) we relate the main anticipating stochastic integrals; in particular we connect
Skorohod integral with the one defined through enlargement of filtration.

We introduce now some useful notations. Let ¢>0. If X=(X(r); 0=¢t<1)
and Y=(Y(1); 0=<t<1) are two stochastic processes, continuous at 0 and 1,
we set,

Y(t+e)A1)—Y(2) It

£)

(1) (e, X,dY)= le(t)
[¢]

(1)~ 1+(8,X,dY)=fX(t) Y(f)—Y(itﬁS)vo)dt_
[¢]

1
We also define by symmetry, 1°=(I*+17)/2. We denote by [ Xd~ Y (resp.
1 1 o]
[Xd*Y, { Xd°Y) as the limit in probability of I (¢, X,dY) (resp. I " (5, X, dY),
4] 0

I%(e, X, dY)) when ¢ —» 0+ ; the first limit is called forward (resp. backward, sym-
metric) integral of X with respect to Y.
An obvious relation between (1)_ and (1), is given by,

@) I"(s,X,dY)+I+(s,Y,dX)=Y(1)E jl X(s)ds]—X(O)EfY(s)ds].
1- [¢]

&

If we take the limit when ¢ goes to 0+, we get the following integration by
parts formula,

3) led_Y+led+X=(XY)(1)—(XY)(O).
0 (¢}

By symmetry we obtain,

(4) ledOY+j Yd°X =(XY)(1)—(XY)(0).

In our framework it is easy to see that the regularisation of the integrator
with a mollifier naturally leads to the study of the objects I~ and I*. [T]
has approached the symmetric integral with respect to the Brownian sheet by
making use of convolution procedure.

The article is organised in two sections. The first one is inspired by the
tools of the classical stochastic calculus and the second one by the modern
technics of the Wiener functionals analysis.

In Sect. 1, Theorem 1.1 gives a substitution formula for the forward integral
with respect to a martingale; this result allows us easily to construct a solution
to a system of stochastic differential equations with anticipating initial condition
(Theorem 1.2). In the second part, we concentrate on the case where the integra-
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tor is a one-dimensional Brownian motion. Theorem 2.1 is the main result and
relates our integrals to Skorohod integral and the trace of the Malliavin deriva-
tive of the integrand, the traces being defined in a weak sense.

1 A substitntion theorem. Application to stochastic differential equations

We begin by showing that the forward integral of a previsible and bounded
process with respect to a semimartingale equals the Ito integral.

Notations. 1°) (Q, #F =(#,; 0=t < 1), P) will denote a classical filtered probability
space, & satisfying the usual conditions. & is the c-algebra generated by the
previsible processes. Let (B(f); 0<t<1) be a usual & -Brownian motion.

2°) If Y is a continuous & -semimartingale and H a previsible process, such

1 1
that | H(s)?d{Y,Y)(s)<oo, a.s., then [ H(s)dY(s) is usual stochastic integral
o] 0

with respect to Y.
3°) If f is a locally integrable function on R, we denote by &(f) the set

1!
of all >0 such that lim s [ flo)ds+f@).
£ 0 t—z
We recall the theorem of Stein ([S], Theorem 1, p5); for every p>1, there
exists an universal constant c, such that,

[ MsPds<e, ] £GP ds,
0 [4]
where,

M(s)= sup = ]ﬁ lf(® 110, 17dt, O0=s=Z1,

0<eg=s1 |Va| s+V,

and V,=[—¢,e] or V,=[—¢,0] or V,=[0, ¢].
4°) Let (X (t); 0=t <1) be a stochastic process and ue[0, 1]. X" is the process
defined by: X=X 14 ;-

Lemma 1.1 ([RY], exercise 5.17, p165) Assume M is a continuous square integra-
ble % -martingale, H a mapping defined on QxR _ xR ., bounded and
P ® B(R . )-measurable. Then for every s=0 and t 20 we get,

(1.1) f(fH(u, ) dM(u))dv= | (fH(u, v)dv) dM(@). [

0 \o 0 ‘o

Proposition 1.1 Assume Y is a continuous ¥ -semimartingale, Y=M+V is the
canonical decomposition of Y, where M (resp. V) is a square integrable martingale
(resp. V is a bounded variation process) defined on [0,1]. Suppose X is a F-
previsible and bounded process such that:

