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Summary. Estimation theory for the variances of the offspring and immigration
distributions in a simple branching process with immigration is developed, anal-
ogous to the estimation theory for the means given by Wei and Winnicki (1990).
Conditional and weighted conditional least squares estimators are considered
and their asymptotic properties for the full range of parameters are studied.
Nonexistence of consistent estimators in the critical case is established, which
complements analogous result of Wei and Winnicki for the supercritical case.

1. Introduction

We will consider the simple branching process with immigration, {X,}, defined
by
Xn-1
Xn: Z én,j+17n=
j=1

J

where {&, ;}, n=1,2,...,j=1,2, ..., and {5,}, n=1,2, ..., are two independent
families of N,-valued, i.i.d. random variables. The initial value X, has an arbi-
trary distribution on N,. The distribution of £, ; is called the offspring distribu-
tion and the distribution of #, is called the immigration distribution. These
are assumed to be nondegenerate. Let E(£, )=m, var({, )=¢° E(n,)=/4,
var (,)=b?. We refer the reader to Athreya and Ney (1972) for basic properties
of the process {X,,}.

Problems of statistical estimation of parameters of the process {X,} were
considered by a number of authors. The well-known trichotomy m<1, m=1,
m>1 forced earlier authors to restrict attention to one of the cases m<1 or
m>1. Recently, Wei and Winnicki (1990} considered the problem of estimating
the means m and A when the range of m is unknown. The estimators considered
by Wei and Winnicki are the conditional least squares and the weighted condi-
tional least squares estimators. They examined the asymptotic properties of
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78 J. Winnicki

these estimators showing that the weighted conditional least squares estimators
are superior to the ordinary conditional least squares estimators.

In this paper we consider an analogous problem for the variances ¢? and
b*. The problem is interesting in its own right, but it is also an important
complement to the work of Wei and Winnicki in that the limiting distributions
of the estimators for m and A depend on 62 and b?. Hence, to use their estimators
mi, and 7, in practice would require estimating the variances o2 and b,

The problem of estimating the variance ¢* has been first considered by
Heyde (1974). Under the assumption that the process is supercritical (m> 1),

. 1 2
he proved that the estimator — ) [(Xy+, —, X,)%/ X, ], where i, =X, .1/X,,
k=1
is strongly consistent and asymptotically normal.
Yanev and Tchoukova-Dantcheva (1980) considered the problem of estimat-
ing ¢ and b? in the subcritical case (m<1). They proposed the estimators

(1.1) e —

12) 5§=k=1 k=1 )

where X,,:% Y Xy, U=X,—mX,_,—A If m and 4 are not known, they pro-
k=1

posed to use O,=X,—m,X,_,—1, instead of U, in (1.1) and (1.2), where i,
and An are the estimators of the offspring and immigration distribution means
given by Heyde and Seneta (1972). Under certain moment assumptions, Yanev
and Tchoukova-Dantcheva stated the asymptotic properties of the estimators
62 and b2, including consistency and asymptotic normality.

Notice that the estimators ¢2 and b2 are the conditional least squares estima-
tors [in the sense of Klimko and Nelson (1978) or Wei and Winnicki (1990)].
To see it, we first suppose that m and 1 are known. Then write

(1.3) U2=0*X,_, +b*+7,

and treat the above equation as a stochastic regression equation with the un-
known coefficients 2 and b? and a martingale difference “error” term V. The
least squares estimators based on Eq. (1.3) are given by (1.1) and (1.2).

Now observe that in the critical and supercritical cases the “error” term
¥, in the stochastic regression equation (1.3} is strongly heteroscedastic, as can
be seen by computing var (Vi) = E(R(X-))=O(E(X?-,)), where

R(X)=20*X2+(a*+40b* —36%) X +c*—b*,
a*=E((¢&,;—m)*), c*=E(#n,—AY.
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This suggests that a weighted conditional least squares approach [Nelson (1980);
Wei and Winnicki (1990)] may be useful.
We then consider the transformed equation

U? 1 Vi

14 — e =g% 4 (b*—0? + .
a4 Xivr+1 7 J)Xk—rl‘l Xy-1+1

In the stochastic regression equation (1.4) the “error” term V, /(X + 1) satisfies

k| =
E(Xk_1+1 /"“1) 0
and assuming E (&} )< oo and E(#;) < o
Vo V. R(X-4) 4 414 212
E((m) /k_l) m<a g +cC b +40 b*< 0.

Furthermore, if X, — o,
(( . 2
E [ S
Xy +1

Hence, the variances of the “error” terms would approximately be homogeneous.
The weighted conditional least squares estimators resulting from Eq. (1.4) are

%_1)—>264.

n n n 1 n I]kz

(15 &= kZl (X 1+1)2 Z L X 1+1 oo le-1+1,§1 (Xpo1+1)

2

Z (Xk 1+1)2 z Xk 1+1>

- X U? " Xoo, n

(1.6) Ez=k§1 Xk—1+lz(Xk—1+1)2 zl (Xi- 1-|-1) g X +1

z 1
n —
k=1 (Xk—1+1)2 (k

nM:

1 2
L Xk_l-l—l)

Here b2 =62+ q,,, where §, is the least squares estimator of g=0¢2 — b2

Estlmators 62 and b2 can be used if m and A are known. Otherwise we
would use 62 and b2 which are obtained from 62 and b2 by replacing U? with
02=x m,,Xk — A, in (1. S)and(l 6).

The first part of this paper is devoted to examining asymptotic properties
of the above estimators. Our methods are extensions of those of Wei and Win-
nicki (1990). In Sect. 2 a number of preliminary asymptotic results is given,
mostly concerning the critical case. In particular, using the theory of weak con-
vergence in function spaces, we prove some nonstandard limit theorems for
martingale functionals of the branching process. In Sect. 3 we give limit theorems
for the statistics of the branching process. We show that the conditional least
squares estimator 62 is consistent only if m<1, while b2 is consistent only if
m<1. On the other hand, 67 is consistent for all m and b? is consistent only
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if m<1 or m=1 and 21=<0” Rates of convergence in the form of limiting
distribution results are also considered.

