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Summary. We prove large deviation theorems for empirical measures of indepen-
dent random fields whose distributions depend measurably on an auxiliary para-
meter. This dependence respects the action of the shift group, and a large deviation
principle holds whenever a certain ergodicity condition is satisfied. We also
investigate the entropy functions for these processes, especially in relation to the
usual relative entropy.
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1 Introduction

With a view to applications to nonstationary processes, conditioned random fields,
and disordered lattice systems, we study the large deviations of independent but
nonstationary random fields. To compensate for the loss of invariance, we make
the law PY of the field measurably dependent on a parameter y in a way that
respects the Z%-action: P™¥ = PYo T_;. Suitable assumptions yield large deviation
principles of the following type: Suppose we have random variables £,, a sequence
of cubes ¥, 1 Z¢ and a nonnegative rate function I defined on the Polish state
space & of the £,. We say that {¢,} satisfies a large deviation principle on & under
P with normalization {|¥,|} and rate I, if the following inequalities hold for closed
subsets F and open subsets G of &:

1
limsup —log PY{¢,eF} < —infI,
n—ow |I/nl F
and
1 .
Iiminfﬁﬂlogpy{fneG} = —infl.

Let us say that [ is a good rate function on & whenever I: & — [0, oo] is lower
semicontinuous and has compact level sets {I < c}.

After introducing our framework, we state the large deviation principles in
Sect. 2 and establish some basic properties of the rate functions. In particular, we
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find that the rate functions differ from the entropy rates of iid large deviation
theory, but can be recovered from entropy via a contraction. Section 3 studies
a special case called a skew system where the rate function does coincide with
entropy on part of the domain. These results will be applied in a separate paper to
disordered lattice systems. Section 4 gives an application of the theorems of Sect. 2
to conditional probabilities. Further applications appear in Seppédldinen (1992).

Large deviation results of this type were first presented by Comets (1989) for
conditioned iid lattice systems. A special case of the ergodicity assumption we need
was earlier used by Ledrappier (1977) to establish the thermodynamic limit of
a random Ising model. Large deviation results for nonstationary processes have
recently appeared in Baxter and Jain (1991} and Baxter, Jain, and Seppéldinen.

To describe the setting, fix a Polish space & and a positive integer d. Put the
product topology on the configuration space Q = & z . Equip the spaces .#(%)
and #(Q) of Borel probability measures with thelr Polish weak topologies
generated by the spaces Cu(%) and C,(Q) of bounded continuous functions,
respectively. Let ¥, denote the cube {i=(,...,ip)eZ% —n<i <n,
k=1,...,d} with cardinality | 7,| = (2n — 1)% The group of shift transformations
{T: |eZ"} acts on 2 by (Fz)j =z ;.

The variables appearing in our large deviation principles are the empirical
distributions L, and empirical fields R, with values in .#(%) and .#(L2), respec-
tively. They are defined for z = (z;) e Q by

and
: 25
RTAN

eV,

:

The terms “position level” and “process level” are often used to distinguish between
the empirical measures {L,} and {R,}.

For W < Z¢, let #y denote the o-field generated by (Z;: ie W), where the spin
Zi: Q — % at the site ie Z? is the projection Z;(z) = z;, and the Borel field #(2') on
Z is understood. Write simply & for the Borel field of Q and %, for #.

We study probability measures on £2 that depend on a parameter y € 2, where
X is a Polish space equipped with a suitable Z%-action. More precisely, we have
a collection 77,...,7T; of commuting homeomorphisms on X2, and writing
L= Tio--oTyfori=(iy,...,i;)eZ gives a homomorphism from (Z*, +) into
the group of homeomorphisms on 2. Y denotes a Z-valued projection on Q x Z.

Z% acts on Q x X by Ti(z, y) = (%iz, Ty). The space of invariant probabilities on
Qs denoted by A (Q) = {Qe#,(Q): Qo T, = Q for all ie Z?}, with an analogous
notation for T and Q x 2. An invariant probability is ergodic if invariant Borel sets
have measure either O or 1.

We assume given a measurable map y +— PY from X into .#,(£2) such that the
spins (Z;) are independent under PY and P = P¥o T_;. This is equivalent to
having a measurable map y — p¥ from X into .#,(Z’), and then defining

(L1) P = ® phv.
iez?
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With PY we define .#, (#,(Q2))-valued empirical measures by

1
O(pryy .
1,0
To clarify its meaning, let f be a bounded Borel function on £, so that F(Q) = Qf
defines a bounded Borel function on .#,(Q). The integral of F against P,(y) is
given by

(1.2) P.(y) =

LS frapty = [R(f)aPY .

P F)=
"(y’ ) IV;1|1€Vn

(Depending on the context, the integral of a Borel function f against a measure
Q can be denoted by Qf, Q(f), Q{f}, or [fdQ.) At position level we define the
M (M (Z))-valued maps

1
01Ty .
70, S

n

(1.3) P.(y) =

1.4. Definition. A parameter y is called P-quasiregular, if the limit
Y(y) = lim P,(y)

exists in the weak topology of A4, (#,(Q2)), and p-quasiregular, if the limit
v(y) = lim p,(y)

exists in the weak topology of 4, (A ,(Z)).

If y is a p-quasiregular parameter and ve .#,(%), define

(L5) K(y) = sup {vf— J logp(e?)o(y. dp)},

f M (Z)
where the supremum is over bounded Borel {(equivalently, continuous) functions on
Z. Next, suppose y is P-quasiregular and Q e .#4(Q). For finite rectangles W < Z°,
put

(1.6) KZw)(Q) = sup {Qf* [ logR(")Y(y, dR)} ,
s A1 ()
where f ranges over bounded, &#,,-measurable functions. Then define
1
(1.7) kY (Q) = sup —— KZw)(Q) -
w W]

Extend kY to all of .#,(Q) by setting k¥Y(Q) = oo if Q is not shift-invariant,

2 The large deviation principles and their rates

In this section the measures P¥ are defined by (1.1) in terms of a given measurable
map p: X — M (Z).
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2.1. Theorem. Let yeZ be P-quasiregular. Then {R,} satisfies a large deviation
principle on #,(Q) under PY with normalization {|V,|} and with rate kY.

