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Summary. The sampling distribution of several commonly occurring statistics are
known to be closer to the corresponding bootstrap distribution than the normal
distribution, under some conditions on the moments and the smoothness of the
population distribution. These conditional approximations are suggestive of the
unconditional ones considered in this paper, though one cannot be derived from
the other by elementary methods. In this paper, probabilistic bounds are provided
for the deviation of the sampling distribution from the bootstrap distribution. The
rate of convergence to one, of the probability that the bootstrap approximation
outperforms the normal approximation, is obtained. These rates can be applied to
obtain the L? bounds of Bhattacharya and Qumsiyeh (1989) under weaker condi-
tions. The results apply to studentized versions of functions of multivariate means
and thus cover a wide class of common statistics. As a consequence we also obtain
approximations to percentiles of studentized means and their appropriate modifi-
cations. The results indicate the accuracy of the bootstrap confidence intervals
both in terms of the actual coverage probability achieved and also the limits of the
confidence interval.

1 Introduction

The asymptotic accuracy of the bootstrap procedure has been studied by several
authors. Under some regularity conditions (smoothness and moments), for several
types of statistics, the difference between the bootstrap distribution (which is
random) and the actual distribution is o(n~*/2) a.s. These results hold, for example,
for the sample mean, t-statistic, quantiles and certain smooth functions of multi-
variate sample means. See Bickel and Freedman (1981), Singh (1981), Babu and
Singh (1984). However, all these results are a.s. results and there is no way of
knowing if this improvement over the normal approximation (the latter being
typically O(n~'/2)), holds with a probability approaching one at a fast rate. This
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issue is specially relevant in confidence interval problems, where both the eventual
coverage probability and the accuracy of the critical point are important. See Hall
(1986) for a discussion of such problems.

In this paper we study the probabilistic aspects of the bootstrap approximation.
Let X, X, ..., X,beild. random vectors in IR™ with distribution function F. Let
K,=K,X,...,X,) be a statistic and H, be the distribution function of
K, — k,(F) where {k,(F)} is a sequence of constants. Appropriate bootstrap
version of H, is denoted by H}. Our main result states that under certain
conditions on K,, k, and the moments and smoothness of F,

(1.1) P(sup |H,(x) — HE(x)| = snn_1/2> < Cn0ty,

where ¢, —» 0 is an appropriate sequence and y >0 depends on the moment
assumptions. Using Lemma 2.1 of Babu and Bose (1988) and (1.1), one can derive
confidence intervals and estimates of associated errors like

sup |P(K, — k,(F)< H* Ya)) —a| <egn Y2 + Cn Y,

0=l

We provide an estimate of ¢,. This leads to a better understanding of confidence
intervals and coverage probability. The inequality (1.1) is obtained under strong
non lattice (s.n.l.) assumption on the distribution F. The estimates are improved
under additional moment conditions and Cramer’s condition. The class of statistics
to which our results are applicable include sample means and their smooth
functions. Result (1.1) is not true when X ;s are lattice variables. This is clear from
statement (1.7) of Singh (1981).

Under stronger moment conditions than those assumed in deriving (1.1), Babu
and Bose (1988) proved that

(1.2) P(sup |H,(x) — H¥(x)| = Cn_l(logn)"> <Cn!

This in turn shows that the coverage probability of the bootstrap critical point is
accurate with error O(n~ *(logn)®). Clearly (1.1) and (1.2) do not follow from each
other but there is some similarity between the results.

Abramovitch and Singh (1985) have shown that a statistic K, can often be
modified to obtain K, which satisfies sup |\P(K, £ x) — ®(x)| = O(n™1). Further if

K¥ is an appropriate bootstrap version of K, then sup|P(K,,§x)—

P*(K¥ < x)| = o(n™ ") a.s. We also extend our result (1.1) and provide probabilistic
bounds for such modified statistics. For instance we show that if H, denotes the
c.d.f. of a modified t-statistic and H ¥ is the corresponding bootstrap version, then
for0O<t<1,H¥ ')~ H,'(t)=o(n ) wp. 1 — 0™+

Our results thus complement the a.s. results available in the literature and show
that the chances of the bootstrap distribution outperforming the normal approxima-
tion are very high. These results can be used to improve estimated confidence
intervals.

