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Summary. Recent literature on functional estimation has shown the importance of
kernels with vanishing moments although no general framework was given to build
kernels of increasing order apart from some specific methods based on moment
relationships. The purpose of the present paper is to develop such a framework and
to show how to build higher order kernels with nice properties and to solve
optimization problems about kernels. The proofs given here, unlike standard
variational arguments, explain why some hicrarchies of kernels do have optimality
properties. Applications are given to functional estimation in a general context. In
the last section special attention is paid to density estimates based on kernels of
order (m,r), ie., kernels of order r for estimation of derivatives of order m.
Convergence theorems are easily derived from interpretation by means of projec-
tions in L? spaces.
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1_ Introduction

Before entering into a very general context we will introduce hierarchies of higher
order kernels through the simple and understandable example of density estima-
tion. Let (X;);n be a sequence of real-valued independent random variables with
common unknown density f Consider the standard Parzen-Rosenblatt kernel
estimate:

1
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where (h,),en 15 2 sequence of positive real numbers tending to zero and K is
a measurable function integrating to one. The bias of f,(x) is

Efu(x) — f(x) = [ [fc — hu) — f(x) 1K) du .
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If the p'* order derivative of f ( p = 2) exists and is bounded in a neighbourhood of
x a Taylor series expansion gives

p—1 k
B 0o = 3

k=1

f"" (x) fu*K(w) du + O(h?) . (1.1)

Formula (1.1) shows the importance of kernels with vanishing moments. K is
said to be of order p if fuK(udu = [ Kuydu = ... = fu?"'K(u)du = 0 and
f u?K (u)du is finite and non null. For a kernel of order p the bias is O(h"). The first
consequence of the theory introduced in Sect. 2 is that kernels can be grouped into
hierarchies with the following property: each hierarchy is identified by a density K,
belonging to it and contains kernels of order 2, 3, 4,... which are products of
polynomials with K,. Examples of hierarchies and algorithms for computing each
element of a hierarchy from the “basic kernel” K, are presented in Sect. 3. Section
4 gives a technical result about sequences of hierarchies. Subsection 5.1 is devoted
to properties of roots of higher order kernels. Let us now suppose that we want to
use a kernel of order p to reduce the asymptotic bias but that we also want to
minimize the asymptotic variance which is equivalent to f(h) [K*(u)du (Singh
n

1979). We have to choose K of order p so as to minimize the criterion sz(u) du
(with some additional conditions that remove degenerate cases). Our description of
finite order kernels provides a powerful portmanteau theory for such optimization
problems:

e it suffices to solve the problem for the basic kernel K, in order to obtain
a hierarchy in which every kernel will optimize the criterion at its own order. We
recall that K is a density, thus a positive function, which makes the problem easy
to solve.

e our proofs explain why a kernel has optimal properties: we write the value of
the criterion for this kernel as the difference between the value for a general kernel
of the same order and an explicit positive functional.

The multiple kernel method which can be applied in any context of kernel
estimation (e.g. probability density, spectral density, regression, hazard rate, inten-
sity functions,...) is described in Sect. 6. It provides an estimate minimizing
a criterion over the smoothing parameter & and the order of the kernel. This is
applied to density estimates in Sects. 6 and 7.

Let us now turn to a more general and technical setting. When smoothing data
by a kernel-type method two parameters have to be specified: a kernel K and
a window-width h. As far as only positive kernels are concerned, it is known that
their shape is not of crucial importance whenever h is chosen accurately. Unfortu-
nately curve estimates built from positive kernels are usually highly biased and the
improvement of kernel-type estimates requires kernels of order » (Schucany and
Sommers 1977; Schucany 1989). When fitting data with such kernels the problems
facing us will be:

e How to choose simultaneously the order of the kernel and the window-
width?
e How to choose the shape of higher order kernels?

To deal with these practical questions we first address the following theoretical
one:
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e Is it possible to build hierarchies of kernels of increasing order associated
with an “initial shape” from which they inherit their properties?

