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Summary. The analogue of Strassen’s functional law of the iterated logarithm
is known for many Gaussian processes which have suitable scaling properties,
and here we establish rates at which this convergence takes place. We provide
a new proof of the best upper bound for the convergence to # by suitably
normalized Brownian motion, and then continue with this method to get similar
bounds for the Brownian sheet and other self-similar Gaussian processes. The
previous method, which produced these results for Brownian motion in IR?,
was highly dependent on many special properties unavailable when dealing
with other Gaussian processes.

1. Introduction

Let {W(t): 0<t< oo} denote standard Brownian motion in R'. If C[0, 1] den-
otes the continuous functions on [0, 1]}, and

(1.1) %’:{ft g(s)ds,Ogtél:flgz(s)dsgl},

then J is a compact, convex, symmetric subset of C[0, 1] such that with
probability one the random sequence given by

(1.2) 1a()=Wnt)/2nL,m)'*  (0=t=1),

converges to and clusters throughout 4" in the uniform norm. This is Strassen’s
functional LIL for Brownian motion, and in [1, 2, 5, 7] the rate at which
this convergence and clustering takes place is examined.
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Prior to [5], the best convergence rates to 2 were due to K. Grill in [7],
and assert that with probability one

. . 0 a<2/3
1. I F1f= =«
(1.3) im sup inf [ f =1l (Lon) {OO, a>2/3.

Here [|f]|= sup |f(t), L,x=L(Lx) where Lx=max(l, log,x), and L,x

05151
=L(L;_x)for k=3.
If ASCJO, 1], A°={geC][0, 1]: }nﬁ lg—fll<e}, and &,=(L,n)"% then the

two statements in (1.3) are equivalent to

(1.4 P(n,eA *eventually)=1 (x<2/3),
and
(1.5 Py, ¢ A i0)=1 (a>2/3)

More precisely, (1.4) indicates an upper bound for the convergence of {,} to
A", and (1.5) provides a lower bound. Here we will only consider analogues
of the upper bound result as in (1.4). The paper [5] presented results related
to (1.5), but at present (1.5) is the best uniform lower bound available.

Using a construction of Grill appearing in [7], the main result of [5] demon-
strated that for Brownian motion in R" and &,=7y(L;n/L,n)*"?, there is a y>0
sufficiently large such that

(1.6) P{n,e A °eventually)=1.

The construction of Grill depended on the fact that Brownian motion in R?!
has the strong Markov property, stationary independent increments, and also
several other crucial properties (see (2.2) to (2.5) of [5]). Hence the method
to establish (1.6) does not apply to other common Gaussian processes.

The main theoretical tool of this paper is contained in Theorem 2.1. This
result makes use of Borell’s inequality for Gaussian measures [3], and can be
viewed as a quantification of the elegant argument employed by Talagrand
in [14]. To state and prove Theorem 2.1 we need some notation which is given
at the beginning of Sect. 2. The various applications to specific Gaussian pro-
cesses are contained in Sects. 3 and 4. L

We write a, ~ b, if lim a,/b,=1, and a,~b, if 0 <lim a,/b, <lim a,/b, < 0.

2. The basic limit theorem

Let B denote a real separable Banach space with norm | -|| and topological
dual B*. If p is a mean zero Gaussian measure on B, then it is well known
that there is a unique Hilbert space H, < B such that u is determined by consider-
ing the pair (B, H,) as an abstract Wiener space (see [8]).
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The limit set K in our results will always be the unit ball of H, for an
appropriately chosen mean-zero Gaussian measure y. Lemma 2.1 in [11] or
[6] presents a construction of H, along with various properties of the relation-
ship between H, and B. In particular, we will use the continuous linear operators

d

2.1 H,(x)= ), a(x) S, and Qu(x)=x—1I,(x) (d=1)

k=1

taking B into B. Here {o,: k>1} is a sequence in B* orthonormal in I?(u),
{So,: k=1)is a CONS in H,< B defined by the Bochner integral

Soy= Jﬂ x oy (x) d p(x),

B

and when restricted to H,, II; and Q, are orthogonal projections onto their
ranges. Furthermore, if X is a B-valued random vector with y=_9(X) a mean
zero Gaussian measure, then it is well known that lim | Q,(X)| =0 with probabil-
. d

1ty one,

2.2) E[Q4X)[10 as dfoo,

and I1,(x) and Q4(X) are independent centered Gaussian random vectors.

Theorem 2.1. Let X, X, X,, ... be a sequence of identically distributed centered
Gaussian random vectors with values in B. Let Q, (d=1) be the linear operators
of (2.1), K the unit ball of H, where p= % (X), and

2.3) I'=sup || x].

xeK
Let {d,} be a sequence of integers such that
(24 d,zinf{m=1:E|Q, X |/m<(I'Lyn)/(2 Ln)*/?},

and for y>0 let

(2.5 &, =(yd, Lyn)/Ln.
Then for y>3TI
(2.6) P(X,/(2Ln)'"? e K™ eventually)=1.

Remark. The proof shows g, =0((Ln)~'/?) is always possible in (2.6).

Remark. The constant 3T is clearly not best possible, and was chosen for nota-
tional convenience.

Proof. It is clear from the definition of ¢, in (2.5) that it suffices to prove (2.6)
when equality holds in (2.4). Let U={x: | x| <1} and set

2.7) : p.=P(X/Q2Ln)"2¢K + 3¢, I'U)
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where K, I', and ¢, are as above. Since the sequence X, X, X,, ... is identically
distributed we have by the Borel-Cantelli lemma that

(2.8) P(X,/(2Ln)*?e K3 * eventually)=1
provided
(2.9) Y pa< 0.

n=1

Thus if we can verify (2.9) for all y>1 in the definition of ¢,, then (2.8) holds,
and this will yield (2.6) whenever y>3I". Hence it suffices to prove (2.9) for
y>1.