1
(1.2) § lgesr ooy @IVI(9)+d{M,M>)=0 as.
0
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Then for every te[0, 1], we have a.s.:
1 t
[ X'd™Y={X(s)dY(s).
o 0

Remarks. 1°) The assumption (1.2) is realized if X is a left-continuous process,
or Vand (M, M) are two absolutely continuous processes with respect to the

Lebesgue measure.
n

2°) When X (1, w)= Y, o;(t) G;(w), where for every 1<i<n, a; (resp. G) is a
i=1

bounded function defined on IR, with compact support (resp. r.v.) and

n 1

Y [ lycr@p@Ve)+d{M, M>)=0 as., then

i=10

led‘ Y= i (j}ai(s)dY(s)> G;.
0 i=1

0

3°) Assume X and Y are two continuous square integrable semimartingales,

1
such that X(0)=0 or Y(0)=0. Let { X(s)odY(s) be the Stratonovich integral
0 1

1
of X with respect to ¥, then | X(s)odY(s)= | Xd°Y.
o 0

4°) If Z is a process, we denote by Z the process defined by: Z=Z(1—1),
0<t=<1. From the identity, I*(e, X,dY)=—1 (5, X,dY), we deduce that

1
{ Xd* Bis the backward integral [K1].
0

5°) Assume Y is a continuous square integrable & -martingale, and ¥=(%,;0

<t<1) is a filtration containing # (ie. F<=¥%,Vte[0,1]). When X is only
1

%-adapted, | X (¢)dY(z) has no meaning. However if Y is a ¥-continuous semi-
0

martingale, then the theory of enlargement of filtrations [Je], allows us to define
1

{ Xd®Y as the usual %-stochastic integral of X with respect to Y. Clearly we
0

have:

1 1
[X-dy=([Xxde¥.
o q

Proof of Proposition 1.1 1°) Let >0 and t€[0, 1]. We have,

I (6, X, dY)=I" (e, X', dM)+1 (¢, X', dV).
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i) By Fubini theorem we get,

I (g, X", dV)= j£<% f X‘(u)llo,u(u)du) Lio, 11(8) dV (s).

0

&

By (1.2), d|V| almost surely, lim % | X'(w)du=X"(s).
£ 0+ Ze
The process X' is bounded, by the dominated convergence theorem we
obtain,

j}X’d_ V= ftX(u) dV(u).
0 0

i) Recall that,

I™(c, X, dM)=

™ | -

fX(u) M{u+eal)—M@w)du.

We notice that X (u) (M ((u+:8) A 1)— M (w)) is the stochastic integral of the ele-
mentary process (X (u) 1y, <s<u+q; 0=5=1), with respect to the martingale (M (t);
0Zt£1).

By Lemma 1.1, we have,

I7(e X, dM)= | (% ] X‘(u)llo,u(u)du) Lo, 13(s) dM (s).
0 s

—&

But,

E[{ 15 § X0t du=x6) 10002010 |

<E| (5§ X160 T @) du—X9) a0,
0 s

—&

and 11%1 Ly j X' (u) 1o, 17(u) du=X"(s), d<{M, M), as.
=0+

To process X* is bounded; using again the domlnated convergence theorem
we show that I~ (g, X', dM) converges in I? to jX’(u) dM(u); then jX‘d M
—fX(s)dM(s) |

We give now a partial reciprocity for Proposition 1.1. A “cadlag” (resp.
“caglad”) process is a process whose paths are a.s., right-continuous (resp. lefi-

continuous) on [0, 1] (resp. 10, 11), with limit from the left (resp. right) on 70, 1]
(resp. [0, 1[).
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1
Propesition 1.2 Let Y be a % -adapted cad lag process and suppose that [ Xd~ Y
0

exists for any bounded, caglad and % -previsible process X. Then Y is a F -
semimartingale.

Remark (1.3) If Q reduces to a single point, processes are deterministic functions
1

defined on [0, 1]. In particular Proposition 1.2 tells us that if | fd~ g exists
0
for every bounded and caglad function f; then g is a bounded variation function.

The same conclusion holds if the —integral is replaced by +integral. We can
1

prove that if | fd~ g exists for every bounded and Borel function f, then g
0

is absolutely continuous on [0, 17.