The answer is affirmative: the initial shape will be determined by a density K, and
each kernel of the hierarchy will be of the form K,(x) = J,(x, 0) Ky(x) where ', is
the reproducing kernel of the space of polynomials of degree at most r imbedded in
L*(K,). It is equally easy to deal with kernels K™ of order (m, r), i.e., kernels of
order r for estimating derivatives of order m (as defined in Sect. 2); they can also be
written as products of K, with polynomials and therefore inherit the properties of
Ky: any choice of shape, support, regularity conditions (such as continuity, differ-
entiability, etc.) or tail heaviness is possible. This possibility of choice is one of the
main points of the present theory, in accordance with papers that try to dismiss the
commonly held idea that practically, the kernel characteristics are at best second-
ary. In particular some asymmetric kernels are known to overcome boundary
effects (Gasser and Miiller 1979a, Miiller 1991). Our framework provides easy ways
of solving optimization problems about kernels. We give two examples: minimum
variance kernels and minimum MISE kernels for which calculus of variations is not
understood at a comfortable intuitive level. We show how the old results can be
thought of as simple projection plus remainder in L? space and extend them to any
order. Indeed if K is optimal in a certain sense, each kernel of the hierarchy has an
optimality property at its own order. Two hierarchies have already appeared in the
literature: the Legendre and Gram-Charlier hierarchies were studied by Deheuvels
in 1977. The latter has recently been reexamined by Wand and Schucany (1990),
under the name of gaussian-based kernels; a paper by Granovsky and Miiller
shows that they can be interpreted as limiting cases of some optimal kernels. We
extend this last property.

A natural extension of the concept of positivity to higher order kernels is the
notion of minimal number of sign changes. This has been introduced by Gasser and
Miiller (1979a) to remove degenerate solutions in some optimization problems.
Keeping the initial density K, unspecified we give in Sect. 5 very general properties
about the number and the multiplicity of roots of our kernels. It turns out that
kernels of order (0, #) and (1, r} defined from a non-vanishing density K, have only
real roots of multiplicity one.

Up to now the methods for building kernels used some specific arguments
based on moment relationships and gave no natural link between the initial kernel
and the higher order ones. This is the case for the following properties:

o if K(x) is of order 2, (3 K(x) + xK'(x))/2 is of order 4 (Schucany and
Sommers 1977; Silverman 1986). This has been generalized by Jones (1990).

o Twicing and other methods (Stuetzle and Mittal 1979; Devroye 1989):
if K(x) is of order s, 2K(x) — (K« K)(x) is of order 2s and 3K(x) — 3(K * K)(x)
+ (K#* K #K)(x) is of order 3s. On the contrary, our framework makes clear the
relationships between kernels of different orders in the same hierarchy.

The relevant computational questions are easy to solve: two kernels of the same
hierarchy differ by a product of K and a linear combination of polynomials which
are orthonormal in L*(K,) and are therefore very easy to compute. When the
Fourier Transform is used, choosing K, in a clever way may considerably reduce
computational costs.

The selection of the order of a Parzen-Rosenblatt kernel was first considered by
Hall and Marron (1988) in the case of density estimation. By performing a mean
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integrated squared error analysis of the problem, they investigated theoretical
properties of kernels with Fourier transform exp(—|t[?) and proposed cross-
validation as a method for choosing the kernel order and the smoothing parameter.
We define here a multi-stage procedure for constructing curve estimates based on
increasing order kernels and leading to a data-driven choice of both the order and
the window-width which applies to a wide variety of smoothing problems. In the
last part we will focus on density estimates based on hierarchies of kernels for
which strong consistency results are available (Berlinet 1990). The interpretation of
these estimates by means of projections provides exponential upper bounds for the
probability of deviation.

2 Definition of K,-based hierarchies

A common construction of finite order kernels is obtained through piecewise
polynomials (Singh 1979; Miiller 1984 and Gasser et al. 1985) or Fourier transform
(Devroye 1987; Hall and Marron 1988). We shall be mainly concerned here with
products of polynomials and densities; it turns out that almost all reasonable
kernels are of this type.

Throughout the paper V,(r = 0) will denote the space of polynomials of degree
at most r. Unless otherwise stated integrals will be taken with respect to the
Lebesgue measure on R.

A measurable function K is said to be a kernel of order (m, p)e N2, m < p —2, if

0 for je{0,...,p—1} and j+m
[x/K(x)dx = {m! for j=m
C,+0 for j=p.

Kernels of order (m, p) are used to estimate m™ derivatives of functions with
a reduced bias (typically of order h?, h being the window-width; see Sect. 7 below in
the case of density estimation).

A kernel of order (0, p) is simply called a kernel of order p: it integrates to one,
has a finite non null moment of order p and its moments of order 1 to (p —1)
vanish. A new and useful characterization of kernel order is given in the following
lemma by means of evaluation maps for derivatives in function space.

