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Summary. For two-dimensional Bernouili percolation at density p above the
critical point, there exists a natural norm g determined by the rate of decay
of the connectivity function in every direction. If W is the region of unit area
with boundary of minimum possible g-length, then it is known [4] that as
N — o0, with probability approaching 1, conditionally on N £|C(0)|< 0, the
cluster C(0) of the origin approximates W in shape to within a factor of 1 +#(N)
for some n(N)— 0. Here a bound is established for the size #(N) of the fluctua-
tions. Other types of conditioning which result in the formation of a shape
approximating W are also considered.

This is related to the quadratic stability of the variational minimum achieved
by the Wulff curve dW: for some k>0, if y is a curve enclosing a region of
unit area such that the Hausdorff distance dy(y+v, dW)=6 for every translate
¥+, then the g-length g(y)= g(0 W)+ k&2, at least for § small.

I Introduction

Let us consider Bernoulli bond percolation on the square lattice. The sites are
elements of Z?; bonds (i.e. pairs of adjacent sites) are independently occupied
with probability p and vacant with probability 1—p. pe[0, 1] is called the den-
sity. The cluster C(x) of site x consists of those sites y such that x is connected
to y by a path of occupied bonds, an event denoted by “x<sy ", As is standard,
we let |A4| denote the number of sites in a subset A of Z2, and let B, denote
probability when the density is p.

When p>p,=1/2, it is known that P, (p):=P,[|C(0)|=c0]>0, and in fact
there exists (a.s.) a unique infinite cluster C,,. Conversely for p<1/2, all clusters
are finite a.s. These results can be found in [2], [10], and [11].

Our interest here is in the percolating regime p>1/2. This is the analog
of the low temperature phase in other statistical mechanics models. Large finite
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clusters can be thought of as (contained in) “bubbles” in C,_, separated from
C,, by a skin of vacant bonds. The analogous feature for the Ising and other
models is a droplet of one phase immersed in another, which arises in a particular
microcanonical ensemble. The bubble or droplet tends to take on a certain
characteristic shape when it is large, to minimize, subject to a fixed droplet
volume, the surface energy of the interface between phases. See [1], [4], and
[8] for more on the Ising-percolation analogy, and [7] for results on droplet
shape for the Ising model. Our main result here is an in-probability bound,
conditional on N<|C(0)|£ o0, on the fluctuations (in Hausdorff distance) of
C(0) from this characteristic shape.

For each bond B, thought of now as a unit-length line segment in IR?,
there exists a dual bond B¥, the unit-length perpendicular bisector of B. The
dual sites are the corresponding endpoints x*:=(x;+1/2,x,+1/2) for x
=(x,,x,)eZ* B* is defined to be vacant precisely when B is occupied. The
dual lattice is isomorphic to the original lattice; when the density for the lattice
is p, the dual lattice has density 1 —p. We let [x*«>y*] denote the event that
x* is connected to y* by a path of occupied dual bonds. (Z2)* denotes the
set of all dual sites.

Let p> p. ; there exists ([9]) a constant 0 <o = o(p)< oo such that

B [0% > (ne, e ™"

where e,:=(1,0) and a,~b, means the ratio of the logarithms converges to
1. In fact there is a norm g=g, on R? such that

(1.1) Ixllo<gx)=|xlly, gle)=1,
B[0*ex*]<e #®  forall xeZ?,

P[0* > (nx)*]~e 8" for all xe@?,

where n — oo through values such that nxeZ?. For these and further properties
of g, see [4].

Let y:[0,t]—>IR? be a curve; when confusion is unlikely we will also let
y denote the image of this curve. Let g(y) denote the g-length of y and R(y)
the closed region enclosed by 7 (i.e. the complement of the unbounded compo-
nent of IR2\y.) Let 4 be the set of all rectifiable closed curves (not necessarily
self-avoiding) in IR2. Let |A| denote the Euclidean area of a region 4 in R?.
If 0 A is a rectifiable closed curve, we let y, denote this curve. The problem

(1.2) minimize g(y) subject to [R(y)|=1 and yeH

has a unique minimizer yp where W is given by the Wulff construction [W]:
for e,:=(cos 8, sin ),