The second part of the paper is devoted to the question of existence of
consistent estimators for b? in the case m=1, 21>¢2. It is known that there
is no consistent estimator for b* if m>1. In fact, Wei and Winnicki (1990)
showed that in the case of the supercritical branching process with immigration
the only parameters that have consistent estimators arc the mean m and the
variance o2 of the offspring distribution. In view of the exponential growth
of X, and the stationary rate of immigration, this result may be not surprising.
In particular, no parameters of the immigration distribution can be estimated
consistently in the supercritical case. The situation is more complicated in the
critical case, where we know that 4 has a consistent estimator. In Theorem 4.5
we prove a general result that the only parameters of the critical, transient
branching process with immigration which may have consistent estimators are
the first four moments of the offspring distribution and the mean of the immigra-
tion distribution. It is worth pointing out that in the traditional statistical setup
of independent, identically distributed observations the issues of estimability
of parameters do not arise if only all the parameters are identifiable. In statistical
inference for stochastic processes these issues are crucial and the example of
the branching process with immigration discussed in this paper shows that a
careful analysis may be required.

2. Preliminary results

Our analysis of asymptotic behavior of the statistics of the branching process
with immigration will be facilitated by establishing asymptotic properties of
several key functionals of the process and then showing that our statistics can
be expressed in terms of these functionals.

In this section we will carry out the first part of the above plan. We will
concentrate on the critical case, which turns out to be the most complicated
one.

We will need the following extension of a result of Strasser (1986). Using
Strasser’s notation, we consider a sequence of filtrations (%, k=20},n=1,2, ...,
and double sequences {X,;, k=0} and {Y,,, k=0} of #,-adapted, integrable
random variables. Let 7,(), 0= ¢ < 00, be stopping times for the filtration {Z,,},
n=1, 2, ..., such that 7, is a.s. right continuous, Ny-valued, nondecreasing and
taking all values between zero and 7,(f) for all £>0. We will assume that the
random variables {X,,} and {Y,,} satisfy the condition

T (1)
(2.1) Y E(Zu I Z o> €| Z - 1) —— 0

k=1

for all £>0, t>0, with {Z,,} ={X,.} as well as {Z,;} ={Y,.}. Define

k
S"k= Z X”j’ Sn(t)=Sn,1n(t)>

i=0
k
L= Z Yy, T.0O=T, .
j=0
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Proposition 2.1. Assume that {Y,,, k=0} is a martingale difference sequence with
respect to {F,.} for eachn=1,2, .... Assume further that the common distributions
of (S,(t), T, (t)) converge to the common distribution of a pair of continuous pro-
cesses (S(t), T(t)), where T(t) is a local martingale. Then for any Hélder continuous
function @1 R - R with exponent o> 0, the distributions of the processes

Tn(t)

Z O (Sn k- 1) Yok
k=1
converge to the distribution of the process
13
[ o(9)dT.
0

The proof of Proposition 2.1 is similar to the proof of Theorem (1.7) in
Strasser (1986).

As a corollary to Proposition 2.1 we can prove Proposition 2.2 below, which
generalizes Theorem (1.12) of Strasser (1986).

Consider a third #,,-adapted double sequence {Z,,;, k=0} satisfying condi-

k
tion (21) and let I,,k= Z an’ In(t)=In,rn(t)'

j=0

Proposition 2.2. Assume that {Y,,, k=1} is a martingale difference sequence with
respect to {F,} for each n=1,2, ... and that the processes S,(t) are stochastically
uniformly bounded (i.e. lim limsup P(sup |S,(t)|>a)=0). Assume further that the

a— n—w t

common distributions of (I,(¢t), T, (1)) converge to the distribution of a pair of contin-
t

uous processes (I(t), T(1)), where T(t) is a local martingale and 1(t)= [ y(s) d A(s)
0

Jor a T-adapted continuous process of bounded variation A(t) and a continuous
Sunction yr(t). If for a Holder continuous function ¢: R — R with exponent 0= 1

()

Sn(t):In(t)+ Z (p(Sn,k—l) Y;lka l’l:l, 2: e

k=1

then the distributions of S,(t) converge to the distribution of the process S(t)
satisfying the equation

(22) S(M)=]¥(5)dAE)+ | ¢(S)dT.
4] 0

For the branching process with immigrating, {X,}, consider Y,(t)=X,,/n,
t20. Then Y,eD* [0, co), where D* [0, o) is the space of nonnegative, right-
continuous functions having left limits. Wei and Winnicki (1989) proved a weak
convergence result for Y, (¢). In Proposition 2.3 below we formulate an equivalent
form of that result. Its proof is an example of an application of Proposition 2.2
and is omitted.
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Proposition 2.3. If m=1, 6% < o0 and b* < oo, then the distributions of Y, converge
weakly to the distribution of the solution of the equation

=Adt+a)/ Y(©)dW (1),
Y(0)=0,
where W(t) is a standard Brownian motion.
Let V,=U?—0? X, _;—b* and define

[n t]

k= 10-]/7[/Xk 1+

[n t]

L 1/“<Xk 4D

We will need the following lemma.

Lemma 2.4. [f m=1, E({} )< 0 and E(np) < o, then
(T,(), V.(#) > (W(e), B(t))  (weakly in D*[0, o)),

T.(6)=

Va(t)=

where W and B are independent Brownian motions.

Proof. We will first show that

(2.3) T,(t)-> W(t) (weakly in D[O, c0)).
Let Y,,=U/(o W|/ X;—1+1). We have

1] il G2, 4 p?
2.4 E(Y2|Fi)=Y — 2kt P,
( ) kgl ( kl k 1) kgl O'Z(Xk_1+1)n

where we used the easily verified fact that

2.5) ’;; z (X, +1)"—20,

for any «>0. Furthermore, we claim that
[r1]

(2.6) Y. ELYAI[Yul>el| Fi-i]
k=1

[nt] .
<! ZE[MZ/(GZ(Xk 1+1)>1[|Uk|/1/xk_1+1>ek]lﬁkﬂ]—m

k:

To prove (2.6) we observe that

U2/a* (X- 1 +1) =[N0, )T%
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where N(0, 1) denotes a unit normal random variable [ Heyde and Seneta (1971)]
and

E[U/(6*(Xi~1 + ] =E[(0° Xx—1 +bH)/(0” (Xi-  + )]~ 1

(since X, —— c0).

It follows that U?/(6?(X,— +1)) is uniformly integrable and so

E[UkZ/(oZ<Xk_1+1))I[|Uk|/(al/xk_1+1)>sm]ao.

This proves (2.5) and by Theorem 3.2 of Helland (1982), (2.3) follows. The same
method of proof can be used to show that

V,(t)— B(t) (weakly in D[0, o0)).
To apply Theorem 3.3 of Helland (1982) it remains to show that

[n2] U, Y,
27 Y E k - K
( )k; (o]/ﬁ]/(Xk_1+1 02/ 2n(X- 1 +1)

Now,

%_1) P,0 forall t>0.