Since K <2I'U we first observe that

(2.10) P.<P(X/2Ln)"*¢(1+e,)K+¢, TU)<P(Il,,(X)¢b,K)
+ P, (X)eb, K, X/2Ln)"2¢(1 +&)K +¢, T'U)

where b, =(2Ln)"/*(1 +¢,), and then that

2.11) P(I,, (X)eb,K, X ¢b,K +(2Ln)"?¢, T'U)
<P(|0,,(X)|u,<b,, Q4,(X)¢(2Ln)"?¢, I'U
+(b7 — | T4, (X)) 7,)"? Q4 (K))-

To verify (2.11) assume I1, (x)eb,K, write x=1I, (x)+ @, (x), and assume that
Q.. (x)=Q2Ln)'?e, T'u+ (b} — [, (X 5,)"* Q4,(k) for some ue U and ke K. Then

(2.12) x=k+Q2Ln)"%e, Tu
where
(2.13) k=I1,,(x)+ (b2 — |11, () %,)"> Qu, (k)EH,,

because IT 4,. B—~H, and Q, : H,— H,. Furthermore, the orthogonality of the
projections I1,, and Q, on H, with [, (X)|y,=b, and {|Q, (k)| g, <1 (since
ke K) implies

(2.14) kNG, = 114,00 &, + 7 — | Ha, () E,) | Qa, (B)1 F, S b7,

and thus (2.12) and (2.14) together imply

(2.15) x=k+(2Ln)"?¢, Tuch, K +(2Ln)"?¢, I'U.

Hence 11, (x)eb,K and x¢b,K +(2Ln)'*¢, I'U togetber imply II, (x)eb,K and
0,,(x)¢(2Ln)" ¢, TU +(by — | 1, (%) %,)"* Qa,(K), s0 (2.11) holds.
Thus (2.10) and (2.11) imply
(2.16) =PI 1,,(X)|l g, > by)
+P(| 14, (X)) g, < bn» Qu,(X)EQL1)?e, IU
+ by — 1 T4, (XN 5,0V Qa, (K))s
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with X Gaussian making IT, (X) and Q, (X) independent. Now for y = 1, Chebys-
hev’s inequality, (2.5), and (2.4) imply that

(2.17) P(Q4,(X)#(2Ln)" e, TU)=P(|| Q4,(X)| Z(2Ln)"2¢,T)
SE|Qa, (XA e,(2Ln)"?)

_ENQ., (X  (Lm)'2
N d, 2129 (L, n)

<12,

Hence by Borell’s inequality [3] we have for any number a, 0<a <b?, that

(2.18) P(Q4,(X)¢QLn)" e, T'U +(b; —a)' 04,(K))
S1-2(bz—a)*?),

and by the independence of I, (X) and Q, (X) we thus have by (2.11) that

(2.19) P(I1, (X)eb,K, X ¢b,K+(2Ln)!2¢, I'U)
<EU(1 T4,(X) |, £bp) (1= S((b7 — ML, (X)[15,))).

In (2.18) and (2.19) @ denotes the distribution function of a N(0, 1) random
variable, and by combining (2.16) and (2.19) we thus have

(2.20) Pn= Py + ((X) g, >bn)

provided y=1.

Now P(|H,,+(X)lg,>b)=P(gi+ ... +gi +1>b7) where g, g,,... are
iid. N(0, 1). Furthermore, (2.4) and E| Q,,(X)| 10 as m ~ o (see (2.2)) implies
that

dn =0 ((Ln)l/z/LZ n)a

and hence ¢,=o0((Ln)” /%) with b,=(2Ln)"/*(1 +¢,) implies d,=o(b,). Now stan-
dard calculus estimates imply that if g;, g,, ... are iid. N(O, 1) and d=o0(x?)
as x — oo, then as x — o0, d = o0

(221} P(gi+ ... +g7>x")~Q2rd)”V? exp{ —x?%/2+(d/2—1) log(x*e/(d—2)}.

Thus applying (2.21) to (2.20) with d,=o0(b,), we get for =1 and n sufficiently
large that

(2.22) w=(d,)"'* exp{~b2/2+d, Lyn}
<) "?exp{—Ln—2Lne,+d,L,n}
=(d,)""* exp{—Ln—2vyd,L,n+d, Lyn}
<n"'(d)""?exp{—yd,L,n}
<n™t exp{— 7Ly}

[ee]

Thus for y>1 we get Y, p,< oo and the theorem is proved.

n=1
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3. Some upper bounds for rates in the LIL for Brownian metion
and the Brownian sheet

To apply Theorem 2.1 we need only choose {d,} such that (2.4) holds. Hence
we need some knowledge of the sequences {a;: k=1} and {Sa,: k>1} used
for the operators H, of (2.1).

Part I: Brownian motion in R

Let W={W(t): 0=t=<1} be standard Brownian motion in IR” having continuous
sample paths on [0, 1]. The linear mapping of a vector in IR” to its j® coordinate
(with respect to the canonical basis) is denoted by 4; for j=1, ..., p. Since W
has continuous paths, we set B=C,[0, 1], the space of R?-valued continuous
functions on [0, 1], and consider two norms on B, namely

)4 1/2
(3.1) |m=sw(zn@4@@
0=1=1\j=1
and
p 1 1/2
(32) um=QZM@#ww§
j=10

Of course, B is not complete in | - || ,, but this does not cause difficulties.
The limit set in Strassen’s LIL for R?-valued Brownian motion is

(3.3) pr;‘{ft g(s)ds,0=r=1:¢:[0, 1] >R, Hglizél},
0

and we consider the open unit balls
(3.4 U={feC,[0,1]: | f] <1}
(3.5) V={feC,[0,1]: I fll,<1}.
Then, when using the sup-norm ||+ ||,

A=Ayt el
and for the inner product norm |- {,,

Hy=H,+eV.

The upper bounds for the rate of convergence in Strassen’s LIL for R?-valued
Brownian motion are given in our next theorem. When p=1 and the sup-norm
is used, this result was obtained in [5] by entirely different methods.

Theorem 3.1. Let {W(t): 0<t< o0} be standard R”-valued Brownian motion with
continuous sample paths, and define

na()=Wnt)/2nL,n)'"*  (0=t=1).
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Then, the following hold:
(A) If Uis as in (3.4) and e,=7(Lyn/L,n)*>, then for y>0 sufficiently large

(3.6) P(n,e#,+e,U eventually)=1.

(BY If Vis as in (3.5) and &,=vp(Lsn)'3(L,n)??3, then for y>0 sufficiently
large

3.7 P(n,;e%’l, +5,V eventually)=1.

The first step of the proof is to establish the following proposition.

Proposition 3.1. If W, W,, W,, ... are standard RP-valued Brownian motions with
sample paths in C,[0, 11, then the following hold:
(A) If e,=y(Lyn/Ln)*3, then for y >0 sufficiently large

(3.8) P(W,/(2Ln)"*e A, +¢,U eventually)=1.
(B) If e,=y(Lyn)'*/(Ln)*3, then for y>0 sufficiently large
(3.9) P(W,/2Ln) ?e A, +¢,V eventually)=1.