2.2. Theorem. Let yeX. {L,} satisfies a large deviation principle on M (%) under
PY with normalization {{V,|} if and only if y is p-quasiregular. In this case the rate
function is K7.

Proofs of these theorems are in Sect. 5. The equivalence of the large deviation
principle and the regularity assumption at position level was also independently
observed by S.R.S. Varadhan. We do not know at the moment if this is also the case
at process level.

Most of the remainder of the paper studies the rate functions, especially to
describe precisely their relationship to relative and specific relative entropy. In this
section, Theorems 2.6 and 2.8 show that the rates always dominate the entropy
rates of the expected process. In Theorem 2.13 we see that under an additional
assumption, the rates are contractions of entropy rates on larger spaces.

Recall that the entropy of a probability v relative to a probability u is defined by

v(log%) fv<gu,

o0 otherwise .

Hy|p =

Write H,,(v| p) for the relative entropy of the restrictions of v and u to a sub-o-field
. For Q and R in #(Q), define the specific entropy of Q relative to R by

23 HQIR) = lim 20 IR).

whenever this limit exists. To avoid the existence problem also define

4 RQIR) = sup — Hy (@ R).
w W]
where the supremum is over finite rectangles W in Z*. We shall make free use of the
basic properties of relative entropy. The reader may consult Deuschel and Stroock
(1989) and Varadhan {1984) for proofs.
For a p-quasiregular y, define the expectation pe #(Z) of v(y) by

25 uwCy= [ r(Co(y,dn),

MAEZ)
for Ce #(Z). Since we always deal with one y at a time, the dependence of p on y is
suppressed from the notation.

2.6. Theorem. Let y be a p-quasiregular parameter. Then KV is a convex, good rate
Sfunction on M, (%) with a unique zero at pu. K¥(v) =2 H(v|p) for all ve #(Z), and
K?¥ coincides with entropy relative to u if and only if v(y) is a point mass.

Proof. Lower semicontinuity and convexity are obvious from the definition (1.5).
To get KY(v} = H(viy), apply Jensen’s inequality to (1.5} and note that
H(v| ) = sup{vf — log u(e”): fe Co(Z)}.
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KY(u) = 0 follows from observing that for v = y, the right-hand side of (1.5) is
< 0for all f, again by Jensen’s inequality. Since H (- | u) is a good rate function with
a unique zero at u, K¥ is good and cannot have any other zeroes.

If v{y)is a point mass, it is obvious that K¥ = H{-| u). Conversely, suppose this
is true. For a positive Borel function f which is both bounded and bounded away
from zero and satisfies pf = 1, define ve #,(Z) by dv = fdu. Then

H(v|p) = KY(v) 2 v(log f) — [ log p(f)v(y, dp) ,

from which [ log p(f)v(y, dp) = 0. By Jensen’s inequality f log p(f)v(y, dp) £ 0,
so we must have equality. Hence by the strict concavity of log, pf=1 = uf for
v(y)-almost all p. Let f vary over a countable class of functions that separates
measures to conclude that v(y)-almost every p equals u. O

The expectation P of Y(y) is defined for 4e # by

(2.7) P(A)y= [ R(A)Y(y,dR).

H(Q)
2.8. Theorem. Suppose y is a P-quasiregular parameter. Then k¥ is a convex, good
rate function on #(2) with a unique zero at P. For Q€ #¢(Q), kK¥(Q) = h(Q | P),
and kY(Q) is given by the infinite volume limit

1
(2.9 kY(Q) = JLI’I[}O ﬁaK}}(n)(Q) .

Proof. Put s(W) = K%uw)(Q) for finite rectangles W in Z*. It follows from Lemma
2.10 below that s(W)=s(W+1i) and s(W)=s(W)+ -+ s(W,) whenever
Wi, ..., W,are disjoint and contained in W. A standard superadditivity argument
now gives (2.9). The remaining properties follow from applying Theorem 2.6 to the
functions K% y). O

2.10. Lemma. Suppose y is P-quasiregular. Then Y (y)-almost every R e #1(Q) is of
the form R = ®jcze pi for some collection {p;} < M(%). The map y — Y(y) is
invariant under the Z*-action on X, and the measure Y (y) is invariant under the maps
R+ RoT;on M(Q).

Proof. Let C, be the closure of the set {P%¥:ieZ%\¥,} in .#,(Q), and
C = ()m=1 Cn. Elements of C are of the form ® p;, so the first statement follows
from

L 1
Y(y, C) = lim hmsupr] Y 1, (P =1,
MZO oy rlieVl,

For any site j,

1 1
P j = vy = Tyo 3.
15y) [Vl ie;+j otem [Vl ieZV,, Spro-t-y

The limiting behavior of the middle expression is clearly independent of j. This
implies the invariance statements. [J

The rest of this section shows how an additional assumption on the ergodic
properties of the parameter allows us to express the rate as the solution to
minimizing relative entropy on .#, (€ x ) under marginal constraints. Following
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Oxtoby (1952), call a parameter y quasiregular, if the limit

K(y) = lim — o
(0= lim 5 % o,
existsin .#,(2). y — K(y)is an .#r(Z)-valued, Borel measurable, invariant map on
the Borel set of quasiregular parameters. If K(y) is ergodic, we call y transitive.
Proof of the following proposition can be found in Oxtoby (1952) and in Sect. 2 of
Dynkin (1971).

2.11. Proposition. Let ve.#(X). The set of transitive parameters has v-measure 1,
and v is ergodic if and only if v{y: K(y) = v} = 1. In particular, every ergodic
probability on ¥ arises as a limit K(y) for some transitive y.

2.12. Definition. Assuming that the kernels in question exist, we say a parameter
¥ is P-regular, if

Y(§, 4) = [ 1L.(P*)K(F, dy)
for Borel A < .#,(Q), and p-regular, if

v(§, C) = [ 1c(pY) K(¥, dy)
for Borel C < .4, (Z).

We can now state our result. For a quasiregular §, define pe.#,(Z x X) and
be M (Q2x2) by o(dz, dy) = p’(dz)K(¥, dy) and &(dz, dy) = PY(dz) K(§, dy). Let
&y =F, v B().

