Probab. Theory Relat. Fields 102, 367 - 391 (1995) .
Probability
Theory fl[:ljated Fields

© Springer-Verlag 1995

Martingale and stationary solutions for stochastic
Navier—Stokes equations

Franco Flandoli', Dariusz Gatarek?

! Scuola Normale Superiore, Piazza dei Cavalieri 7, I-50100 Pisa, Italy
2 Systems Research Institute, 01-447 Warszawa, Newelska 6, Poland

Received: 6 May 1994/In revised form: 30 December 1994

Summary. We prove the existence of martingale solutions and of stationary
solutions of stochastic Navier—Stokes equations under very general hypotheses
on the diffusion term. The stationary martingale solutions yield the existence of
invariant measures, when the transition semigroup is well defined. The results
are obtained by a new method of compactness.
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1 Introduction

We are concerned with very general classes of stochastic Navier—Stokes equa-
tions. The generality, in comparison with the existing literature, lies in the
assumptions on the diffusion term. Precise assumptions and references to the
literature are given in Sects. 3 and 4; there we distinguish three classes, depend-
ing on the diffusion operator and the space dimension. The aim of the paper
is to prove the existence of martingale solutions to these evolution equations
over finite time interval, and the existence of stationary solutions, understood
in the martingale sense (as defined in Sect. 4). When the transition semigroup
is well defined, the law at any given time of a stationary solution is an invari-
ant measure; further comments on the existence of invariant measures for such
equations are given below.

One of the main novelties of this paper is the compactness method used
to prove the existence results mentioned above. This method is well suited for
stochastic Navier—Stokes equations, but it is also of interest in itself and we
believe it is applicable to other classes of equations.

The existence of martingale solutions of stochastic evolution equations, fur-
ther called martingale solutions, by compactness methods requires, in the usual
approaches, either non-trivial estimates on the modulus of continuity of the
approximating solutions (cf. [23, 18]), or the use of factorization of stochastic
integrals (cf. [14, 15,10]). In the deterministic case (cf. [17]) the compactness
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method for nonlinear partial differential equations is somewhat easier: when
L? bounds on the approximating solutions have been proved, the approximat-
ing equations readily give us estimates on the derivatives, and this implies
strong convergence of some subsequence. This strategy does not extend to the
stochastic case since the solutions are not differentiable. We propose here a
method based on fractional Sobolev spaces that allows us to treat stochas-
tic equations in a way completely similar to the deterministic case. However,
we emphasize that this method is easier than the previous approaches based
on estimates of the modulus of continuity, but is close to the factorization
method, also because the latter is related to fractional derivatives in some sense
(cf. [25]). Anyway, the present exposition in completely independent of the
factorization method.

As to invariant measures, a main difficulty to obtain their existence in cer-
tain examples is to prove that the family of the laws at different times of a
solution is tight. A second difficulty is that for certain equations, like Navier—
Stokes equations in dimension greater than 2, or other equations with just con-
tinuous and bounded nonlinearities, where we have some lack of uniqueness
and continuous dependence on initial conditions, it is not clear how to define
the transition semigroup and prove that it is Feller; thus the usual Krylov—
Bogolyubov approach to the construction of invariant measure cannot be em-
ployed a priori, and even the concept of invariant measure becomes ambiguous.
We overcome these two problems by showing that a stationary martingale so-
lution can be constructed as the limit of stationary solutions of approximating
finite-dimensional problems. With this approach it is sufficient to show that the
family of laws

{Lu,()) : t 2 0,n =1}

is bounded in probability (or that the random variables are uniformly bounded
in some LP(€2; H) for a suitable p). See Sects. 3 and 4 for the notations. When
the transition semigroup is well defined, we readily have existence of invariant
measures. Related ideas were presented in [24, 9], but our proofs are different.

A further novelty is contained in the proof of existence of stationary mar-
tingale solutions when the correlated noise is of cylindrical covariance. See
also [11].

2 Preliminaries
2.1 A lemma or Ito integrals
Let H be a separable Hilbert space (norm |.|, inner product {.,.)). Given

p > Lac(0,1), let W*#(0,T;H) be the Sobolev space of all u € L?(0,T; H)
such that

dtds < o

foT [u(t) — u(s)|?
00

it_sll-%—zxp
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endowed with the norm

oo ;) = f u(t)|? dt + f I %dt s

Let (Q, %, {Z}iz0,P) be a stochastic basis (with expectation E), let K be a
second separable Hilbert space, and let w(z) be a cylindrical Wiener process
with values in K, defined on the stochastic basis. Denote by L,(K,H) the set
of Hilbert—Schmidt operators from K to H.

For any progressively measurable process f € L2(Q x [0,T]; Ly(K,H)) denote
by I(f) the Ito integral defined as

1)) = 0ff(S) dw(s) te€[0,T].

Clearly I(f) is a progressively measurable process in L2(Q x [0, T1; H).

Lemma 2.1 Let p =2 2, 0 < %, be given. Then, for any progressively measur-
able process f € LP(Q x [0,T]; Lo(K,H)), we have

I(f) € LP(Q; W*P(0,T; H))

and there exists a constant C(p,a) > 0 independent of f such that

ENpenor;my S C(p,oc)Ef 1f O,k 214

Proof. We shall denote by C a generic positive constant independent of f,
but depending on p and o. The quantity E|/(f )Hf,,x,p(o’ 1. gy is the sum of two
terms. The first one, E|/I(f)l|7o(, 7, zr)> is bounded by CE| fl|Zo 7. 1, 1y bY
Burkholder—Davis—Gundy inequality. As to the second term, we have

E dtds

1O = 1D o T1E Ioron
00

|f—~S‘1+°‘p |t-S|1+°‘P

Oy
SN

dtds

CofTOfTE ((ffAv,f 1/ @) k2,0 )g)

|t_s|1+cxp

IA

CEfoMdtds
00

[t — s[iror

(we have used Burkholder-Davis—Gundy inequality at the second step) where

o(1) = Of 1f (@) irydo
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Let us now distinguish two cases. If p > 2, we can continue the previous
inequalities by