Proof of Proposition 1.2 1°) We introduce two metric spaces &, and &', defined
as follows:

(i) &, is the set of bounded, & -previsible and cadlag processes defined on [0, 1],
and d,(X, Y)= sup |X(t, ®)— Y(t, w)|, where X and Y belong to &,.

g=<t=<1
(4]

{ii) &', is equal to the set of & -measurable r.v, and d,(X, V)=E(X—Y)| A1)
where X and Y are two elements of Z,.
(Z,d,) and (& ,,d,) are two complete metric spaces which moreover satisfy,

(@ 4;(X,Y)=d,(X—-Y,0),i=1o0r2.
(b) for every X in &, (resp. « in R), t—>tX (resp. Y—a¥) is a continuous
function from R (resp. (Z;,d)) to (%, d;), i=1 or 2.

According to ([DS], Chap. I), (%,,d,) and (% ,, d,) are two F-spaces. (Z,,d;)
is equal to &', equipped with the topology defined by the convergence in proba-
bility.

We introduce a family {y,; ¢>0} of linear operators from (%';,d;) to (% 5, d,).
Let 6>0. We set u (Z)=1" (¢, Z,dY). We have,

1

WIS sup 12,0+ 1Y (o) a 1) Yol dt

0=ts1 0

Then gy, is continuous. According to our assumptions, w,(Z} converges in {%,, d,)
to j} Zd™Y.

0In particular for every fixed Z in (%', d,), the family {g,(Z), >0} is bounded
in (25, d,). Theorem 18 p. 55 of [DS] proves that Z — le d~ Y is a linear and

0
continuous map from (Z'y,d,) to (Z,, d,).
2°%) Let &, be the set of elementary previsible processes Z of the type: Z=

n
> Zily 1.,y wWhere 0=t,<..<t,<t,,;=1, and Z; is bounded and
i=1
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1
&,-measurable, for every ie{l,...,n}. & is a subspace of Z, and Z—> [ Zd~ Y
0

is continuous map from (%, d,) to (% ,, d,).
We fix an element Z of the previous type. We have,

(6. Z,dV) =Y I (6. Zi L, 1. 1, dAV)= Y Z:T (e, 14,0, 1 AY).
i=1 i=1
Since
1 tivi1te 1 t;+e
Il dV) =, [ Y@ADdE— | YaD)ds
tiv1 ti

and Y is a right-continuous process, we get,

EZdw Y= i Z;(Y(t; )= Y1)

i=1

From the Bichteler-Jacod theorem ([DM], Chap. VIII, p. 400), Y is a #-semi-
martingale. []

Theorem 1.1 Assume G is R%valued t.v., a>1, g>2a/(x—1), 6>d 20+ q)/2a,
and X a B (R?) ® P-measurable map from R? x Q x [0, 1] to R such that for every
positive N, we have:

(i) E [jl [X(0, s)| ds]< o0,
(1.4) 01

(i) E[j X(@9)—X (b, s)|qu]§cN|a—b|ﬁ;V|a|§N,V|b|§N.
]

Let (M(t); 0t <1) be a continuous local martingale such that d{M) (ty=h(t)dt
and

1
(1.5) E[j h(t)“dt]< 0.
0
1
Then as., for every te[0,1], { X'(G,")d ™ M exists and
0

(1.6) le‘(G,-)d_Mz(fX’(a, u)dM(u)> .
4] 0 a=

G

Remarks (1.7). 1°) By (1.5) we have E[{M,M)(1)*]<oc, then M is a
I?*-martingale.

2°) In the Brownian case, if X satisfies (1.4) with ¢>2 and d>d then (1.6)
holds (choose o> 1 large enough such that 0 >d(2a+g)/2« and g>2a/(a— 1)).

Proof of Theorem 1.1 1) Let E be the space €([0, 1]) equipped with the uniform
norm: || f]|= sup [f()]. (E;]|-.|]) is a Banach space. Let (U(a,t); 0=t=1);
acRY) Osusl



410 F. Russo and P. Vallois

and (V(s, a,t); 0=t <1); acR%>0) be two families of E-valued random pro-
cesses defined by,

Ula, t)= j}X’(a, sydM(s)= ftX(a, sydM (s),
0 0

Vie,a,t)=1 (&, X*(a,"), dM)= It (—il; f X(a,u) 1z 0 du) dM(s),
0

S—&

for every te[0, 1].
We set: p=26c/2a+q), y=qa/(2a+gq); then p>d and 1<y<a. We use
successively Doob and Burkholder-Davis-Gundy inequalities,

