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Summary. The class of (non-Gaussian) stable moving average processes is ex-
tended by introducing an appropriate joint randomization of the filter function and
of the stable noise, leading to stable mixed moving averages. Their distribution
determines a certain combination of the filter function and the mixing measure,
leading to a generalization of a theorem of Kanter (1973) for usual moving
averages. Stable mixed moving averages contain sums of independent stable
moving averages, are ergodic and are not harmonizable. Also a class of stable
mixed moving averages is constructed with the reflection positivity property.
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1 Introduction

Stationary symmetric a-stable (SaS) processes have been fully described in [4],
a key ingredient being a group of isometries on an L* space. In the Gaussian case
o = 2 this leads to the spectral representation of all stationary Gaussian processes
(which are continuous in probability). However the non-Gaussian stable case
0 < o < 2is subtler and no explicit representation is known for all stationary stable
processes (which are continuous in probability). The main two subclasses studied
have explicit representations motivated by the Gaussian case: the harmonizable
processes, which are superpositions of harmonics with (complex) SaS amplitudes,
and the moving average processes, which are filtered S«S stationarily and indepen-
dently scattered noise. In the Gaussian case o = 2, the latter is a subclass of the
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former. However, for 0 < o < 2 the two classes are disjoint [8]. An important
property of SaS moving average processes is that for 0 < o < 2, the distribution of
the process determines essentially the filter function of the moving average (except
for a translation and sign).

The purpose of this work is to expand the class of non-Gaussian SzS moving
average processes by the introduction of an appropriate joint randomization of the
filter function and of the SaS noise (Sect. 2). We term them SaS mixed moving
averages. In a far reaching generalization of the theorem of Kanter [5], it is shown
in Theorem 1 that the distribution of a SaS mixed moving average determines
a certain measure v on symmetric (under translation and sign change) sets of the
unit sphere of L*, which combines the filter function and the mixing measure.

In Sect. 3, we show that sums of independent S«S moving averages, and in
particular stationary SaS processes with finite multiplicity, are SaS mixed moving
averages. We also show that SaS mixed moving averages are mixing, but not
harmonizable. Finally, in Sect. 4, we characterize the reflection positivity of S«S
mixed moving averages and provide a rich class of examples. As there are very few
Markov SuS processes [1], the existence of reflection positive mixed moving
averages may be of more general interest.

2 Characterization

A stable mixed moving average field is defined by

2.1 X(t)= [ f(x,t —s)M(dx,ds), teR?,

¥ xR?

where M is independently scattered symmetric a-stable (SoS) random measure on
Z x R? with control measure Q® Leb and 0 < o < 2, (%, Q) is a o-finite complete
measure space, /2 2 x R? - R is measurable and such that

2.2) 0< [ If(s0)FQUEx)dt < oo

Z xRY

The usual SaS moving averages correspond to # consisting of one point, ie.
X ={1},Q = 6y and f(1,) = f(-) € L*(R?). The distribution of the process {X(t):
t € R?} is determined by its finite dimensional characteristic functions

(2.3) dxla) = Eexp{i > a(t)X(t)}

teR’

Y alt)f(x,t —s)

teR4

=eXp{~ /

X xR?

aQ(dX)ds} ,

where a is a real function on R? such that a(¢) = 0 for all but finitely many ¢, via its
parameters fand Q. It is clear from (2.3) that X is stationary. The first question we
address is when two stable mixed moving averages X; and X,, with parameters
(f1, Q1) and (13, Q,), have the same distribution. For usual stable moving averages
Kanter [5] has shown that X; and X, have the same distribution if and only if f;
andf, differ by a global sign and a shift: f,(-) = ¢f; (- — s)forsomesande = + 1.
For mixed stable moving averages the characterization is more complex and is
given in Theorem 1.
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It follows from (2.2) that for Q0 —a.a. x, f(x,-)e L*(R?). Without loss of
generality we may further assume this holds for all x € 4. Define f: Z — L*(R?) by
[£(x)](t) = f(x,t) and note that

(4 o= 1A<y(')> I¥12(Q-8 1) dy)
L*(RY) 11l
is a finite measure by (2.2), supported by the unit sphere S, of L*(R“), and by (2.3),
(2.5) ox(@) = exp{ — [ X a@)hi - ) v(dh)}.
LRI [ ¢ a

Let {U,: s € R} denote the group of shift operators on L*(R?), (U,g) (t) = g(t — s).
Define now an equivalence relation on L*(R%) by

g~h<e Jde=+1, seR:eUg=h.
Let n: L*(R%) — L*(R?)/. be the canonical mapping.