Proof of Proposition 3.1-A. The process {W(i): 0<t<1} can be expressed as
a uniformly convergent random series on [0, 1] as follows:

3.10 W(t)=(b,(), ..., b,(t)

where, for j=1, ..., p,

(3.11) bi)=3 Y &kn Punlt).
n=0 kel '(n)

In (3.11) {g; 1n:j=1, ..., p, ke I'(n), 20} consists of independent N{0, 1) random
variables, and the following hold:
(3.12) r(0)={0},

rm={12,...,2""1  (nz1),

Gin()= [ frn(s) ds (kel'(n),n20),
0

where
Jools)=1 (0=sZ1),

and for kelI'(n) and n= 1

2002 2k—2) 27" <t<(2k—1)27"
fen(8)=14=20"02 Ok _12""<t<(2k)2 7"
0 otherwise.

That the series arising from (3.10) and (3.11) converges uniformly to R?-valued
Brownian motion on [0, 1] is obvious once one knows that (3.11) converges
uniformly to standard Brownian motion in R! for each j=1, ..., p. This, how-
ever, is a well known fact, and [1] and [13] contain a nice discussion of this
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as well as material applying to the Brownian sheet. Furthermore, once the pro-
cess is defined, standard properties of stochastic integrals allow us to represent
the independent N (0, 1) random variables {g; ,,} as

(3.13) 8jkn= | fen(s) db;(s).
0

Henceforth we make this identification and define, for heC[0, 1], the linear
functionals

(3.14) () = J} Jin()dh(s)  (kel(n),n=0).
0

Then, for j=1, ..., p, kel'(n), and n=0,
(3.15) %n Aj(W)=gj kn-

Since Sf=E(Wf (W)) for each fe B* (see Lemma 2.1 of [11] for details), standard
properties of stochastic integrals easily imply that

(3.16) S(a,2A)O)=dra(t) (=1, ..., p,kel(n),n=0).

The reader should also notice that the so called Schauder functions ¢,, (¢} are
piecewise linear, continuous, non-negative, and have non-overlapping support
for different ke I'(n). Furthermore,

(3.17) sup |y, (t) =

o=:=1

1 k=0,n=0
2-@FW2 kel(n),n=1.

Thus we can write (3.11) in the form

(3.18) bi()=3 Y oo Ai(W)S(anody())

n=0 kel'(n)

for j=1, ..., p, and letting e; (1<j<p) denote the standard basis for R” we
have

(3.19) W(t)= f (i ¥ ock,,o/lj(W)S(ock,,olj)(t)>ej.

j=1 w=0kel(n)

To express (3.19) in terms of a single index d as in (2.1) we order the sequence
{ogno ;i j=1, ..., p, keI'(n), n=0} lexicographically by the triples (j, n, k). That
is, (ji, 1y, k) <(jz, My, ko) if j1 <ja, OT ji=j, and ny<ny, Or jy=j,, ny=ny,
and k, <k,. Then IT,(W) is the sum of the first d terms of (3.19) in this ordering.
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Combining (3.15), (3.16), and (3.19) we see that for p2"<d<p2™**!, Jensen’s
inequality implies

(3.20) E|W—-H,W)|SE|W—II,,-(W)

i(i y aknoz,-WV)S(aknoAf))ej

j=1 \n=mkelI'(n)

=E

z E| Z “kn"/lj(ms(“kflj)ej”

m kel'(n)

M=

=
j

1n

27@F R E(sup |0 A (W))

1n=m kel(n)

IIA
M~
™18

i

by (3.16), (3.17), and the disjoint supports for ¢, ke ['(n).

é Cp Z 2—(n+ 1)/2(1Og 2n)1/2

n=m

<C?p((log2m) 27"
where C is an absolute constant such that

E( sup |g)sC(Ln)!'?

1L=j=n

for all n>1 and (g;: j= 1) iid. N(0, 1), and”
Z 2—(n+ 1)/2 (log 2n)1/2 é C((log 2m) 2—m)1/2_

Thus from (3.20) we have for all d sufficiently large that
Ld 1/2
(321) EIW-mmis202 ()
Hence for (2.4) we may choose d, as a large constant multiple of the solution

of

1/2
-1 (%d) =L,n/{(Ln)*/?.

Thus
d,~(Ln)/(L,n))'?,

and solving for ¢, in (2.5) we see it is possible to take
en="(Lyn/Ln)*?

for y> 0 sufficiently large. Applying Theorem 2.1 now yields Proposition 3.1-A.
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Proof of Proposition 3.1-B. Let 4; and e; be as in the proof of part A, and
assume

(3.22) alt)= Sin(2n+1)nt/2) (0<t=<1,n=0).

21/2
n(2n+1)

For hin C[0, 1] we define the linear functionals
1
% ()= | y,(s)dh(s) (n=0).
0

Then elementary properties of stochastic integrals imply {u,°4;(W): n=0, j
=1, ..., p} are i.i.d. N(0, 1) and
S(e, o)) =p,(0) (0=t=1,n20)

As a result of [10, p. 126] the series

5 (3wt 5002000

j=1 \w=0

represents IR?-valued Brownian motion and converges uniformly on [0, 1].
Hence we can write

629 WO=3 (L ah(MSGea0)e 0=t

j=1 \»n=0
and to express the series (3.23) in terms of a single index d as in (2.1), we
order the pairs {(j, n): j=1, ..., p, 120} lexicographically. That is, (j,, ny)<(j,,
n,) if j, <j, or j,=j, and n; <n,. Then II;(W) is the sum of the first d terms

of (3.23) with respect to this ordering.
Thus for

pm=d<p(m+1),

Jensen’s inequality and the orthogonality of the sequence {Sa,°4;: n=0} with
respect to Lebesgue measure implies that for all m=2

(3.24) E|W—I,W|3SE|W—IL,,(W)|3
2

(X wemMn)e
-£(%

=1

=E

> (o sW) 1))

n=m

!
i [ va(s)ds

=p Z 4/(n*(2n+1)%)

n=m

<@p*/n*)/d.
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Hence for (2.4) we may choose d, as a large constant multiple of the solution
of

d~Yd 12 =L,n/(Ln)'>.
Thus
d,=(Ln)' P (L, n)*>,

and solving for ¢, in (2.5) we see it is possible to take
&n="7(Ln)"*/(Ln)*>

for y >0 sufficiently large. Applying Theorem 2.1 now yields Proposition 3.1-B.
Completion of the proof of Theorem 3.1. Let n,=exp {r/(Lr)*} for r=1 and set

(3.25) W,=Wn()n'? (1)
Then Proposition 3.1-A implies _
(3.26) P(W,/2Lr)"*e A, + B(L,r/Lr)* U eventually)=1

for f> 0 sufficiently large. Furthermore, sup || f| =1 and
fexy
(3.27) |1 —(Lr)"*(L,n,)~ Y|~ L,r/Lr,

0 (3.25), (3.26), and (3.27) together imply
(3.28) P(n, eA,+2B(L,r/Lr)*? U eventually)=1.