The original version of this paper was written in 1985. Subsequently we
discovered that L” estimates for the difference between the bootstrap cumulative
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distribution function (cdf) and the original cdf were obtained by Bhattacharya and
Qumsiyeh (1989). Some of their results can be derived from the present work and be
proved under weaker conditions. See Remarks 2.7 and 2.8. In one case requirement
of moment of order s? is reduced to s(s — 1) and in another, requirement of
Cramer’s condition is weakened to the distribution being merely strongly non
lattice, thereby allowing some discrete distributions.

The technical details of the proofs are given in the appendix. We make repeated
use of the techniques of Bhattacharya and Ranga Rao (1976} in obtaining bounds
for the difference between distribution functions and their Edgeworth expansions.
The a.s. results mentioned earlier follow from our results but with additional
assumptions. On the other hand, our probabilistic bounds cannot be obtained
from the a.s. results.

2 The main results

In this section we will state the main results and sketch some of the proofs. Most of
the notations used in the statements of the results are explained below. Additional
notations used in the proofs are explained in the appendix.

Let X}, k = 1 be independent observations from a common cdf G on R™ and
let F, be the empirical distribution which puts mass I/n ateach X3, k=1,...,n
Let G,(x) = Fu(x + X,) where X,=n"1Y,;_ | X;. Let X% i=1,...,n (or
X¥,i=1,...,nin short) be iid. from F,. Let D denote the dispersion matrix of
G and let ¥, denote the sample dispersion matrix. Whenever V, is positive definite,
T, denotes a matrix such that T,V, T, =1 The distribution function of
n~Y2YT_ | (X, — EX,) is denoted by Q, and Q denotes the (conditional) distri-
bution function of n™*2Y}_ (X — X,) given X4, ..., X,. In general the pres-
ence of (+) indicates that we are dealing with a bootstrap quantity. The sth absolute
moment of X, E|| X, for s 20 is denoted by p,, x» = x,(G) denotes the v*
cumulant of G and Y,y = Y.oon""2P,(— @y p; {1,}) is the usual signed
measure associated with Edgeworth expansions (see Bhattacharya and Ranga Rao
(1976), page 54, for a detailed discussion). For a real valued measurable function

f on R7 let Ms(f)=81iplf(x)l(1+1IX\|2)‘1, w(f, & x) = sup {|f(z) — f(y)I:

[x—yl <eand ||z - x|| <&} and w;(R™) = sup{|f(x)|:xeR™}. To state our
results, we define for s = 3,

Bn,s = j.fd<Qn - si n_r/ZPr( - ¢O,D:{X\v})>

r=0
and its bootstrap version,
s—2
Br’f,s = Sfd<Q;l: - Z n—r/ZPr( - djO,Vn:{Xc‘})) .
r=0

Finally
4,,5(G, 0) = E(| X, PI(I X, || Z on*'?)) .
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The two standard assumptions needed in deriving Edgeworth expansions are
strong non-lattice (s.nl) of G or that G satisfies Cramer’s condition,
lim supy,; , » |G(t)| < 0 < 1, where G denotes the characteristic function of G. We
of course get much stronger results in the latter case.

Theorem 2.1 Let G be s.n.l., D be positive definite and p;,, < oo for some p > 3.
Then

P(sup 10,(DH2x) — Q¥(T, )] 2 n-lﬂen) — O™ ),

provided n*¢Z — C(3 + 7 + )log n - o0.
In particular it follows that for some ¢, — 0 and for some 6 > 0,

> P<supIQn(D”ZX)— QX (T,x)| zn‘“zsn> SCYyn®?P<cw. O
=1 X =1

n n=

Babu and Singh (1984) have shown that sup |Q,(D*%x) — Q¥(T,x)| = o(n~'/?) a.s.

Theorem 2.1 provides an estimate of the rate of this convergence. Also note that the
above theorem yields much more than the complete convergence of sup |

0.(D*?x) — Q,(T,x)|. In fact it gives a r-quick limit result and may be useful in
sequential confidence band estimation of the distribution function. See Babu and
Singh (1982). See Theorem 2.6 for a similar result for studentized statistics.