Theorem 1 There is a one-to-one correspondence between the distribution of the
process {X (¢): te R?} defined by (2.1) with 0 < & < 2, and the measure vor ™ on the
quotient space L*(R)/. .

The proof of Theorem 1 is preceded by two lemmas. A Borel subset 4 of L*(R?) is
symmetric if —A = A and shift-invariant if U, A = A for every t € R%. The proof of
Lemma 1 is routine and thus omitted.

Lemma Let v, and v, be two Borel measures on L*(R%). Then vion™ ' = vyon Lif
and only if v{(A) = v,(A) for any open symmetric shift-invariant set A.

Lemma 2 can be proven using the (time-reversed) Martingale Convergence
Theorem.

Lemma 2 Let g € L' (R?). Define
gu(8)=2""7% gt +s), seR,

tel,

if the series converges absolutely and g,(s)=0 otherwise, where
L,={(ky27" .. . k27" ky, ..., kgeZ}isalatticeinR, n=0,1,.... Then, as
n— oo,
g"(s)— [ g(w)du ae.[Leb].
Rd

Proof of Theorem 1 The process X, regarded as a random vector in R® equipped
with the cylindrical g-algebra, is infinitely divisible and its distribution is uniquely
determined by its Lévy measure given by

c dw
(2.6) ACY= [ le(iwf(x,» —9)})Qx)ds — =,
I xRYxR, [w]
where ¢, is a numerical constant, R, = R\ {0} .
Let
A={he L*RY):[|h—hl, <ri,i=1,...,m}

be a symmetric open set in L*(RY), where h; € L*(R?) are continuous functions with
compact support and r; >0 (we may assume m =2k, b, = — Biyp, ¥; = Firn,
i=1,...k). Note that such 4 generate the o-algebra of symmetric Borel subsets of
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L*R®). Consider a function ¢g: R} - [0, o0 ] given by
q*(e) = lim sup2” N le(t)*, eeRY,

tel,

where L, is as in Lemma 2. We now relate with the set 4 a cylindrical set C of the

form
C= {eeRR q(e)=1q<() h-)<r,~,i=1,...,m}.

By Lemma 2, g(h(- — s)) = ||k, ds — a.e. for each h € L*(R?). Moreover, for every
hel*RHandi=1,...,m,

g(h(+ —5) — hi(+)) = [|h(- — s} — h(-)], ds — ae.
Indeed, fix i and consider h; ,(u) := hi{u + t), ue R%, t € L,. By Lemma 2, for each
te L,, the set
— (seR% qlh(- — ) = hi (- — ) = [ = i)

is of full Lebesgue measure; hence V = (,»0,;c1, V; is of full Lebesgue measure.
Let seV be fixed. Since h; is continuous and with compact support, both
qh, (+ —s)—h;+) and [[h;, (- —5)— h(+)]. can be made arbitrarily small by
choosing sufficiently large n and some t € L, that is close to s. Using then triangle
inequality and the definition of ¥, we infer that gq(h(- —s)—hi(+)) =
Ih(s —s) = hi(+) |-

Therefore we have

_ ) o f,-—s) '
A(C) = %RLRO 1<{(w,s,x). gwf(x,» —s)) =1, q(!lf(x ST —h > <,

=l DQ(‘M lcalih:“

<r, i=1,.. .,m})llf(x,-)HZQ(dx)ds

f(a _)
= o <{ ‘llf( ST

_ 2% [ WUt Ayds .
o g

a

Thus the distribution of X determines the measure
@.7) Ny(4):= [v(U; ' A)ds
Rd

on the o-algebra of all symmetric Borel subsets of L*(R?).
Let us show that N, determines the measure ven !. To this end we will
construct a symmetric Borel function t*: L*(R%) — R? such that

(2.8) t*¥(Uh) = t*(h) + s, Yhe L*R?), se RL
For each heL*(R?Y), h+#0, consider a function y(t)= fi*"|h(s)|"ds,
1=(,...,1), t=(...,t;) R Clearly , is continuous and vanishes as

|t} — oo . Therefore the set
F,={teR% y,(t) = sulI‘) Yu(s)}
seR?
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is compact nonempty. The point t*(h) = (tf, . . .,t5) is chosen from F, as follows:
tf =min{t;: teF,}, ty=min{t,: teF,, ty=tF}, ... tf =min{ty teF,,
ty=1tf, .. . tg—q =t (). Weput t¥*(h) =0if h = 0. Clearly t*( — h) = t*(h). It is
also easy to show that ¢* is a Borel function (just consider {h:
tf) L ay, . .., t5(h) < a,4}). Since Fyy, = Fy + s, (2.8) follows from the definition
of t*. Put