The verification of (3.6) is completed with the following lemma by taking y =3 8.

Lemma 3.1. Let n,=exp {r/(Lr)*}, §,=2 B(L,r/Lr)** (>0), and d(n)=(2n L, n)*/2
If (3.28) holds, then

P(n,eA,+3B(Lyn/L,n)* U eventually)=1.

The proof of Lemma 3.1 is exactly that of Lemma 3.1 in [5]. We indicate
a brief outline for the sake of completeness. Further details can be found in
[5]. The reader should note that the proof involves a simple rescaling, and
henceforth we refer to Lemma 3.1, and related results, as rescaling lemmas.

Proof of Lemma 3.1. Let I(r)=[n,, n,,(]. If (3.28) holds, then there exists h,e A,
such that

(3.29) 1y, —Pr | <8y 1

For nel(r), set

(3.30) g)=h,(nt/n,,,) O=t=1)

Then ge %, and g depends on r, but we supress that. Furthermore, for nel(r)

(3.31) I —gll=llg—Wn()/dn,. )l
W (/)1 —dn)/d(n,. ;).
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Now by rescaling and (3.29)

(3.32) g —W(n(-))/d(n, ) £6,4,.

Furthermore, the classical LIL for iid. N¢0, 1) random variables and rescaling
implies that for all r sufficiently large

(3.33) 7.1 —d(n)/d(n, , )l 2|1 —d(n)/d(n, ).
If nel(r), then for large r
(3.34) |1 —d(m)/d(n, . )| S2/(Lr)?,

and by combining (3.31), (3.32), (3.33), and (3.34) we obtain for large r and
all nel(r) that

117, ~gll S8y+1 +4/(Lr)* <e,.

Since ge ¥, this completes the proof of Lemma 3.1.
Thus Theorem 3.1-A is proved and the proof of part B is exactly the same
if || - | is replaced by | - | ,. Thus Theorem 3.1 is established.

Part 11: The Brownian sheet

Let B=C([0, 1]?) denote the Banach space of real continuous functions on
the p-dimensional unit cube Q =[0, 117, endowed with the sup-norm

(3.35) [ f1=suplf(®)

teQ

Then the p-parameter Brownian sheet {W(t): teQ} is a mean zero Gaussian
process with sample paths in B determined by the covariance function

(3.36) E(W(s) W{t))=min(s,, t,)---min(s,, t,)
fors=(sy, ..., s,) and t=(t,, ..., t,). Furthermore, since the paths are continuous
and the variance function is zero at any point t=(t,, ..., t,}) where some t;=0,

if follows that W{t)=0 for such t. The papers [1] and [13] contain further
details regarding the Brownian sheet, and are excellent references for our pur-
poses.

Our upper bounds for rates of convergence in the functional LIL for the
Brownian sheet are contained in the next two theorems.

Theorem 3.2. Let W, W,, W,, ... be Brownian sheets on Q =[0, 1]? with continuous
sample paths, and let

H={f)= | gs)ds teQ: | g?()ds<1}
[0,t] Q

where [0, t]1=[0, t,1x ... x[0, t,] for t=(ty, ..., t,). If U={feC(Q): | fli<1}
and e, =y (L, ny? " Y3 Ln)23, then the following hold:
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(A) For y>0 sufficiently large

(3.37) PW,/QLn)'"*eA +¢,U eventually)=1.
(B) If {W(t): t=0} is a continuous Brownian sheet on [0, c0)?,

(3.38) n(O=W(mnt)/2n*L,n)**  te[0, 177,

and g,=y(Lyn)P~ Y3 /(L,n)*? then for y>0 sufficiently large

(3.39) P{y,eA +¢,U eventually)=1.
If we use the unit ball in I?(Q) rather than the sup-norm ball U, the following

improvement of (3.39) is available when p=2. The cases p=3 can also be studied,
but we do not do that here.

Theorem 3.3. Let {W(t): t=0} be a continuous Brownian sheet on [0, o0)?,

(3.40) 1, =Wnt)/2n2L,n)'? (te[0, ),
and let
(3.41) e, =7Lyn/(L,yn)*"3.

Then, for y>0 sufficiently large,

(3.42) P(n,e A +¢,V eventually)=1

where

(3.43) V={feC[0,11>):1fl,=( | f2(®)dp'><1},
[0,1]2

and A" is as in Theorem 3.2 with p=2.

Proof of Theorem 3.2-A. Let { fi,: keI'(n), n20} and {¢y,: keI'(n), n=0} denote
the Haar and Schauder functions, respectively, defined in (3.12). The set D den-
otes all p-tuples n=(ny, ..., n,) where n,, ..., n, are non-negative integers, and
for neD we define

n|=n+... +n,.
For ecach neD, define

Irm)={(k, ..., k,): kyel'(ny), ..., k,el(n,)}

where I'() is as in (3.12) for a single integer. If k=(k,, ..., k,)eI'(n) and teQ,
define, using the notation of (3.12)

(3.44) fen®= 1T S ®)
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and
349 Pra(®1= [ e ).