Mﬁ

< CE9I ..z
70,7, R)
5
< CE9l?
wZ (0.T;R)
¢ 2
< Hd— +exlol,
LZ(OTIR) LZ(0,T;R)

14
P £
5 T i 2

T
=8 [ (1) 4o+ CEJ (1@ o)

< CEf||f(0)“L2(KH)

The proof is complete for p > 2. If p = 2 we continue the inequalities above
by

17 E [ (0}, ik mde
- AL Ly(K,H)

=C/[f {t—s|l+§1 dtds
00

AchTfo’E”f( )”LZ(KH)d dtds

|1+2u
Qs s

and by elementary application of Fubini theorem this term is bounded by

T
CEfo(G)H%Z(K,H)dO- .
0

The proof is complete.

2.2 Compact embedding of certain function spaces

The previous lemma will be used together with the following compactness
results, which represents a variation of the compactness theorems of [17], Ch. 1,
Sect. 5, and [22], Sect. 13.3.

Theorem 2.1 Let By C B C By be Banach spaces, By and B reflexive, with
compact embedding of By in B. Let p € (1,00) and o € (0,1) be given. Let
X be the space

X = LP(0,T; Bo) O W*P(0, T; By)

endowed with the natural norm. Then the embedding of X in LP(0,T;B) is
compact.
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Proof. Step 1. First assume B = B,. Similarly to [22], let us define the oper-
ators J, in LP(0,7T;B;), i =0,1, a > 0, by setting

st+a

Jag(s) = 5 | 9yt = 5- [ ate-+ )i,

S—a

where we set g(¢) = 0 if ¢ is not in [0, T']. Clearly, for given a,.J, is a bounded
linear operator from L#(0,T;B;) to C([0,T];B;), i =0,1 (see the details in
[22]).

Let 9 C X be a bounded set of functions. We have to prove that ¥ is
relatively compact in L?(0,7T;B1).
Let us prove that J,g — g in L?(0,7T;B;), as a — 0, uniformly with respect to
g € %. Indeed,

g5 = gV, £ 5 [ 1ot +9) — g6l dr

< ll (fa Ig(t+S)*g(S)|§ldf>
(2a)?r \-a

that implies
T T a
S Vag(s) = g5, ds < o [ [ lg(t +5) = g(s)if dtds .
0 0 —a

Since |t| < a in the integral, we have

T 1 T a
f|Jag(s)—g(s)|§lds = ancpff 1+o¢p|g(t+s)_ (S)Igldtds
0

T a

< - apff t|1+mp|g(t+s) g(s)|p,dtds
TT

<= “Pff |1+ap lg(r) — g(s)|5, drds
0

é —

2aap|g|§m,p(o, T,By)

Since ¢ is bounded in W*#(0,T;B;), we obtain the claimed uniform conver-
gence result.

In [22] it is easily proved that, given a, the set J,% is relatively compact in
C([0,T]; By ). Along with the previous uniform convergence result, this implies
that ¢ is relatively compact in L?(0,T;B;).

Step 2. Let us remove the assumption B) = B. In [17] the following inter-
polation result is proved: for each ¢ > 0 there exists a constant C, > 0 such
that

lxlz < elx|s, + Celx[s,

for all x € By.
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If u, is a weakly convergent sequence in X, converging to some u# we have
to prove that u, converges strongly to u in L?(0,7;B). The case u =0 is
sufficient. But since

[tn|rro,7;8) = €ltn|zro,r;85) + CelttnlLro, T:B))

it is sufficient to prove that u, converges strongly to 0 in L?(0, T; By). This
has been proved in step 1, completing the proof of the theorem.

Theorem 2.2 If By C B are two Banach spaces with compact embedding, and
the real numbers o € (0,1), p > 1 satisfy

ap > 1

then the space W*P(0,T;B,) is compactly embedded into C([0,T ];E). Simi-
larly, if the Banach spaces Bi,...,B, are compactly embedded into B and the
real numbers

061,...,06,,6(0,1), pl,...,pn>1

satisfy
(X,'p,'>1, Vlzl,,l’l

then the space
WePi(0,T;By) + - - -+ W*Pr(0,T; B,)
is compactly embedded into C([0,T];B).

Proof. The space W*P(0,T;By) is continuously embedded into C7([0,T];B;)
for all y € (0,ap —1). Thus, if a set ¥ is bounded in W*?(0,T;B,), it is
bounded in C?([0,T1; By). It follows that the functions in 4 are equiuniformly
continuous in C([0, T']; B;) and then in C([0,T];B); and for each s € [0, T] the
set

{/(9): fe¥}

is bounded in B; and thus relatively compact in B. We can apply Ascoli-Arzela
theorem to conclude that ¥ is relatively compact in C([0, T]; B).
The proof of the second part is trivial.

3 Stochastic Navier—Stokes equations
3.1 Definitions

Let D be a bounded open domain of RY with regular boundary 0D. We con-
sider the d-dimensional stochastic Navier-Stokes equation in D
Ou(t,x)
ot

= Au(t,x) + (u(t,x) - Vu(t,x) = =V p(t,x) + f({t,x) + G(u, £)(t,x)
(1)
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t €[0,T], x € D, with the incompressibility condition
divu(t,x)=0, (€][0,T], x&D 2)
the boundary condition
u(t,x)y=0, t€[0,T], xedD 3)
and the initial condition
u(0,x) =up(x), x€D. (4)

Here &(t,x) is a Gaussian random field, white noise in time, subject to the
restrictions imposed below, and G is an operator acting on noise and solution,
that we shall specify in different forms in the three cases at the end of this
section.