B,={he L*RY): t*(Wels, s+ 1)}, seR%

Using (2.7) and (2.8) we obtain, for every symmetric shift-invariant set 4,

(2.9) N,(A N Bo)= [v(Us'(4 " Bo)ds= [v(A B)ds
= [ Y v(A N By ds=v(4),
[0,1)4tely

because, for each fixed s, the sets B, ., t € Ly, are disjoint and | J,;, B;+s = L*(RY).
Since t* is symmetric , By is symmetric, so that N, (4 n B,) is uniquely determined
by the distribution of X. In view of (2.9) and Lemma 1 the distribution of
X uniquely determines vor L.

Now we shall prove the converse part of the theorem, that ver™ ' uniquely
determines the distribution of X. Using (2.5) and noting that in the integrand,

h may be replaced by =k, we obtain

1

—loggx(@)= [ || X a®)h(t — -)|| v(dh)
LYRY) ||teR? a
= [ || X a@h— )| (vernN)(dh),
L*RY/ o |lteR? «
where in the last integral, || - |, is not a norm in L*(R)/. but is well-defined as

a continuous function on it. Hence von ™! determines ¢x(a). The proof of the
theorem is complete. [J

Discrete case

A discrete analog of (2.1) is obtained by replacing R? by Z¢ and Lebesgue measure
by the counting measure on Z¢. Therefore we have

(2.10) Xm=f ) fx,n—k)yM(dx,k), neZ’
X keZ®

where M(-,k), k € Z?, are independent SaS-stable random measures on (%, Q) with
control measure Q. In order that (2.10) be well defined we clearly must assume that

2.11) 0< ¥ [1f(R*QWx)< o .

keZ?

A measure v is defined in an analogous way as in the continuous case; it is now
supported by the unit sphere of /*(Z¢), and the relation ~ is defined on [*(Z%). An
analog to Theorem 1 holds in the discrete case and its proof is similar to but
simpler than the proof of Theorem 1.
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Theorem 2 There is a one-to-one correspondence between the distribution of the
process {X (n): ne Z°} defined by (2.10) with 0 < o < 2, and the measure vor ™' on
the quotient space I*(Z%)/. .

Proof. First we obtain, by the uniqueness of Lévy measures, that the distribution of
X determines the measure
N,(4)= 3, v(Ug ' 4)
keZ?

uniquely on the g-algebra of symmetric Borel subsets of [*(Z%) (this is straightfor-
ward since Borel and cylindrical g-algebras coincide in this case). Then we define
Wu(k) = |h(k)|, h € I(Z%), k € Z*. Having s, t *(h) is defined exactly in the same way
as in the proof of Theorem 1. Put B, = {he [*(Z?): t*(h) = k}, k € Z*. We have, for
every symmetric shift-invariant set 4,

N(ANnBy)= > Ui (A" By)= > v(4dnB)=v(4).
keZz! keZ!

By Lemma 1, which holds in the discrete case as well, the distribution of X deter-
mines vor~!. The converse follows by the same arguments as in the proof of
Theorem 1. [

We should notice that all results in this paper, given for continuous time, clearly
have discrete counterparts with proofs essentially the same or simpler than in the
continuous time case. The following result, in the case d = 1, is due to Kanter [5].

Corollary 1 Let {X;(t): teR?}, i=1,2, be usual SaS moving averages, with
O<a<?2,
Xi(t) = ffl(t — 5)M;(ds), teR?,
Rd

where M; are independently scattered SaS random measures on R* with Lebesgue
control measure and f; e L*(R?). Then X ; and X , have equal distributions if and only

iffl Nfz-

Proof. The measure v;, corresponding to X;, is a one-point measure given by
vi = /i 1387441015~ Therefore vien ™' =v,on ™' if and only if f; ~ f5. O
3 Examples, ergodicity and harmonizability

In the Gaussian case o = 2, the mixed moving averages coincide with the usual
moving averages. Indeed one has

%EX(t)X(t’) = f{fdf(x,t — ) flet —s)ds}Q(dx)

x

1 o
_ f{w fel(t—t ”l)lF(X,lﬂzd/{}Q(dx)
z R

= (—2# [ei(t—t’,l)(ﬁ(;u)d/l = [g(t — s)g(t’ — S)dS ,

where F(x,2) is the L>-Fourier transform of f(x,*),¢(d) = f|F (x, H)?
Q(dx)e L' (Leb) since fpr¢(A)dA =Q2n)"* [ rel f(x,1)|?dtQ(dx) < 00, and g€ L?
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(Leb) is the L*-Fourier transform of ¢*/? € L*(Leb). Therefore
{X(t): teRY} £ {22 [g(t — 5)B(ds): t e R}
Rd

where B is Gaussian white noise.
We shall see now that in the non-Gaussian stable case 0 < o < 2 the mixed
moving averages form a larger class than the usual moving averages.