Theorem 2.1 can be derived from a more technical Theorem 2.2 given below,
using moderate deviations results of Michel (1976).

Theorem 2.2 Suppose G is s.n.l., D is positive definite and p3 ., < oo for somey = 0.
Suppose [ is a real valued bounded measurable function and (c,) and (6,) are two
sequences between 0 and 1 such that max(n®62, ne?’®) — C(3 + y + l)logn— 0.
Then

P<|B;“,3| > n‘”zen<1 + wp(R™) + [o(fe Tyt qn™ "2, y)eXp(—yz/IOO)dy>)

< CLn G4 W3 48 4+ (1 — P(C, £ [T, £ C2))
+ P(p3(G) 2 C) + P(p3(Gy) Z Catn/3,)
OIS G TINRIN2, (G,6,)]. O

The next theorem is an improvement on Theorem 2.2 under additional
assumptions.

Theorem 2.3 Suppose G satisfies Cramer’s condition, D is positive definite and
M(f) < oo for some s’ < s. (g,) and (3,) are sequences between 0 and 1 such that
max(n?62, nea’) — C(s + y + Dlogn— o and pg, < oo for some s=3 and
y 2 0. Then,



Accuracy of the bootstrap approximation 305

P(IB:ﬁsl z n_(S_Z)/Zgn(l + Ms’ + j.(l)(fo Tn_la eXP(_dn): Y)exp(_yz/loo)dy>>
= C["_“”‘“sﬂ””/s +(1=P(C, < | T,] £Cy)

n
o TERTTAAG S22 (G, 5”} :

The constants Cis i=1,...,4 in Theorems 2.1, 2.2 and 2.3 can be chosen, and
C depends on C/s, vy,  and G, and is independent of f. [T

Remark 2.4. Note that in the above theorems, the random errors of empirical
Edgeworth expansion have been approximated by non random errors, except the
modulus of continuity term. [

Remark 2.5. The bounds in Theorems 2.2 and 2.3 can be significantly simplified
under additional conditions. In the following discussion, s has a value 3 for Theorem
2.2.If s + y > 4 then the second term in both the bounds can be dropped. Further if
5+ 7 > 6 then the first and the third terms can also be dropped. Finally if y > s,
then the entire bound can be replaced by

O(n™1%(ea/3,) T IE) + O(n™ YD F G A, (G 6,)),

provided we also have ¢,/¢, = O(1). The above simplifications can be achieved by
using moderate deviation results (Lemma A3) on || X;||, | X;[|% | X;|® and || X;]|*
We omit the details. [

3 Studentized statistics

A version of Theorem 2.1 is true for studentized statistics. However, we will not
state the result for studentized statistics in its most general form to preserve clarity
of exposition. [

Let H be a function from IR™ to IR which is thrice continuously differentiable in
a neighborhood of y = E(X;) and let I(z) denote the vector of first order partial
derivatives of H evaluated at z. Suppose A(*) = (4,(*), . . ., 4,(*)) is a continuous
function from R™ to RY and v(*) is twice continuously differentiable real valued
function on R?. Define the studentized statistic

k=1

(X, F) = n”z(H(fn)—H(M))/V(n_1 Z /l(Xk)),
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and let t*(X*, F,) be its bootstrap version,
t*(X*, F,) = n'?(H(X¥) — H(X,) )/v(n Z )

Further assume that

V(EpA(X 1)) = [I'(wDI(w]1'"* = o,
and V(Ep, AXY) = (X, VUKV =,

Let L(X;) be a linearly independent subcollection of (X;, A(X;)) with the property
that all the elements of (X, A(X;)) can be expressed as linear combinations of
L(X;).

Theorem 2.6 Let L(X,) be strong non-lattice and E||L(X,)|**? < oo for some
y > 3. Then P(sup|Pp(t(X,F) < x)— P*(t*(X,F,) £ x)|2n "?g) =on "

for some &, >0 and 5> 0. O

The proof of this theorem uses Taylor expansion arguments given in the proof of
Theorem 4 of Babu and Singh (1984), followed by an application of Theorem 2.1.
We omit the details. In fact, one could also provide bounds for ¢, and é and extend
the result to an s-term expansion along the lines of Theorem 2.3 under stronger
conditions.