(1.3) W=W(p):={xeR?:x-e,<g(e,) forall He[0,2x]}
W:=W(p)= W/ w2,

This was proved by Taylor ([13], [14]) for the minimum over piecewise C'
curves; see [4] for the eclementary extension to J¢". In convex-analysis terms
W is the polar set of the unit ball of g. The set G:={g(e,)e,:0€[0,2n]} is
the polar plot of g; if for each point xe G we draw a line through x perpendicular
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to [0,x] and discard from R(G) any portion outside the line, the remainder
is W. Let

W =W (p)=g(yw)

denote the minimum in (1.2).
As in [4] define the metric p on subsets of R* by

p(A= B): lIgde(A + v, B)

where A+ v denotes the translate of 4 by v and dy denotes Hausdorff distance:

(1.4 dy(A, B)=max {supd(x, B), supd(x, A)}

xed xeB

with d denoting Euclidean distance. p measures differences in shape, independent
of location. Given a bounded set 4 = Z2, the set of bonds

0, A={{x, y}: x adjacent to y, xe A4,
and there exists a lattice path from y to co outside 4}

is called the external boundary of A; the corresponding dual bonds {B*: Bed, 4}
form a circuit (i.e. a closed lattice path, self-avoiding except where the endpoints
join) around A. Thus a large finite value of |C(0)| implies the existence of a
large circuit of occupied dual bonds enclosing the origin.

Conversely, working only heuristically, suppose there exists a large occupied
dual circuit y enclosing a region containing n sites including the origin. Bonds
in R(y) are essentially unconditioned by the existence of y, so R(y) should look
like a broken-off piece of a typical configuration at density p. In particular,
the “bubble” R(y) should contain a single large cluster consisting of roughly
a fraction P (p) of the sites in R(y), i.e. a cluster of nP, sites. A cluster of
size N then occurs when |[R(y)| is of order N/P,, which implies g(§)
=(N/P.)? g(yw) where 7 is a “smoothed” version of y. If § is not shaped like
yw then this inequality becomes strict. From the definition of g, the probability
of occurrence of a given smoothed occupied dual circuit § is of order
exp(—og($)). These ideas underlie the following result from [4].

Theorem 1.1 For Bernoulli bond percolation on the square lattice at each fixed
density pe(p,, 1), there exists n(N)=n(N, p)—0 such that conditionally on N
=|C(0)| < oo, with probability approaching 1 as N — oo, there exists an occupied
dual loop y enclosing 0 with

p(w, (Po/N)29) <5(N).
Further, for some ¢(N)=¢(N, p) with ¢(N)— 0, and some & (N)=0(|e(N)|*/?),
(L5)  ER[IN=|C(0)<oo]=exp(—(1+&(N)a(p) # (p) Po(p)” > N'?)
and

(1.6) ELCO)=N]=exp(—(1+&(N) o(p) # (p) P (p)~ 1’VZN”Z)-
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The analog of g-length, in the Ising model as considered in [7], is the integral
over the boundary of the surface tension in the normal direction. Of course
the g-length of the boundary is the integral of the g-norm of the tangent vector,
not the normal, but the analogy holds because g is invariant under rotation
by 90 degrees. See [4] for further discussion.

Another context in which such bubbles in C_ arise is as follows. Let
Ap=[—L/2,L/2]*. As L—o0, |C,A|/|4;| converges to its expected value
P, as. For O0<A<1 and L large we can consider the (rare) large-deviation
event

(1.7) F(A):=[Con A N4 ] 21 =) B,].

One way for F;(4) to occur is for an occupied dual circuit y enclosing a fraction
A of Ay to occur, while in 4;\R(y) the fraction of sites in C,, is near its typical
value P,. As in Theorem 1.1 this is the overwhelmingly most common method
of occurrence of F; (1), and circuits y shaped like yy, predominate, giving the
following result from [4].

Theorem 1.2 For Bernoulli bond percolation on the square lattice, at each fixed
density p> p. and each 0 < A <(diam yy,)~ 2, there exist {(L)={(L, p) — 0 such that
conditionally on F, (1), with probability approaching 1 as L— o0, there exists an
occupied dual circuit y in A; satisfying

(1.8) p(w, v/LAY?) S (L),
Further, for some y(L)=y (L, p) -0,
(1.9) B(F (A)=exp(—(1+y(L) A2 a(p) # (p) L).

Note that in (1.9), A% (p) L is the g-length of the boundary of a Wulff shape
covering a fraction A of 4;.