Then the support of @y, is the same as that of f,,, and for fixed neD these
supports are disjoint as k varies over I'(n). Furthermore, for keI'(n)

p
(3.46) | funll =exp {logZ- Z (nj—l)I(nj>0)/2}§2""/2
ji=1
and
D
(3.47) [ Prnll < H {2“‘"1‘+1)/21(nj>0)+1(nj:0)}§2"“'/2.
j=1

Letting {g,,: keI'(n), neD} denote an iid. sequence of N(0, 1) random variables,
the series

(348) i Z Z gkn@kn(t)

r=0 |n|=r keI(n)

converges uniformly on Q, and is a Brownian sheet (see [1] or [13] for details).
For keI'(n) and ne D we define a continuous linear functional on B by

(3.49) On(h)= | fin(8) dh(s)  (heB).
2

Since f,, is a simple function of bounded variation on Q, the stochastic integral
in (3.49) exists, and elementary properties of these stochastic integrals as given
in [17 or [13] imply that {o,(W): keI'(n), neD} is an iid. sequence of N(0,
1) random variables with

(3.50) Sonn(t) = E(Woyeo (W))(1)

=E(W(t) | fun(s)dW(5))
Q

—E( I6S)dW) | fuals) AW (S)
o] Q
= [ 1620 in(s) ds
[4]

= an (t)

where s<tif 5,<t;fori=1, ..., p.
Thus we can represent the Brownian sheet {W(t): teQ} as

o

(3.51) wW)=3 > Y cn(W)Son(),

r=0 |n|=r keI'(n)
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and to express (3.51) in terms of a single index d as in (2.1) we order the (2p
+ 1)-tuples (r, n, k) with [n|=r and keI'(n) lexicographically. Hence II (W) is
the sum of the first d terms of (3.51) in this ordering.

By considering the number of ways to place r objects into p cells it is easy
to see that for r=0

(3.52) Card {neD: |n| =r}=(p ;“: 1).

Furthermore,

Card F(n):exp{10g2 i (nj—l)I(nj>O)},
j=1

J

and hence with |n|=r,

(3.53) max(1, 2" ?)< Card I'(n)<?2".
Thus, if
m m-+1
(3.54) >3 1d<y Y ¥ 1,
r=0 [n|=r keI'(n) r=0 |nj=r kel(mn)

Jensen’s inequality implies

i Z Z OCkn(W) S(xkn

r=m |n|=r kel(n)

(3.55) E|\W-II,(W)| <E

Hence for some positive finite constant C, possibly differing from line to line,
we obtain

(3.56) E|W—ILW)|= Y (” ;’:1) SUpE| Y (W) St

Im|=r kel'(n)

r=m

<Y (prP 12772 sup E( sup lakn(W)l)

r=m [aj=r keI'(n)
[n|=r

since S o, = Dy, have disjoint support

when keI'(n), and by applying (3.47) with
[n|=r.

é C Z rp-12—r/2(log 2r)1/2

r=m

since |n| =r implies log(card I'(n)) ~ r log 2
by (3.53).

0
éc Z PP 1/22—r/2

r=m

<C2Mpr 2,
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Combining (3.52), (3.53) and (3.54) we see that d, as a function of m satisfies
(3.57) dxmP™'2™  as m— o0,

Hence,
logd~m and d(logd) " Vx2m,

and (3.56) implies there is a finite constant C such that
(3.58) d™'E|Qu(W)| SCd~ ¥ (log d)*P =P,

Hence for (2.4) we may choose d, as a large constant multiple of the solution
of

d=32(log d)®? =2 = Lyn/(Ln)'.

Thus

Ay (L) Ly,
and
(3.59) g, ~(Lyn)P~ 13 /(Ln)?3.

Thus by applying Theorem 2.1 we have established Theorem 3.2-A.
Proof of Theorem 3.2-B. Let n,=exp {r/(Lr)*} for r= 1, and set

(3.60) W,=Wn,()/m)"?  (r=1).

Then (3.37) implies

(3.61) PW,J2Lr'\2eA +B(L,ry? " Y3/(Lr)*3 U eventually)=1

for >0 sufficiently large. Since sup || f| =1 and (3.27) holds, (3.60) and (3.61)

fex
together imply

(3.62) P(n, €A +2B(Lyr)P 1 B3HLr)*3 U eventually)=1.

The proof of part B is now completed by proving a rescaling result as in Lem-
ma 3.1. The details are straightforward and hence omitted.

Proof of Theorem 3.3. To prove (3.42) one first proves the following analogue
of (3.37) for identically distributed copies of {W(t): te[0, 1]%}:

(3.63) P(W,/2Ln)"*€ A +e¢,V)eventually)=1

where Vis as in (3.43) and ¢, is as in (3.41). Once this is done, one proceeds
exactly as before via a rescaling lemma. We do not include the details of the
rescaling, but we prove (3.63).

To establish (3.63) we apply Theorem 2.1 as before. To do this we let

212

=7'C(2n+1) Sll’l((2n+1)nt/2) (Oétél’ngo),

(3.64) ()
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and define the linear functionals

(3.65) a;5()={ v1() () dh(s, 1)
Q

for he C(Q) and Q =[0, 1]%. Then elementary properties of 2-parameter stochas-
tic integrals, as developed in [1] or [13], imply

(3.66) a;;(W):i=0,j=0}
is an ii.d. N(0, 1) sequence, and

(3.67) Say (s, ) =7;(s) y;(0)-

Hence {W(s, ): (s, t)eQ} can be written as

(3.68) W(s,t)=§ Y o (W) Say(s, t)

n=1(i,j)eMn

where
ml :Ll
Mn:anLcn—l (”22),

and forn>1
(3.69) L,=1{(,)):i,j =0 are integers satisfying (a), (b), or (c)}:

(a) iz1,j=1,and ij<n.
(b) i=0and j=0,1, ...,n.
(c) j=0andi=1,...,n

In summing the series in (3.68), we order the triples (n, (i, j)), where (i, j)eL,,
as follows:

(3.70) (my, (i1,41)) <2, (i2,42)

if ny<n,, or if n;=n, and i, <i,, or n;=n,, i;=Ii,, and j, <j,. Then, in this
ordering, the partial sums of (3.68) easily converge in I*(Q) to W, but they
also converge uniformly on Q by using the Ito-Nisio theorem (see the comment
prior to (2.2)).

Let I1,(W) denote the sum of the first d terms of the series (3.68) in this
ordering. Then II, is as in (2.1), and for

(3.71) Card(L,)<d<Card(L, ;)
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we have by Jensen’s inequality that

© 2
Y Y o (W) Sy,
n=m+1 (i, HeMn 2
© 4 4
—n=§+1 (i,])ZEMn 7‘52(2i+ 1)2 n2(2j+ 1)2

=§ Y Qi+ 2j+1)72

(6, DELm

(3.72) E|W—I,W)I3<E

where L, is the truncated hyperbolic shaped region determined by (3.69). Hence
(3.72) implies

E|W—I,W)|3£16n" (I, +1,+15)

with

1 ©

L=Y Y Qi+)72@j+) 2am™!
j=0i=m+1

I,=) o Qi)+ PR Y T (m),
=2 [

j

Ii=Y Y Qi+ 2Q2j+H *=m™ L

j=m+1i=0

Thus, for d as in (3.71), d~m log m, and (3.72) implies there is a finite constant
C such that

(3.73) E[|W—11,W)| = C(log m/m)!/* ~(log d)/d"".