Sums of independent usual moving averages

Let
3.1 X(@)= 3 [filt —s)M(ds), teR?,
k=1R?
where M, ..., M, are mutually independent, independently scattered, S«S ran-

dom measures on R? with Lebesgue control measure and 0 < « < 2. We observe
that if, for some k =+ j, fi ~ ¢ ; f; where ¢, ; € R, then the process

[ St — ) Mi(ds) + [ fi(t — s)M;(ds), teR?,

has the same distribution as
(I + lex ;19" [ f;(t — s)M;(ds), teR?.
Rd

Therefore one can always choose a minimal set of functions { fi, . . .,f,} in (3.1) to
represent in distribution the process X, minimal in the sense that for no k =+ j, and
no c € RY, f, ~ ¢f;. The sum of independent moving averages (3.1) is a special case of
(2.1), with Q being the counting measure on & = {1, ...,n} and f(x,t) = £(t),
x € Z. In such a case, when the set {3, . ..,f,} is minimal, the measure vor ! is
given by von ™t = ¥4 | fi I3 6z and has exactly n-point support. Hence,
applying Theorem 1, we obtain

Corollary 2 Let {X®(t): t € R?} be given by (3.1), with f; replaced by £;), M, by M®,
and n by ', i = 1,2. Assume that the representing sets of functions { f{V, .. ., f %}
and { f{¥, ..., } are minimal. Then X*) and X® have equal distributions if and
only if "'V =n® =n and there exists a permutation p of {1,...,n} such that
fO~f@k=1,...,n

Corollary 2 shows that when 0 < « < 2 there are (regular) stationary SaS processes
with any given multiplicity n > 1, whereas all regular stationary Gaussian pro-
cesses have multiplicity n = 1. Also note that finite sums of independent usual SaS
moving averages are dense in the class of mixed moving averages, as every o-finite
measure Q on a Borel space can be approximated by discrete measures supported
by finite sets of points.

Mixed memory moving averages

We will now consider mixed moving averages (2.1) defined by a Radon measure
Qon % =R% and

Fx,t) = 1o, 5(t) = {

1, if0§ti§xi, i=1,...,d,
0, otherwise,
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X=(Xy,...,x)€Z, t =(ty,...,t5)€R% Since [|f(x,+)[%= X ...x, assump-
tion (2.2) translates in this case to

0< fxl...de(dx)< o0 .
R¢

Using Theorem 1 we can show a one-to-one correspondence between the distribu-
tion of the corresponding a-stable process X and the measure Q. In fact, because of
the special form of X, we can establish an even stronger result, in a simpler way, by
evaluating the bivariate characteristic functions of X.

Proposition 1 There is a one-to-one correspondence between the bivariate distribu-
tions of a mixed moving average defined above and the measure Q on R%. .

Proof. Write t <sift,seR%and t; < sy, ...,t; < 54, and denote [1,5] = {ueR%:
t<u=<s}, |[t,s]| = Leb[t,s]. Set also [t, oo] = {ueR*% t < u}, [, 0) = RL\
[, o). Then for t e R4 noting that [ —£,x — t] n [0,x] = [0,x — t], x e R%, we
have

—logEexp{i(@X(0)+ bX(t)} = [ lalyp () + bl 4(t + w)*Q(dx)du

RY xR?

= [ Q(@x){la+ b[*|[0,x — ]| +]al*|[0,x]\[0,x — £]|

[t, o)

+1BJ*IL - t,x — e1\[0,x — €]}
+ [ 0dx){lal*|[0,x]] + |bI*I[ — t.x — £]]}

[t, o)
= (lal* + [b]*)mg(0) + (la + b|* — |a]* — [b[*)my(1),

where my(t) = fi o) |[0,x — £]]Q(dx), t € R%. It follows that the univariate distri-
bution of X determines my(0) = f R¢ X1 - . . X4 Q(dx) and then the bivariate distribu-
tions determine my(t) for t € R%. Integrating by parts, one has mg(t) = fi,
O([x, 00))dx, t € R%, hence my(t) determines the measure Q. Conversely, clearly
the measure Q determines all multivariate distributions of X. [

Ergodicity

We notice that stable mixed moving average processes in R! are mixing. A real
stationary process {X(¢): t € R} is mixing if and only if

lim E(¢nr) = E(Q)E(n)

T— o0

for all &: (X (t): t < 0)-measurable and #: (X(¢): ¢ = 0)-measurable with E£? < oo,
En? < oo, where gy is # shifted by T The following result can be proven essentially
like Theorem 2 in [2].