For the Ising model in A, at low temperatures with “plus” boundary condi-
tions, the analog of Fy(1) is the event F{(#) that the surplus fraction of “plus”
in A, (ie. the fraction of “plus” sites minus the fraction of “minus™ sites) is
(1—-22)m, where m is the magnetization (i.e. the expected surplus fraction). Con-
ditioning on this event produces what is called a microcanonical ensemble.
Dobrushin, Kotecky, and Schlosman showed in [7] that at each fixed very
low temperature, conditionally on F{(1), with probability approaching 1 as L
— 00, there is a “droplet” of minus phase covering a fraction 1 of A;, with
boundary 7 closely approximating a fixed curve yy, in shape.

It is natural to ask how closely y approximates y, in shape in Theorems
1.1 and 1.2. In [7] it is shown that for the Ising model, the error in shape
analogous to (L) is O(L™ %) for some o> 0. Here we will establish the following.

Theorem 1.3 In Theorems 1.1 and 1.2, we have

(1.10) [n(N)l=0(N""(log N)'/%)
(L.11) le(N)|=O0(N~"7(log N)*)
(1.12) [{(L)|=0(L"""(log L))

(1.13) [ (L) =0 (L *?(log L)*?).
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Of course the rates in (1.10) and (1.11) differ from those in (1.12) and (1.13)
because the scale of the Wulff shape in Theorem 1.1 is NY/? while in Theorem
1.2 it is L.

We suspect that the rates in Theorem 1.3 are not optimal. In fact one might
speculate that the fluctuations of y about y, are Gaussian, meaning { (L) should
be of order L™ /2,

In very broad outline our proofs do not differ greatly from the proofs in
[4] of Theorems 1.1 and 1.2 above. Of course a number of new elements, along
with greater care in the details, are needed to obtain the rates in Theorem
1.3. Of particular note are (1) the use of Theorem 2.1, Lemma 2.5, Proposition
4.2, and Lemma 4.3, which in effect give rates where in [4] only the fact of
convergence was used; (2) the improved method, following Theorem 3.2, for
approximating a dual circuit by a polygonal path; (3) the sorting by size of
dual circuits, and families of circuits, in the proofs of (1.11) and (1.13) — see
the remarks after (5.3).

IT Stability of the Wulff minimum

It was shown in [4] that the probability of occurrence of a given large occupied
dual circuit (after appropriate smoothing) is essentially a function of its g-length.
Among circuits enclosing a given area, then, those not shaped like y, have
lower probability due to greater g-length. For our analysis we need to quantify
the relationship between deviation from 7y, and increase in g-length.

Theorem 2.1 Let ¢ be a norm on R?, and let Y be the corresponding unit-area
Wulff shape. There exists a constant k=k(p)>0 such that if yex', R(y)|=1
and p(y,yy)=0>0 then ¢(»)Z @(yy) + k(6 A 1)%.

A similar result was stated without proof in the research announcement
[121.

Throughout this section ¢ is a norm on R2, and Y and Y denote the corre-
sponding Wulff set and unit-area Wulff shape (cf. (1.3).) || - || denotes the Euclidean
norm, Yy denotes the norm with unit ball Y, d, denotes the distance associated
to ¢, and k,, k,, ... are constants which depend only on ¢.

For the Euclidean norm on R2, and y the boundary of a convex set, Theorem
2.1 follows from an inequality of Bonnesen ([6], Sect. 38). For general norms,
when y traces the boundary of a convex set, we will make use of a special
case of a theorem of Wallen ([15]) which extends the inequality of Bonnesen.
Let A+ B:={x+y:xeA, yeB} denote the Minkowski sum of subsets A4, B of
IR?. Given two convex sets A4 and B, there exists a constant S5, the mixed
volume of A and B, such that

|xA+yB|=x*|A|+2xyS,5+y*|B| forall x,y>0;

see [6] for details. Note that S, ,=]|A|. The following is standard — see [13].

Lemma 2.2 Let C be a bounded convex set in R?. Then

(p(Vc)=£ilIg(|C+8?l—ICI)/8=2Sc?-
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In particular,
@) =272,

Given a convex set C in R?, let

Re=Rc(p)=inf sup yy(x)

veR2xeC+v

denote the radius of the smallest i/y-ball (centered anywhere) which contains
C, and let

re=rc(@):==sup inf Yy(x)

veR2x¢C+o

be the radius of the largest y,-ball (centered anywhere) contained in C. The
first half of the following is a special case of the theorem of Wallen [15]; the
second half follows from Lemma 2.2.