Hence for (2.4) we may choose d, as a large constant multiple of the solution
of

d~'(logd)/d'* =L,n/(Ln)*/2.
Thus, we have d,~(Ln)'/®, and ¢,=7L,n/(Ln)*”* for y>0 sufficiently large will
yield (3.63) by applying Theorem 2.1.

As indicated previously, once (3.63) holds, rescaling will yield (3.42) of Theo-
rem 3.3 and the theorem is proved.

4. Fractional Brownian motion and other self-similar processes

Let {X(t): 0=t< oo} be a Gaussian process of the form

@.1) X()= § (t—s)f~12dW(s) (0<t<o0)
0
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where 0<H < o0 and {W(f): — oo <t< oo} is standard Brownian motion in R'.
These processes all have continuous versions, and are self-similar of index H,
ie. for each a>0 the process {X(at): =0} has the same distribution as the
process {a¥ X (f): t=0}. This was pointed out in [12], where the mean-zero,
self-similar Gaussian processes with stationary increments were also introduced.
They are the so-called fractional Brownian motions, i.e. the processes

4.2 YO)=Z(t)+X() (¢20)

where {X (t): t=0} is as in (4.1),
4.3) Z(t)= E {(t——s)H—”z——(—s)H_I/z} dW(s) (0=t<w),

and 0<H<1. When H=1/2, Z=0 and hence both {X(#): t=0} and {Y(1):
t =0} are Brownian motion.

If 0<H <1, the process {Z(t): t =0} also has a continuous version on [0,
o), and we assume throughout that this is the case for both X and Z, and
hence also Y.

Theorem 4.1. Let {X(t): t=0} and {Y(t): t=20} be path continuous mean zero
Gaussian processes as in (4.1) and (4.2), and set

(4.4) Jif={f(t)= jf - V2gw)du,0£t<1: _flgz(u)dugl}
o 0
where 0<H< c0. Let || f||= sup |f(t)] and define
0=t=1
(4.5) U={feC[0,1]: | fl|<1}.

Then, the following hold:
(4) If y>0 is sufficiently large, then

(4.6) PX(n(-)/@n*T Lym)Pe A +¢,U eventually)=1
where
4.7) o = P(Lyn/L,ny*? for H=1/2

. n ,V(L3n/L2n)(2H+1)/(2H+2) fOl" 0<H<1/2

(B) Let r(B, M, t)=max (M, MtP) for t 20, M =1, >0, and define the sample
path continuous processes

Z(@)= f (=)= (=52 AW (s),
~r (8, M)

YO =X©0+Z(@)
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SJor t20. If y>0 is sufficiently large, <min(l, 2H), O<H<1, and &, is as in
(4.7), then

4.8) P(Y(n(-))/2n* ! Lyn)"? e +¢,U eventually)=

<H<l,¢,= n)” ', an
(C) If0<H<1,¢,=y(Lyn)" "%, and

# ={f0=Ts0:05t=1, [ e waus1}

-~ 0

where

T

Tag®)=[ t—w "Pgwdut | (t—w"?—(~w)" ) gw)du,
0 — 0

then for all y>0
4.9) P(Y(n(*)/2n*E Lyn)'?e(A + &, U) eventually)=1.

Remark. In would be of interest to know whether the ¢, defined in (4.7) suffice
in the setting of (C). We have nothing to report in this direction, and point
out that although Z(f) approximates Z(t) for M large, the limit sets in (B)
and (C) differ because of the long range interactions in these processes.

The proof of Theorem 4.1 will be established via several lemmas. The first
shows that {Z(t): t>0} is always neglegible if f<min(l, 2H), and hence Part
B follows once Part A is proved. If H=1/2 and r(8, M, t)=max(M, Mt/(L, 1)),
then a similar result hold if > H .

Lemma 4.1. Let {Z(t): t>0} be as in part (B) of Theorem 4.1 with 0<H <1,
and take B such that 0< f<min(1, 2H). Then,

(4.10) im n? sup |Z(I’lt)l/(2n2HL2n)1/2=0

where
C(H(—py2  if Hz1)2
a {(H —B/2y2  if H<1/2.

Proof. First observe that

@11)  Z(pt)=n"-172 39 ((t—i)H_I/Z—(:ESi)H“m)dW(s)

—r(B. M,nt)

:"H_llz(h +15)

o 3 e

where
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and

I,= _jM ((t—i)H_llz_(_—;li)H_l/2>dW(s)I(nt> 1.

—M(nt)B n

Since W(0)=0, integration by parts implies

n\1/2-H Y
LisaweEMI(5) | el

_g\H~3/2
n

1|02 H 4 2nt2~H j

s H-3/2
t——
n

ds.

Hence

W) h(=s)
h(—s) (=)~

ds,

where h(u)=(u(L, u~'))*/* and throughout the lemma O(1) is a possibly random
quantity depending on M, but independent of n. By the LIL for Brownian
motion at zero

(W) h(=9)

L,(1/—s)"?
f s (ooH f M

—giH ds=0(1)

ds=0(1)

since 0 < H < 1. Combining both terms we therefore have
[ |s0(1)n'27H.

Integrating by parts, we have for nt>1 that

12~H 12-H
Lis2AWEm () AW ME) (577s)

FH-12 ] W) ((z_%>H_3/2_(_E>H"3/2) ds

- M(n0)f n
L0 n'2 By, 41,
where

2|W(—M(nt))

1/2—-H
i 2"
I;= (P L)1 (n"Lyn) (M(nt)ﬂ)

and

-M n \32-H
I4=2n_1 j |W(S)|<_—S) dS.