Remark 2.7. We will now derive Theorem 2.1 of Bhattacharya and Qumsiyeh
(1989) (henceforth referred as BQ) from Theorem 2.3. We will prove the result only
for sample means whereas BQ work with studentized means. This case can also be
dealt with, by using the Taylor expansion and obtaining three term Edgeworth
expansions for ¢(X, F) and t*(X, F,) along the lines of proof of Theorem 2.3.
Using s = 4 in Theorem 2.3, we get

2

QNI = ¥ w7 | PHOIBOIdY = o,r7)

for some polynomials P}’s. Further,
0n(DY?x) — Z n~"? f P(y$(y)dy = o).
Thus it follows that

n(Qu(D**x) — Q¥ (T,x)) = n'’? j (Pi(y) — PT(y)o(y)dy

+ [ P20) ~ PEODOOI Ay + o).

The coefficients involved in the polynomials are smooth functions of the moments.
By CLT, n'/2(P{(x) — P¥(x)) » N(0, 63(x)) where a3(x)/¢*(x) is a polynomial in x.
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By SLLN, the second term in the right side of the above equality — 0 a.s. This

shows that n(Q,(D*2x) — 0,(T,x)) = N(0, 63(x)). Note that we need E | X, |® < o0
to use the CLT since P, involves the third moment. For studentized statistics we
need E| X ||® since in that case P, involves the fourth moment. [

Remark 2.8. Next we show how Proposition 3.1 of BQ follows from our results.
Note that under Cramer’s condition,

s—2

Qi(x) — X n”"?PHx)

r=0

2.1 P(sup

g n—(s—Z)/28n>

= o(n~ ") for some &, —> 0 provided py_;, < .

This follows by using moderate deviation bounds on the right side of Theorem 2.3.
It is clear that the inequality (2.1) is the main fact needed in the proof of Proposition
3.1 of BQ. The other auxiliary results needed in the proof are straightforward
consequences of moderate deviation results. It may be pointed out that BQ need
ps2 < o0. Our proof improves the result by proving it under the weaker assump-
tion of py;—1y < . Also note that BQ need the Cramer’s condition. For the case
s = 3, we do not need Cramer’s condition but only s.n.l, Thus we can allow many
discrete distributions. O

Modified statistics

The order of errors can be improved by modifying the statistics as in Abramovitch
and Singh (1985) (henceforth referred as AS). In principle this modification can be
carried out for statistics admitting suitable Edgeworth expansions. Moreover as AS
have pointed out, this modification can be carried out to as many steps as we please
with corresponding reduction in error. To keep the discussion simple, we will deal
with only one-step modified ¢ statistic. In this discussion X;’s are assumed to be
one-dimensional. Let

by = nl/Z(X—n - E(Xl))/sn >

here " _
e s2=n1Y (X, — X2 .
k=1

Let t;, be the one-step modification of ¢, (see AS for a detailed discussion) given by
tin=t,+n 12X, — X,)? Q2 + 1)(6n2s3)"1 .

Under sufficient conditions on G, ¢4, has an expansion (uniformly in x) of the form
{we omit the proofs),

(22) Plty, < %) = @) + n71py(x) + n”¥2ps(x) + o(n~ ).
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A similar expansion holds for the bootstrap version t¥f, (by an appropriate
strengthening of Theorem 2.2) and

(23)  P{sup|P*(t%, < x) — O(x) — n~'pF(x) — npi(x)| 2 n”3%,}

= o(n~1*9 for some & > 0 and &, — 0.

From the above two equations it easily follows (as in Remark 2.7) that,

(2.4) n*2(P(ty, < x) — PX(%, £ X)) 2 N0, 6X(x)),

and

25 Y P{suplP(t;, £x) — P*th, <x)2n" g} < Y n 0 < oo,
n=1 x n=1

for some 6 > 0 and ¢, — 0.