E( U | Ve tf )=E[(Xk—xk_1—i)3|%_d
o/n)/ (X +1) o) 2n(X_ 4+ ne®(X,—;+1)3?
_1 X E(,—m)’ +E@m,—4)°

) P X+ 17 ’

so (2.7) follows by (2.5).

Remark 2.5. Notice that Lemma 2.4 remains valid in the supercritical case
(m>1). The same proof works except that in order to obtain convergence of

% Y. (Xx—-1+1)7*for a>0 we use the fact that
k=1

(2.8) X, /m'—Z as. where 0<Z <0,

[Seneta (1970)].

Remark 2.6, It follows from Proposition 2.3 and Lemma 2.4 that Y and B are
independent processes and so

(2.9) (%), Va()—(Y(0), B(t)  (weakly in D?[0, o0)).

Lemma 2.7. If m=1, 6* < o0 and b* < co, then

(2.10)

|

Y U~ Y()-4,
k=1



84 J. Winnicki

and

(2.11) Z U0 jl Y*2(1) dW ().
k= 0

Proof. Clearly, (2.10) holds by Proposition 2.2. Moreover, by Proposition 2.3,
(Y, (1), T,(1)) = (Y (2), T(¢)) weakly in D*[0, co). By Proposition 2.1,

n n n 1
i2 Z U=0 Y [S.i-11"? m—% Y U —%o | Y0 dW().
k= k=1 k=1 0

Similarly, with the aid of Proposition 2.1 and Remark 2.6 we obtain the
following lemma.

Lemma 2.8. If m=1, E( )< oo and E(n;) < oo, then

(2.12) 1/502 3 Z — [ Y(1)dB(1)
= 0
and
1 n p 1 )
2.13 N X Vo= [ Y2(1)dB().
(2.13) V3ot k; K g ()dB()

Remark 2.9. The distribution of the limit in (2.12) is a mixture of a unit normal

1 172
random variable and <j Yz(t)dt> , while the limit in (2.13) is a mixture of
0

1 1/2
a unit normal and (j Y4(1) dt) .
0
In the study of weighted conditional least squares estimators we will also
U . Us $ Vi
kgl Xy U Z Xy +1)%° kgl X1 +1

k=1

need to consider and

"y
L X+

Lemma 2.10. Assume that m=1, 6> < o0 and b* < co. Then

(@)

d "y 1
(2.14) g X, 1+1 ((k§1 m)) a.s. for any >

(b) If t<1, then

" U " 1 g 1
(215) z E_l‘k_’_l—)z=0<(k§1 m)) a.s. fOV any 0(>E.

k=1
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(©) If t>1, then

" U,
(2.16) Y e 1"+ g

k=1

converges almost surely to a finite limit.

Proof. Relations (2.14) and (2.15) follow from the strong law for martingales
[Theorem 2.18 in Hall and Heyde (1980)]. We will only prove (2.14), since the
proof of (2.15) is analogous.

Note that U/(X,-(+1) is a martingale difference with respect to {%,} and

Uk 2 O'ZXk_l‘l‘bz ].
E{l————] | % _{]= = 8.
((Xk—1_1> T 1) (X— 1 +1)° O(Xk~1+1) a8
Also notice that

2.17 — 00  as.
( ) kgl k l-i_1

[Wei and Winnicki (1989)]. Since a> %,

% k 1 —-2a [Jk 2
_ E Yk
k§1[j§1 Xj~1+1:| ((Xk—1+1)

This completes the proof of (2.14).
To prove (2.16) we will apply the local martingale convergence theorem [Theo-

gf*k_l)< 00 as.

rem 2.17 in Hall and Heyde (1980)] to the martingale Z U/(Xy—1+ 1%

It suffices to show that k=1

b el

But this is an immediate consequence of Lemma 2.13 of Wei and Winnicki
{1989).

<] 2 2

X, ,+b
—.‘..__<

) z (X +1)*

Turning to Y, Vi/(X,—;+1) and Y WAX,—,+1)? it is clear from Lem-
ma 2.4 that k=t k=1
1o W

— Y ——F 4, N(0,20%.
ok Xrn o NO2)

Let 1—22/02 The following lemma gives the order of magnitude of

z L (X 1+1)2

Lemma 2.11. Assume that m=1, E(&F )< oo and E(n}) < oo
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(a) If <1, then

(2.18) Z . 1+ AR =o()/n) as.

(b) If 1< 1, then

n V n 1
) Lol mn )

k=1
(c) If t>1, then

i V
(2.20) )y EX—E—I—)Z converges almost surely to a finite limit.
k=1 k-1

Proof. The proofs of (2.19) and (2.20) are analogous to the proofs of (2.15)
and (2.16). Relation (2.18) will be established by another application of the strong
law for martingales. It is enough to show that

o 1 Ve )2 ) S 1 R(Xy-y)
e | | H-1]= — <oo  as.,
; k (((Xk +1) ! k; k (X +1)*
which is implied by
| 1
2.21 —E——<w
(221) k;k X1 +1

In the case X,=0, (2.21) follows by a result of Pakes (1975), cf. Theorem 10,
who showed that
0 1 . —
Y. T P(X,=j1Xo=0)=0(n"")
j=1J
and
P(X,=0[Xy=0)=0n"".

The general case follows by noticing that

1 1
E <E =0], =1,2,....
(Xk—ﬁ’l)— (Xk—1+1’XO O) k

n
1
The next lemma summarizes the asymptotic properties of Z ¥ F1
k—1

needed in the context of the present paper. Various parts of thls lemma are
proved in Wei and Winnicki (1989) (see also Pakes (1975), Theorem 10).

Lemma 2.12. Assume that m=1, b* < oo and E(&2 ;log* &, )< 0.
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(@) If 121, then

(2.22) Z ————=0(n" as. forany «>0.
= 1+1
(b) If 1<, then
(2.23) i ;——0 n'™
- k=1 Xk—l'l'l F
and
(2.24) 5 —1——~0(i —1—) as
' k=1Xk—1+1_ k=1(Xk—1+1)2 o

In developing the estimation theory for the variances ¢* and b?* without
assuming that m and A are known, we will need to estimate them. We will
use the conditional weighted least squares estimators 7, and 1,. Consequently,
to prove asymptotic properties of the estimators for ¢> and b* we will need
the rates of convergence of i, and 4,,.