Theorem 3 Every SuS mixed moving average process with 0 < o« < 2 is mixing.

The stable generalized moving average fields are actually doubly stationary in the
sense (introduced in [2. Sect. 6]) that their representing kernel f(:,t— -) is
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stationary with respect to the control measure. Indeed for all B e Z(R"), ¢4, . . ., t,,
teRinz1,

(Q®Leb){(x,s): (f(x, tl + 17— S)’ LR :f(xatn+ T S))EB}
= [ Leb{s: (f(x,t; +1—5),....f(x.t, + T —s)) € B} Q(dx)
x

= [ Leb{u: (f(x,t; —u), ...,f(x,t, — u)) € B} Q(dx)
= (Q®Leb) {(x,s): (f(x,t( —5), ..., f(x,t, — s))€B}.

Non-harmonizability

Generally speaking, a SaS process is called harmonizable if it is the Fourier
transform of a SaS random measure

(3.2) [P z(dp), teRY,
Rd

where the integral is appropriately defined. The random measure Z is necessarily
complex valued. (A complex random variable is S«S if its real and imaginary parts
are jointly S«S.) For simplicity we will consider only the one dimensional case
d = 1 here.

Let L(X) be the closure in probability of the complex linear span of {X(t):
t e R} defined by (2.1). Then every Y e L(X) is of the form Y = fgdM where the
complex-valued function ¢ is m ILY¥ xR, Q®Leb) and the norm
1Ylle = l1glla:= lg|lz1geLe metrizes convergence in probability. We say that the
process X is harmonizable if there is an L(X)-valued strongly countably additive
measure Z of finite semivariation on (R, Z(R)) such that

(3.3) X(t)= fe“Z(dA), teR,

where the integral is defined in the usual way (see [3, pp. 318-328]). (For indepen-
dently scattered Z this is the usual integral.)

Theorem 4 A (nondegenerate) So.S mixed moving average process with 1 < o < 2is
not harmonizable.

Proof. The map J: (L(X),||l.)— LYZ xR, Q®Leb) defined by J(X(t)) =

Sf(*,t — +)can be extended to a linear isometry on L(X), denoted also by J. Assume
X is harmonizable. Then Z(B) € L(X) for each B € #(R) and since J is an isometry,
u(B):=J(Z(B)) is a strongly countably additive L*(Z xR, Q ®Leb)-valued
measure of finite semivariation on #Z(R). From (2.1) and (3.3) we obtain

(34 flt— )= fe"*pu(dA)(+,).
The following Lemma 3 implies that for every g € L* (%, Q), /o + /o' =1,
folt =)= [flet— )gx)Qdx) = fe™ puy(dA)(-),

where f, e L*(R,Leb) and p,:#(R)— L*R, Leb) defined in (b) of Lemma 3 is
a strongly countably additive measure of finite semivariation.Then the arguments
in the proof of Proposition 1.9 in [8] imply that f; = 0in L*(R, Leb). Hence for each
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g€ L¥(%, Q) and he L* (R, Leb) we have
0= ffg(t)h Hde= [ f(x,t)g(x)h(t)Q(dx)dt .

I xR

Since functions of the form g(x)h(t) are linearly dense in L* (% x R,Q ® Leb), it
follows that f= 0 in L*(Z xR, Q ® Leb) which contradicts (2.2). O

Lemma 3 Let 1 <a<2, 1o+ /o' =1,ge L*(%,Q) and f, u be as in (3.4). Then

@) fy(+) = fo f(x,-)g(x)Q(dx) € L*(R, Leb),

(b) py(BY(+) = fgf u(By{x,)g(x)0{dx} is a strongly countably additive
L*(R, Leb)-valued measure of finite semivariation on #(R), and

© ft = )= Jee™p,(dA) (), teR.
Proof. (a) This follows from (2.2) and

afo’
S0P s [ 1fxn) Q(dX)dl{/ig(X)l Q( dX)} < .