—M(nt)B
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Hence for nt>1 we get by the LIL for Brownian motion at infinity that

-M a2
Lson'27H j (Izi(s—)lsz)H

— M (nt)f

SO n' 2T H(Lyn) 2 (M (ne))t

ds

where O(1) is independent of ¢ and n. Thus if t < 1 we have
I,0) n*?>~H(L,n)*?nPH,

Similarly, by the functional LIL for Brownian motion, if nt>1, then t=1/n
and

L0 Lyn) 20l 21 sup  |M(no)f|H— 12,

1jn=t=1
If H>1/2 we get
I, S0(1)(n? Lyn) 2 nt/2 ~HyppH=1/2)
and for 0< H < 1/2 we have
I;20()nf(Lyn)'2nt2 1,
Combining terms we see

4.12) IL,|<0(1)n" 2~ H 4+ 0(1) n'/2~ H(L, n)*/2 nPH
+ 0(1)(nﬁL2 n)l/an/Z ~HBH=-1/2)IH>1/2)

Thus we have from (4.11) and (4.12) that

|Z (n1)

sup W=

(1) (™7 P~ H | B2+ U =D 1> 1)~ 1)
0=r=1 (n

and the lemma is proved.

Lemma 4.2. Let {X(t): t=0} be as in (4.1) with H =%, then for y>0 sufficiently
large (4.6) holds with &,=y(Lsn/L,n)*>.

Proof. If H=4%, {X(¢): t=0} is Brownian motion so by Theorem 3.1-A there
is nothing to prove. If H >4, then integration by parts implies

nt

4.13) X(nt)= | W(s)(H D (nt— s~ 32ds.
o]
Hence, setting nu=s, we get

(4.14) X (nt) =f W(nu)(H — Y (nt—nuft~32n du
0

t
=n" V2 (H ) [ W) —u)? > du.
0
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Hence, for fe #" as in (4.4), we get from (4.14), by integrating by parts, that

(4.15) FO=E=-D] | g dst—w>2du  (©0=i=1)

Note h(u)= | g(s)ds satisfies h(0)=0, and H >} implies H—~3> —1, so the end-
0

points involved in the integration by parts drop out when H >4. Combining
(4.14) and (4.15)

(4.16) Tim inf sup |X(ne)/2n*"Lyn)'—f(t)|

n feX 0=t=1

t

]

0

Wi(nu)

n heX 0<t<1

—h(u)

(t—wH32du

where

%:{h(t);fg(u)du,ogtg1: fgz(u)dug1}.
0 0

Now, as n — oo,

W{(nu)

inf sup ——~(an2 iz

hed 0=1=1

- h(u)l =O0((L3n/Lyn)*?)

by Theorem 3.1-A, and hence (4.6) implies

lim inf sup |X(nt)/2n>" Lyn)Y2—f (1)

n fexX 0=¢=1

§0((L3n/L2n)2/3 sup f(t_u)H—wu)

0=tg1 9

=0((L3n/Lyn)*?

since H > 3. Thus the lemma is proved.

Lemma 4.3. Let {X (t): t =0} be as in (4.1) with 0< H <. Then for y > 0 sufficiently
large, (4.6) holds with e, =y(Lyn/L,n)2H+ D/CH+2)

Proof. The first step of the proof is to show that if {X,(z): 0<¢ <1} is a sequence
of identically distributed copies of {X (¢): 0=¢<1} then
(4.17) P(X,/2Ln)'?ex +¢,U eventually)=1

where ¢, =7(L,n/Ln)@E T DICH+ D
The proof of (4.17) will follow by an application of Theorem 2.1. To apply
Theorem 2.1 we first prove the following:
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For each H, 0<H <1/2, there exists a finite constant Cy independent of
n such that for all £, 0<¢ =<1, and constants ¢,, keI'(n),

(4.18) | Z YOI S Cy 2~"H’f£11?zi()|ckl'

kel(n)

In (4.18), I'(n) 1s as in (3.12) and

t

(4.19) Vin®)= | =972 f(s) ds

0
where f,,(s) is as in (3.12) for keI'(n) and 0=s< 1, ie.

(4.20) Sin(s)=207112 (I[&;_z_, M) (s)— I[2k~ 1 2k>(5))-

2 2 7

Proof of (4.18). From (4.19) and (4.20), if t[0, 1] is fixed and k satisfies (2k) 27"
<t, then
(2k—1)/2n

Yra@=20""2 [ {2 (t—s—27NH "2 ds.

(2k—2)/2n

By the mean value theorem for integrals there exists £e((2k—2)27", 2k—1)27")
such that

(4.21) Yrn () =207 D227 (= O T — (e —E =27 A

By applying the mean value theorem to the function h(u)=(t—&—uwH /2

obtain ye((2k—2)27" (2k) 27") such that

we

(t—é)H_1/2——(t—é—?.—")H_1/2=2_"(H—~%)(t—11)H_3/2.
Combining this with (4.21), we obtain
Ypa () =207 D227 20(H Ly (£ —p)E 7312,

By assumption t>(2k) 27 ">#, so that

H-3/2
(4.22) W <13 —H]| 2<"-“/22‘2"(t—2") .

2n

On the other hand, if t<(2k—2)27" it is immediate from (4.19) and (4.20)
that

(4.23) Y ) =0.

Suppose that {c,: keI'(n)} are given and choose jeI'(n) such that

Qj—2)2 "<t=(2j)27"
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Then, from (4.23) we obtain

(4.24) LY a¥m@ISleiy Wm0+ el 5 0)]

kel'(n)

LY led )
k=1

From (4.22),
j-2 i
) Ickll'pkn(t)lékglﬁ_Xz|ck||%wH|2“(3"+1)/2 S (@j—2)2 " — (k) 2-")1-302
k=1 - k=1
i-2
(429 31— H| max o 2-Cr 20005y (1 _ -5
ke k=1
j—2
=<|{—H| max |ck|2_H("_1)‘2 Z =312,
k<j-2 =

Since H<1/2, ) i# 3% < o0, and letting Cy=(}—H)27"2 ¥ i#7%2 we have
i=1 i=1

from (4.24) and (4.25) that

(4.26) | Z ckwkn(t)léclHkrgja‘}zlckl2_nH+lcj—1”¢j—1,n(t)|+|ch¢jn(t)l-

kel (n)

Next we consider y,,(t) for te((2j—2) 27", (2j) 27"]. Using (4.19) and (4.20)

7"

(4.27) ¢jn(t)=2(”‘”/2f(t—S)H_”Z{I[u 2171)(5)—1[2,;2 2j—1)(5+2_")}ds
0 > P

=2(rt‘1)/2 f xH—l/Z{
0

2

- 2j_—nl)(t"x)“l[2j-2 ﬁ__1>(t—x+2‘n)} dx.