1 ¥ 1
E[|U(a,)|*"]1<CE [(j X (a, s)? h(s) ds) ]g CE [f X (a, s)? h(s)? ds].
0 0
Let p'=a/y; ¢ =(2a+g)/2a is the conjugate exponent of p/, then,

E[IU(@ )1 <C {E[ j X(a, s)st] }/

where C'=C {E [f h{s)* ds] }1/;»'.
0

Using (1.4) and also the maximal inequality in IZ[0, 1] ([S], Theorem 1,
p. 5), we get,
(1.8) E[IU(a,.)[I*]< o0,  E[|V(ea,.)[I*"]< 0.
(19)  E[IV(sa,.)= V(e b )1+ E[|U(a,.)— U (b,.) 1?1 <kyla—b.
where ky is a constant.

2) By (1.9) and Kolmogorov lemma, U admits a continuous version U,, and
U, also verifies:

(1.10)  E[|Us(a.)—Up(b,)|*"1<kyla—blP;  Via|<N and |b[=N.

3) We recall Garsia, Rodemich and Rumsey lemma (G.R.R.) stated by Barlow
and Yor ([BY]).

Fix p>d, y>0, 0<m<p—d, N>0, Ky={aecR% |a|<N} and {V(a),acKy}
a family of E-valued random variables such that,

E[IV(@—V®)*"1=kla—b|?, VaeKy, beKy.

Then, there exist two constants C, and C,, independent of the process V and
a r.v. I’ such that,

i) [V(@—VB)**<Cila—bl"I VacKy, beKy
(i) E(N=C,k.
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4) There exist two constants C; and C, and a r.v. I'(¢) such that,

(1.11) V(e a,.) = Ve, b,)I*" < Cyla—b" ),

(1.12) E(I(e)=Cs5,

with C3=C, ky.
5) Let T>0 and GN: G 1{}GI§N}‘

P(IV(e, G.) = Up(G, ) > )L P(GI>N)+ P(| V (&, GV,.)— Uy (GV,) | > 7).

Even if it means replacing G by GV, we can assume that |G| being bounded
by N. Fix n>N and G, a discrete r.v. (with finite values) such that G,eKy
and |G—G,ll, =1/n. We deduce from (1.11) and (1.12) the inequalities,

(1.13} E[|V(e, G,.)=V(e, Gp, )I*"1SCL E[[G- G " ()] = C; C3(1/m)™
A similar proof using (1.10) shows that,
(1.14) E[IIUy(G,.) = Uy(G,, )1 *T1 = Call/m)™.

For every fixed a>0, we deduce from (1.8} and the maximal inequality that
the limit in the I?”(E)-sense of V (e, a,.) is equal to U,(a,.)=U(a,.). Moreover
it is clear that if G is a discrete r.v. which takes its values in Ky, V(e G,.)
converges in I?7(E) to Uy(G,.).

It is sufficient to use now the two uniform inequalities (1.13) and (1.14). O

Let us discuss now the application of Theorem 1.1 to the systems of stochastic
differential equations (S.D.E.’s) with an initial non-adapted value. We work in
the general outline defined by Jacod ([Ja], Chap.XIV). We introduce
0=%([0,1], R), ¥ =(%,;0<t<1) the natural filtration on O, @ =Qx 3, F'
=((J(#®%); 0=t<1) and & the ¢ algebra generated by the previsible pro-

s<t
cesses defined on . Let (B,,...,B,) be a n-dimensional Brownian motion
defined on (Q, % =(#,; 0<t<1), P). We assume that c=(0v,,...,0,) and b to
satisfy,

(1.15) b and g, forevery 1 <i<n,maps [0, 1] x ' to R* and #’-measurable.

There exists two constants K, >0 and K, >0 such that,

(1'16) Z |O-i(sa @, (13)*0}(5, , c’bl)l +lb(S, @, d))—b(sﬂ w, Cbl)l:—<_}<l ”d}—d}l ”sa

i=1

(1.17) 2 loi(s, @, @) +1b(s, 0, DN S K, (1+ | ®12),
i=1
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for every 0<s<1, weQ, & and @&, in €([0, s]), where |B|,= sup |d(w).

O0=Zu<s
When assumptions (1.15), (1.16) and (1.17) are realized, we know ([Ja], (14.50))
that the systems of S.D.E.’s:

(1.18) X(f)=x+

HPﬂ;

fc,sz dB(s)+jb(sz)d
10

i

has a unique solution, where xeR% and X . is the element of @ defined by,
X .(s)=X(s, w). We denote by X (x,-) the unique solution of (1.18).