Lemma 1 A function K is a kernel of order (m, p) if and only if
{VPE Vp—1 [P(x)K(x)dx = P™(0)
and [xPK(x)dx = C,%0.
Proof. Let PeV,_;. Let us suppose that K is of order (m, p) and expand P in

_1 P90y ., .
Taylor series. This gives [P(x)K(x)dx = Y ?~) _1'(—) [x K(x)dx = P™(0) .
m(y.j
The converse is true since Vj<m dd)(;n) =0
d™(x™) — !
dx™ )
dm(x’) _ j!

Vi>m I=m O

™ (G-ml”
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In other words if K is a kernel of order (m, p) the linear form on V,_;:
P - [P(x)K(x)dx

is nothing else than the evaluation of P™ at the point zero. This suggests
introducing Reproducing Kernel Hilbert Subspaces (RKHS) of L? spaces (Berlinet
1990) and more particularly polynomial spaces, because on such spaces the evalu-
ation maps have nice representations in terms of orthonormal bases. We will see
that a convenient general structure for the construction of hierarchies of higher
order kernels can be established from RKHS theory, through using a succession of
reproducing kernels applied to a “basic kernel”.

Let K, be a density function (called the basic kernel) and let ¥ be a RKHS of
L*(K,):

V, endowed with the scalar product (o, ¥) = fo(x)y(x) Ko(x)dx is a Hilbert
space of real functions and there is a function # (x, y) (the reproducing kernel) such
that

VxelR, A'(x,.)eV
VoeV,VxeR, [A(x, u) p(u)Ko(u)du = ¢(x) (reproduction property).

The existence of & is equivalent to the continuity on V of all the evaluation forms
S f(x). If (¢;);e1 < n is an orthonormal basis in V' we have:

VxeR, #(x,.) = Z @;(x) ;(.) (convergence in V and pointwise) .

iel

If K, has finite moments up to order 2r, then V, is a RKHS of L%(K,) just like any
finite dimensional subspace of functions. Let (P;), <, <, be the sequence of the first
(r +1) orthonormal polynomials in L2K, (see Sect. 3 below), let meIN and let

AP y)= Y PO(5)P(x)
i=0

r

Note that o ™(x,y) = Y P™(y)P{(x) since P; is of exact degree i. o ™., y)
represents (in V,) the derivation of order m as stated in

_d"(IL,{g)

Lemma 2 Yoe LY(K,), fo(x) A ™ (x, y) Ko(x)dx o

projection from L*(K,) onto V,.

(v) where II, is the

Proof. Let Q(x) = 2’ a; P;(x) be any polynomial of degree at most r:

i=0
JOX) AP (x, y)Ko(x)dx = ¥, e P{(y) = Q™(y) .
i=0
Now, let o € L*(K,) and IT,(¢p) be the projection of ¢ onto V.. As "™ (-, y) lies
in ¥V,
d™(11.(¢))
dx™

Theorems 1 and 2 show that the product o ™(., 0)Ko(.) is precisely the form
under which any reasonable kernel of order (m,r +1) can be written. A real

Jo) A P(x, y)Ko(x)dx = [T1,(0)(x) # (x, y) Ko(x)dx = (». O
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function ¢ is said to have a change of sign at a point z if there is # > 0 such that g(x)
does not vanish and keeps a fixed sign on ]z —#, z[ (almost everywhere) g (x) does
not vanish and keeps the opposite sign on ]z, z +#[ (a.e.).

Theorem 1 Let K be an integrable function with a finite number N = 1 of sign
changes at distinct (ordered) points zy, z,,. .., zy at which it is differentiable. If
K keeps (a.e.) a fixed sign on the intervals 1 — o0, z.[, 121, 220, . . . , 1zn, +o0[ then
there is a constant A and a density K, such that

VxeR, K(x)= AKy(x) ﬁ (x—2z).
i=1

Proof. Letebe +1or —1 so that eK (x)l_[f; , (x —z;) be a non-negative function
(a.e.) and let H be the function defined as follows:

N
Hx)=eKx)[[ (x —z)™" ifx¢{z1,25...,2y}
i=1
H(Zj)"—"SK’(Zj) H (Zj—Zi)_l fOI‘j=1,...,N.
1%#13N
H is non-negative (a.e.) and has a finite moment of order N. Thus K, = H/ fH is
a density and ¥xeR, K(x) = eKo(x) ([T, (x —z))fH. O

Theorem 2 Let P be a polynomial of degree at most r, Ko be a density with finite
moments up to order (2r +1) and A, be the reproducing kernel of V, in L*(K ). Then
P(x)Ko(x) is a kernel of order (m,r +1) if and only if

VxeR, P(x) = # ™(x, 0)
[t P Ko(x)dx = Cppy £0.