Z xR

(b) As in (a) we obtain u,(B)(-)e L*(R,Leb) for all Be #(R). Also for each
he L¥ (R, Leb) we have

[r(BYORE A= [ 1B, 0900 Q) ds
Z xR

and since g(*)h(-) e L* (¥ xR, Q ® Leb) and u(B)(%,-) is strongly countably addi-
tive L*(Z x R, Q ® Leb)-valued measure on Z(R), it follows that u,(B)(-) is weakly
countably additive L*(R, Leb)-valued measure on #(R), and by Pettis’ theorem
[3, p. 318] is also strongly countably additive. By (a) we have

N N
| Z an:ug(Bn)“L“(R,Leb) < Z an#(Bn)“L«(arx&Q@Leb) Hg“L"'(R,Leb)a

n=1

n=1

and since p is of finite semivariation so is y,.
(c) For each he L*¥(R, Leb) we have

ffg(t — S)h(s)ds = fff(x t — 8)g(x)h(s)Q(dx)ds
= ff{femﬂ(d;»)(% S)}g(x)h(S)Q(dX)dS by (3.4)
Rz (R

=/ {/ ™ uy(d) (s)}h(s)ds by (b)

and since f,(t — -) and fre™*u,(d2)(+) are both in L*(R,Leb), the conclusion
follows. [

4 Reflection positivity

A real process X = {X(¢): t € R} is called reversible if the time-reversed process
{X(—1): te R} has the same distribution as X. A strictly stationary reversible
process X = {X(t): te R} is said to be reflection positive if for any n = 1 and
0<t; < ...<t,and any bounded measurable function F: R" — C the following
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mequality is true:
4.1) E{F(X(t1), .. .. X)) FX(—t;), ..., X(—1,))} 20.

The notion of reflection positivity is a generalization of the Markov property for
reversible processes, and has its origin in quantum field theory, see e.g. [7]. Klein
[6] characterized (vector-valued) Gaussian reflection positive processes; in particu-
lar, he showed that the covariance function of any real reflection positive process is
given by the Laplace transform of a positive finite measure on [0, o).

In this section we characterize reflection positivity for general (non-Gaussian)
infinitely divisible processes and in particular also for S&S mixed moving averages.
We also introduce a SaS Ornstein—Uhlenbeck type process which is reflection
positive.

Let X ={X(¢): teR} be a real process such that for any collection
T=(g, - sly)s b1 < ov.<t,, n=1,the distribution of X°:= (X(ty),...,X(t,))
is infinitely divisible having the Lévy-Khinchine representation

(4.2) Eexp{i(a, X7)} = exp{ [ @ —1— i(a,q&(u)))A’(du)},

where a e R", ¢y(u) = Lifu, > 1, = e if Jug| < 1, = — Lifuy< — Lk=1,...,n,
and 4° is the (Lévy) measure on R} = R™ {0} such that

S wu)(1 + (uu)~ A(du) < oo .

Theorem 5 Let X = {X(t): t € R} be a real stationary reversible infinitely divisible
process having the Lévy—Khinchine representation (4.2). Then X is reflection positive
ifand only if forany vt = (ty, .. .,t,),0<ty < ... <t,n=1,and any Fe L*(RY,
A7) the following inequality is true

(4.3) S F@)Fu )49 (du) 2 0,

RZ"
where TU(—T)=(—ty, .oy —l1,015 v osln)y U=(U_py.. ., U_1, Uy, ..., U)E
RE", uy =y ..., Uy tic =(u_y,...,u_,), and the functions uw> F(u,),
ur>F(u_): R3"— C in (4.3) satisfy the condition
44) F@©,...,00=0.
Remark 1 The system of Lévy measures {4%: 7 = (t, .. .,t,), 11 <...<fpn=1)}

satisfying (4.3) will be called conditionally reflection positive, the word ‘condition-
alty’ referring to the condition (4.4). It should be noted that, although the function
F in Theorem 5 is originally defined on the set R = R™\{0} only, the expressions
F(u.), F(u_)in (4.3) denote its extensions on R3" defined with the help of (4.4), as
{ueR§" u, =0} and {ueR3": u_ = 0} are non-empty. Note also that

SIF@)PA™ 0 (du) = [1Fu)*A" (du) < oo

Ry

because of (4.4) and the consistency relation between the Lévy measures A° and
472 9; hence the left hand side of (4.3) is well-defined.