Using formal Cornish-Fisher expansion, Johnson (1978) modified the ¢-statistic
to eliminate the effect of population skewness. AS procedure, though different from
Johnson’s approach, gives essentially the same result when applied to the first step
correction of Student’s ¢-statistic considered above. The procedure developed by
AS immediately suggests higher order corrections and makes the idea of these
modifications clear mathematically. Our results (2.4) and (2.5) strengthen Theorem
5 of AS. The modifications of #-statistic and the results of this section are useful in
practice as the bootstrap of the modified t automatically corrects for skewness and
other factors and gives a better approximation (2.5) than the bootstrap of ¢-statistic.

Application to percentiles and confidence intervals

Our results on direct Edgeworth expansions can be converted into results for
percentiles. Some of these results are given below. Again, to keep the discussion
simple, we do not give exact estimates for the o(-) terms. To state the results, define

Qn(x) = Qn(Dl/zx)a Q_;k(x) = Qn(Tnx) s
H,(x) = P(t, £ x), Hi(x)=P*@f=x),
Hy,(x) = P(t1, £ x), and HY(x) = P*(t1, £ %) .

Theorem 2.9 Fix t € (0,1). Let y = Q.
a) If pevy < o0 and X, is s.nl then

(2.6) 0 Yt — 0 () =on )wp. 1 — O~ D).
b) If p12+y < o and (X, X3) is s.nl. then
2.7 A Y —H, ' ()=o) wp. 1 — 0(n~0+9).

¢) If pra+y < o and (X, X }) satisfies Cramer’s condition then

(2.8) Hi ') - Hi @) = o™ ) wp. 1 — 0O(n™"77),
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In (2.6), (2.7), (2.8), 0 = 0 depends on y. Further 6 > 0 if y > 0 and o() terms are all
nonrandom quantities. [

Remark 2.10. Note that for the t-statistic little more than the existence of 12
moments are assumed in Theorem 2.9b). With some additional effort and messy
arguments, it may be possible to reduce this requirement to existence of 6 moments.
See Babu and Bai (1990) for results on Edgeworth expansions under minimal
moment conditions. Similar remarks apply to parts a) and c) of the theorem. Under
stronger moment conditions, the above theorem gives mathematically stronger
forms of results given in Babu and Singh (1984) and Abramovitch and Singh (1985).
With these extra conditions their results follow from ours. However, our results
cannot be derived from theirs since those results are all as. results with no
corresponding probability statements. O

Remark 2.11. We sketch below how our results may be applied to confidence
interval problems. For a general discussion on bootstrap confidence intervals, see
Hall (1988). Suppose X;’s are real-valued with unknown mean y = EX, for which
a 100(1 — )% confidence interval is desired. To keep the discussion simple, we will
limit ourselves to a derivation of one sided confidence interval for a fixed o,
0 <o < 1. We will assume that conditions of Theorem 2.6, or more generally
conditions for (2.5) and (2.8) to hold, are true. Recall that

n*(X, — j—
;= ( W _p #
Sn vn

y

L, = t, + n ¥ (2t2 + 1), where
Hn = Z(Xi - Xn)3/(6nsr3:) .

Using Theorem 2.6 and Lemma 2.1 of Babu and Bose (1988) and noting that the
maximum jump of H, is o(n"%),

|P(t, < Hf o)) — ol = 0o(n™%),
yielding
P(u>p—vHE @) =a+o(n™?).

It is interesting to note that AS derive such confidence intervals, correct up to
o(n~?), but use the modified statistics ¢, to do so. We may use ¢,, and improve as
follows. Define

tfaz = H’fnnl(a%
* -4 2 4 2 2
bn =1li,— 1N 2:un(l + ZtTa) + —Ha t=1ka(1 + 2t>1kzz -
n

Consider the function
n(x) = x +n Fu,(1 + 2x2).

It is easily seen that on the set |x| < en?, ¢ > 0, (small) # is a strictly increasing

function w.p. 1 — 0(n~ ' *?). Define 4, = {|t%,| < logn, |u,| < ¢, |t,| < en*} where

C is sufficiently large. Note that P(4:) =0(n"*9). On A4,, n(b,) =t¥, + a,,
3

where a, = 0(n"2(log n)®).
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Using this, it can be easily seen after some algebra that

| P(ty <b,) — ol = 0(n™"77) + | P(HYu(t1n — ) < &) — .
The second term above equals

IP(Hln(tln) <a+ Hln(tln) - Hln(tln - an) - (H?zfn(tln - a’n) - Hln(tln - an))l-

Noting that sup|H,(x) — Hy,(x + 8)] £ C5 + o(n"!), and using Theorem 2.9, it

follows that,
|P(t, < b,) — o] = o(n"?).
Hence
Plu>p—vb,)=0a+on 1.