Proof. Writing a polynomial R(x) of ¥, in the basis 1, x, x?,. . ., x" and applying
Lemmas 1 and 2 one gets:

[R(x)P(x) Ko(x)dx = R™(0) = [R(x) A ™(x, 0) Ko(x)dx .

Thus [P(.) — (., 0)] is orthogonal to ¥, and the necessary condition follows.
The converse is obvious. [J

Theorem 2 suggests the following definition:
Let K, be a density and (P;);.; - w be the sequence of orthonormal polynomials in
L%(K,). The hierarchy of kernels associated with K, is the family of kernels:

A (%, 0Ko() = ¥ PIPOPx)Ko(x), (mmel? rzm.
Note that ¥, is embedded in L2(K,) and # (., 0) is well defined if and only if K,
has finite moments up to order 2r. The set I may be reduced to {0}, as it is the case
when K is the Cauchy density. I is always equal to an interval of N with lower
bound equal to zero.
Each kernel 2™ (x, 0) Ko (x) with finite and non null moment of order (r + 1) is
a kernel of order (m, r +1).
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We actually obtain a hierarchy of sets of kernels, the initial set being the set of
densities <%K0 <E>>’ h > 0 and a rescaling of the initial kernel does not affect this
hierarchy, as stated in the next theorem.

Theorem 3 K(.) is a kernel of order (m, p) with p™ moment equal to C,, if and only if
for any h > 0, ﬁK E is a kernel of order (m, p) whose p™ moment is equal to
h?~"C,. Let (K™(.)) be the hierarchy of kernels associated with K(.). Then, the

. . N
<h> is the family of kernels <h"‘+1K£ )<ﬁ>>

Proof. The first assertion follows from the following equality:

hierarchy associated with %Ko
. j 1 x j—-m J .
vie{0,...,p}fx ;ﬁ?ﬁK 3 dx =hi™™ [xIK(x)dx ;

the second one from the fact that, for any polynomial P of degree at most r, we
have:

JP(x)

|
T %ﬁ"”(%, 0> K(,(%) dx = h—lm JP(hu) A ", 0)Ko(w)du = P™(0) . O

Each kernel to be used to smooth data is determined by K, h, p and m. To choose
the shape (for instance following optimality arguments) and the smoothing para-
meter one chooses a suitably rescaled version of K. To choose (m, p) one moves
along the hierarchy. The order of these operations has no importance. Bearing this
in mind, we will continue to speak simply of kernel hierarchies.

3 Computational aspects

Only straightforward methods of numerical analysis are needed to calculate these
kernels and the associated curve estimates. The orthonormal polynomials can be
computed by means of the following relationships:

_ 0.
10,1

Qo(®) = 1; Q1(x) = x — fxKo(x)dx; Qu(x) = (x — @) Qp1(x) = Bu Quz(x)n 2 2

with « =fo3_1(x)K0(x)dx zfo—l(x)Ko(x)dx
T [0 Ko(x)dx " [0 (x) Ko(x)dx

The associated kernel K™ of order (m, r +1) is given by:

Py(x) 1@l = (fORX) Ko(x)dx)'2, VneN;

and f

K™ = 3 Pix) P™(0)Ko(x) .

i=m

When K, is symmetric, we have

QO(x) = 19 Ql(x) =X Qn(x) = xQn—l(x) —ﬂnQn—Z(x)’ nz 2
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and VrneNN, Q,, is even and Q,,. is odd. Therefore, in that case, the condition
[x" 1 KM™(x)dx = C,.; # 0 can be satisfied only if (+ + m) is odd; this last condi-
tion entails that Pf(0) = 0 and " ™(x, 0) = o™ (x, 0).

The reproducing kernel can be computed either iteratively or by means of the
Christoffel-Darboux formulas, when the Q,’s are known explicitly:

Qr+1()2r(¥) — @r+1(») Q)
x=Yy

! 1
Vx * A Ji/r(xa y) = =ZOP1(X)P1(.V) = ”Q ”2<

4 1
Vx, Ax, x) = .ZO [Pi(x)]* = AE [Qr+1 () Q%) — Qrr1 () Qu(x)] -

3.1 Determinantal expressions

To give an explicit formula for K™, we introduce some notation: for k = 1 and any
sequence u = (u;) of real numbers, let us denote by M{ the Hankel matrix of order

k built from gy, fig+1,. - - Ug+26—2, and by Hf its determinant:

Hq Bg+1 o Hger-1
M= | Hatt , HY=det(MY).
Hg+r-1 - Hy+2k~2

Finally, let H ,,(x), xe R,me {1, . . ., k} be the determinant of the matrix obtained
from M{ by replacing the m'™ line by 1, x, x%, . .., x* 1. We will suppose that all
the principal minors of M 2,1 are different from zero.