Proof of Theorem 5 Let us show the sufficiency of the conditions of the theorem for
X to be reflection positive. Note that it suffices to prove (4.1) for F: R" — C of the
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form F(xy,...,x,) =YY", cqexp{i(A®,x)}, ¢,.eC, AW eR", x=(xy,...,%,) €
R, k=1,...,m,m=1,2,..., in which case it becomes
(4.5) 2 alrexp{di} 20,
Kk =1
where
(4.6) dye = [Lexp{i(A®,uy) —iQA*u )} — 1 = iAW, ¢ (u+))
RZ

+1(2%, ¢(u-))147 7 (du)

according to (4.2). As X is reversible, the matrix (dy, )i v =77 Is Hermitian, and it is
well-known (see e.g. [10]) that in such a case (4.5) is equivalent to the positive

definitiveness of the matrix dyy := dige — dyy — dyp + di1, kK, k' =1,...,m, or the
inequality
(4.7 z Cily ‘;kk’ =0
k,k=1
for any ¢y, . . .,c, € C. Without loss of generality, we may take AY) = 0, and from

(4.6) we find that
(Zkk’ _ /‘ (ei(},(k'lyu.; ) 1) (e—i(l("",u_) _ 1)Atu (-1 (du) )

RZ
which together with (4.3) implies (4.7), or the sufficiency part of the theorem.
The necessity follows from the argument above and the fact that functions F:
8- C of the form F(u)=Y"_, c (e’ — 1), e C, AW eR" k=1,...,m,
m=1,2,...are dense in L>(R}, 4%). This is of course equivalent to the statement
that functions F,: R3"— C of the form F,(u)=Y"_, ¢, (e!*" "+ — 1), ¢, € C,
I®WeR" k=1,...,mm=1,2,...are dense in the subspace of LZ(R3", A"°("7)
consisting of functions ur>F(u,) with Fig € L*(R3,4%) and F(0) = 0; see
Remark 2. O

Corollary 3 Let
4.8) X(t)= [ f(x,t —s)M(dx,ds), teR,

Z xR
be a SuS reversible mixed moving average with 0 < a < 2 and control measure Q.
Then {X(t): t e R} is reflection positive if and only if the inequality

[ Fwf(x,t1 —s),...,wf(x,t,— s))
X xRxRy
4.9) XFwf(x, —t; —5), ...,wfx, — t, — 5)Q(dx)ds|w|" ' "*dw = 0

hold for anyn= 1,0 <ty < ...<t, and any measurable function F: R" — C such
that F(0,...,0)=0 and
[ VFWfGety —s) ..., wfx, b, — s)HPQ(dx)ds|w| ™ "*dw < o0 .

ZxRxRg

Proof. Tt follows from Theorem 5 and the expression (2.6) for the Lévy measure of
X in (48). [
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It seems that there is no easy way to verify the inequality (4.9) for concrete fand
Q. In particular, we do not know whether there exist any reflection positive
processes among the usual So.S moving averages, with Q concentrated at one point.
However, as we shall see below, there is a class of such processes with non-trivial Q,
corresponding to reversible Markov processes killed at a constant rate ¢ > 0.
Let Z =QxR, and

(4.10) Q(dx) = P(dw)®@e™%dl, x=(w,0),

where (2, P) is a probability space with a stationary reversible Markov process
{&(t,w): t e R} defined on it, and taking values in a measurable space (%, u). We
assume that y is the invariant measure for {£(¢): t € R}, ie. u(A) = P{&(t) e A} for
any measurable 4 « # and any teR. Let g e L*(pu). Consider the SaS mixed
moving average

4.11) X, (1) = f glé(t — 5,0)) 119, qft — )M (dw,dl,ds), teR,

QxR xR
with control measure Q given by (4.10).

Example. In the simplest case Q = % = {1}, {(t,w) = 1,9 = 1, the process (4.11)
can be written as

4.12) X(t)= [ lont — )Ml ds), teR,

R, xR

with control measure Q(d{) = ue ~%d{, (e R, u,c >0, ie. (4.12) is a particular
case of the mixed memory moving average processes discussed in Sect. 3. As it
follows from (4.14) below, the multivariate characteristic function of {X (t):t € R} is
given by

(4.13) Eexp{i Z a;X (t,-)}

j=1

= exp{ —uc~? e~ fMeTtl(] —gTeAti-1) (] —gT) g, 4 4 ak]"‘},

15isksn

— 0 =:€0<{1< . “<tn<[n+1:: +OO, Ati:z ti+l_tia Z: 1,. ..,72. In the
Gaussian case o = 2, (4.13) becomes

Eexp{i > an(tj)} = exp{ —pc Y e_“"_’f'aiaj},

j=1 iLj=1

ie. (4.12) is a representation of the Ornstein—Uhlenbeck process with the
covariance 2uc” %exp{ — c|t — s|}, t, s € R. Although for « < 2 the process (4.12) is
not Markov (unlike two other SxS analogs of the Ornstein—Uhlenbeck process,
namely the usual o-stable moving averages X, ()= [*_e ““"9M(ds) and
X _(t) = [ e°“~9 M(ds), which are Markov [1]), it has other important properties
not shared by the processes X, and X_, namely the reversibility and reflection
positivity.