As is clear from the work of Hall (1986), the o(n~!) term, derived above cannot be
uniform in &, 0 < & < 1. To derive bounds which hold uniformly in «, we proceed as
follows.

Define
¥, = max(—logn, min(¢¥,, logn))

~ ~ . N 4 5
by = Tty — n (1 + 20%7) + ;ui(l +20%12) .

Proceeding as before, but using
En = {|t>1k<1| < 10gns|:un| é C>|tn| < 2logn}

it can be shown that for some a > 0,

sup |P(ti, < f,) — o = o(n™ ' (logn)?) .

0<a<1

We omit the details, which involve use of the moderate deviation result in Lemma
A3, Theorem 2.9 and Lemma 2.1 of Babu and Bose (1988). This shows that

sup |P(u> fi — vob,) — o] = o(n”'(logn)’) . O

O<a<1

Proofs of the Theorems. Theorem 2.9 is a consequence of Theorems 2.1, 2.3 and
equations (2.2) and (2.4). Theorem 2.1 follows by using the bound in Remark 2.5
and choosing (g,) and (3,) suitably. We omit the details. Theorem 2.6 is essentially
a Taylor series argument together with Theorems 2.1 and 2.2. Thus it is enough to
prove Theorems 2.2 and 2.3. We will prove Theorem 2.3 below. Proof of Theorem
2.2 is similar except that we have to use the second parts of Lemma Al and A5 since
the Cramer’s condition is replaced by s.nl. We omit the details.

To prove Theorem 2.3, without loss of generality assume EX; = 0. Denote
A¥(0) = 4,,4(Gr,, 8), A¥(0) = A,(Gr,, 6), 0F = 0,(Gr,). (See appendix for the nota-
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tions.) By Lemma Al of appendix, on the set
2.9) nTETAZ A1) < 1/8m),0 < Cy S A, £ 47, £ Cy < 0,
IB¥| < Cn= ™22 A*G)[1 + My + [w(fe T, 1,
exp(—dn), y) exp (—y*/100)dy]
(2.10) + C(1 + M) [exp(—dn) + n~E~2124%(1)]

+C  sup  rexp(dm)(0F)y T,

O<as<st+tm+1

for some d > 0 depending only on 8} given in (A.1).
To prove the theorem, we need probabilistic bounds for 4*(9), A¥(1) and 6.
Recall that C; £ Ay, £ Ay, < C,. Note that

211 0 = P, (1X| = n'') + sup{|Gr, (1):(16p5(Gr,)) " < [lt]l < exp(dn)}
= an + 02n9 say.

Fixing o, 0 < o < 1/2, we have

2.12) P61, 2 0) = P(n-l S (T, — %)l = 0% 2 oc)

< P(n-l S (1%, — %, 2 Cni?) > oc)
k=1

1A

o P(| Xl + 1 X, 2 Cn'?)
< a '[P(IXc] 2 Cn') + P(I1 X, Z Cn'/?)].

By Markov’s inequality and Lemma A3 with 2 + & = 5 + y, the right side of (2.12)
is bounded by

(2.13) Ca™ [0+ P2 4, 1 (C, G) + o(n ™31 202y
Since X; satisfies Cramer’s condition, by Lemma A3,
(2.14) P02, = ®) < P(p3(Gy) = C3) + o(n™ 6T ),
On the other hand,
A*(8) £ 4,,4G,, C) + Cén~* i 1 X, — X511 X — Xl £ Con'/?)
k=1

= A% + A%; say.
Thus

(2.15) P(A;ﬁzan)gz?(n-l 3 nxknsg&n/a,,)
=1

k

+ P(IX, ]| = Clea/0,)').
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By the given condition, using Lemma A3, the second term is
(2.16) o(n=E+r (g, /5,) Ty

By Lemma A4 of appendix
(2.17) P(A}; Z &,) S 2n~CTymDRGIETINZL AR, (4 (G, By)

+ o(n"(sﬂ" 1)8;(8+y)/S) .