Lemma 2.13. If m=1, 6% < c0 and b* < oo, then

(a)
(2.25) i, —m=0p(n"")
(b)
(2.26) 7“"_/1:01’((2; yon 1+1)_“) for any a<%.

Proof. Relation (2.25) is a consequence of the asymptotic distribution result
for m, of Wei and Winnicki (1990) (see also Wei and Winnicki (1989), Corol-
lary 2.3).

To prove (2.26) we notice that in the proof of Theorem 2.5 of Wei and Winnicki
(1990) it is essentially shown that

U, n 1 i 1 -t
227) i,—Ai= Op Z X 1+1/Z Xk_1+1>+OP((k§‘1m) )

and so (2.26) is a consequence of (2.17) and Lemma 2.10.

3. Limit theorems for estimators of the variances in the branching process

We will first consider the subcritical case. Under the assumption that ¢% < co
and b*< oo, by Remark 2.9 of Wei and Winnicki (1989), we may assume that
{X,} is stationary. We denote by X a random variable with the stationary
distribution of the process.
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Proposition 3.1. If m<1, 6><oc and b*< o then 62— c* and b? -»b? as. If,
in addition, E(&y )< o0 and E(nH< oo, then

[/n(62—a2 b2 —b* 2> N(0, @1 X&' 7Y,
where
Z_(E(R(X)Xz) E(R(X)X))

ER(X)X) E(R(X)
and

o (EX?) EX)

\E(X) 1)

Proof. The strong consistency result is most easily established by an application
of the ergodic theorem. We have

(3.1 % Y Xi U= E[X*(¢* X+bY)] as.
k=1
and
(3.2) 1 Y Xi,—~EX% as.
M=1

(x=0, 1, 2), which yields 62 — o2 a.s. and 5?2 —b? as.
The asymptotic distribution of 67 and b}? is established by an application
of the martingale central limit theorem. We can write

n n -1 n

Sx, YXe | T Xen
(33) ( b2) — k;l k=1 k—1

Z Xk—l n Z I/k

k=1 k=1

Proceeding as in the proof of Theorem 3.1 in Wei and Winnicki (1990), we
obtain

i(z X1 Vs ), Vk)—d-»N(o, 2).
k

W =1 k=1

This together with (3.2) and (3.3) completes the proof.

Remark 3.2. Using the methods of Quine (1976) we can express the moments
of the stationary distribution in terms of the moments of the offspring and
immigration distributions. Set

A

HMI—m

v= ! [b*+uo?]
1—m?
1

’V=1TW[E(nn_i)s+,uE(6n,i—m)3+3mo-2V:|

o= 1_1m4 {C4_3b4+”[a4—304]+4mvE(fn, i_m)3+6m20_2y+30_2v}‘
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Then
EX =pu
EX?=y+p?
EX®=y+3uv+u?
EX*=6+3v?+4uy+6p>v+ut.

Without assuming the knowledge of m and A we consider the estimators

(3.4) 62 - , =
n z XI%—l'_ z X1
k=1 =1
and
YXe Y O-Y X Y X U
(3.5) ‘n=k=1 k=1 k=1 k=1 ,

=
1 =
2
IN
|
T
M=
a
|
~
[

=
[N

where U, =X, —, X, _,— A, and #, and 1, are consistent estimators for m and
A [see Wei and Winnicki (1990)]. If @, and A, are the estimators of Heyde

89

and Seneta (1972), then (3.4) and (3.5) are the estimators considered by Yanev

and Tchoukova-Dantcheva (1980). In the subcritical case the asymptotic results

are the same for both interpretations of 1, and 1,.

Theorem 3.3. If m<1, c*< 0 and b2< oo, then 42— o2 as., and b2 —b? as.

If, in addition, E(&;} )< oo and E(n}) < oo, then

/(82 —02 b2 —b?Y—> N0, &~ Z9' 1),

Proof. We have
Y XE, Y X Y X1 [02-U2]
(3’2—6'2 52_52)/2 k=1 k=1 k=1
Z D n Z [0 —U?
k=1 k=1

It is enough to show that

(3.6) % Y X¢  [U2-U2]-0 as.
k=1
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and

(3.7 —= Xi‘é—l[ff;f—Ukz]—P>0

-~
uM:

for a=0and a=1.
But

S Xi-,[02—U21=20h, m)zX““UkJrzu P A
=1

k=1

+ (1, — m) [, —m) + (£, — A)] Z X!

k=1

= 2) [ —m) - (=] 3 Xie,.

k=1

Thus (3.6) follows from (3.1), (3.2) and strong consistency of #, and 1,, while

for (3.7) we only have to note that ]/?z(rh,,—m, J,—2)—%> N, where N has a
multivariate normal distribution [ We1 and Winnicki (1990); Klimko and Nelson
(1978)1.

The above methods can also be used to derive asymptotic properties of
the weighted conditional least squares estimators, which are summarized in
the following theorem. The proof is omitted.

Theorem 3.4. If m<1, 62 < o0 and b* < o, then
(3.8) 6202 b2-b?  as.

If, in addition E (& )< oo and E(n3) < oo, then

(3.9) 1/n(62—0o? B2~ b2 —45 N(0, P LEY Y,
where
X 1
e Ex1 Ex+i

X 1
Exrir Emsap

and
RX) . R(X)
(X +1)2 (X+1)3
R(X) R(X)
(X+1)3 (X+1)*

[x]
il

E

The same statements hold with 32 and b2 replaced by &2 and b2.

We will now turn to the critical case. Here we will assume i, =, and
1=71,.
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Theorem 3.5. If m=1, E(&} )< 0 and E(n7) < oo, then

(3.10) ] /I (62— 5L

and
(3.11) ]/2—:4—(&5_02)—‘1»@
where

jlYZ(t) dB(t)~§1 Y(t)dt jl Y(t)dB(t)
L==0 0 0

jl Y2 (1) dt—(j1 Y(@) dt)2
0 0
Proof. Notice that
(3.12) jl Yz(t)dt—(j1 Y(t)dt>2>0 as.
0 0
We write

/(@2 —63)=1/n(h, m)[ ZX“Uk () 5 Y. X2,

k=1

NJH

i

P

It is now easily seen by Lemmas 2.7 and 2.13 above and Corollary 2.3 of Wei
and Winnicki (1989) that

(3.13) /n(é2—63)—2-0
and it is enough to establish (3.10). But

“ 1
i

1 & 1
‘/\(U _O-) [ 5/2 Z Xk-lvk_F Z X
k=1 k=1
1 &, (138 21"
[CRACRER LS

so an application of Lemma 2.8 completes the proof.
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Remark 3.6. The limiting random variable 1. can be seen to have the distribution
of a mixture of a unit normal random variable and

{f[YZ(s)—j Y(0)dt Y(s ﬂy Y2(1) dt-(j Y(t)dt) ]_st}%.