2.13. Theorem. Suppose ¥ is p~regular. Then K¥(v) = inf, H(Y | @), where the infi-
mum is over Y € M ((Z x X) with marginals v and K(¥).
Suppose ¥ is P-regular. Then

1
(2.14) hé(P| @) = lim 7 H (P | )
exists for W e M(Q x ) with Z-marginal K(¥), and k¥(Q) = infy h? (¥ | &), where
the infimum is over ¥ e M {Q x X} with marginals Q and K(¥).
If ¥ is P-regular and transitive, then the limit in (2.14) exists for all
Yedy(Qx2),and kY is affine on M ().

Proof is deferred to the end of the section. The next proposition indicates that the
P-regular parameters are plentiful.

2.15. Proposition. The set of P-regular parameters has measure 1 under any invari-
ant probability on X. If pY¥ depends continuously on y, quasiregularity implies P-
regularity.

Proof. Suppose ¥ is quasiregular and y +— p” is continuous. It follows that y +> P?¥
is continuous, so that if G is a bounded continuous function on .#,(22), G(PY) is
a bounded continuous function of y. By quasiregularity

Z G(PT¥) = f G(PY)K(y, dy) ,

lim P.(¥, G) = 11m
n= o o | nl ieV,

which shows that j is P-regular.
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If y — PY is only measurable, G(PY) is a bounded Borel function of y, and the
convergence above takes place almost surely under any invariant probability on 2.
This gives the first statement. J

2.16. Example. A simple example of a P-quasiregular, but not P-regular, para-
meter. Taked = 1, X = [0, 1]Z with the shift map, and pick two distinct probability
measures o and f on some Polish space &. For y = (y,)eZ, let

v _ o 1f0§y0<1,
p’ = .
p ifyo=1.

Let 5, be any sequence in (0, 1) converging to 1 as n — . Put ¥, = #,. Then

n—1
Y(S’) = lim l Z 5{a1} = 5{0:2} .
n=o B2

But K(§) =6y, where 1 = (..., 1,1,1,...), and P! = Z 5o if § were P-regular,
the limit Y(¥) would be 6(z,.

The next technical lemma will be used in a number of specific situations. Let
U and V be Polish spaces, ke .#(V), v+ p’ a measurable map from V into
MUY, r°=p" @9, and ¢(du, dv) = p*(du)k(dv) probabilitiess on Ux V, and
A a functional on C,(U x V) defined by

A(f) = [ logr’(ef)x(dv) .

Forae #,(UxV)and fe.#,(U), set

(2.17) J(@) = sup{af— A(f): fe C,(U x V)}
and
(2.18) L(B) = sup{fg — A(g): ge C,(U)} .

2.19. Lemma. J(o) = H(x| @) if the V-marginal of o is x, otherwise J(a) = co.
L{f) = inf, J(«), where the infimum is over o with U-marginal .

Proof. Write a” for the conditional probability of «, given ve V. If ,, = k, then the
right-hand side of (2.17) is dominated by f H{a’|r*)k(dv) = H(x| ). We see that
J{2) < oo only if ay = x by taking fe C,(V) in (2.17). Finally, J(¢) = H(x| @) as in
Theorem 2.6.

To prove the second statement, assume that U and V are compact. The general
case follows by a compactification argument. Since A is strongly continuous and
convex on C(U x V), it is weakly lower semicontinuous and consequently its own
double convex dual. Let ge C(U). Then

Alg) = A**(g) = J*(g)
= sup{oyg — J(o): €M (U xV)}
= sup{fg — inf{J(x): ay = B}: Bes;(U)} .
Taking convex duals once more gives L(f) = inf{J(®): oy = B}. O .
2.20. Remark. This lemma contains Donsker and Varadhan’s (1976, Theorem 2.1).

Proof of Theorem 2.13 To apply the above lemma, set ¥ = X and « = K(¥). The
first part of the theorem follows by taking U = £ and p¥ = p¥, so that L = K.
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Now suppose ¥ is P-regular. Let J, be the function defined by (2.17) with
U = 27" and p? equal to the restriction of P¥ to &,. Then Hy (¥ | @) = J,(¥) if
¥ has marginal K(¥). The infinite volume limit exists for the J,’s by the proof of
Theorem 2.8, hence so does (2.14). .

Again by Lemma 2.19, Hg((¥ | @) 2 K; (Q) for all n whenever ¥ has marginals
0 and K(§), so k¥(Q) £ infy h® (¥ | @) follows.

To get the converse, use Lemma 2.19 and the properties of relative entropy to
pick a probability I' on &, with marginals Qg and K(§) such that
Hgw(I| @) =K, (Q). Let {W{:icH} be a covering of Z? with disjoint shifted
copies of ¥, such that W is centered at i. Extend I' to I'"e .#,(€ x X) such that
under I'" the variables {(Zw, Yo T):ic H} have common law I', and the vari-
ables {Zy): ie H} are independent conditional on Y. Define ¥"e.#+(Q2 x Z) by

1
:|ani;/"F A

The sequence {¥"} is tight because its marginals on £ converge to Q and those on
2 are constant. Any limit point ¥ is invariant with marginals Q and K(¥). So by the
lower semicontinuity and convexity of relative entropy, k¥(Q) = hé(¥| ®).

Suppose § is also transitive. Then H g,y (¥ | @) = co whenever ¥’s XZ-marginal is
not K(¥), because ¥y < K(¥) forces V5 = K(§) by K(¥)’s ergodicity. X

To prove that kY is affine on #r(Q), it suffices to show that k¥(Q) =
[ k¥(R)a(dR) whenever Q = [ Ra(dR) is the ergodic decomposition of Q. By
Deuschel and Stroock’s (1989, Lemma 5.4.24), k¥(Q) < [ k¥ (R)a(dR). For the
opposite inequality, find ¥ such that k¥(Q) = h¢(¥| &), with ergodic decomposi-
tion ¥ = [ I'n(dI'). By K(§)’s ergodicity, #-almost every I' has marginal K(¥).
hé(-| @) is affine by the argument on p. 222 of Deuschel and Stroock (1989), so
again by their Lemma 5.4.24,

]:Pn

K(Q) = [ hé(T'|@)n@l) 2 [ k¥ (To)ndl) = [ K (R)a(dR) .