Theorem 1.2 Assume £ is a r.v. & -measurable, t1€[0, 13, and Y is the process:
Yt)=X(,0);0=tZ1. Then as.,

(1.19) Y(1)=¢+ zn: fois, 0, Y() 110 4d ™ Bi(s)+ frb(s, w, Y(.))ds

i=10

Proof. We set U(t, x, w)=0,(t, w, X (x,*, w)) 1}o, 1 (), 0=i<n. It is clear from (1.16)
that:

(1.20) 2 Ut x, 0) = Ult, y, o)l Ky | X (X, @)= X (y,., o),
i=1

for every te[0, 17.
According to an easy adaptation of [K2], Theorem 2.1, p. 211 there exist two
constants C; and C, such that,

(1.21) ELIX (x,) =X, ) I=Clx— I,
(1.22) ELIX(0,)I11=Cs,

where g > 0. We chose ¢ >max(2, d). By (1.16), (1.17) a straightforward calculation
shows that U satisfies (1.4) for every ie{1,...,n}; we can apply Theorem 1.1,
and (1.19) follows immediately. [

2 Wiener analysis approach (Malliavin calculus)

In this section, we would like to examine the convergence of the s-integrals
defined in the Introduction through a Wiener interpretation; [W] and [BH]
will be the basic references on this subject.

All along this section, r will be a fixed real number and 1 <g=2.

Let (Q=%[0,1], H=1I2[0,1)], P) be the canonical Wiener space with the
usual Brownian motion (B(f); 0<t=<1). E will be a separable Hilbert space,
with inner product (.,.). 2, (E) will be the algebra of E-valued Wiener functionals
and the space of E-valued Wiener distributions will be the dual space 2. (E).
We recall that

9~oo(E)= U QP,S(E), 9cra(E)—__ ﬂ 2
ey R
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where (2, ,(E); p> 1, seR) is the family of Sobolev-Watanabe-Krée spaces. <.,.»
will stand for the duality between Z_  (E) and 2, (E). If E=IR, we will simply
drop E. I4(E) stands for I/(Q; E); we recall that &, (E)=I#(E). The gradient
operator D maps continuously &, ; into %, ,_;(H). The divergence operator
0 (Skorohod integral) maps continuously &, ((H) into &, ,_,. D and 6 are dual
operators.

Let denote H,=H® ... ® H (n times). If TeZ, (H,), acH,, we denote by
T, the Wiener distribution in &, , defined by, (T, Y)=<T e ® Y). 1l TeZ, ,(H,)
there exists a unique Tel!([0, 1]; &, ,) such that,

(2.1) L= | «0Tod,

[0, 1]»

where the integral is understood in Pettis sense; this follows from a slight exten-
sion of [BH], Proposition IIT 1.1.8. T will be the 2, ~decomposition of T. Clearly,
we can replace &, , by 2_,,. If TeZ_,, then DTeD_,(H), (D, T;,0<5<1)
will denote its & _ -decomposition, and D, T stands for (DT),. Since 2, ® H,
is dense in 9, (H,), then (2.1) can be extended to,

(2.2) (LZy= | <Z@), Tw)dt,

[0, 1]

for every Z in 2, (H,).

The Wick product of two Wiener distributions is defined in [BH], exercise
1.6 p. 133, with the help of the notion of characteristic functionals and will
be symbolized by: However if U=1,(f,), V=1,(g,,) are Wiener iterated Ito inte-
grals where f,eI?([0,1]") and g,I?([0,1]™), then U: V=1, (/. ® g,). If heH,
YeI? then the definition of the Wick product implies that 6h: Ye9, _, and

(2.3) Sh: Y=5(h® Y).

From now on 4 will be an element of {—, +,0}. For simplicity we will
write (e, X) instead of I'(¢, X,dB). Let X=(X(t); 0<t<1) be a process in
I4(H). By standard arguments it is easy to check that I?(e, X)eIf (H), for some
p>1. ’

The following three functions which are elements of H, will play an impor-
tant role in the sequel,

1 1

&g, - =; 1{(5, Hel0, 12[tssxt+p e, + =E L, nel0, 11P[t—s=s=1p
1

% 0 =2—é Lis. efo, 112)t—e<s<i+er

X, 4 will be the process defined by

X, 4(59)= j}X(t) o, 4(s, ) dt,  se[0,1].
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In the definition of I4(s, X) we make use of the Wick product instead of the
ordinary product of random variables, more precisely,

B((t+8&) A 1)_B(t)]dt.