0

Remark 3.7. Theorem 3.5 implies that

(3.14) 62-L56% and 42542

This was established under the assumption of finiteness of fourth moments.

Using truncation arguments it can be shown that ) X%, ¥,=0(n*>"" as.
k=1

(x=0, 1), holds under the weaker assumption that 6% <o and b* < co. Hence,

(3.14) holds if only 6% < oo and b?* < .

Theorem 3.8. If m=1, E(£; )< o0 and E(y;)< 0. Then
) J} Y2(t)dt jl Y1) dB(t)——j"1 Y(t)dt jl Y?(t)dB(t)
(52 bZ) d 0 0 ) 0

y20%n jle(t)dt—(jl Y(t)dt)2

Proof. Write

(3.15)

1 1 " ) 1 "
~(53—b2)=[_3 Y X, Ly n Ly x Ly XV]
W L — [N L T
1y o 21
[—3 5 Xﬁ‘l—(ﬁ 5 X)]
k=1 =1

and apply Lemma 2.8 as in the proof of Theorem 3.5.

Remark 3.9. The limiting random variable in (3.15) has the distribution of a
mixture #- N (0, 1) where

={Ojl YZ(s)[oj1 Yz(t)dt—ojlY(t)th(s)]Z[j Yz(t)dt—(g"l Y(t)dt)] 'ds}%.

It is quite clear that for any ¢=0, P(Y(s)=c for all s€[0, 1])=0. It follows
that P(n=0)=0. Hence,

(3.16) |62 —bh?| £ 0,

ie. b7 is not a consistent estimator. It can also be shown, reasoning as in the
proof of (3.13), that b2 —b52=0,(1), and it follows from (3.16) that b2 is not
a consistent estimator.
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Somewhat surprisingly, the limit law in the analogue of Theorem 3.5 for
the weighted conditional least squares estimators is standard normal.

Theorem 3.10. If m=1, E(&; )< o and E(})< o, then

(3.17) %(52_62)__)1\7(0 1
and
(3.18) 2; (20— N(O, 1)

Proof. We write

(3.19) R =,
where
12 Vi
A== :
" n kgl Xk—l+1
" 1 " v, /( " 1 )
B,= I
k§1 X1 +1 1211 X1 +1) kgl (X +1)
and

“ 1 2 ! 1
C=lY —V [n Y ————}.
(12“1 Xy—1+ 1) /( ;Z:l (Xe—1t+ 1)2)
To establish (3.17) notice that by Lemma 2.4,
(3.20) /4, —>N(©, 254,

while, using Lemma 2.11 and Lemma 2.12, it is elementary to show that
I/EB,, ~£0and C,—£-0. To establish (3.18) it is enough to show that

(3.21) /(@2 - —2-0.
We have
o D —E
(3.22) 62 —Gt= 1"_Cn",
where
D =l En: Ukz_UkZ
o2 X1



94 J. Winnicki

and

1 A § . /( " 1 )
k§1 Xy 1+1k L (X +1)? k21 X+ 1)

We only have to show that

(323) [/nD, 20
and
(3.24) J/nE, 0.

For (3.23), we write

4
329 VZD,,=7{2(m -m § P tea-d § 5y
+ iy — m) [, — ) + (7, mi'XkaTll

=)+ 3=2] ¥ 3}

Now apply Lemmas 2.7, 2.10, 2.12 and 2.13. The proof of (3.24) is similar.

Remark 3.11. Relations (3.17) and (3.18) imply that 62 and 2 are (weakly) consis-
tent estimators. Assuming only that

(3.26) E(&2;log" &, )< and b*< oo,
the relation C,—£— 0 remains valid. Furthermore, using truncation arguments,
it can be shown that 4,—2>0 and ) Vi/(X,_{+1)=0p(n% for any a>0. This

k=1

shows that assumption (3.26) is sufficient to prove consistency of 67. Similarly,
62 is consistent under (3.26) only, since the proof of (3.21) does not require

higher moment assumptions.
Theorem 3.12. Assume that m=1,2A=06?, E(¢1 )< o0 and E(n3) < 0. Then

(3.27) b2 L, p2
and
(3.28) b2 £, p?
Proof.

h2—p*= b =G,
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where

_ n Xk_‘l n Vk h 1
=X 3% 412 & 1+1)2/( L (Xk_1+1)2>

k=1

and

o Xy - Vi /( ‘ 1 )
G,= )
21 (X1 +1)? kzl Xyp-1+1 Zl (Xe—1+1)7°

To obtain (3.27), apply Lemmas 2.11 and 2.12 as in the proof of Theorem 3.10.
The proof of (3.28) relies on the relation bz—bz——>0 which is analogous to
(3.21). Details are omitted.

Remark 3.13. If m=1 and 2> ¢?2, then 5? and B2 are not consistent estimators.
This can be checked directly, but is also implied by a more general fact that
in this case no consistent estimator of b? exists (cf. Sect. 4).

Remark 3.14. The limiting distributions of 52 and 5,2, in the case m=1 and 21 < 6>
are not known.

To complete our study of the conditional least squares estimators we need
to consider the supercritical case. We will first formulate a lemma closely related
to Theorem 3.5 of Wei and Winnicki (1989).

Lemma 3.15. If m> 1, 6> < o0 and b* < oo, then

n m 1 o0 B
(3.29) U / R
and
n n 2 ©
(330) Y X U2 / S m=2EL,
k=1 k=1 k=0

where {&,, k=0, 1, ...} are i.i.d. N(0, 1) random variables.

The proof of Lemma 3.15 can be carried out using the methods of the last
mentioned paper.

A

Theorem 3.16. If m>1, 6> <0 and b> <o, then 62 and b? are not conmsistent
estimators.

Proof. By (28), m™ ™Y Y X, ;->mZf/im—1) as. and m™?""D ) X2 |
k=1 k=1
—m? Z?/(m* — 1) a.s. Together with Lemma 3.15, this implies that

2

2 4 M1 &
bi—o——— Y m*E
m= o

and the limit is clearly a nondegenerate random variable.
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Using similar methods we obtain inconsistency of 52, but this also follows
from a more general fact that if m> 1, then no parameters of the immigration
distribution have consistent estimators [ Wei and Winnicki (1990)].