The last equality above follows from the uniqueness of the ergodic decomposi-
tion. O

3 Skew system run by the shift group

We study the effect of adjoining the parameter to the process as a deterministic
component. We also take the parameter space to be a configuration space with the
Z* action by shifts. Here we find a very close connection between entropy and our
rates.

Assume that & = & x % where & and # are Polish spaces, and form the
configuration spaces & = %, > =% Z and Q = 5 x X. Write % for the o-field
generated by the ¥-valued spins (X;: ie V), analogously for #/-valued spins, and set
Ey,u= 971)/( Vv 9711:+U-

The parametrized measures are now p¥ = ¥ ® oy, on & and PY = I[I¥ ® Jy on
Q, where y — n¥ is a measurable map from X into 4 (¥), and I¥e . #,(E) is
defined by IT¥ = ® 7. It turns out that the range of the dependence of n¥ on
y affects the entropy representations of the rate functions. For the remainder of this
section, fix U = Z% so that y — 77 is & {-measurable.
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Weak limits of R, under PY have Z-marginal K(y), if y is quasiregular. So it is of
interest to note that the last statement of Proposition 2.11 can be strengthened to
cover all shift-invariant measures on 2.

3.1. Lemma. Every shift-invariant probability measure on X is.equal to K(y) for
some quasiregular configuration y.

Proof. It is well-known that ergodic measures are dense in .#;(2), see for example
Lemma 3.2 of Foéllmer and Orey (1988). Thus it suffices to show that, if v, » v in
H1(2) and v, = K(y*) for each k, then v = K(y) for some quasiregular configura-
tion y. The idea is to let y agree with the y*’s on successive rectangular shells

Va\ Vo _,-
Find gy, g2, g3, . . .€ Cp(2) and integers 7 so that g4,. . ., g, are ?rYk-measur-
able and
l A‘ i

S0 el

metrizes .#,(X). Let & = 27%/9. Without loss assume that, for all k, |v.(g;) —
v(gi)| < &llg;ll fori=1,...,k Choose n; T to satisfy (a)—(b):

(a) Forje{kak + l}a i= 17' ) ka and m g Py, |Rm(y17 gl) - vj(gi)l < Bk”gi”'
(b) For m =, {ie V,\V, i+ V, & V\ Vot < &l Vl.

Set yi=yi for ieV,\V,_ .. Then d(R,(y),v)<27**? whenever n, <
m<nfgy. [

Call a parameter y marginally quasiregular, if the limit
1
)= lim — Oy,
K=,

exists in .#;(%). In our present setting, it is clear that P-quasiregularity implies
quasiregularity, p-quasiregularity implies marginal quasiregularity, the Z-marginal
of the expectation P is K(y), and the #-marginal of u is k(y).

3.3. Theorem. Suppose y is p-regular and U = {0}. Then

KY() = HE|w if v=x(y) on B%),
0 otherwise .

Proof. Lemma 2.19. Note that if y is p-regular and U = {0}, then y is the expecta-
tion of y > p” under k(y). O

3.4, Theorem. Suppose that y is a P-regular parameter. Then the specific entropy

6.3) B(QIP) = lim - He (01 P)

exists for Q € M (Q) with marginal K(y). For all Q e #+(Q),

h(QIP) if Q=K(y) on FV,
0 otherwise .

(3.6) k'(Q) = {

Furthermore, kY is affine on the set {Qe #+(Q): Q = K(y) on F'}.
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Proof. A special case of the argument given in the proof of Theorem 4.4 below
shows that &, can be replaced by &, y in (2.9). By Lemma 2.19 and P-regularity,

Hé”(n, U)(Q|P) if Q =K(y) on g"-V(n)+U 5
0 otherwise .

G.7 K uv)(@) = {

This gives everything but the affinity statement, which follows as on p. 222 of
Deuschel and Stroock (1989). O

3.8. Remark. As Theorem 2.13, the above proposition holds without the restric-
tion on X-marginals provided y is transitive and we take U = Z“.

3.9. Example. P-regularity of § ensures that PY is a conditional probability of P,
given Y =y, which in turn accounts for (3.7) and (3.6). Let us see how things can go
wrong: Let d =1, & = {a, b}, and % = [0, 1]. Let a,b, 0, and 1 denote constant
sequences of a’s, b’s, 0’s, and 1’s, respectively. For y = (y,jeZ, let

o, fO0Zy, <1,
¥ =
5b lfy0=1

Let #, be a sequence in (0, 1) converging to 1 as n — co. Use Lemma 3.1 to pick
a sequence ¢ = (¢) of 0’s and 1’s so that

n—1 1
Jim -~ " kZo Orke = 5(50 + 81) -

Put

o fn ife=0,
"1 ife,=1.

Then § is P-quasiregular, Y(¥) gives mass 1/2 to (1) and &y, 4y each, and
= (0@ 1) + 9w, 1))/2. Let Q =g 1. Then Hegp(Q|P)=1log2 for all n but
ky(Q) 0. This example shows also that, contrary to specific relative entropy, k¥
is not necessarily affine.
We conclude this section with a Shannon-McMillan—Perez type result. Write
QY for the conditional probability of Q e .#,(Q), given Y =y. It follows from (3.7)
that if k¥(Q) < co, then Q < P on &, y, for all n. Write

_40
dP g, v)
for the Radon-Nikodym derivative.

3.10. Theorem. Suppose that § is P-regular and transitive, and k¥(Q) < co. Then for
K(¥)-almost all y and in L*(K(¥)),

K(Q) = lim m [ logf,dQ" .

Proof. For finite rectangles W < Z? define Fy(y) = Hew, v)(Q¥ | PY). {Fy} is
a nonnegative superadditive process, and the theorem foliows from (3.6) and
Theorems 6.2.3 and 6.2.9 in Krengel (1985). O
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4 Large deviations under conditional probabilities

We return to the general setting of Sect. 1. For a sub-o-field 2 of & set
Ay, =\/{T;2:jeV,} and o =\/,, ,. Suppose Pe.#r(Q) is ergodic and has
the property that, given 9, Z is independent of F (g} v #/. Our object is to study
the large deviations of L, and R, under conditional probabilities P{-| .2/ }.