We consider the usual abstract form of equations (1)—(4). Let ¥~ be the
space of infinitely differentiable d-dimensional vector fields u(x) on D with
compact support strictly contained in D, satisfying divu(x) = 0. We denote by
V, the closure of ¥ in [H*(D)]?, for & = 0, and we set in particular

H=V,, V=V.

We denote by |.| and (., .} the norm and inner product in H. Identifying H
with its dual space H’, and identifying H' with a subspace of V] (the dual space
of V,) we have V, C H C V,, and we can denote the dual pairing between V,
and ¥, by (., .) when no confusion may arise.

Moreover, we set D(4) = [H*(D)]“ NV, and define the linear operator
A:D(A)C H — H as Au = —PAu, where P is the projection from [L*(D)]?
to H. Since ¥ coincides with D(4?), we can endow ¥V with the norm
||lu|| = |4"%u|. The operator 4 is positive selfadjoint with compact resolvent;
we denote by 0 < 4; £ Ay, £ --- the eigenvalues of 4, and by e, e;,... 2
corresponding complete orthonormal system in H of eigenvectors of 4. We
remark that {[u]|? = A; x|

We define the bilinear operator B(u,v) : V x V — (V N [L4(D)]?Y (cf. [17],
Lemma 6.1, Ch. 1) as

(B(u,v),z) = [ z(x) « (u(x) - V)v(x)dx

D

forall z € V' N [L4(D)}¢ (it can be extended by continuity to other combinations
of functions spaces). By the incompressibility condition we have

{B(u,v),v) =0, (B(u,v),z) = —(B(u,z),v) .
By [24], B can be extended to a continuous operator
B:HxH—DUA™™)

for certain o > 1.
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In place of Egs. (1)—(4) we shall consider the abstract stochastic evolution
equation

du(t) 4+ Au(t)dt + B(u(t),u(t))dt = f(t)dt + G(u(t))dw(z), t € [0,T]
{ 1(0) = up . )

Here we assume that

(i) w(t) is a cylindrical Wiener process in a separable Hilbert space K defined
on the stochastic basis (Q, #,{%},=0,P) (expectation denoted by E)

(ii) for some Hilbert space Y, with H C ¥, G is a mapping from V to Ly(K,Y)
(iii) ug € H and 1 € L¥(0,T; V).

Assumption i1) has only the role of a general framework and it is not sufficient
to study Eq. (5). Additional assumptions on G will be imposed in the three
different cases developed below.

Remark. Tt is not difficult to generalize the previous equation including a non-
linear operator (1) subject to usual hypotheses that lead to the existence of
weak solutions, and a time dependent operator A(¢) in place of 4 subject to
classical variational hypotheses. These extension are not considered here for
sake of simplicity.

Definition 3.1 We say that there exists a martingale solution of the equation
(5) if there exists a stochastic basis (£, %, {Z; }ie0, 1), P). a cylindrical Wiener

process w on the space K and a progressively measurable process u : [0, 7] x
2 — H, with P-a.e. paths

u(.,w) € C([0, T]; D(A™*)) N L°(0, T; H) N LX(0,T; V)

such that P-a.s., the identity

(u(),v) + Of<Au(s), v)ds -+ 0f(B(u(S), u(s)),vyds

= (up,v) + [(f(s),v)ds + <f G(u(s))dw(s),v> (6)
0

0

holds true for all ¢ € [0,7] and all v € D(4%).

Recall that a function
g € L>=(0,T; HYNC([0, T, DA™™))

belongs to H for all 1 € [0,T], and is weakly continuous in H (see [21],
p. 263). Thus, for a martingale solution in the previous sense we also have

u(.,w) € C([0,7]; Hy) P-as.

where C([0, T']; H,,) denotes the space of H-valued weakly continuous functions
on [0,7].
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3.2 Case I: regular diffusion coefficient

The results of this section are essentially covered by [7]. In addition to the
hypotheses of the previous section, assume that

(G.1) G:H — Ly(K,H) is continuous and

|G(”)I%2(K, = Aolul> +p, ueH
for some positive real numbers Ay and p.

Theorem 3.1 Under assumption (G.1) there exists a martingale solution of
the equation (5).

Proof. Step 1. Let a > % be fixed, so that

D(4%) C [H*D))* C [CD) .

We have ” x
Vo CDAZYCV CHCV CcDUA 2YCV_,.
Moreover, B is locally Lipschitz from ¥ to D(A’%). Let P, be the operator
from D(A‘%) to D(A%) defined as
Pox =3 (xe)e; x€DA™?)
i=1
(we denote by (.} also the dual pairing between D(A%) and D(A_% )). Its re-

striction to / is the orthogonal projection onto the space spanned by ey,...,e,.
Moreover, it satisfies.

(Ppx, ) = (x,Pny)
for all x,y € D(4™ ).
Let B,(u,u) be the Lipschitz operator in P,H defined as
By(u,u) = y(u)B(u,u) u € P,H

where y, :  — IR is defined as y,(u) = 0,(Jul), with @, : R — [0, 1] of class
C, such that y,(u) =1 if |u| < n, y.(u) =0 if |u| > n+ 1.

Consider the classical Faedo—Galerkin approximation scheme defined by the
processes u,(t) € P,H, solutions of

du, + Aundt + P,B,(u,, u,)dt = P, f(t)dt + P,G(u,)dw(t), t €[0,T]
_ (7)
u,(0) = Puuy.

Since all the coeflicients are continuous and with linear growth in P,H, this
equation has a martingale solution u, € L2(Q; C([0, T]; P,H)).

One can now prove that there exist two positive constants C1( p), C,, for each
p = 2, such that

A\

E(Oiungun(S)lp) = Gi(p) (&)

T
E [lun(s)Pds < G 9)
0
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for all n. The proof is rather classical (although in the present generality we
cannot refer to other works) and thus it will be postponed to Appendix 1; we
do this also because in the appendix the proof of (8) and (9) will be given as
a byproduct of more general estimates needed later in Sects. 3.3 and 4.1.