Lemma 2.3 Let C be a bounded convex set in R? and S the mixed volume of
Cand Y. Then

S?—|Cl|Y[Z|YI(Rc—ro)*/4.
Consequently, if |C|2 1, then

PG @) (L +(Re—re)? /42

Let dy denote the distance associated to the norm yy, let d} be the corre-
sponding Hausdorff distance (cf. (1.4)), and let py denote the corresponding
translated Hausdorff distance:

pY(A: B) = ng d};(A +v, B)

There exists a constant k, =k, (¢)>0 such that

kitdy<d<k, dy
so that also

2.1) kil py<p=k, py.

Lemma 2.4 There exists a constant k,=k,(p)>0 such that if C is a convex
set in R2 with |C|=1 then Rc—rc 2k, p(ve, Vy)-

Proof. We may assume C is closed. Note re <1< R.. Let velR? be such that
C+vcRcY. Let xeC+v be such that x+r. Yo C+v. Then ¥y(x)SRc-—7c,
and y¢., lies between x +rc Y and yg.y, 50

Pr(Ve, Y SAr(Vcavs Vv)
<dp(c+vs Trer) i (Vreys Ty)
Sdp(x+rc Y, yrey) +Re—1
Syy(x)+ du(re Y, Yrer) +Re—*c
<3(Rc—r¢)

The lemma now follows from (2.1). []
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A point x in A or B which achieves the maximum in the definition (1.4)
of dy (A, B) will be called a most remote point for A and B.

With Lemmas 2.3 and 2.4 it is easy to prove Theorem 2.1 when 7y is the
boundary of a convex set. For general curves y we use the next lemma. Let
C(y) denote the convex hull of R(y), let E, denote the set of extreme points
of C(y), and let y* denote y¢(,, which we assume traces 0C(y) in the direction
of positive orientation. Note C(y)= R(y*), and

(2.2) PMNzZe(*)
(see the Appendix of [4].) Let ky=k;(¢) <1 be such that
d,2kyd.

Let # denote the set of all self-avoiding curves in 4.
Lemma 2.5 Let ye " with |C(y)|=1 and dy(y, y*)=056>0. Then either

(2.3) |IR(M <1 —7mk? 52/288

or

(2.4) there exist u,veE, and x,y,zey such that
(2.4a) [u, v]cy*

(2.4b) d(y,y*)=0

(24c¢) y passes through u, x, y,z and vin that order
(244 P(—2)+oz—y)+e(r—Xx)+ox—u) 2 pu—v)+k;d.

Further, there exists a constant k,=k,(@)>0 such that for ye A" with |C(y)|=1,
if dg(y,y*)=06>0 then :

(2.5) PM/IROI' Z o (yy)+ka(6 A1)

Proof. The idea is as follows: y traces a “dent” of depth ¢ in C(y). Since we
do not assume ¢ is strictly convex, we cannot be sure that this dent makes
y longer than y*. However, if the area of the dent is ai least mk2 §2/288 then
(2.3) holds. Alternatively if the dent area is smaller than nk36%/288 (so the
dent is essentially a thin crevice), y is the bottom of the crevice, and x and
z are the rim points of the crevice, then the path formed from y* by replacing
the segment from u to v across the top of the dent with the “crevice path”
u—x—y—z—v has @-length at least k36 greater than that of y*.

Let y be a most remote point for y and y*. Suppose first that yey*, so
d(y, y)=90. Then half of the open ball B(y, §) is in R(y*)\R (), so

(2.6) [ROISIRG¥|—nd2/2

and (2.3) follows.
Suppose then that yey. Let u and v be the points of yy* most closely
preceding and following y in y, so that [u, v] =y*. Now

Qv—y)+o(y—u)=2k;0.
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If p(u—v)=<k;06 then (2.4) follows, with x=u and z=wv. Thus we suppose that
ou—v)>ksd. Let

m=[6 ¢ (u—1v)/ks 5]+ 1

and let u=u,,u,,...,u,=v be m evenly spaced points in the line [u,v], so
that

@1 —uw)=@u—v)/im—1)2k; 6/6.