For probabilities Q defined on &, set

4.1) K,(Q) =sup{Qf— [ logP{e’|s#,} dP}

where the supremum is over bounded, #,-measurable functions. The limit
1

#2) KQ) = lim 17 K.(©)

exists for Q e #(Q) by Theorem 2.8. For nonshift-invariant Q set k(Q) =

4.3. Theorem. Both {R,} and {L,} satisfy a large deviation principle under almost
every conditional probability P{-|.s}, the former with rate k and the latter with
rate K.

Proof. Set ¥ = Qand let z — p” be a version of the conditional distribution of Z,,
given 2. Then P* defined by (1.1) is a version of P{-|.</}. Almost every z is P-
regular in the sense of Definition 2.12 and satisfies R,(z) — P as n — co. Thus the
theorem is an immediate consequence of Theorems 2.1 and 2.2. [

As usual, the rates are convex, good, and have the obvious unique zeroes. Note
also that K,(Q) = oo unless Q = P on </, N %,. As in the skew system case, we can
express the rates in terms of entropy:

4.4. Theorem. Suppose 9 =\/;_, D " F,. Then the specific entropy

) 1
4.5) h(Q|P) =nh_{g mH%vMH(QIP)
exists for Q € M{2) which coincide with P on of. We have
h¥(Q|P) if Q is shift-invariant and Q =P on oA ,
0 otherwise .

(46) M@={

Assume additionally that @ = . Then for ve # (%)

{H(v|POZO“1) ifv=Pon @ ,
)

4.7 K =
@.7) 1) otherwise ,

and h™(Q| P) can be replaced by the usual specific entropy h(Q|P) in (4.6).

Proof. Suppose Qe #,(2) and Q = P on /. Let K,(Q) be the quantity in (4.1)
with the supremum taken over bounded, %, v «&/,-measurable functions. By ar-
guments similar to those of Lemma 2.19, K;(Q)= Hgz , ,(Q|P). Since
K, (Q) z K,(Q), to replace K,(Q) by K,(Q) in (4.2} it suffices to show that

4.8) k(Q)—7{Qf [ log P{e’|s/,}dP}
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for an arbitrary bounded, %, v (&, N %, )-measurable function f for any integers
¢ and m. Here we used &, = \/,~, &, 0 %,. Let k > 0 and pick n = n(k) so that
V, is a disjoint union of k“ shifted copies of V,, centered at sites in a set H,.
Set g,=2, .y f° T Then g, is %, ,,-measurable, and P{e%|o, ..} =
[Licy, Ple’! o/} o T;. Hence

K,y /Q) 2 Qg — [ log P{e"| ot . s} dP = k*(Qf — [ log P{e”| s4,,} dP) .

Divide by |V}, , | and let k — oo to get (4.8). The rest of the theorem is by now
easy. [

Two settings which satisfy the assumptions of this section:

(1) Suppose Z = & x % asin Sect. 3, and P is an ergodic probability on Q2 such
that, for some U = Z¢ X is independent of (X (0} Yye), given Yy. P itself does not
necessarily satisfy a large deviation principle if its marginal on 2 is an arbitrary
ergodic measure (Orey and Pelikan 1988 give an example due to A. Sokal). Let
2 be the o-field generated by Yoy, v. According to Theorem 4.3, large deviation
principles hold for almost all conditional probabilities P{:|Y = y}. For the case of
a product measure P = Py ® Py with iid marginals, this result was first proved by
Comets (1989) with arguments completely different from ours.

(2) Suppose that P is an iid probability on Q, and that 2 < #,. Then we get
conditional versions of the well-known iid large deviation principles, and by
Theorem 4.4, the usual entropy rates continue to apply on the set of probabilities
with correct restrictions on the conditioning o-field.

5 Proofs

We now turn to the proofs of Theorems 2.1 and 2.2. The upper bounds are
established by a scheme codified in Deuschel and Stroock’s (1989, Theorem 2.2.4):
We first verify exponential tightness. It is then enough to prove the upper bound for
compact sets. This we do by showing the existence of a pressure functional on
a class of functions generating the weak topology of .#;(Q). Proof of the lower
bound is based on geometric ideas developed by Baxter and Jain (1991).

First we enlarge the class {¥, } so that it is closed under a partitioning of each set
into two subsets of roughly equal cardinality. The need for this will become evident
in the proof of the lower bound. Let 2 denote the set of pairs (g, r) of dyadic
rationals satisfying 0 < ¢ < r < 1(q s a dyadic rational if 2¥q is an integer for some
positive integer k). Let n(q) denote the largest integer contained in ng'/%. For
positive integers n and (g,7r)€2, set V, ., = Voiy\ Vo Let Vo =0, so that
Vioi=V,.Mfnowu=(q+r/2, then ¥, ,, =V, 4. Vo ur and

Wl 1y o

1
Tarl 2 2 a2

as n-— oo .

(5.1)

Proof of the next lemma is left to the reader.
5.2. Lemma. Let a: Z°— R be a bounded function, and define
Y, o)

”/n,p,q| ieV,

n.p.4q

a(n, p, q) =
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for positive integers n and (p, g)€ 2. If lim,_ ,, a(n, 5, t) = S for some (s, t)€ 2, then
lim,. o, a(n, p, q) = B for all (p, g)€ 2.

Write L, ,.» and R, , , for the empirical measures when 1, is replaced by V,, 4 ..

5.3. Proposition. Suppose ye X is p-quasiregular and (g, r)e 2. Then there are com-
pact sets C; = M1(Z) and L, = M1(Q) such that for all n, /e N,

(5.4) PY{L, ,,€Ci} < e~ har
and
(5.5) Py{Rn,q,rEL;} Le” Woarlt

Proof. Let & | 0 as k — oo, and put b, = (k + 1 + log2)/e;. By p-quasiregularity
and Lemma 5.2, the measures

1
I,= Z phiy
|Vn-q,r| iV, .»

converge in .#,(%) as n— o0, so we may pick compact sets K, < & such that
I(K5) < e % for all n, ke N. Then

1
Py{Ln,q,r(Kl:) > 8k} = Py{ z le(Zl) > gk}
|Va,a,el ic 77,

< exp(— | Vqrlbrex) [] p™ {exp(bilks)} .

i€V,

By Jensen’s inequality and the choice of the K;’s,

[T P {exp(bilig)} < (7 {exp(bili })1"ee! < 21er

ieViq,

so for all n and k,
Py{Ln,q,r(Klf) > Sk} é € =gk +1) .