Step 2. Decompose now u, as

un(t) = Pytty — [ Attn(s)ds — [ PuBo(un(s),tn(s))ds + [ Paf(s)ds
(4} 0 0

t
+fP,,G(un(s))dw(s)
0
=y I3+ T + I + T30 (10)
We have
ElJ) £ G
EHJnZH%/VLZ(Q’T;V/) é C4
by (9), .
EHJn HWI’Z(O,T;V’) = CS

for suitable positive constants Cs, Cy, Cs, where, for a generic Banach space B
and a real number p = 1, W?(0, T; B) denotes the space of all u ¢ L?(0,T; B)
such that % € LP(0,T;B); clearly W'2(0,T;B) C W*P(0,T;B) for all a €
(0,1)and p > 1.
As to J?, from Lemma 2.1, the uniform assumption (G1) on G, and (8), we
have

VA

2
Wac,Z((), T;H) § C6(OC)

for all o € (0, %), and for some constant Cg(a) > 0. Finally, since D(43) C
[L>°(D)]%, and then

|(B(u,u),v)| < Clul ||u|| |[430], ueV, v e D) (11)

for some constant C > 0, as to J> we have

T
P,B 2 , =C H? 2d
1P n(”m“n)HLz(O’T;D(AfE)) = 7021112T|”n( )| Of””n(S)H s
whence ,
J1? . < C2 OF [ ua(s)]%d
| nllwl,z(o)T;D(Afj)) = sog?lé)T\un( )| Z]{Hu ()| °ds

for some constants Cy,Cg > 0. This implies, by (8) and (9),
3 [ AN
EHJHHW112(O,T;D(A7%)) = C8 CI(Z)CQ .

Collecting all the previous inequalities we have

Eflus| < Cy()

W20, T DA™ 2)) =
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for all o € (0, %), and for some constant Co(a) > 0. Recalling (9), this implies
that the laws #(u,) are bounded in probability in

LX0,T; V)N W™ 0,T; D(4™1))

and thus that the family %(u,) is tight in Z2(0, T; H), by Theorem 2.1.
Arguing similarly on the term J>, on the basis of the estimate (8), we apply
Theorem 2.2 and have that the family #(u,) is tight in C([0, T]; D(4~F/?)),
for all given f > % (we can choose « at the beginning such that « < f). Thus
we can find a subsequence, still denoted later by u,, such that #(u,) converges
weakly in L?(0, T H) N C([0, T]; D(4™F2)).
Step 3. Fix f > d/2. By Skorohod embedding theorem (cf. [16] p. 9), there ex-
ists a stochastic basis (2!, #',{Z!}icor}, P') and, on this basis, L?(0,T; H) N
C([0, T1; D(A™P?))-valued random variables u',ul, n = 1, such that u} has

the same law of u, on L2(O,T;H)ﬂC([O,T];Dn(A_m)), and u} —u' in
L3(0,T; H)YN C([0, T]; D(A~#?)), P-a.s. Of course, for each n,

LCU0,T]; P.H)) =1

and by (8) and (9) we have
E( sup |u,(s)|”)
0=s=T

A

Ci(p)

lIA

T
E [ |luy()*ds < G
0

for all n, and all p = 2. Hence, we also have
ul(L,w) e LX0,T; VYN L®(0,T;H) P-as. (12)

and u} — u' weakly in L2(Q x [0,T]; V) (the identification of the limit as u'
is easy, and also the fact that the whole sequence converges).

For each n = 1, the process M!(¢) with trajectories in C([0, T]; H) defined as
t t t »

MY(t) = up(t) — Py’ (0) + [ Aul(s)ds + [ PuBa(ul(s),ul(s))ds — [ P, f(s)ds
0 0 0

is a square integrable martingale with respect to the filtration
(%) = o{up(s), s £ 1}
with quadratic variation

(MDY, = [ PaG(s))Gul(s)) Py ds (13)
0

Indeed (see [10], Sect. 8.4), for all s < r € [0, 7], all bounded continuous func-
tions on L*(0,s; H) or C([0,s]; D(4~F?)), and all v,z € ¥, since u}l and u,
have the same law, we have

E((M, () = My (5),0) $(uy|p0.51)) = 0 (14)
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and
E(((Myy (1), 0) (M (1), 2) — (M) (5),p)(M,}(5),2)

t

= J{G(uy(0))* Py, G(uy(0))* Puz) do) (i |po,51)) = 0. (15)

)

We can take the limit in (14) and (15). All terms in (14) and (15) are uni-
formly integrable in @ (see (8), (G1), (13)), and converge P-a.s. (in appendix
2 we shall prove, in particular, that

<ftP,1Bn(u,11(s),u,11(s))ds,v> — <fB(u1(s),u1(s))ds,v> (16)
0 0

for all t and v, P-a.s.). Then we obtain that for all s < ¢ € [0, 7], all bounded
continuous functions on L2(0,s; H) or C([0,s]; D(A~#2)), and all v,z € ¥, we
have

E(M'(t) = M (s), 0)d(u'[j0,57)) = 0 (17)

and
E(((M"(0),0) (M (2),2) — (M (), 0)(M(s),2)

= J{G'(0)), G(u' (0)) z)do)p(u' |j0,51)) = 0 (18)

Ay

where M!(¢) is defined as

M) :ul(t)—ul(0)+ftAuI(s)ds—i—le(ul(s),ul(s))ds—jf(s)ds.
0 0 0
(19)

This identity must be interpreted, P-a.s., as an identity in C([0,s]; D(4~F?2));
note in particular that, by (11) and (12), B(u!,u') € L(0, T; D(4—F/?)).
From (17) and (18), with v,z € D(4%?), we see that A—P2M'(¢) is a square
integrable martingale in H with respect to the filtration