Remark 3.17. It can be shown, using Lemma 3.15 as above and the properties
of i, and 1, [cf. Wei and Winnicki (1990)] that ¢2 is not a consistent estimator.

The last two theorems in this section give the asymptotic properties of the
weighted conditional least squares estimators in the supercritical case.

Theorem 3.18. If m>1, 6> < o0 and b* < 0, then
(3.31) 62062  as.

If, in addition, E(&; )< o0 and E(nj) < o, then

(3.32) (o‘,, - 45N, 1).

Proof. We will use (3.19). Since under the assumption m> 1
(333) Z (Xk_1+1)~a<00
k=1

for any a>0 (cf. Remark 2.5), it follows by the local martingale convergence

theorem (Hall and Heyde (1980), Theorem 2.17) that Z (TV—l)E
k 1

converges

almost surely. Hence

(3.34) [/nB,~0 as. and C,—0 as.

An application of the strong law for martingales (Hall and Heyde (1980), Theo-
rem 2.18) shows that 4, — 0 a.s., which completes the proof of (3.31).

Remark 2.5 implies that ]/;;A,,—d»N (0, 2¢%), which together with (3.34) gives

(3.32).

To prove a corresponding theorem for 62 we need a lemma characterizing
the atmost sure order of magnitude or 7, )L and #,—m in the supercritical
case.

Lemma 3.19. If m> 1, 6% < o0 and b* < 0, then

(3.35) rh,,—m=0((log n/ki (Xk_l-i—l))%) a.s.

=1
and

(3.36) T—i=0(1) as.
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Proof. 1t is shown in the proof of Theorem 2.2 of Wei and Winnicki (1990)
that

ﬁzn—m=0(zn: ljk/ki (Xk_1+1))+0(1) a.s.

k=1 =1

By Theorem 4 of Heyde and Leslie (1971),

k= k=1

(3.37) él Uy=0 ([ il <(Xk_ (+1)log k)]é) =0 ([log n Z (Xt + 1)]%> a.s.

Hence (3.35) follows.
Similarly, using the proof of Theorem 2.5 of Wei and Winnicki (1990) and (3.37)
it can be seen that

. N /A |
—_ = 1 T 2y
Top— A O(Z Xk—1+1/k§1 Xkul—l—l)—l_o( ) as

k=1

But by (3.33) and the local martingale convergence theorem,

U

% . .
—————— converges almost surely to a finite limit.
Xy +1 & Y

(3.38) Z
k=1

This completes the proof of (3.36).

Theorem 3.20. If m> 1, 6% < oo and b* < o, then
(3.39) 62 —a?  as.

If, in addition, E(&f )< oo and E(n}) < oo, then

(3.40) % (62— 62— N, 1).

Proof. By Theorem 3.18, it is enough to show
(3.41) /n(E2-69)-0 as.

Using (3.22), we only have to prove that ]/ﬁD,,—>0 a.s. and ]/EE,,—>0 a.s. But
under the present assumption these relations are easily verified using Lem-
ma 3.18, (3.33), (3.37) and (3.38).

Remark 3.21. As already mentioned in the proof of Theorem 3.16, there does
not exist a consistent estimator for b2 if m> 1.
4. Nonexistence of consistent estimators in the critical case

In this section we will show that with the exception of the first four moments
of the offspring distribution and the mean of the immigration distribution, no
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parameters of the critical, transient branching process with immigration may
have consistent estimators.

Our approach follows Wei and Winnicki (1990). Consider a time homoge-
neous Markov chain X, on a countable state space & Its probability measure
P is determined by an initial distribution p and a transition probability function
p. We will assume that g can be any probability function on & and that pe&,
where 2 is a given family of transition probability functions on & We will
write P=(p, p). Let 6(p) be a parameter of the transition function, i.e. 8: - 0,
where @ is a metric space with a metric d. We will say that § admits a consistent
estimator if there exists a sequence of random variables , such that for each
neN, 8, is measurable with respect to ¢(X,, ..., X,) and d(0,, 6(p)) —£—0 for
any P=(p, p), pe#

The following necessary condition for existence of a consistent estimator
was given by Wei and Winnicki (1990).

Proposition 4.1. If there exists a consistent estimator 0, for 0, then

no+n
A&l XD o a5 (o p)

4.1
(1) P(Xi+11Xp) "7

k=ng

for any noeNg and p, g€ P such that 6(p)+0(q).

Now suppose that {X,} is a critical transient branching process with immi-
gration, i.e. we assume that m=1 and 21> 0> We will use subscripts Ep(X),
suppp (X) ete. to denote expectation, support and other parameters of the distri-
bution of a random variable X under the probability measure P.

Let hp=max {heN,: P(¢, ;=u(mod h))=1 for some ueN,} be the span of
the offspring distribution under P and let up=min {ueNy: P(&, ;=u(mod h;))
=1} be the corresponding offset.

For re{0, ..., hp—1}, let

L= Plys=r-+ihp),

i=0

Up(r)= Y. (r+ihg) Plyy =r +ihy),

i=0

Vo)=Y (r+ihe)? Py =r +ihy).

i=0

Also denote Ep(& ) by ap,, Ep(ny) by Bpy (k=1,2,...) and let mp=oap 4,
ch=ap,—m3, Ap=Pp 1, bp=Pp,—Ap. We are now ready to formulate a basic
asymptotic expansion of the transition function of {X,}.

Lemma 4.2. Consider two pairs P=(p, p) and Q=(8, q) of initial and transition
probability functions of a branching process with immigration {X,}. Assume that
Up, 75 U, 7< 90, Bp s, Bo, s <0, mp=my=1,24p>03, 24> 0}.