Theorem 6 For any g € L*(u) and 0 < o < 2, the process {X,(t): t e R} in (4.11) is
well-defined and is reflection positive.
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Proof. By the invariance of py,

[ 19EE )"0, (t)e” “P(dw)dld

xR, xR
= flgl®du [ [ lio.(@t)e “dldt=c * [ |gPdu < oo ,
Y 0 -« 4

ie. X ,(t) is well-defined. Next, if t; <...<t,and ay,...,q,€R, then

—logEexp{i > ang(tj)} [ S E a;g(&(t; — sN oy (t; — s)| e *dlds
j=1 0 —-w =1
n n t e+1—8 a
=22 [ds [ e f‘diE a9 (E(t =)
i=lk=iti_y  f—s
n n ti fe+1—8
=YY [ds f e"”gdCE
i=1k=it;i—1 - ji=i
(4.14) = Y c (e — et e —e K| Y. a;9(E(t)
i=1k=i =
by stationarity of {£(¢): t e R}, where to:= — 00, t,1;:= + o0.From (4.14) and

the reversibility of {,: r € R} it follows immediately that {X (z): t € R} is reversible
too.

In order to show that {X,(r): r € R} is reflection positive, by Corollary 3, it
suffices to verify the inequality

(415 I= f F(g(&(t; — )l gty —s), . . ., g(&(ty — $)) 1o, q(ts — 5))

X F(g(é(—t1 =)o, (— ti—8) - . ., g(&( = t, — N g( — 1, — 5))

x P{dw)e “dlds = 0
forany 0 <t; < ... < t, and any bounded measurable function F: R"— C such
that F(0, . . .,0) = 0. Using the latter condition, as in (4.14), we obtain,
n =t fk+1—S
=Y [ds f e “dl
e

Lk=1 —t;i-1

XE{F(g(i(tl - S))a s 7g(é(tk - S)),O, e 90)
XF_(g(é(_ Iy — S))a N 7g(é(_ L — S)),O, - 70)}

— i c‘z(e*Cti _ e*Cl‘i+1)(e*ctk _e‘Ctk+1)
< E{F(g(C(ty), . . .90, .. ., OF(C&(—t1)), .. ..g(& ~1:))0,...,0)}
=E{0¢(t1), . . . EENPE(—t1), .- ., E(— 1))}

= [IE[®C(t:), - . -, Et))IE0) = y1IPu(dy) 2 0
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by the conditional independence of past and future of ¢ given £(0) and the
reversibility of the Markov process {£(r): teR}, where @(yy,...,¥,)
= 6*12?=1(e*61i - eACti—l)F(g(yl)a LRI ,g(J’i),Oa .« .. 70)» tn+1 = + 0. D

Remark 2 Theorem 6 can be extended to reversible Markov processes {(t): 1 € R}
with infinite invariant measure p; in particular, {£(¢): t € R} may be the Brownian
motion on (R, Leb). ‘

Remark 3 In a similar way one can show that the process {X,(¢): € R, ge L* ()}
is reflection positive as a vector valued process [7], namely, for any
O<ty<... <ty g1,---,9,€ L*u) and any bounded measurable function F:
R" - C the following inequality is true:

E{F(X,(t), -« - X, N F(X(—11) -, X, (— 1))} 2 0.

Note that for a fixed t € R and any g, . . ., g, € L*(1) with supp g; » supp ¢g; = 0
(i # j), the random variables X, (t), . . ., X, (¢) are independent; in particular, the
set-indexed family {X 4(t) = X, (t): u(4) < oo} is a SaS random measure on
% with control measure ¢~ ? u. Therefore (4.11) can be regarded as a stationary SuS
evolution of SoS random measure. The Markov dynamics {£(¢): t € R} implicit in
the stochastic integral (4.11) can be used in a more direct way to represent it as
a functional of a Poisson Ornstein—Uhlenbeck process of non-interacting particle
systems discussed in [11].

Remark 4 Theorem 6 is true in the Gaussian case o = 2 too, the distribution of
(4.11) being completely determined by the covariance

EX, (0 Xp(t) = [ dsE[gs(E6Dga(€(t + )] [ e e

t+s

=c e [g:()Tg2(y)udy),
Y

t >0, g1,9> € L*(u), where T,g(y) = E[g({(1))|(0) = y] and (T});»0 is a semi-
group of bounded self-adjoint operators in L?(u). The corresponding Gaussian
Ornstein—Uhlenbeck process was studied by Meyer [9].
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