2 2

How H <% implies that x®~ '/ is decreasing and hence |¢;,(1)| is maximum
for t=(2j—1)27" Thus

(4.28) (O S 207 D2 (H 4 3~ 12 - ndt =11
=(H+%)—12—nH—1/2_

Again, by the monotone nature of x”?~%/2, one sees from (4.27) that |¢;_; ,(?)|
S0 (0)l, so (4.28) implies

(4.29) Wy nO| S(H+L) 127 mE 12,

Combining (4.26), (4.28), and (4.29) we obtain a constant Cj, depending only
on H such that (4.18) holds.
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The next step of the proof is to show that if {a,} is the sequence of linear
functionals on C[0, 1] defined in (3.14), then the series

(430) Z0)=3 Y aaMpul OS]

n=0 keI'(n)

converges uniformly on [0, 1] with probability one. This follows immediately
from (4.18) and the fact that {o,, (W)} an i.id. N(0, 1) sequence implies

(4.31) sup |o, (W) =0((L2")'"?).

kel'(n)

Thus the process {X (z): 0<t=<1} is the uniform limit of the series (4. 30) and
thus it is sample continuous. Furthermore, the process {X (1):0=r=1} is equiva-
lent to {X (f): 0=t <1}. To check this is casy since both are mean zero Gaussian
processes with identical covariance functions:

SAt

(4.32) EX@)X@O)= [ (s—wH 2@—wH 124y

and

0

433) EXESXO)=Y ¥ Vil

n=0 kel'(n)

s

=3 Y [ w2 du f(r—u)H*%(u)du

n=0 kel'(n) 0

Tws)(s—w* 2 Tugt)(t—w 1 du

oh.},_.

since { fi,: keI'(n),n 20} isa CONS in I*[0, 1]
SAL

= | (s—wff P e—w "du

Hence {X(1): 0=¢<1} and {X(1): 0=t=<1} are equivalent processes and we
now turn to the task of representing {X(¢): 0<t<1} by a series of the form
(2.1). To do this define the operator

Sin (z( 1/2 H)) f —

4.34)  Af()= w) ETUA W) du  (0St=1).

Then, 0< H <1, and fe L [0, 1] easily implies

sup 147011 Sinfe(l/2=H) 1/21_H’
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k
so A: L*[0, 11— L*[0, 1] is a bounded linear operator. If f(t)= ) b; I (x),
=1
. K
where E,, ..., E; are disjoint intervals and () E;=[0, 1], then it is easy to
j=1
check that for 0<H <%, Af(-)eC[0, 1]. Of course, functions in C[0, 1] are
uniform limits of such step functions, and hence 4 bounded implies A: C[O,
11-CJ0,1].
Since A is bounded, and the series (4.30) converges uniformly, we have

435) ARD=3 T (W) Ave)(0)

n=0 keI'(n)

converging uniformly on [0, 1]. Now
(4.36) Vi )= | e—)" 7121, (w) du,
0

and hence from [9, pp. 41-42] we see that (4.36) is Abel’s integral equation
with “inverse operator” A satisfying

(4.37) AWin)(O)= | fin(x) dx= gy, (8).
0
Substituting (4.37) into (4.35) we get with probability one that
(4.38) AXO=Y Y oulW) drn()=W(0).
n=0 kel(n)

Using (4.38) in (4.30) we get

(4.39) X(t)=§ Y (AR Y (0L2=1).

n=0 kel(n)

Now {cxk,,oA ke(n), n>0} consists of linear functionals on C[0, 1], and
{ock,,oA(X ): keI'(n), n=>0} is Lid. N(0, 1), so X Gaussian implies (4.39) converges
in I? for any p= 1. Hence

(4.40) Sat,0 A(f)=E (0o A(X) X (1))
= lnbkn(t)

= j't (t—s"12f (s)ds.

Thus (4.39) represents {X(#): 0<t=1} as in (2.1), so Theorem 2.1 can be applied
to X.

To express (4.39) in terms of a single index d as in (2.1) we order the sequence
{ognoA4: kel'(n), n20} lexicographically. That is, (n,, k;)<(ny, ky) if n,<n,
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or n,=n, and k, <k,. Hence I7,(X) is the sum of the first d terms of (4.39)
in this ordering.
Since Card I'(n)=2""" for n= 1 with I'(0)= {0}, we see that for

(4.41) mLd<2mt
Jensen’s inequality implies

(4.42) E|X-I,XISE|X~Hm(X)|

S Y theed(®) w,m(-)H

n=mkel(n)

~E

E|l Y e AdX) ¥l

m kel'(n)

=

HA
It M 8

Cy 27 "M E (max |0, A(X)))
kelm

=

A
< I8

—_F
&
[
o0

~—

IIA
O
M8

2—nH(L2n)1/2

=
Il
3

by (4.31) since 4(X) has the same distribution as Wby (4.38).
Combining (4.41) and (4.42) we see there is a constant C < oo such that
(4.43) E|X—I,X)| cCd *(Ld)".

Hence for (2.4) we may choose d, as a large constant multiple of the solution
of

(H+1)(Ld)1/2 (LG)(Ln) 1/2

Thus 1
Ln +2
L2 n ’

and

(4.44) Snz(Lz n/Ln)(2H+ D/(2H+2)

Hence by Theorem 2.1, and that X and X have the same distribution we have
(4.17) for g, =y(L,n/Ln)*?#* VI2H*2) provided y >0 is sufficiently large.

The proof of Lemma 4.3 is now completed by rescaling as in Lemma 3.1
with &,=y(Lsn/L, n)?q*V2HE+2) Thyg Part A is proved and Part B follows
immediately from Lemma 4.1. Hence it remains to verify Part C, but this follows
immediately from Theorem 2.3, the remark followmg its statement, and by res-
caling. The rescaling in this situation is slightly more complicated as we need
to know that

(4.45) lim |7,] < oo
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and
(4.46) lim |7, | < oo

where
n.(0)=X (n1)/2n*" L,n)'/?
fi,=Y(nt)/2n?2 L,n)'/2,

To prove (4.46) let n,=exp {r/(L. r)*} and define
Y,(6)=Y(nt)/nk.
Then by self-similarity and (2.6) applied to {¥,: r=1}, it follows that
(4.47) fim | 7, | < 0

as L, n,~ Lr. Since the increments of {Y(¢): t=0} are stationary and n,/n, _; ~1,
self-similarity, (4.47), and (2.6) combine to imply (4.46).
Applying the methods of Lemma 4.1 we can also show

i N Z@m ()|

» @2 Ly ? =%

and combining this with (4.46) easily yields (4.45). Hence Theorem 4.1 is proved.
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