Theorem 4 Let p = (1;) < < 25 be the sequence of (2s + 1) first moments of K.
Then ¥xe R, VkeN, Qu(x) = Hy 1 xv1(x)/H}

VkeN, | Qcll = (Hi+i/HD)'

VkeN, B = HI?HI?—Z/(HI?-l)Z

VkeN, Pi(x) = chc)+1,k+1(x)(HI?HI?+1)—1/2

VxeR, K™(x) = m HC, 1, s 1 () Ko(x)/ Hls1 -
Proof. The first four equalities are well known and easy to check (Brézinski 1980).
Now, writing K™ (x) in the basis 1, x, x%,. .., x" and applying the definition of

a kernel of order (m, p) yields a linear system in the coefficients of K{™(x) with
matrix M7 .

Straightforward algebra gives the result. [

Remark. The determinantal form of 2 ™ (x) can be used either in practical com-
putations with small values of r, or in theoretical considerations, for instance to
show that the kernels derived in Gasser et al. (1985) are those of Legendre and
Epanechnikov hierarchies (we give a direct proof in Sect. 5 below).
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3.2 Examples

Any choice of K, with finite moments up to order 2r (r 2 1), provides a sequence of
kernels K™(x) = # ™(x,0) Ko(x). This choice, possibly made from the obser-
vations, has to be further investigated, especially when information is available on
the support of 1. As we shall see in part 5, optimal densities (in a sense to be defined)
give rise to optimal hierarchies.

(a) Ko(x) = 3711, 13(x) leads to piecewise polynomial kernels: Legendre kernels.
(b) Ko(x) = 2(1 — x?), is the basic kernel of the Epanechnikov hierarchy.

(a) and (b) are particular cases of the Jacobi hierarchies obtained with
Ko(x) = A(1—x)2 (1 +x)k.
2k

(©) Ko(x) = (R TY2r(1 + 1/2k)~ ! exp( - XT) gives rise to Gram-Charlier

kernels when k = 1. The derivatives of the orthonormal polynomials are in
this case linear combinations of a bounded number of polynomials of the same
system.

2 1\\!
d) Ko(x)= <EF (oc —;; )) |x|*exp (—|x|?) gives rise to Laguerre kernels when
a=0and f=1.

© Ko(x)=Aexp(—g(x—ﬁ)‘*—%(x—ﬁ)2>(a30;v>Oif<x=0)-

This family of distributions is characterized by the same property as in (¢) with
a number of polynomials less than or equal to two.

Some of these kernels have been discussed in detail in the literature (Deheuvels
1977a). Numerous results concerning orthogonal polynomials with weights, such
as those given above and many others, can be found in Freud (1973); Nevai
(1973a,b, 1979); Brézinski (1980).

4 Sequences of hierarchies

Now study how different hierarchies of kernels and different families of densities
approximate each other. Let K, and K,,, £eN, be densities associated with
families of orthonormal polynomials (P;);; and (P;,);c;- From Theorem 4 it is
clear that the convergence, as ¢ tends to infinity, of the moments of K, , to the
corresponding moments of K, entails the convergence of the coefficients of P;, to
the coefficients of P; and therefore each element of the K,-hierarchy can appear as
a limiting case of the K, ,-hierarchies. From the Lebesgue dominated convergence
theorem it follows that the condition of convergence of the moments is fulfilled
provided that the functions |K,,(x}|, /€N, are bounded by a function with
corresponding finite moments and K, , tends to K, almost surely. As an example,
Theorem 5 below shows that a number of hierarchies with unbounded support can
appear as limiting cases of hierarchies with compact support.

Theorem 5 Let (K™) be the hierarchy of kernels associated with the density:

¢
X
Ko,/(x) = A/|x|“<1 - 50—;_)> ﬂ«ﬁ(x)ét’
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where ¢ is a positive function such that exp(— @ (x)) has finite moments of any order.
Then
VxeR, lim K™(x)= KM(x)
£ >+

where (KI™) is the hierarchy associated with the density Ko(x) = A/x/* exp(— @(x)).