(2.4 I;(a,X)=6[X(t): [ -

Similarly to the definition of I* (¢, X) and I°(e, X), we can define I (¢, X) and
(e, X).
By (2.3), we get

[B((t+s) A)—B(@)
&

| X0 =06 -0 X0=6s, -0 X001
23) 16 X)=5(X, ).

Lemma 2.1 Let X I%(H). Then X, ,eI8(H) and

(2.6) (e, X)=I4(s, X)+D,_, X.

Proof. For simplicity « will stand for o, ,; since « is bounded by 1/e, the first
statement is obvious. Therefore I (¢, X)eZ, —,. We set,

ale)={Iy(e, X), Y), Yed,.
Using duality we get,

a(s):<X£,A7DY>:E|:fDr Y(fa(r, t)X(t)dt)dV]

0 0
1

1 1
=E[§ X(t)(f a(r, ) D, Ydr) dt]zE“ X (£} Dy o Ydt].
0 0 0
According to [W], Proposition 1.11, p. 51, we have,
Doy Y=Yé(a(+, 1)) —0(a(-, 1) ¥).
Therefore, we can write
2.7 a(e)=E(I(e, X) Y)—a, (o),

where,

1
al(s)zE[jX(t)é(a(-,t) Y)dt].
0
Using once more duality we obtain,
11
a1(8)=E[j foa(r, 1 YD,X(t)drdt]:E(YDaX).
00

This and (2.7) show (2.6). []
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At this stage, we need a suitable notion of trace for TeZ_ (H, ) Let Te9, (H,);
we will say that T has a &, . A-trace if hm T, , weakly exists in Z, ,. Obviously

9,

.. can be replaced by @_ »; 1n this case We w111 speak about 9_. © trace

Let F be a topological vector space, and f: [0,1]*>— F, Pettis-integrable.
We will say that f has a FA-trace or simply a A-trace if lim | o, ,(u) f(u)du

>0+ [0, 112
weakly exists in F. This limit is denoted by Tr“(f). This definition has been
performed by [RV]. It is clear that TeZ, (H)) (resp. TeF_(H))) has a 9,
(resp. D_ ;) A-trace iff Thas a 9, , (resp. Z_,,) A-trace.
Theorem 2.1 Let us suppose X e IZ(H). Then
a) lilgl I, X)=06Xing, _,.
e> 0+

b) im I%(g, X) weakly exists in 9, _, (resp. 9_) iff DX has a 9, _, (resp.
e+ 0+

D) A-trace.
In this case lim I“(c, X) is equal to the sum of 6X and the A-trace of
DX e~ 0+

Remark 2.1 The theorem is still true if we replace I4(H) by 9, ,(H) and Z, _
by I

Proof. Using part a) and (2.6) we establish b).
In order to prove a) we observe that it 1s enough to check that,

(2.8) limX, ,=X in I{(H)

e~ 0
After this we can use the continuity of 6 from I?(H) into %, _,. As for the
proof of (2.8) we need the following lemma.
Lemma 2.2 Let Y belonging to I!(H), V,=[—¢,¢] (tesp. V,=[—¢,0] or V,=

[0, &]). Then —1—

7] [ Y(0) 1,0, 1;(2) dt converges in I/(H) to Y, when & goes to 0.

s+Vg

Proof. We set,

M(s)= sup — | YOIl y)de, 0<s<1.

0<eg<1 |V8| s+V,

Using Stein inequality we obtain,

e oo o

By the dominated convergence theorem we can conclude. [

Remark 2.2 We would like now to answer the following question: are the two
approaches of Sects. 1 and 2 compatible? In other words, let X be a process
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in I4(H); let us suppose that I4(e, X) converges in probability to an integrable
v.a. Z and also weakly converges in &_ , to an integrable r.v. Z’. Do we have
Z=127"as.? The answer is not known; however, if we replace the convergence
in probability with the I!' convergence, it is positive. [Hint: Let # be the
set of bounded r.v. ¢ such that ¢=f(B(t), ..., B(t,)), where 0<¢t, < ... <t, =<1
and f is a C® bounded function such that any derivative is also bounded.
If pe#, we have E[¢Z] = E[¢@Z']. This equality can be extended to pe L* n D,
by density of # into L* N2, ].