ForZeN,let C, = {ve #,(Z): v(Ky) < g for k = ¢}. The C, are convex, compact
subsets of .#1 (%), and it is easy to see that they satisfy (5.4). To get (5.5), use (5.4) to
choose compact K, ; = Z such that

pT;y\{Ln,q’r(K;n,j) > e —m+lil +4d)} < ¢~ Vaarlln £ il + 4d)
for all me N and je Z“. Define
H, ={QeM,(Q): Q(ZieKy ;) < e mHlil+4) for all jeZ%}
and Ly = (\pz¢ Hp. O

Let €, be the class of bounded continuous functions on Q which depend on
only finitely many sites. It is a linear subspace of C,(2) and generates the weak
topology of .#,(Q). For neNN, (q,r)e2, ye2, fe€,, and Re .#(Q), let

Sn,q,rf= Z fOT; >
i€V, or
1
Cnag,r (Y. S) log [ exp(S,,q..f)dP7 ,

Vgl
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and
1

co(R,f) = log [ exp(S,f)dR .

[Vl
5.6. Proposition. Let y be P-quasiregular, (q, )€ 2, and fe€y. The limit

(5.7 c(y.f)= '}Ln;lo Cn,q,r(yrf)

=

exists and is independent of (g, 7). c(y,f) depends on y only through Y(y), or more
precisely

(5.8) c(y.f)=lim [ c(R.f)Y(y,dR).
KA )

Proof. Take first (¢, r) = (0, 1). Usual partitioning arguments, as in the proof of
Ledrappier’s (1977, Lemma 7), give

J emRX(Y, dR) + 0(—;‘;) = liminf ¢,(y, /) < limsup c,(y. f)

1
which gives (5.7) for (g, r) = (0, 1) and (5.8).
Now let (g,7)e2 be arbitrary, suppose f is %,-measurable, and put
W,={ieV,gy: i+ W& VigtulieV, o ii+ Vi &V, .} PVs independence and
a straightforward approximation give

— 11/’;(’1)] |V;t,q,r|
| Vool [V

where |[R(m)| = 2| f I | W,|| Vo] 1. Letting n— co gives (5.7). O

cn(r)(Y:f)

Cn(q)(y>f) + cn,q:r(y,f) + R(n) ’

The functional ¢(y,-): ¥, — IR is called the pressure (Baxter and Jain 1991).
The convex dual of the pressure is defined for P-quasiregular y and Q .4, (£2) by

c*(y, Q) = sup{Qf—c(y,f):fe %o} .

Propositions 5.3 and 5.6 and Deuschel and Stroock’s (1989, Theorem 2.2.4) com-
bine to give

5.9. Proposition (Upper bound) Suppose y is a P-quasiregular parameter and
(g, ") 9. Then for any closed set F ¢ JM,(R2),

lim sup log PY{R, ,,eF} < —c*(y, F).

R o 11/;1,q,r]

Before going on to the lower bound, we pause to show that c*(y, ) agrees with kY.
Theorem 2.8 then implies that c*{y, - ) has compact level sets, which we need for the
proof of the lower bound.

5.10. Lemma. Let y be P-quasireqular and fe€,. If f is &,-measurable, then

() S — [ logR{exp(I%lf)}Y(y.dR) .
AT
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Proof. Pick n so that V, is the union of a collection of shifted copies of V. By
Holder’s inequality and the independence properties of P?,

1

[ exp(S,f)dPY < [] ( [ exp(1 %l f mdpy)W.
Q 2 .

ieV,
Now take logarithms, divide by |V}, and let n » c0. [
5.11. Proposition. c*(y, Q) = k7(Q) for all P-quasiregular y and Q € .#(Q).

Proof. If Q is not shift-invariant, then ¢*(y, Q) = o because c(y,f — fo T;) = 0.
Suppose Q is shift-invariant. Let f be an arbitrary &;,-measurable bounded
continuous function. Then

(v, Q) 2 1Kl {Qf — [ logR(e”) Y (y. dR)}
by Lemma 5.10, so c*(y, Q) = k¥(Q). The converse inequality follows from
K, 14(Q) 2 QS f) — [ log R{exp(S,./)} X(y, dR)
= [Val{Qf — [ cu(R. /)Y (y,dR)} . O

5.12. Proposition (Lower bound) For any P-quasiregular y,(q,r)e2, and open
subset G of M,(Q),

lim inf 7 llogPy{R,,,q,,e G}z —k¥YG).
| Audive) n,q,r
This proposition is proved after a sequence of lemmas. Fix a P-quasiregular y, and

for Qe #,(Q), write k(Q) = k¥(Q). For (g, )€ 2 and open G < .#;(2), define

jlg, r, G) = — liminf
n=o II/n,q,rl

logP'{R,,,eG},

and then for Qe .#,(Q),

J(Q) =sup{j(g,7, G): (¢, 7)€ 2, Q€G, G is open} .

We will prove Proposition 5.12 for the fixed y by showing that J(Q) < k(Q) for
all Q.

5.13. Lemma. J: #,(Q) - [0, 0] is lower semicontinuous and convex.

Proof. Lower semicontinuity is immediate from the definition. Convexity is proved
as on p. 9 of Lanford (1973), with the help of the partition property of the sets
{V,a.r}- Suppose @ = (Q' + Q”)/2 in 4 {(Q). Let G be an open neighborhood of Q.
Metrize .#(Q2) with a metric of the type (3.2), and find & > 0 so that the ball
B(Q, 3e) = G. Let (g, 7)€ 2, and put s = (g + r)/2. For large enough n, we can find
measurable sets D, , ; and D, ;, depending on disjoint sets of sites and satisfying

{Ru0.s€B(Q,8)} < Dy gs © {Ry 4,56 B(Q', 26)}
and a similar statement with (g, s) and Q’ replaced by (s, ) and Q”. Hence
PY{R, ,.€B(Q, ¢} -P'{R,,eB(Q", ¢} < P¥{R,,,eG},
from which follow j(q, r, G) < (J(Q') + J(Q"))/2 and convexity. [
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Next a slightly modified version of Baxter and Jain’s (1991, Theorem 4.8). For
its proof equip the space .# (2) of real-valued Borel measures on 2 with the locally
convex, Hausdorff linear topology generated by %,.