Proof. The key idea is that for any positive function ¢ we have:

@)Y x

7) Towss S 7f exp(—x,)
where (x,) lies in ]1, 2[ and satisfies lim, ., , ., x, = 2. Therefore, if ¢ is such that
exp(— ¢(x)) has moments of any order, the conclusion follows from the Lebesgue
theorem. [J

VxelR,VZ 21,0 < exp(— o(x) — (1 -

Application of Theorem 5 to Example (c) above and its extension to Example (d)

are straightforward. A particular case is the Gauss hierarchy with initial kernel
2

(2m)~ Y2exp —_2x_ which is the limit, as # tends to infinity, of the hierarchies

x2/

associated with the densities 4, 1 — " 142 <. Indeed, Theorem 5 makes a wide

family of analytical kernels appear as limiting cases of compact support kernels
with attractive properties (Granovsky and Miller 1991).

5 Optimality properties of higher order kernels
5.1 Roots of higher order kernels

A natural extension of the concept of positivity to higher order kernels is the
concept of minimal number of sign changes. This has been introduced by Gasser
and Miiller (1979a) to remove degenerate solutions in some optimization problems.
They have proved that kernels of Examples (a} and (b) have a minimal number of
sign changes ((p —2) for a kernel of order p). Mimicking their proof, such results
can be extended to all commonly used hierarchies, once K, has been specified. The
polynomials ¢ ;"‘_) 1(x, 0) do have orthogonality properties, but with respect to non
necessarily positive definite functionals and the classical properties of roots of
orthogonal polynomials cannot be carried over. Letting K, unspecified we give
hereafter very general properties about the number and the multiplicity of roots of
our kernels. Theorems 6 and 7 are technical. Their corollary states that kernels of
order (0, r) and (1, r) defined from a non-vanishing density K, have only real roots
of multiplicity one.

Theorem 6 Let K, be a density of probability, let r = 2, me[0,r—1] and (P})o< <,
be the sequence of the first (r + 1) orthonormal polynomials in L*(K,). The polynomial
A (x, 0) = Z:=mP§"‘)(O)Pi(x) (of degree de[1,r]) has at least one real root of odd
multiplicity.

Proof. As K, is a density of probability, the equalities
[#"(x,00Ko(x)dx =0  (m>0)
and [x2 O (x, 0) Ko(x) dx = x| ;=g =0
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show that 2" (x, 0) has at least one real root where it changes sign. O

Theorem 7 Let r; be the multiplicity of each real root z; of A" (x, 0) and let g, be the
sum of the numbers [r;/2] (brackets denote the integer part).

Then {either m is even, 2m <r and 2go=d +m+ 1 —r
or 2go<min(d+1-m, d+m+1-—-r).
Proof. ' M™(x,0) = (u(x)v(x) where u(x)=]](x —z)*" and v(x) are poly-
nomials of degrees 2q, and (d —2qg,) respecti\jely. We have
VgeN, [x*u(x) A ™ (x, 0)Ko(x)dx = [x*u(x)[v(x)]* Ko(x)dx > O .

The first integral would vanish if we had 2g +d —2go < v and m <29 —1 or
m > 2q + d —2q,). Therefore no integer number g = 0 satisfies

m+1=22g=r+2gy—dor2g <min(r+ 2qo —d + 1, m + 2qo —d) .
The first condition is equivalent to

(mis even and m+1=r +2q, — d)
or
r+2go—d<m+1)

while the second one is equivalent to

(r+2g0—d+1=0)
or
(m+2g,—d=<0).

Since r = d and go = 0 the condition (r + 2gy — d + 1 < 0) cannot be satisfied. The
conclusion follows. O

Corollary. If me{0, 1}, # ™ (x, 0) has only real roots of multiplicity one.
Proof. f me{0,1},2go <d +1—-r<1thusqgo=0. O ‘

Remark. Kernels of order (0, v} and (1, ) may have roots with multiplicity higher
than one if K, has such roots or if # ™ (x, 0) and K(x) have roots in common. An
example of order (0, 3) with a root of order two has been presented by Mammitzsch
(1989).

5.2 Two optimal hierarchies

Our description of finite order kernels turns out to be a powerful tool in the search
for asymptotically optimal kernels. It enables production of very short proofs and
confirmation of a conjecture claimed by Gasser et al. (19853).