Theorem 2.1 generalizes in some sense the results of [Z] and [SU] concerning
the relation between Ogawa symmetric integral and traces of derivatives. [Z]
introduces the traces in a functional analysis framework and [SU] through
a limiting technique. The different traces are not really comparable, see [HM].

Let us relate our concept of trace with the classical traces coming out from
functional analysis. Let g be a E-valued function defined on [0,1]. We say
that g has a E classical trace if g is a square integrable Bochner function and
there exists an element denoted by 7 (g)e E, such that for any complete orhonor-
mal sequence (¢,,n=0)in H,

29) Y [ 9uw e, gy, v)dudo,

n=0 1[0, 1]2

converges, in E, to 7,4(g).

Remarks 2.3 1°) Let denote §(u, v)=(g(u, v)+ g(v, w))/2. In the definition, g does
not need to be symmetric; however obviously, g has a E classical trace if and
only if § has one.

2°) This concept of trace appears in [R]. Let eeF and K, I*[0,1]— I*[0,1],
the linear operator defined by

(K. 0) @)= [ ¢(v) (§(u, v), ¢) dv.

Rosinski ([R] Proposition 2.1 and Corollary 2.2) has proved, that the sum (2.9)
converges for every (¢,,n=0) iff K, is a nuclear operator. In this case (2.9)
does not depend on (¢,, n=0).

We begin with the scalar case, i.e. E=IR.

Proposition 2.1 Let g be a symmetric function of H,. Assume g has a R classical
trace then for any Ae{—, +,0} g has a A-trace and Tr*(g)= T, (g).

Remark 2.4 1t is clear that if g is continuous on {(s,1);0=t<s=<1} (resp.
{(s,7);0<s<t<1}) then g has a —trace (resp. +trace). Recall that Balakrishnan
([B], p. 126) gives an example of a real valued function g such that g is continu-
ous and has no classical trace, this shows that Proposition 2.1 admits no con-
verse.

Proof. Let consider the operator G: H — H, defined by

Gy=[glt,wywdu, te[0,1].
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Since G is a symmetric operator. So by ([B], Theorem 3.4.3, p. 115), G is nuclear
iff g has a classical trace. Moreover G is diagonalisable; let consider a complete
orthonormal basis (¢,,n=0) of H, such that for every n, ¢, is an eigenvector
of G associated with the eigenvalue 4,. (¢, ® ¢,,; n=0, m=0)} is an orthonormal
basis of H,. Then

2= Gy Pn® O,

nm

Where an,m = 5‘ (pn (u) (Dm(v) g(u7 U) dudv'

[0,1]?

We have

1
Ay m= _‘l (pn(u) G(wm) (u) du:j‘n 5n,m5
0]

where §, ,, is the Kronecker symbol. Consequently

g:Z,{n 00 @ @y

Since G is nuclear then

Yll<oo and  Fy(g)=} .

n

j g, v) 1[0,1](”)‘1”:2}4: @) j @, (v) 1o,y dv, uel0,1].

u—eg n U—Ee
We introduce

u

1
S,(u)= sup (E ©.(v) 1o, 1 (v) dv

O0<g<1

), ue[0, 1].

u—

It 1s clear that

slhtle. )] Sulu),  uel0,1].

1 u
Ao @ (1) — _[ ©a(v) 1[0, 11(v)dv
8 HuH—€

By Stein theorem we get,

e 0+

lim <§ fu @x(0) 110, 1;(v) dv>=§0n(u), fora.e. ue[0, 1],
J(8,@)? dv=C | ,(v)* dv.

o]

Using Cauchy-Schwarz inequality, we have

1
§ O lnd 10 )] S, () du <)/ C Y| A| < c0.
0 n n
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We can apply the dominated convergence theorem,

Tr(g)=lm | g0)%, -@v)dudv=31=Tu()
£= 0+

[0, 12 n

Since g is symmetric, it is obvious that all the A-traces are equal. [

Suppose now that f is a F-valued function defined on [0, 1]%. We introduce
f4 a F-valued function defined on [0, 1]* by

f(sat,svet) if A=+,
Pl )= fsvt,sat) if A=—,
f(s,t) if A=0.
The function f4 is symmetric and f°=F=(f"+1)/2.