5.14. Lemma. Let ge%, be such that Rg < k(R) for all R e 4#(Q). Suppose Q is an
extreme point of the set A = {Re .#;(Q): Rg = k(R)}. Then, for every open neigh-
borhood G of Q and every ¢ > 0, there exists an open neighborhood U of Q contained
in G, a function fe ¥, and a 6 > 0 such that Qf = k(Q), |IRf — Qf| < e for ReU,
and Rf < k(R) — & for Re 4, (Q)\U.

Proof. Suppose first that 4 = {Q}. Pick a neighborhood U of Q such that
IRg — Qg| <& for ReU. Since k has compact level sets, the number
n =inf{k(R) — Rg: k(R) = |lg|| + 1, Re U} is positive, possibly infinite. Take
f=gand § =5 A 1 to conclude the lemma.

For the rest of the proof, assume that 4 contains more than one measure. It is
a convex, compact subset of .#,(Q2). Put

K = (R e (@ xR: k(R)S < llg] + 1} .

K is a convex, compact subset of the locally convex linear space .# (22) x R. Assume
e< 1. Let

U={Re.(Q):|Rg—Qqg| <&},
and
V= U x(k(Q) — &/2, k(Q) + ¢/2) .

(@, k(Q)) is an extreme point of K, and ¥ is an open neighborhood of (Q, k(Q)). By
the converse to the Krein-Milman theorem, (Q, k(Q)) does not lic in the closed
convex hull of K\ 7 (Dunford and Schwartz 1988, p. 440). Let L be the closed
convex hull of (epi K)\ V, where

epiK = {(R, )e M, (Q)xR: k(R) < o0, t Z k(R)} .

It is then easy to see that (Q, k(Q)) does not lic in L either. By Dunford and
Schwartz’s (1988, separating hyperplane theorem V.2.10), there are he €y, s€ IR,
and # > 0 such that

(5.135) Qh + sk(Q)=0
and
(5.16) Rh+st<—n forall(R,t)elL.

We claim that s < 0. Suppose first that s = 0. Then Qh = 0, and by approaching
Q inside A, we can find a measure R such that k(R) < w0 and —# < Rh. This
contradicts (5.16), for (R, t)e L for all large enough t. Thus s % 0, and then (5.16)
forces s < 0. Putting f' = — h/sand y' = — 1/, (5.15-5.16) turn into Q(f") = k(Q)
and

(5.17) R(f)<t—y forall (R t)eL .
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Noting that {R} x[k(R), ) is a subset of L for any R¢U, (5.17) gives
R(fYS k(R)—n" for all R¢U. Let 0(0,1) be such that 28] f’'|| < e Then
f=(1—0)g + 6f" and é = 8y’ give the conclusion. [

The key step in the proof of the lower bound is Lemma 5.20. First two simple
observations:

5.18. Lemma. Supposer, 1 co,and {a,} and {b,} are nonnegative numbers such that
¢ =lim,_ ¥, *log(a, + b,) exists. Then

1 . 1
¢ (lim inf;—log a,,) v <11m sup r—log b,,) .

5.19. Lemma. Suppose y is P-quasiregular, (g,r)€ 2, and the compact subsets
{L;}7 =1 of #M(Q) satisfy (5.5). Let fe €. Then for £ > 2| f1,

e(y, f) = hm log [ exp(S,q,f)dPY.

R, ,..€L,

o | Vgl
Proof. Obvious from

[ expSuq,f)dPY < [ exp(S,.q,,f)dP?
R.,.-€L;

é f eXp(sn qrf)dPy + exp(l qu(”f” _/)) U

R, ,.€L,

5.20. Lemma. Suppose ge€ is such that Rg £ k(R) for all Re #,(Q). Then
J(Q) < k(Q) for any extreme point Q of the set {Re #,(2): Rg = k(R)}.

Proof. Let G be an open neighborhood of Q,(g,r}e 2, and ¢ > 0. Let U, f, and
o come from Lemma 5.14. Let L, = .#,(Q2) be compact and satisfy (5.5). Pick
£ > 2| f|. For each Re L,\U, find an open neighborhood Hy of R sugh that
R'f< Rf+ é/4 for all R"e Hg, and

(5.21) inf{k(R'): R'eHz} > Rf + 8/2 .

(5.21) can be satisfied because k(R) = Rf + é and k is lower semicontinuous. Pick
a cover Hg,...,Hg for L,\U. Then

hm 15up log / exp (S, .. f)dPY
IV q, r] R,,.cL\U
<V <hmsup| IlogPY{R,,,q,,eHRj} +R;f+ 5/4)
i=1 n a,r
< _5/4.

The last inequality comes by applying Proposition 5.9 on each Hg, and then (5.21)
for R = R;. In the next calculation, use first Proposition 5.11, then Lemmas 5. 19,
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5.18, and 5.14, and the above inequality.
0=0f— k@)= c(y.f)

= lim log [ exp(S,q.f)dP?
n>o |Vl R,,.cl,
< (hm inf log [ exp (Sn,q,,f)dPy>
= o ]Kt,q,r' R,,..eU
v (lim sup log f exp (Sn,qsrf)dPy>
nvos (Vg R, . 6LA\U
§<liminf‘V |logPy{R,,,q,,eU}+Qf+ 8>V(— 8/4) .
n= n,q,r

From this it follows that

— k(Q) £ liminf logPY{R, ., €U} +¢,

1
Vgl

and consequently k(Q) = j(g, 7, G) — & Since G, (g, r), and ¢ were arbitrary, the
lemma is proved. [J

Proof of Proposition 5.12 Tt is a consequence of the separating hyperplane
theorems that the lower semicontinuous, convex function k can be written as

k(Q) = sup {Qf: fe%o, Rf < k(R) for all Re . #,(Q)},
and a similar formula holds for J. If we can show that
(5.22) Rf = k(R) for all Re #,(Q)

whenever fe ¥, is such that Rf < J(R) for all Re .#,(Q), we have k = J and the
proposition. Find a number ¢ such that R{f+ ¢) £ k(R) for all Re .#{(2) and the
set A = {Re #(R): R(f+ ¢) = k(R)} is nonempty. A is convex and compact, and
so has an extreme point Q. Then ¢ =k{(Q) — Qf = k(Q) — J(Q), so ¢ =0 by
Lemma 5.20, which implies (5.22). This completes the proof of Theorem 2.1. O

The argument for the large deviation principle of Theorem 2.2 proceeds along
the same lines except that it is simpler. We shall leave the details to the reader and
concentrate on proving the converse, namely that existence of a large deviation
principle implies p-quasiregularity.