The functionals to be minimized are the same in almost all nonparametric
estimation problems (cumulative distribution function, density, regression, spectral
density, hazard function, . . . , and derivatives) and lead to two important families
of kernels: minimum variance and minimum MISE hierarchies.
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5.2.1 Minimum variance hierarchy. Minimum variance kernels of order (m, r + 1)
on [—1, 1] are solutions to the following variational problem:

1
W(K)= [ K*(x)dx is minimized
(P1) t
subject to VPeV, [ P(x)K(x)dx = P™(0).
-1

They are known to be uniquely defined polynomials of degree (r —1) with (r —1)
real roots in [ —1, 1], symmetric for m even and antisymmetric for m odd. Explicit
formulas have been derived for their coefficients in Gasser et al. (1985) as men-
tioned above. We show that the minimum variance family of order (m,r + 1)
kernels is identical to the hierarchy associated with the density Ko(x) = 41,-4,,(%)
which is the minimum variance kernel of order (0, 2).

Theorem 8 The solution to problem (P1) is given by:

K™= 3 PP P01, ()

i=m

where the P;’s are the orthonormal polynomials in L*(1;-, 1), ie. the Legendre
polynomials.

Proof. Let # ™ (x,0)=Y_ /2P{(0)\/2P{x) and Ko(x) = 1_; 1;(x). Then,
by Theorem 2, K™ (x) = o™ (x, 0) Ko(x) is a kernel of order (m, ¥ + 1). Let K be
an other polynomial kernel on [—1,1] of order (m,r +1). K has necessarily
a degree d greater than r and has the same first (r + 1) coordinates as % m(x, 0).

Thus K(x) =<J/$’"’(x, 0) + fj oc,-P,-(x))KO(x)
i=r+1
and W(K)= W(KM(x) + W( }dj ociPi(x)Ko(x))
i=¢t+1

This shows that K™ (x) is the unique solution to problem (P1). [

5.2.2 Minimum MISE hierarchy. Gasser et al. introduced polynomial kernels for
which they proved optimality up to order 5 and conjectured the same property for
any order. This conjecture can now be proved using the unifying variational
~ principle introduced in Granovsky and Miiller (1991). We give here a general very
simple proof. The minimum MISE family of order (m, p) kernels is identical to the
hierarchy associated with the Epanechnikov density: (3/4) (1 — x?), which is the
minimum MISE kernel of order (0, 2).

Minimum MISE kernels of order (m,r + 1) on [—1, 1] are solutions to the
following variational problem ((r + m) is supposed to be odd):

(P2)

1

T(K) = ( f Kz(x)dx>r+1_m

-1

1
[ x"*1K(x)dx

-1

2m+1
is minimized

1
subject to VPeV, [ P(x)K(x)dx = P™(0).

-1
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Theorem 9 The polynomial solution to problem (P2) vanishing at the ends of [ —1, 1]
is given by:

K™M(x) = Y. P{™(0) Pi(x)(3/H)(1—x?),
where the P;’s are the orthonormal polynomials in L*(K,) with Ko(x) = (3/4)
1 —=x),.
Proof. Obviously, K ™ satisfies the condition. The functional T is invariant under

1 .
scale transformations K(.) — s K <z> Therefore we have to compare W(K™)

with W(RK,) where R is a polynomial such that
1 1
[ x"1R(x)Ko(x)dx = [ x"*1 KM (x)dx
—1 -1

VPeV, 1/ P(X)R(x)Ko(x)dx = P™(0)..
-1

It turns out that (R — A ™(x, 0)) is orthogonal to ¥, in L*(K,). Now,
W(RKo) = f(RKo — K™V + W(K{™) +2 [K{(x)(R(x) —#"(x, 0) Ko(x)dx .

As K, is symmetric, K™ is of degree (r+1) at most. Thus
W(RKo) = [(RKo — K™)? + W(K{™) and the conclusion follows. [J

Granovsky and Miiller (1989) proved that K™ minimizes the same criterion over
the set of square integrable kernels of order (m, p) with a fixed number (p —2) of
sign changes on IR.

6 The multiple kernel method

Let us suppose that a function f (e.g. a probability density function, a spectral
density function, a regression function, an intensity function, . . .) has to be estim-
ated from a sample of points and that a criterion C has been chosen to judge the
accuracy of any kernel estimate f;: C is a score function of the sample estimating
some measure of deviation between f, and the true unknown function f. Once the

K™ (—) The initial

sample is given, C is a function of the rescaled kernel T

h
kernel K, is chosen regarding the asymptotic behaviour of C.