(9" = a{u'(s), s £ 1}

with quadratic variation
(A= P2y, = fA_ﬁ/ZG(ul(s))G(ul(s))*A_ﬁ/z ds . (20)
0
The conclusion of the proof, by a representation theorem for martingales, is
the same as in [10].
3.3 Case 2: coercive diffusion coefficient
The result of this section extends results of [3, 4, 6, 8], which were limited to

d =2(d £ 4 in [6]) and operators G satisfying a skew-symmetry condition of
the form (G(uYk,u) =0 forall u e ¥V, k € K.
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Assume
(G2) G:V — L(K,H) is continuous,
2(du,u) — |G,y Z nlull® = Aolul® — p

for all u € V, and for some real numbers # € (0,2], 4y and p; for each v € ¥~
the mapping u — G(u)*v extends by continuity to a continuous mapping from
H to K, and there exists a constant C(v) > 0 such that

|G vlg < Co)(lul* +1), ueH.

For # =2 we find the estimate of assumption (G1) (but there we assumed
strong continuity of G on H).

Remark. The typical application is to linear operators that, in the concrete
formalism of Eq. (1), have the form

N A dp
G(u, &)(t,x) = ; ((bi(x) - V)u(t,x) + c'(x)u(t,x)) ﬁd?)

where f',..., " are independent standard Brownian motions, b',...,5" are
C™ vector fields in D, ¢,...,c" are C™ scalar fields in D, and

d N
5 (20— S bjmpin)) 6ty 2 97

J k=1

for all { € R¥. In abstract notations, K = R” and
N
Gk =P (b - Vyu+cu)k, k=K. .K)eKuel.
=1

The definition of martingale solution is the same as in Sect. 3.1. We have:

Theorem 3.2 Under assumption (G.2), there exists a martingale solution to
problem (5).

We do not develop the proof in all details, since it is similar to the proof of
Theorem 3.1. Only the way to prove the basic estimates (8) and (9) is slightly
different, but the proof given in appendix 1 is in fact given under the more
general bound of assumption (G2). The lengthy assumption (G2) is imposed
only to take the limit in the quadratic variation of the martingale M!(¢) defined
in step 3 of the proof of Theorem 3.1.

3.4 Case 3. cylindrical noise

In contrast to the previous sections, here we develop an example where the
covariance of the coloured noise is not nuclear (but even not an isomorphism,
since the space dimension is 2). The result of this section extends a result of
[12], relative to the case of additive noise. In addition to the hypotheses of
Sect. 3.1, here we assume that



380 F. Flandoli, D. Gatarek
(D3) d=2,

(G3) there exists fy € (0, %) such that G is a bounded linear operator from
H to D(A_%WO),A“%*ﬁOG(u) € Ly(K,H) for each u € H, and the mapping

u s A4t G(u) from H to Ly(K,H) is bounded and continuous.
If fp = %, this problem would be covered by the assumptions of Sect. 3.2.

Remark 1. If for all u € H the operator A%“jo”G(u) is a bounded linear

operator in H for some ¢ > 0, and the mapping u — A%+B0+SG(M) is bounded
and continuous from H to L(K,H), then assumption (G3) is satisfied (since
we are in space dimension 2). Indeed, from the Hilbert-Schmidt embedding

of the Sovolev space H'*2(D) into C(D), ¢ > 0, it follows that 4~2~¢ is an
Hilbert—Schmidt operator in H. Therefore,

A FhG) = A1t 42473 G )
— A7t tPoreG(y)

is Hilbert-Schmidt when 4#+%0+*G is bounded.

Remark 2. An example of operator G satisfying condition (G3) above is the
operator defined as

Gr=Y o (u)(x,e)e

=1

with the coefficients ¢;(u) equicontinuous on [, satisfying the condition

> < (21)

for some B > 0, where

2 2

o; == supai(u).

/ MGII?I /
The definition of martingale solution given in Sect. 3.1 must be modified here
since in general we cannot expect that u takes values in ¥ (compare with
[12]). We say that a martingale solution of Eq. {(5) consists of a stochastic
basis (2, %, {Z:}icfor, P), a cylindrical Wiener process w(t) on the space K,
and a progressively measurable process u : [0,T] x 2 — H,with P-a.e. paths

u(.,w) € C([0, T]; D(A~*)) N L>(0, T; H) N L*(0, T; D(47#))

such that P-a.s. the identity

t t

(u(t), ¢) + [(u(s), Ad) ds = (uo, ) + [(B(u(s), ¢), u(s)) ds

4} 0

+ j(f(S), ¢)ds + <ft G(u(s))dw(s), <1>> (22)

0 4]
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holds true for all ¢ € [0,T] and all ¢ € ¥". Note that for regular vector fields

u and ¢ we have
(B(u7u)s ¢> = #<B(u7 ¢)7 u>

and the latter expression extends by continuity to u € D(A%) and ¢ € V, since
D(4%) C [Z*(D)P? by Sobolev embedding theorem in two dimensions. This

motivates the definition. Note that v € ¥ implies v € D(Aflt_ﬂ" ), so that the
last term in (22) is well defined since

T
0fG(M(t))a’W(t)

takes values in D(A_%“LﬁO ).

Remark. We make an observation on the method of proof of the following
theorem. We cannot prove uniform estimates on the approximating solutions
u, by Ito formula as in the previous cases, since the noise is not nuclear
covariance. Then we proceed initially as in the additive noise case (cf. [12])
and work with the system

dz(t) -+ (4 + a)z(r)dt = G(u(t) + z(¢))dw(t), .z(O) =0
{ do(t) + Av(t)dt + B(v + z,v + z)dt = f(2)dt + az(t)dt, v(0) = uy

(23)

with a given « > 0. For the purpose of this section it is sufficient to take o = 0,
but we develop the estimates in general so that the arguments of Sect. 4.2
will be more transparent, without repeating the same computations. Of course,
the second equation in (23) can be interpreted as a deterministic differential
equation depending on the random process z.