Note that when lim sup 8, < 1 the last term in (2.10) is exponentially small. Hence

the theorem follows from (2.9}, (2.10), (2.13), (2.15), (2.16) and (2.17). O

Appendix

We first list all the notations. Then we state all the Lemmas we used to prove the
main results. The proofs in most cases are either omitted or merely sketched.

Suppose G is any distribution on R™ m =1, (G may be random) and
X(G=X,=X,..., X;,) are iid. observations on G. Let D(G) = D be the
dispersion matrix of X; which is assumed to be positive definite. Let
o=(a,...,0a, denote a multi-index with o«; =20 as integers and let
Ue(G) = py = E(X*) = E(X%y ... X%2). Let x,(G) be the «* cumulant of G. Sup-
pose ps(G) = Eg|X1|° Let P.(—@y,p: {3 }) denote a signed measure whose
density is a polynomial multiple of the N(0, V') density and the coefficients of the
polynomial are specific functions of the cumulants {y,}. See Bhattacharya and
Ranga Rao (1976), page 54 for details. Let

k
lpn,k = Z n—r/ZPr(_éo,V:{Xv}) 5

r=0
4y,5(G, 8) = 4,(G, 8) = 4,(0) = Ec (|1 X, I’I(I X || Z on' ")),

and A5(G, 8) = A(0) = SEG(I1X1II’I (| X, || < 0n''?)) + 4,(6) .

Suppose T is a positive definite matrix such that 7D 7T’ = I.

Let S, = Z (Xi — E(X1)), G(t) = Egexp(it' X y),

k=1
(A1) 6,(G,d) = 2Ps(| X1 ]| = n*") + sup{|G(1)|:(16p5(G)) ™" < lit]l < exp(dn)} ,
(G, 1) = 2P (| X 1]l 2 n'?) + sup{IG(1):(16p3(G) ™" < It <0~ 'n},

) =0 3 1(X, < x), and G,(x) = Fyx + %)

k=1

where X, =n"* 3 X,. Let

k=1

Gr(x) = Po(TX ;1 £ x), 0u(x) = Po(n™ 28, < x) .
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For any square symmetric matrix A4, A, (respectively 4 ,) = minimum (resp. max.)
eigenvalue of 4. Recall that for f:R™ - R,

M., (f) = sup(l + [{x[|7")[ f(x)| and

w(f,e,x) = sup{|f(z2) —f(¥):zy € B(x,8)} ,

B(x,8) = {y:ly — x| <&} .

where

Let C;, denote generic constants. Their dependence on other quantities will be clear
from the context.

Our first Lemma is the key Lemma used to prove the main results. The first part
of the Lemma is a modified version of Theorem 20.1 of Bhattacharya and Ranga
Rao (1976) (see page 208) and the second part is a modification of their Theorem
20.8 (see page 218).

Lemma Al Let X,... X, beiid withEX, =0,p.,, < oo forsomes = 3,y = 0.
Whenever n= =212 A (1)< 1/(8m), and 0 < C; S Ay S Ay < C, < 0, then we
have

< Cn™ D2 A(Gy, §)

r=0

‘jfd<Qn - si n_r/z Pr(_®O,D: {XV})

[1 + My(f) + fo(feT77 eXP(—dn),y)GXP(—yZ/IOO)dy]
+ (1 + Mg [exp(—dn) + n~ €22 4,(1)]

+C  sup  wtmexp(dn)(0,(Gr))

OfaZs+tm+1

The constant C depends on Cy, C,, s, m and d and is independent of G.
If fis a bounded function, then

|[fA(Qn — Y, 1)l £ Cn™ 12 A45(Gr, 0)
X [1 +0m™Y) + o (R™) + folfqn~ 12, y)é(y)dy}

+C sup " (0,(Gp, )

0=asm+1
+Cn~%24, 3(1)
The constant C depends on C,, C,, m and n. [

Proof. The result follows by carefully keeping track of all the bounds appearing in
the proof of Theorem 20.1 and 20.8 of Bhattacharya and Ranga Rao (1976). We
also need to use a lemma of Sweeting (1977) given below for bounded f, and its
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modification given in Babu and Singh (1984) for f with M,(f) < co. These
Lemmas replace the convolution Lemma used by Bhattacharya and Ranga Rao
(1976) to prove their theorems. O

Let K be a kernel on IR™ such that « = K (|| x|| £ 1) > 3/4. Let f be a measurable
function on R™ bounded by 1. Let K,(x) = K(ex).