Let B; be the open ¢@-ball of radius k5 /12 centered at u;, and let y,, be the
section of y from u to v. Let H,, be the closed half space with u, vedH,,
and R(y*)c H,,. )
Suppose first that y,, N B;= ¢ for some i (necessarily 1 <i<m.) Then similarly
to (2.6),
IRMISIR(G*)| —|Bil2< 1 —nk3 67/288

and (2.3) follows.

Suppose alternatively that for all i<m, y,,n B;+ ¢. Let j be the largest index
i<m such that y,, visits B; before passing through y. Let x be the last point
of y,, in the closure B; before y, and let z be the first point of y,, in Bj,,
after y. Then

p—2)+oz—y)+ely—x)+e(x—u)
2d, (v, Bj 1) +d,(y, Bj.1)+d, (v, B)+d,(u, B)
>m—j— 1D ou—v)/im—1)—ky 6/124+2ky(6—0/12)
+(j—Dou—v)fim—1)—ky6/12
=pu—v)y—pu—uv)fim—1)+5k;5/3
Zou—v)+kid

0 (2.4) holds.
Turning to (2.5), suppose first that ye.#. Under (2.3), (2.5) follows from

P(Ze(r*)Z e (vy)
Under (2.4), (2.5) follows from |R(y)|<1 and

P2 (") +ks 62 @ (yy)+k3 (6 A1)

For general ye A" there exists a sequence of polygonal paths y, (which may
self-intersect) converging uniformly to y, with ¢(y,) — @(y). For each n there
is another polygonal path «, which traces dR(y,) in the direction of positive
orientation, so that ¢(e,) < ¢(y,). Now a, may also have points of self-intersec-
tion, but no transversal ones, so by perturbing «, by at most, say, 1/n we can
obtain a polygonal path .., with ¢(B,)=<¢(a,)+ 1/n. Then B,—y uniformly
and |C(B,)| — 1. Finally let {,:=p8,/|C(B,)|*'*. Then (2.5) holds for {,, and

limsup p({)= (), lim sup [R(L)Z[R(),

du(C,, £ —6
which shows that (2.5) holds for y. [

and
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Proof of Theorem 2.1 Let ks be such that the Euclidean norm |+ || <ks ¢ and
let 0<ke<min(1,(2ks* @(yy)~"). Let f:=y/|IC(y)|''?, s0 [R(B¥)|=1.
If |C()| = 1+ kg (8 A 1)? then using (2.2), for some k, >0,

PN ZeB)(14+ke(d A 1)H)?
Zo(f*)(1+ks(6 A 1)%)
2 p(yp)(1 +k4(8 A 1)2).

If [C(y)<1+kg(6A1)* and dy(y,y*)=5/2 then dg(B, f¥)=5/4 so by Lem-
ma 2.5 applied to f,

o) =IR)"*@(B)/IR(B)> 2y (yy) + kal(5/4) A 1)°.

Suppose then that |C(y)|<1+ke(6 A 1)* and dg(y, 7*) < 6/2. We may assume
that @(y)<2@(yy). Then p(y*, yy) > 6/2 while

p&* BZ(CHNY?—1) diam (B < (ke 6/2) (ks * 9 (B*)/2)<d/4.

Therefore p(f*, yy)> /4. By Lemmas 2.4 and 2.3,

PMZ (B2 @(yy)(1+(ky 6/47 /4> 2 0 (yy) +kg(d A 1)

for some kg >0.
In all cases the theorem follows. [7]

IIT Upper bounds on the probabilities of dual circuits

When a bond configuration gives rise to a large cluster, the bonds dual to
the external boundary of the cluster form an occupied dual circuit enclosing
the cluster. The results in [4] (cf. Theorem 1.1 above) show that the probability
that the cluster C(0) is large and finite is essentially just the probability that
an occupied dual circuit enclosing sufficient area surrounds the origin. For a
cluster of size N, the area enclosed should be roughly N/P,, since the cluster
density is roughly P,. Thus we need some estimates for the probabilities of
large occupied dual circuits,

Throughout this section, c;, c,, ... will denote constants which depend only
on p. As p is fixed but arbitrary in each result, our notation will sometimes
suppress the dependence on p of various constants. When circuits y are viewed
as curves, we always assume they are traced in the direction of positive orienta-
tion and parametrized by [0, 1], with y(0) the leftmost point among those with
minimal y-coordinate in y. We will begin with upper bonds on circuit probabili-
ties.