Proposition 2.2 Let g be an element of I*([0,11% E). If g (resp. g) has a E
classical trace then g has a A-trace and 7,(g%)=Tr4(g) (resp. T,(g)=T.,(g°)
=Tr*(g° for every de{+, —,0}).

Proof. Assume g is a symmetric function and g admits a E classical trace. Let
yeE. We denote by g, the element of H, defined by

go (Sa t):(g(sa t)’ y)a (S> l')EI:O, 1]2

g, is a symmetric function, admits a R classical trace and

Ta(80)=(Tu(g), y)-

Therefore by Proposition 2.1, g, has a A-trace. We set
Tr4(f)= f fu,v) o, 4, v)dudv.

[0, 172
Then,

(Tr*4(g), y)=Tr"4(gy).

Consequently, (Tr*4(g), y) converges to (7,,(g), y); this means that g has a 4-trace
and 7,(g)="Tr"(g).

We study now the general case. We suppose that g4 has a E classical trace.
By the previous step, g4 has a A-trace and 7,(g%)=Tr4(g%). An easy calculation
shows that Tr*4(g4)=Tr>4(g). In particular, g has a A-trace and

Tr!(g)=Tr(g)=Tu(9). I
Let us write now some consequences for stochastic processes. Let X be an
element of I2(H) (resp. 2, ,(H)), DX =(D, X (t); (5, t)e[0, 11%) the 2, _, (resp.
I?)-decomposition of DX and
DAX =(DXx).

Theorem 2.2 If D*X has a I? (tesp. 9, _,) classical trace then DX admits
a I7 (resp. 9,, —,) A-trace and
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(i) T4(D*X)=Tr"(DX),
(i) (¢, X) weakly converges to 6X + 7, (D* X).

Remarks 2.5 1°) Let X be an element of @2 ((H) and assume that a.s. DX
admits a 4-trace, then j X d*B exists and jX d*B=06X +Tr*DX, as. This is

an easy consequence of (2.6) and Remark 2.1.

2°) Let @ be the family of all complete orthonormal basis of H. Then the weak
limit of I4(e, X) is equal to the symmetric type integral introduced by Zakai
([Z]). Some authors call it also, Ogawa integral ([Nu], [NZ]).

3°) Previous result extends some considerations of [INP] Sect. 7, (see also [N],
Sect. 6). The authors define a class I * of stochastic processes X €2, ,(H) such
that (DX) is “continuous”. If X belongs to I}2, then the forward (resp. backward,
symmetric) integral of X is equal to the sum of 6X and the —trace (resp.
+trace, Otrace) of DX.

Moreover the weak limit of I~ (g, X) (resp. I (g, X); I°(e, X)) is equal to
the forward (resp. backward; symmetric) integral defined by Nualart.

The final result relates the Skorohod integral and the integral defined through
the enlargement of filtration. Assume ¥=(%,;0<t<1) is a filtration on (Q, F
=(%,;02t<1), P), satisfying the usual conditions, and “bigger” than % (i.e.
F.c ¥, for every t€[0, 1]). We suppose that

(i) Bis a % semimartingale, B=B+ ¥ is the %-canonical decomposition of B,
where V, jH(s)ds 0=st<1,

(i) there ex1sts p>1 such that (H(s); 0=s=<1) belongs to IF([0, 1] x Q, R).
We know that B is a 4 Brownian motion (see for instance [Je]).

Proposition 2.3 Assume X is a %-previsible process, belonging to I#([0, 1]
x Q, R)n I#(H) where q is the conjugate exponent of p, Tr™ (DX) exists in D_
and belongs to L!. Then :

1 1
(2.10) {Xd B=[Xd*B=6X+Tr" (DX) as.
[¢] 0

Proof. Through a slight modification in the proof of Proposition 1.1, it is easy
1

to check that { Xd~ B is the limit in L' of I (¢, X). We have already noticed
0

1 1
that { Xd~ B= [ Xd*B. Theorem 2.1 and Remark 2.2 implie the second equality
0 0
in(2.10.

Example. Let 9=(%,;0<t=<1) be the smallest filtration such that, # < ¥, for
every 0t <1, B(1) is 4,-measurable. By ([Je], Theorem 3.23 p. 46) we have

B(1)— B(s)

H{s)= 1~s

0<s<l1.
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Since E(|H(s)?)=(1—5)" 72 E(|B(1)["), we can apply Proposition 2.3 with 1<p

<2.
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