5.23. Lemma. Let 2 be any Polish space and ® and A Borel probabilities on #(¥). If
[ logv(e®)@(dv)= [ logv(e?)A(dv)
MAE) ME)

for all ge C,(X), then @ = A.

Proof. By a compactification argument and the Stone-Weierstrass Theorem, it
suffices to show that

[ eéMevy= [ MA(dy)
M (Z) ()



Large deviations for lattice systems. I 259

for all he C,(Z). Via power series expansions, this in turn will follow from having
(5.24) [ Ghy@@dvy= [ ©h)*Adv)
MAE) HUE)
for all he Cy (%) and positive integers k. Multiply 4 by a constant so that [|h]] < 1.
Let ze(—1,1) and g = log(1l + zh). Then
[ logv(e)d(dvy= [ log(l + zv(h))®(dv)
WACS! M (X)

0 (_ Z)k

-2

[ (vh)*®(dv) .

The last expression is an analytic function of z on (—1, 1), so the coefficients of its
power series are determined uniquely. The hypothesis of the lemma now gives
(5.24). O

Fix y and let I be a rate function on .#,(Z) governing the large deviations of
{L,} under P¥. Assume I is lower semicontinuous by Proposition 1.1 from Orey
{1986). Let 5:‘” be the compact completion of & under a totally bounded metric.
Think of p¥ and p,(y) as probabilities on & and .#, (%), respectively. One sees
easily that the large deviations of {L,} on .#,(Z) are governed by the lower
semicontinuous rate J defined by

To) = I(v) , if ve (%),
)= Vtimin g,y 2, I0) I Vel (Z )M (Z) |

By Varadhan’s Theorem, the pressure exists for all fe C(Z) and is the convex dual
of the rate:

(5.25) cdy,f) = hm

f
rm,z log /7 dp™

=sup{vf—J(v): ved(F)} .

Suppose @ and A are limit points of {p,(y)} in A, (#(Z)). Pass to the limit in
(5.25) along suitable subsequences to get

(5.26) [ logv(e”)®(dv) = c(y,f) = [ logv(e!) A(dv)

for all fe C(&). Thus ® = A by Lemma 5.23, and we conclude that p,(y) » ® as
n— 0,

Let ue .#,(Z) be the expectation of @. Since y is p-quasiregular on .#, (%) and
a lower semicontinuous rate is unique, J(v) = H(v| ) by Theorem 2.6. It follows
that u(2’) > 0, for otherwise I(n} = J(y) = oo for all e #(Z). Define ne . #(Z)
by n(E)=u(EnZ)}/u(%) and conclude that I(g) = H(y|n)— logu(Z) for
neH,(Z). This implies that I has compact level sets in .#, (%), and consequently
J = o0 on M (F)\M(Z).

We need to show that @ is a probability on .4, (Z). Since & is Polish, there are
open G; = & such that G; | Z. Let B; = {ve.#,(Z): v(G}) = 1/j}. It suffices to
show that ¢(B;) = 0 for all j.

Let M > 0 be arbitrary. Let K be a compact subset of Z such that #(K9) < 1/M
whenever I(7) < 2M. Pick feC(Z)so that 0 < f< M,f=0o0n K, and f= M on
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Gj. Since ¢(y,f) =2 — M, (5.25) turns into

c(y,f) = sup{nf—I(): ne M (%), I(n) <2M} ,

so by the choice of K and f, ¢(y,f) < 1. On the other hand, (M — logj)®(B;) <
c(y,f) = 1by(5.26),s0 letting M T oo forces @(B;) = 0. This completes the proof of
Theorem 2.2.

Acknowledgement. This paper benefited considerably from the valuable comments by an anony-
mous referee.

References

Baxter, J.R., Jain, N.C.: Convexity and compactness in large deviation theory. (Preprint 1991)

Baxter, J.R., Jain, N.C.,, Seppéldinen, T.O.: Large deviations for nonstationary arrays and
sequences. Ill. J. Math. (to appear)

Comets, F.: Large deviation estimates for a conditional probability distribution. Applications to
random interaction Gibbs measures. Probab. Theory Relat. Fields. 80, 407-432 (1989)

Deuschel, J.-D., Stroock, D.W.: Large deviations. San Diego: Academic Press 1989

Dunford, N., Schwartz, J.T.: Linear operators, part I: General theory. New York: Wiley 1988

Dynkin, E.B.: The initial and final behaviour of the trajectories of Markov processes. Russ. Math.
Surv. 26, 165-185 (1971).

Follmer, H.,, Orey, S.: Large deviations for the empirical field of a Gibbs measure. Ann. Probab.
16, 961977 (1988)

Krengel, U.: Ergodic theorems. Berlin: de Gruyter 1985

Lanford, O.E.: Statistical mechanics and mathematical problems. (Lect. Notes Phys., vol. 20,
pp. 1-113) Berlin Heidelberg New York: Springer 1973

Ledrappier, F.: Pressure and variational principle for random Ising model. Commun. Math. Phys.
56, 297-302 (1977)

Orey, S.: Large deviations in ergodic theory. In: Cinlar, E., Chung, K-L., Getoor, R. (eds.) Seminar
on stochastic processes, pp. 195-249. Boston: Birkhduser 1986

Oxtoby, J.C.: Ergodic sets. Bull. 58, 116-132 (1952)

Seppéldinen, T.: Large deviations for lattice systems. II. Nonstationary independent fields.
Probab. Theory Relat. Fields (to appear)

Varadhan, S.R.S.: Large deviations and applications. Philadelphia: SIAM 1984