Theorem 3.1 For each pe(p,, 1) there exists a constant ¢, =c,(p)>0 such that
forall A=2,

F, [there exists an occupied dual circuit y enclosing 0 with
IR(y*)| 2 A]<exp(—o# A2 +c; AV° (log 4)*7).
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Theorem 3.2 For each pe(p,, 1) there exist constants ¢;=c;(p)>0 (i=2, 3,4} and
Ao (p)>0 such that if A=A, and

(3.1) c,z8=cy A Ve (log A)Y3
then

(3.2) B, [there exists an occupied dual circuit y enclosing 0 with
Rz A4 and p(yw, 7/IRGI?) 281 Sexp(—a# A2 (1+c, 67).

The lower bound on ¢ in (3.1) ensures that the increased length that y must
have because it is not shaped like y, is not counterbalanced by other factors,
including the reduction in length when v is replaced by a smoothed approxima-
tion.

A result similar to Theorem 3.1 was proved in [4] (Lemma 4.1), but with
a larger error term. The proof used the notion of the m-skeleton of a dual
circuit y, defined (for y enclosing 0) as follows. Let s, be the lowest dual site
of 7 on the positive (dual) y axis. Inductively define s,,; to be the first site
in y after s, for which g{s,, {—s,)=m. If J is the largest value of n for which
s, can be so defined, then the sequence (sg, Sy, ..., Sy, So), abbreviated (s;), is
called the m-skeleton of y. Corresponding to this m-skeleton is a polygonal path,
which must enclose almost as much area as y does; the maximum error in
arca is of order Jm?. Therefore the g-length of the polygonal path is at least
# (R (y)| - 0(Im?)'/?, a fact which can be used to bound the probability in
Theorem 3.1.

Here we introduce a modified type of skeleton which reduces the error in
area to order m2. The basic idea is to construct the skeleton from the boundary
of the convex hull of R(y), rather than from y itself. Let y* be a curve which
traces the boundary of the convex hull of R(y), and let E, denote the set of
extreme points of R(y*). Then

E,cy*nyn (Z%)*.
Let t5:=0 and so:=7*(0)=y(0). Note that s, E,. Define inductively

tye=inf{t>1,: g(p*(@)—y*(t)) Zmort=1}
e =SUp{t=<tn, 1 ¥ (OEE,}

by e=inf{t> 1, gy*(O)—y* (L) 2m, y* (DeE,}
f e {t;,’ if ., %1,

mre 1 if ty4,=t,

Snt1:=Y*(tus1)>

stopping when we reach a value J for which ¢;,,=1, so that 5;,,=5,. In
words, we go forward from s, along y* until we reach the boundary of the
g-ball of radius m about s. We then backtrack along y* to find a point of
E,. If this does not require going all the way back to s,, then this point of
E is labeled s,.;. If the backtrackmg does take us all the way back to s,,
we then go forward along y* outside the radius-m g-ball, necessarily in a straight
line from s,, until we find a point of E,, which becomes s,,,. We continue
until we return to s,. The sequence (so,sl, ..., Sy, 5,), abbreviated (s;), is then
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called the m-hull skeleton of y. The corresponding polygonal path is called the
m-hull skeletal path of y and will be denoted y,,. Some important observations:
first, s, , is always outside the radius-m g-ball about s,, i.e.

(3.3) 2(s,412—8,)>m forall 0<n=sJ-—-2
Second,
(34) if g(s,+1—8,)>m then [s,,s,,,J<y* and ydoesnotcross[s,, s, ]

And third, since the vertices of y,, are a subsequence of the cyclically ordered
vertices of the convex polygon y*,

(3.5) R{y,}1s convex.
Lemma 3.3 There exists a constant cs=cs(p)>0 such that for every dual circuit
v and every mz 1, [R(y) ZIR(*)| —cs m?.

Proof. Let B,e[0,n] be the angle between the left and right derivatives of v,
at s,. Then

J

(3.6) Y B,=2m.

n=0

Each point of R(y*)\R(y,,) lies, for some n, in the region Q, between [s,, s, 4]
and the section of y* from s, to s, . If max(8,, /3,,+1)<7r/4 then by (3.4) either

|Qn|—0 or lin<66”Sn+1—S H (ﬁn+ﬁn+l)<c7m (ﬁn+ﬁn+1) By (3 6) there are
at most 16 values of n for which max(8,, f,.,)>n/4; for these n we have by
(3.4) that either |Q,|=0 or |Q,| < cg m%. Thus by (3.6)

7
[RG*N\RG IS 16cgm*+ Zc7m2(ﬁn+ﬁn+1)§‘39m2- 1l

n=0
The following will be used several times, so we will isolate it as a lemma.
Lemma 34 Forall N=22 n2z1, and 1>0,

B, [there exist disjoint occupied dual paths v «>v, <> ... <v; for some

ji—1
Uo, seey UJEANm(Zz)* Wlthjén and z g(vi+1_vi)il]
i=9

<exp(—al+15nlogN).