Lemma A2 (T.J. Sweeting) We have

[ fAP — Q)] < 2 Kpuzg-1#(P — Ql + 2/n + 2K (fjx] 2 n'*n ")

+ sup fo(f,x =y, 2m~Y3)dO(y) . O

Ix]l < 20ogny~/*

While dealing with the bootstrap expansions, the terms appearing on the right side
of Lemma Al are random. The random moment terms are controlled by the
following Lemma due to Michel (1976).

Lemma A3 Let (Z;),i = 1 be i.id. mean zero random variables with E|Z;|**# < oo
for some § = 0. For any sequence t, = 0 such that t2 — (§ + 1) logn — 00, we have

P(n'”2

The truncated moment 4, appearing in Lemma Al can be controlled by the
following Lemma.

n
Z;
i=1

i=

= tn) = o(n F2; C+Ay O

Lemma A4 Let X;, i = 1 be iid. with EX; =0 and psy, < oo for some y z 0. For
all positive sequences (g,) and (5,) between 0 and 1 such that ne2’* — C(s +y + 1)
log n— o0 and né2 — C(s +y + 1) log n— oo, we have

(Az) P(An,s(Fna 6n) g 3,,) é 2n—(s+v—2)/45n—(s+2y)/28"— l/zAn,s+y(Ga 571) s

and

(A.3) P(A,,(Gy, 8,) = &,) < the bound above + o(n™ 77~ Vg, M5y | O

Proof Define p, = P(| X || = én''?)

P4, (Fr, 0) 2 8) = P( Zn: IX P T X el = on'?) 2 n8n>
k

=1

z k
=L <Z>(1 B Pﬂ"“”’( 1 1°1(1 X | = ont72)
k=1 i=1

g AEp, ”X]H g 5n1/2>j = 15 v 9k>

J

Ad) = i(Z)a —pn)"_kpﬁ/zP”z( X% | zén“Z)znsn).
k=1 =1
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k
Note that P< YONXGIIIX ;) = 6nt?) 2 na,,)
j=1
(A.5) < (n&y)~ k4, 4(G, 9)

é (n‘gn)ﬁlk(énl/z)_(s-ky)An,s+y(Ga 5) .

Further,

(A.6) > (Z)kp’é/z(l — )" K < 2npll?
k=1

and
pn g (anl/z)_(s+y)An,s+y(Ga 5)

(A.2) now follows from (A.4), (A.5) and (A.6).
To prove (A.3), note that

(A7) 4,(G,, 20) < CIIX,|° + CAy(F,, 0) + Cn™* Z IXL T X, | 2 on').
k=

1

By Lemma A3 and f =5+ 7y — 2, |X;| = Z;, we have

(A.8) P(IX, [ = Ce,) = o(n™6*7~ Vg i) |
and
(A9) P(IZ,| 2 6,n12) = o(n~(++31-212 -6+

However, by the conditions on J,, the bound in {(A.9) is dominated by the bound in
(A.8). Thus the second part of the Lemma follows by using (A.7), (A.8) and
(A2, O

The characteristic function terms appearing in Lemma A1 are controlled by the
following Lemma.

Lemma AS (i) If 0 <o < 1,6 = «*/300m and G satisfies Cramer’s condition and
Ps+y < 00 for some y = 0 then

P< sup |F.(0)] < oc) =o(n~ 7" )
0 < C £ ||t £ exp(nd)
(i) If G is non lattice, p;.., < o for some y = 0 then for any y > 0
P< sup | F,(0)] 2 oc> =o(n~ 6Ty, O
0<Cxl<n
The proofs follow by modifying arguments given in the proof of Lemma 2 of

Babu and Singh (1984).
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