As an example one can think of the problem of density estimation from
a sample X{,..., X, of independent random variables with common density f.
If the criterion is the MISE (Mean Integrated Squared Error) = E( f(£,(x) — f(x))*dx)
where f(x) is the standard Parzen—Rosenblatt kernel estimate
1 2 x—X i x—X j
nhj§11rr< h ’0> o
is the Epanechnikov optimal kernel, or a nearly optimal kernel (under suitable
assumptions on f, see Epanechnikov 1969). A natural choice for C is the L,

) built from the sample, a natural choice for K,

cross-validation criterion: [ f2(x)dx — - Y f.:(X;) where £, ; is the kernel estimate
i=1
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based on the (n--1) observations different from X;. For relevant discussion and
references, see Berlinet and Devroye (1989). Once K, has been chosen one can
compute for any order r the value h, of the smoothing parameter optimizing (at

1 .
s Kﬁ"”(E)) Let C, be the value of C at the optimal k,.

Then, the optimal order # in a bounded interval [0, R] is defined so as to optimize

least over a grid G) C (

. 1 . .
C, over [0, R} and the corresponding rescaled kernel ;l—K m (E is used to build f,.
¢ 3

The multiple kernel method can also be used with estimates f, , and f, ; of
different orders r and s to provide best smoothing parameters 4, and h, at these
orders as proposed by Devroye (1989): h, and h, are chosen so as to minimize for
instance the L' distance between f, , and f, .

7 The estimation procedure for the density and its derivatives

Asin Sect. 6 above let X4, . . ., X, be independent random variables with common
unknown density fand cumulative distribution function F. We give in this section
some specific properties of estimates of f, F and of derivatives of f based on higher
order kernels. These estimates can be interpreted by means of projections in L?
n
spaces. Let f,(x) :ﬁ% Y K, x_h& be the standard kernel estimate of f built
j=1
from the kernel K,(x) z A {x, 0) Ko(x). Let y, be the measure with density f, and f,
be the empirical measure associated with the sample. Theorem 10 shows that
estimating the measure u(A) of a Borel set A with a kernel like K, and smoothing
parameter h is nothing else than deriving the best L*-approximation with weight
K, of the function ji,(A — h.) by a polynomial IT, of degrec at most r and taking
I1,(0) as an estimate of u(A):

Theorem 10 For any Borel set A, we have u,(A) = I 4(0) where
1, = arg min [ (n(w) — f,(4 — hu))* Ko(u)du .
neVy

Proof. Us(A) = f% n 14(X; + ho) A, (v, 0) Ko(v)dv . (7.1
=1

J

. . 12
The integral in (7.1) is the value at 0 of the projection of " Y. 14(X; + h) on the
i=1
subspace 7, i.c. the solution of the following problem: ﬁnjd 7 in V, minimizing
the norm of (n(.) — f,(4 —h.)) and evaluate 7 at the point 0. The conclusion
follows. [J

Now let us see how to handle the deviation

(f(x) = (x)) = (f™(x) — Ef(x)) + (Ef () — £ ()

between the m™ derivative of fand its standard kernel estimate. Let us suppose, as
it is usually the case, that the function d(.) = f(x — h.) belongs to L?(K,). Theorem
11 gives the relationship between the expectation of f{™(x) and the function d and
provides an exponential upper bound for the probability of deviation:

Pr(lfi"(x) — Ef(x)] 2 ).
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Theorem 11 Let f{(x) = h’"“ Z 1/("')< . 4 0) K0< :

dard kernel estimate of the m derivative of f. Suppose that the function
d(.) —f(x — h.) belongs to L*(K) then the expectation of f "™(x) is the value at 0 of
the m' derwatwe of the polynomial P, such that P,(h.) is the projection of d on V,. If
moreover | K™ | is bounded by the constant M(m, r) we have:

_ 2pp2omt )
2M%(m,7) }

_X.
/ > be the stan-

Ve > 0, Pr(]f(x) — Pi"(0)| = ¢) < 2exp {

Proof. Ef ™(x) = <hm—1+1 Kﬁ'"’(;) * f>(x) = him [f(x — hv) o ™ (v, 0) Ko(v) dv

1 d"(Py(w))

_ plm
W dom =P

v=0

Ef\"(x) =

The inequality is a consequence of Lemma 1.2 in (Mc Diarmid 1989). O

We have a similar result for F,(x) when the function F(x —h.) belongs to
L*(K,). Now, once K, is specified deterministic approximation theorems in
L*(K,) give the behaviour of (f™(x) — Efi™(x)). Thus weak or strong (using
Borel-Cantelli lemma) convergence theorems can be easily derived for £ (x).
Strong consistency results covering a wide class of density estimates were given in
(Berlinet 1990). They can be applied in the framework of this paper to hierarchies of
density estimates.

Acknowledgements. T wish to thank Professor J.S. Marron and two referees for helpful comments
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