Theorem 3.3 Under the assumptions (D.3)—(G.3), there exists a martingale
solution to problem (5).

Proof. Let B, be defined as in Sect. 3.2. Equation (7), considered under the
assumptions of the present theorem, has a progressively measurable global so-
lution u, € L*(Q; C([0,T]; P,H)). Let z, be the solution of the equation

dz, + (A + &)z, dt = P,G(u,)dw(t), z,(0)=0

with a given o« = 0. Let v, = u, — z,. The pair (z,,v,) is a progressively mea-
surable solution, with

(Zny V) € LH(Q; C([0, T1; P,H ) x LX(Q; C'([0, T]; P.H)),
of the system

dz, + (4 + o)z, dt = P,G(v, + z,)dw(t), z,(0)=0
{dv,, + Av,dt + P,B,(v, + zp, vy + 2,) dt (24)
= P, fdt + az,dt, v,(0) = Puup.

We can rewrite the equation for z, in the mild form

t
zp(£) = e TIPzg + [ e CIATDP, Glu,(s))dW(s) .
0
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Therefore, for all p = 1, by Burkholder-Davis—Gundy inequality

E|A4 % z,()|?

P
A 1 z
< Co(p)E (({ 4277 (= ATa2 14 4+’*°G(un<s))li2<K,H>dS> )

t —(t )
§ Cl(p)E ((f S)l Bo )

forall » = 1 and z € [0,T] (cf. [19], Theorem 6.13, Ch. II).
Moreover, denoting by C a generic positive constant independent of n, since

y4
2

) = Gp,2) (25)

*<Bn(vn + Zny 2y )7 Un> = ~*‘<Bn(vn + zZp, l),,),Zn>

< Clloall(| AT val |4 2,] + |442,)
< Clfoal|? a2 147 25| + Cllva} 1472,
= %anll2 + CloaPlAtz,[* + €47z,
from Ll |2
g Tl S = (Buon + 2z
+ gl + ST+ gl + Ol P
we have
Lol L e
< CloaPlafzy* + Cldbz* + |2 + Co2lz, (26)

whence, by Gronwall lemma,

1
‘U”(t)lz é ef6C|A4zn(g')|4|Pnu0[2
P eV PO PP 2 2. 2
+ [els (ClAz,|* + | f15 + Co |z, ) ds
0
T 1 T
< efo Cld% zy(a)* (,uOIZ + f(clA%an‘ + 'f!%// + Cfx2|zn|2)ds)

0

and also

f“vn(s)“2ds = CfT(||Un|2|A4LZni4 + IAAL'ZI?I4 + lfl%/i + C“2|Zn|2)d5 .
0 0
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The bound (25) implies that for all ¢ > 0 there exists R; > 0 such that

T
P <f |A%zn(0')|4do' > R1> <e Vn=1. (27)
0
Therefore we deduce that there exist R, R3 > 0 such that
P(sup |v,()* >Ry) <& VYn=1 (28)
te[0,7]
T
p (f llva(s)|?ds > R3> <& VYnz1. (29)
0

Finally, from the identity
t t
z(t) = — [ Az,(s)ds + [ PyG(vy + 24)dw(s),
0 0

the boundedness of G, and (25) with p =4, we deduce

E|z|* 3 2CB)
WhA0,T; DA™ 4))

for all g € (0, %). Moreover, from the equation for v, and the previous inequal-
ities (27)—(29) we deduce that there exists Ry > 0 such that

P(f

By the compactness Theorems 2.1 and 2.2, the family of the laws of (z,,v,)
n

2
dv,

Ly

ds>R4)<s Yn=1. (30)

L0, T; D(43 )) N C([0, T); D(A ™)) x L2(0,T; H) N C([0, TT; D(A™"))

is tight (in fact, we have continuous functions with values in more regular
spaces, but this is unessential). It follows that u, is tight in

L0, T; HYN C(0,T]; D(A™1)).

The rest of the proof is similar to step 3 of the proof of Theorem 3.1, and
can be developed either on the pair (z,,v,), yielding a martingale solution of
system (23) (which in turns gives us a martingale solution of (5)) or directly
on u,. We make some remarks on the latter approach.

Processes . are given by Skorohod embedding theorem, and the processes

M](t) are introduced on H by setting
t t t
M}(t) = ul(t) — ul(0) + [ Aul(s)ds + [ P,B,(ul,ul)ds — [ P,f(s)ds.
0 0 0

One proves that M}(¢) is a martingale with respect to the filtration

(@) = o{u,(s), s S 1}
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with quadratic variation
t
(M) = [ PsG(u})G(u)) Py ds .
0

To take the limit in the equations corresponding to (14) and (15), no estimates

of uniform integrability on u. are necessary, since G is bounded. In the limit

we have
M) :ul(z)—ul(O)+fAu1(s)ds+fB(u1,u1)ds—ff(s)ds
] 0 0

identity in C([0,T]; D(4~")) (for instance), and A~'M'(¢) is an H-valued
continuous martingales with quadratic variation given by

(A7), = ftA*IG(u‘)G(ul)*A_lds.
0

The conclusion is classical.

4 Stationary martingale solutions

In this section we prove that the equations considered in the previous cases
have a martingale solution that is a stationary process in H. In the cases 1
and 2, we say that a stationary martingale solution over [0,00) consists of a
stochastic basis (@, %,{%,}:=0,P), a cylindrical Wiener process w(f) in the
space K, and a progressively measurable process u :[0,00) X 2 — H, with
P-a.e. paths

u(.,0) € C([0, T]; D(A™%)) N L0, T; H) N L*(0, T; V)

for all 7 > 0 (thus also u(.,w) € C([0,T]; Hy)), u is a stationary process in
H, such that P-a.s. the identity

(u(t), vy + j(Au(s), vyds + j(B(u(s), u(s)),v)ds

t

= (u(1),v) + [(f(s),v)ds + <f G(u(s))dw(s),v> . (31)

T

holds true for all # = © = 0 and all v € ¥". Of course it is equivalent to take
just 7= 0.