I

4.2) supp p (X)) Esuppg (X,)
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for all sufficiently large n, then

hg e~ ¥ 0ns 1= X2 ogV X2

(43) q(Xn+1‘Xn)= (ZTCO'éXn)%

MQ(Xna Xn+1) a.s. _P:-
where
>1
Moty Xy =To) 1+ 3 5 f0.(4)
v=1 n

1 %, 3
+ UQ (rn)< 3?2
Q] / X 6ag
(log X ,.)7)

-I-VQ(T,,)—X—T‘é(A,%—l)—i-O( X3/2

(A:_6A3+3))

rn:(Xn+l _uQXn)(mOd hQ)a
Xn+1 X

JQW

log X,)’ X,
and O( 08 X.) ) denotes terms of the order of (;?73/2") a.s. — P, which depend

on q, while g, , are polynomials of degree 3v with coefficients depending on

4,=

.. 1 Yo, i+1 k;
0o 15 - %o vrz. | Explicitly, go ,=> H,,,,(x) A(————QJ—— , where
Q,1 Q,v+2 ( g, Z +2s jI;II kj! oc(Q’sz)/z(]+2)!

the summation is carried over all non-negative integer solutions of the equation
ki+2k,+...+vk,=v, s=k+k,+...+k,, H, are the Hermite polynomials of
order v and yy, ; is the cumulant of order j of &, ; under Q; in particular,

o
gQ’l(x)=6on—é/322(x3_3x)’

g0, () =[2203 4 F0s=3%02) (6 q4.e 39,2 1)
e 203, 2493,

Proof. Notice that the assumption mp=my=1 implies up=u,=0. For any [eN,
and n=kh, +r, where keN, and T, (r) >0, we have

(4.4) Q(nll)=Q(Z 51,j+’71=khg+r)

Jj=1

=3 Q(z & = (k—i) hQ)Q(m=ihQ+r).

=1

Using asymptotic expansion in local limit theorem [cf. Petrov (1975)],

: . h 501 1
0( X &1miha)= 7 o)1+ % g1t +0(5).



100 J. Winnicki

1 C
0(1—3) =

2 ihg—1 . .
15 and c 1s a constant which does

1
where p(x)=——=e¢"2, x;= ,
@) o o)/
not depend on [ and i. Here o(-) is a generic notation for ‘terms of smaller
order’, which depend only on ¢. Similarly, O(-) is a generic notation for ‘terms
of the order’. Subscripts 0,(*), 0,(*), ... etc. will be added when several o or
O terms appear in the same equation. By (4.4),

k

5
q(n|h)= Z lﬂ o (xe—3) (1—!— Y Flﬁgg,v(xk_i)) Q(nlzihg—kr)—l—O(Tls—)
Gg v=1

h > 1
= q)(A)TQ(r)(l-I- » Z\,TgQ,v(A)>
v=1

‘TQW
__he
oo}/l

0

o@(1+ Y iz gould)) X 00 =iho+
v=1

i=k+1
k
+ ) [oCer-)—@MNIQmy=ihg+r)
i=0 Og
+zk: ! [QD( 1) 80,1 (Xk-)—@(4) gg 1(4)]Q(’71:ihg+")
=0 "Ql/ Vi ’

k

5 1
Z Ql/[ (xk i lv/2 go, (xk l)

1
o) Y, 77 gQ,vm)] n=ihg+0)+0(5).
v=2

n_
where 4= .
O"Ql/l

i 1
Since fg, 5 <0, Y, i“Q(”h:i):O(ks_a), 0<a<5. Hence,

i=k

4.5) i *Q(m,=ihg+r)= 0<k51 a), 0ga<s.

i=k+1
Using a five term Taylor expansion,

1
p-)—pU=o( {4 et L 1) hg 41y

1 1 , 1 1 ,
+@ iﬁ H3(A)(th+V)3+TO_$ 17 H4(A)(th+r)4}

@(0) Hs(0)(ho+7)° 1
1200}, 1572

where 0; is a point between x;_; and 4.
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It follows that

k
h .
igo O_Q?ﬂ [qD(xk—i)_q)(A):lQ(anth+r)

ho { 1 1 1,,
= MNdA——= Uy(r)+ = — (4 —1) V,(¥)
O'QW QD( ) O'Qlﬂ Q() 20_5 l o

11 ko .
+€&ZP7H3(A).§ (ihg+1° QM =ihg+r)

1

K
24 4 l2 Z(th+”)4Q(’71=ihQ+”)

Z (tho+r)Qmi=ihg+r)

GQ]/l k+1

+§—1~—(42—1) Z (ihg+7)? Q(m:ihQ—i—r)}—i-O(jlg),

i=k+1

where we used the fact that for any polynomial g,

(46) sup gl o(x)< .
Using the assumption «, ,<c0, k=1, ..., 7 and (4.5) we obtain

@ 3 thﬂ [0 (5 0 (A Qs =il +7
i=0 Ug

1 11 1 1
- 1/ o s oy U0 23 TRl 0010

11 1 1\ 1 1 1
iy U0+ 7 do (ie)+ T ves( i) +o(3).

Similarly,

k

(4.8) Z h_QW %I}D(xk—i) 20, 1(Xx—) — @ (4) gQ,l(A)]Q(”Il =ihy+7)

i=0 O'Q
o 1
o

+liz gz(A)04(1)+7(A4—6A2+3)03 (%)}m(lia)

1
44642 +3) Uplr)+ gz £1(4) 05 (1)

where g, and g, are polynomials of order 5 and 6, respectively, whose coefficients
depend on the moments ag 4, ..., %, 7.
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Finally,

k h 5 1 5
“9) Y ‘f/l[w(xk_i) % 1 fo.-)=0(4) . 75 80,0 QU= g 1)

i=10¢g

- l/ 0 {7 £204)03(1)+ 5 2441061} +0 ).

where g5 and g, are polynomials of order 7 and 10, respectively.
By (4.4)-(4.9),

1
1 = 1
@ o= 1/ 0@ {To(1+ ¥, 3 (a)

+ UQ(r)[ O‘Q 3

GQl/
Vo(r)(42—1) (1+ 2. lvl/z go. V(A)> 04(kls>

%(A4—6A2+3)]

L1
203 1
Ry RV 1

+[l/zA+l(A 64 +3)]05(k“)+l(A 1)06(k3)
1 1 1

+ 5572 85(4) 07 (1) + 77 86(4) 0s(1) ¢+ 0 55

where g5 and g¢ are polynomials of degree 7 and 10, respectively.
Thus, by (4.2),

q(Xm|A>fn)—l/2~n-ggw e+ T (14 Y g tould)

41 % (A4—6A2+3)]

GQI/XH Xll6 3/22 Q
11, 51 1
+VQ(V X 3 Z(An_1)+(1+v§1WgQV(AH)) (X,H_l)
1

6A,3+3]0(—)

[]/7 ) X
1 1

+X n_1)0<X3—)+Wg5(An)O7(1)

n nt+1 n

+XL§ 26(4,)0 8(1)}+0<X3)

o]
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To complete the proof, we observe that by Lemma 2.14 and Theorem 2.15
of Wei and Winnicki (1989),

X,+1/X,—1 as. —P,
(4.11) MzO(]/logX,,) as. —P,

e

and

1 e_%(xn+1_xn)2/(ﬂgm)2 1
= 0 X372 as. —P
n

Remark 4.3. If the span hy of the offspring distribution divides the span of
the immigration distribution under @, then Ty(r,)=1 a.s.-Q. Under the assump-
tion (4.2) the above relations hold also a.s.-P.