The definition in the case 3 is similar, taking into account the differences
between the two cases over finite time horizon.
To analyze stationary solutions we shall always assume that f is constant:

fev.
4.1 Cases I and 2

Consider first case 1.
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Theorem 4.1 In addition to the hypothesis (G.1), assume that
2/11 > ),0

where 1.\ is the first eigenvalue of A. Then there exists a stationary martingale
solution.

Proof. Consider the approximation scheme defined in Sect. 3.2, with ug = 0.
Let G, be Lipschitz continuous function such that G, — P,G uniformly on
bounded sets in P,H. Let 1 be a solution of the following equation

du) + (Au) + P,B,(u), uly — P, f)dt = G(uy)dw(t),
u, (0)=0.
By (35) with n =2 (since we are under the assumption (G1)), and the in-

equality ||x||> = 4i]x?, x € V, we have

d
TEQ) + i p(1 = E(u]”)

1
< (519(17 = Do+ 8lflzw> E(lup|”)+ Cle, p.p)(|f 17 + 1)
Thus, if 24; > A, there exists ¢ > 0 and p > 2 such that

1
Jap(t=2) > 5 p(p~ Do+l
and therefore, by Gronwall lemma, we have
E(uIOP) < C, Wtz 0nz1 (32)

for some constant C > 0. This implies that the process u7(¢) is bounded in
probability, and thus, by the Krylov—Bogoliubov method there exists an invari-
ant measure y for Eq. (7). Since the family £ (e ) is tight on C([0, T']; P,H ),
we can tend with m to infinity deriving that there exists a stationary solution u,
of Eq. (7). We can construct a stochastic basis (@', #'{%"'};>0, P') and, on this
basis, a cylindrical Wiener process w'(¢) with values in K, and % -measurable
P,H-valued random variables uy , with laws p,, satisfying

E'(uy /) <C VYnz1

(E' is the expectation in the new stochastic basis). The corresponding solutions
u,(¢) of Eq. (7) are stationary processes in P,H. Endow L2 (0,00; H) by the

distance
o0

1
da(u,v) = kZ::l ?(W =Vl km A1)
and, similarly, C([0,00]; D(4~ 7)) by the distance

x 1
dool0) = X selu—1l 4 AT)
k=1 C([0,kL:D(4 2))
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(f > 42 as n the proof of theorem 3.1). We can repeat the bounds of the
proof of Theorem 3.1: note that, on one side, there exists « < 1 such that
ap > 2 (to apply Theorem 2.2); on the other side, the estimates (8) and (9)
depend only on E’(|uy,|”) (see Appendix 1), which are equibounded. Then we
obtain that the laws of u], are tight in

L2 (0,00, H) N C([0, 00]; D(AP)) .

To this end, note that the convergence with respect to dy + do is equivalent
to the convergence on every finite time interval; then, if a set

B
G C Lipe(0,00:H) N C([0,00]: D(4™2))
has the property that for all & the set
G = {u|[o,k] tuc %}

is compact, then ¥ is compact in

12 (0, 00; H ) N C([0, 00]; D(A~3)).

loc

Let !, u' be given by Skorohod embedding theorem, as in that proof. Since u}

is stationary in H, u' is also stationary in H. Indeed, by the a.s. convergence
in C([0,00]; D(A4~F?)), u' is stationary in D(4~F?2); but, for all ¢, ul(¢) are
H-valued random variables; this fact readily implies that «' is stationary in H.

The process u' is a martingale solution, by the same proof as in the previous
section. Note that in the definition of M(¢) and M'(¢) we have only to replace
P,up and ug by ul(0) and u!(0) respectively, that converge one to the other in
D(A~#?). The theorem is proved.

Uniqueness results for solutions of the stochastic Navie—Stokes equation
considered here have been proved under certain assumptions (for non-trivial
results for [20], [5]); in such cases it seems possible to define the transition
semigroup and obtain, as a byproduct of our results of existence of stationary
martingale solutions, the existence of invariant measures in the classical sense.

Finally, consider case 2 of the previous section.

Theorem 4.2 In addition to the hypothesis (G2), assume that
1’]/11 > /10 .

Then there exists a stationary martingale solution.

The proof is entirely similar to the previous case, and will be omitted.

4.2 Case 3

In the proof of Theorem 4.1, we have seen that the main point is the uni-
form estimate (32). Since in this section we deal with noise that does not
have nuclear covariance, we cannot apply successfully the Ito formula, and the
proof of an estimate of the form (32) is more complicated. The proof that
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we present here has also been applied to Burgers equation in [11]. Restricted
to additive noise, it simplifies the argument of [12], that moreover does not
extend, apparently, to the coloured noise case.

Theorem 4.3 Under assumptions (D3)—(G3), there exists a stationary mar-
tingale solution.

Proof. Consider Eq. (7), as in the proof of Theorem 2.3, and choose uy = 0. It
is straightforward to see, as in the previous two cases, that the family of laws
Llu(t)), t = 0, is tight in H, for all given n = 1. By Krylov—Bogolyubov
method, there exists an invariant measure y, for Eq. (7). We shall prove be-
low that the family p, is bounded in probability in H. Then, considering the
stationary solutions u/, as in Theorem 4.1, the bounds of the proof of Theorem
3.3 (with o = 0 for. instance) show that «, is tight in

L3,.(0,00; H) N C([0,00]; D(4 ™))

and the conclusion of the proof is the same as in Theorem 4.1.
Hence we have to prove that y, is bounded in probability in H. It is sufficient
to prove that the family

(L)t 20, n 21}

is bounded in probability in H. Fix ¢ > 0. Let o = o(¢) be given below, and
let (z,,v,) be the solution of system (24). Note that z, and v, depend on a,
while o, does not, and u, = v, + z, for each o.
Note that estimate (25) holds true with the constant C;( p, o) uniform in ¢ = 0
and n = 1, and

' Cy(p,a) = 0 (33)

as « — oo. Therefore, it is sufficient to prove that there exists M > 0 such that
P(lo(0)? > M) < = (34)

forallt > 0 and n = 1.
Recall now (26). For all M > 1 we have

1 div,

d 2
g VMY =T oy o=

1 [|oa]? 1
_S_ 1{|vn|2>M} <_§ |Un|2 + C|A4Zn|4

1
+1 Clf [ + Cldaz,|* + Co?|z
{lon2>M} |02

A1

1
= _71{|vn|2>M} + ClA%z,|*

1 . 1
+ M(C\fﬁ,, + ClAz,|* + Ca?lz, ).



388 F. Flandoli, D. Gatarek
Since v,{0) = P,ug = 0, we deduce

P > M) < CE(Ab*)
+ ACU B+ CB(Y2 %) 1 Co2E(, )

1
< GG(da) + M(QWV, + C3Co(4a) + C302C(20))
by (26), for some constant C; > 0. Recalling (33), we can find o such that
2 ¢
o 2(4) < 7

Then, for M large enough, (34) is satisfied. The proof is complete.

Appendix 1

We prove several bounds used in the paper. We first prove (8) and (9) under
the bound in assumption (G2), which is more general than the bound in (G1).
Thus we shall cover simultaneously the cases of Sects. 3.2 and 3.3. Moreover,
we consider Eq. (7) with more general initial conditions ug, that are %q-
measurable random variables, to cover also the bounds required in Sect. 4.1.
By Ito formula, for all p = 2 we have

1
d|un(t)|p § p|un(t)IP*2<unad“n> + EP(P - ])|un(t)lp_2|PHG(MH)I%2(K,H)dt'
Since (Bp(tn, tty), 4,y = 0, using (G2) we have
dlun(D)|? + plun(0)|? |un|*dt

< Pl foun)dt + plun(DP 7 (Glun)dw(1), 1)

+ 2200~ Dl el + p+ @~ m)a e

Thus, for all ¢ > 0,

Al + 1P~ p ~ 5 p(p = 1Y@ = ) Pt

< p|un<z)|"‘2irf|2wdr + plun(O1F Gl dw(t), uy)

1 9 P
2 P = DIl + p) (35)
i
< <5p(p 1)+ eif<z>|2w) )7

+Cle, p, p)US O} + 1) + plun(O]P G ) dw(8), un)
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for some constant C(e, p, p) > 0 (we have used the young inequality:

& . 1 ’
abS—a'-l-%,br
“r 15

rer

a,b,e > 0,r > 1,1/r + 1/ =1). Choose ¢ > 0 such that
1
p-pe—5p(p=1)2—n)>0.

Then

t 1
E(lun()]?) SE(luo,n|") + [y (Ep(p — Do + a{f(s)|%,,> E(lun(s)|7) ds

+Ce, p,p) [y (| /()3 + 1) ds .

If
sup E(|ug,»|?) < oo

from Gronwall lemma there exists a constant C > 0 such that
E(juit)?) £ C, Vi€ [0,Thn2=1. (36)
Using this bound in (35) we also obtain

Ejlun(t)l""zﬂun(t)l\zdt =G vnzl (37)
0

for a new constant C > 0. For p = 2, this completes the proof of (9).

By Burkholder—Davis—Gundy inequality, for some constant C > 0 we have

E sup

0<s<t

zp|”n(6)|p_2(PnG(un(a))dW(o-)> un(0)>1

1
2

(A

CpE ({ |4 ()27~ G () E i H)ds)

< CpE( sup Jun(s)]% (}iun<s>}l’*2uo|un<s>tz

0<s<t 0

+p+(2 - n)llun(s)1!2)ds) 2)



390 F. Flandoli, D. Gatarek

< lE< sup |u,,(s)[1’>

2 0=<sZt

C2 2Ef/10 sup |ua()|” do + Czpszflun(s)P’ 2ds

0ss=0o

1 / _
+5C P2 = mE [ |un()] 772 Jun()]* s
0
E( sup |un(s)|?) + szioEf sup lun(s)|F do + C
2 05t
for some constant C > 0, in virtue of (36) and (37). Thus by (35) we have

E( sup |ua(s)]”)

0<sst

T
J (%p(p— 1)2 +8f(s)[2w> E( sup !un(r)F"> ds

0<r=s

+ C(, p,m{ (/) +1) ds
+ E( sup lun(s)|*”)+Cp2)0Ef sup |uu(s)|?do + C.
0<s=t 0 0%s5<0

By Gronwall lemma, we get (8).

Appendix 2

Here we prove (16). We have

([ Pobso) o)), v) = = ] [onuhonubup) 5t ds
0 0D Xi

that converges P-a.s. to

t

A 3 t
— [ [ty L dx ds = <fB(u1(s), 1 (s))ds, v> .
0D 0x; 0
This happens because, on a set of P-measure 1,

1t Yt )ity — ()t ) (38)

in LZI{(D x [0, T1). To prove (38), take any subsequence 7 ; there exists a sub-
sequence v, of ne such that u, — u' as. on [0, T'] with values in L*(D).

Therefore th(” ) converges to 1 a.s. on [0, T ] and the convergence is uni-

formly bounded by 1. Since ulh converges to u! also in L2(D x [0,T]), it is
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easy by triangle inequality to see that (38) is true for the subsequence vj. This
implies that it is true for the whole sequence.
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