Corollary 4.4. Suppose that, in addition to the assumptions of Lemma 4.2, the
span of the offspring distribution divides the span of the immigration distribution
under both P and Q, that hy = hp and that

(4.12) O’é=0-}2), j’QzlPﬁ aQ’3:aP’3, fo’4=aP,4.

Then there exists an integer valued random variable N such that

(413) hm Nﬁ” q(Xk+1|Xk)

— >0 a.s. —P.
>0 p=N p(Xk+1|Xk)

Proof. Clearly, Lemma 4.2 remains valid when Q = P. It follows that
N=inf{n: p(Xy+11X) q(X;+11X)>0 for all k=n}

is finite a.s.-P. Notice that by Remark 4.3 and (4.3)

5
1
(4.14) Mo(Xy, Xyii)=1+ Y ‘Xz/z 2o, (44)
v=1

Ak %g,3 1 4 2
—I—[ Xk+606<32/,226Q X, (A —64; +3)] A

L1 ., (log X,)’
+ 307 U003+ 2 +0(CER) as —p

Since 65 =03, it is enough to show that

R MQ(Xka Xk+ 1)

lim >0 as. —P.
n=w ng MP(XIn Xk+1)

(The limit in (4.13) is infinity if hy > hp).
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Hence it is sufficient to show that the series

©  Mo(Xy Xis 1)
4.15 —‘-’M—l) converges as. —P
( ) kZN<MP(Xk7Xk+1) g
and

© (Mo(Xe, Xent) \2
4.16 ok k4] s —P.
(16) E(MAXMXHI) <o as =P

By (4.11), (4.12), (4.14) and the fact that g, ;, and g, , depend only on
(XQ, 15 o0 (ZQ,4 we have

b3—bp 1 (log X,)°
(421 +0(i")
4.17) MQ(stXk+1)_1= 205 Xk( s X
' Mp(Xy X+ 1) 1+0<(10ng)3/2)
Xz

Using (4.11) it follows that

MQ(Xk: Xie1) )2 ((108 Xk)2>
e 2 1) =0 as. —P.
(MP(Xka Xi+1) . ¢

Hence, (4.16) obtains by Lemma 2.13 of Wei and Winnicki (1989). The same
(log X,)°

X2 <00 a.s.-P and it remains to show that

result implies that z

(4.18) Y X" -

k=N { 4 ((logX )3/2)
X1/2
converges a.s.-P. Using (4.11) again, it is easy to see that we only have to show
[eo]
convergence of Z —1). Now,
Xk
1 2+ A3
Epj—(42—1 ,2’7]=P——P,
P[Xk( ERIE R
80
1 2
(4.19) Ep ~)~(~(le—1)|97,< converges a.s. —P.
k
Furthermore,
r o, ba+ P L _Af 1




Branching process with immigration 105

so by the local martingale convergence theorem (Hall and Heyde (1980), Theo-
rem 2.17) the martingale

N+"{1 b3+ 13

(4.21) Y i —1D— IX?

X } converges a.s. —P.
k=N k

|
From (4.19) and (4.21) we conclude the convergence of ) Y(A'% —1) and Cor-
k=N “k

ollary 4.4 is proved.

The following result on nonexistence of consistent estimators for the parame-
ters of the branching process with immigration is an immediate consequence
of Proposition 4.1 and Corollary 4.4.

Theorem 4.5. Consider the class D =D (ny, o5, 03, 04, 4, b, V) of transition func-
tions corresponding to branching processes with immigration satisfying the assump-
tions of Lemma 4.2, such that the span of the offspring distribution divides the
span of the immigration distribution, having common span h of the offspring
distribution, common offset v of the immigration distribution, common first four
moments oy, ..., &, of the offspring distribution and common mean A of the im-
migration distribution. Then no parameter of the critical, transient branching pro-
cess with immigration which takes at least two values on 9 has a consistent
estimator.

Remark 4.6. Theorem 4.5 shows that the only parameters of the critical, transient
branching process with immigration that may have consistent estimators are
the span h of the offspring distribution, offset v of the immigration distribution,
the first four moments «y, ..., a4 of the offspring distribution, the mean A of
the immigration distribution and functions of a4, ..., a4, 4, A, v. In order to show
that the lattice parameters h and v do not have consistent estimators in general,
we notice that the conclusion of Corollary 4.4 holds also under the following
assumptions:

(1) The assumptions of Lemma 4.2

(2) (4.12)

() ho To(r)=hp Tp(ry), ho Up(r)=hp Up(r,) as. —P.

Essentially the same proof works. The relation (4.17) now reads

Volr)) —Ve(r,) 1, ((10g X k)g)
M LU ALY BT
MQ(Xkan+1)_1: 205 Xk( el X2
Mp(Xy, X1t i) (log X,)*2
Pl Xty 1+O( lekz

and we find that a.s. — P convergence of the series

i Volrd) —Ve(ry)

2__
T i
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has to be established. This follows, as in the proof of Corollary 4.4, by an applica-
tion of the martingale convergence theorem, but we have to notice that

Vo) =Velr) , 1> g |_ Cor
| e gy - S

where ¢, p=E[(Vy(n,)— Vp(1,) #7] and similarly adjust the proof of (4.20).

It is easy to construct examples of pairs of probability measures P, Q satisfy-
ing the assumptions (1)—(3) and such that hy+hp and vy = vp.

Let Supr (én, i) = {0: 25 43 . ‘}a Suppe (én, i) = {07 1’ 2: .- '}9 Q(”n = 1) :7}7’ Q(r]n
=2)=%,00,=3)=1%, P(n,=0)=%, Pn,=2)=1.

Then supp, (X,)=suppp(X,) for all n21, hy=2, vy=1, TH(0)=1%, Tp(1)=4%,
Up(0)=1, Up(L)=1, hp=1,vp=0, Tp(0)=1, Up(0)=1.

Acknowledgement. 1 would like to thank Professor C.Z. Wei for suggesting this topic to me
and for providing several important ideas used in this paper.
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