Proof. The number of possible choices for v,, ..., v;is at most (N +1)>+1)***,
For each such choice, the van den Berg-Kesten inequality ([5]) and (1.1) tell
us that

P, [there exist disjoint occupied dual paths vy« v, <> ... —0)]

< n [U V4]

éeXP(_]i Gg(vi+1_vi)>

i=0
<exp(—ol)

and the lemma follows. []



518 K.S. Alexander

Proof of Theorem 3.1 Let #,(4) denote the event in the statement of the theo-
rem. Let m satisfy

3.7 csm?< A2,
m will be specified more precisely later. When %,(A) occurs we have

|R(m) Z|R(y*)| —cs m*
by Lemma 3.3, so

(3.8) grmZ W (A—csm?)!/2,

Let n:=2{2¥% AY?/m]. The dual circuit v passes through the vertices of y,, in
the order given by the skeleton (sq, 3¢, ..., S, So). There therefore exist disjoint
occupied dual paths sq«os; <> ... 5,5, and by (3.3)

JAn

Li= 3} g(sis1—s)=(J Am)ym/2.

i=0
If J > n then this shows
(3.9) Lznm/2=>% A2,
If J <n then by (3.8)
(3.10) L=g( )= W AV2(1 —cs m?/A)}* W AY?* —c om? /A2,

If 7 is not contained in A, , then the event in Lemma 3.4 occurs with n=2,
N=5A4, and =4 A. Thus from that lemma,

(3.11) P,[%,(A) occurs with yd A, 4]
<exp(—40A4+30log4A)
<exp(—o# AY? +301log4 A).

(This uses the fact that # <4, which follows from (1.1) and comparison of
W to a umit square) If y is contained in 4, , then the event in Lemma 34
occurs with N =4 4 and (by (3.9) and (3.10)) I=#"A'* —c,,m*/A"?. Thus again
from that lemma,

(3.12) P,[7(A) occurs with y = A,,]
<exp(—oW A2 ¢,y m2/AY* + ¢, AV (log A)/m).

Observe that the first error term c,, m?/A'? in (3.12) comes essentially from
the error in area between y and y,,, and the second error term ¢, A*/*(log A)/m
from the number of possible m-hull skeletons in A, ,. For optimal tradeoff,
the sum of the two error terms in the exponent in (3.12) is minimized, up to
a constant, by taking m=(4 log A)!/3. Then together, (3.11) and (3.12) prove
the theorem. []
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Proof of Theorem 3.2 Let #,(4,6) denote the event in the statement of the
theorem. Let us first handle the following three special cases:

Case 1: \R(®)| = A1 +cy5 62).
Case 2: g(p,)=2% A'? (butnot Case 1).
Case 3: dy(y,y*)=A'*5/4 (but not Case 1 or 2).

Here m and ¢,3 =1 are constants (depending on p) to be specified later. Briefly,
in Case 1, y* encloses more area than necessary, hence is longer than necessary.
In Case 2, y is far longer than it need be to enclose area A. In Case 3, y
traces a deep dent in R(y*) hence again is longer than it need be to enclose
area A. Outside of these three cases, when % (A, d) occurs we will show that
Y 18 N0t shaped like yy-, so Theorem 2.1 can be applied.

For Case 1 we can apply Theorem 3.1: if ¢5(p) is large enough and ¢, (p)
is small enough (depending on our choice of ¢, — cf. Case 3a below) then

(3.13) P[%,(A, 6) occurs under Case 1]
<exp(—oW AV —c 3 oW AN? 6% /3+2¢, AVS(log A)*3)
<exp(oW A2 —AV25%(c 5 oW [3—2c,/c3))
Zexp(—a W AM*(1+ ¢y 6%/4)).

Consider then Case 2: g(y,)=2% A2, but not Case 1. Let (sg, S, ..., 55, So)
be the vertices of y,, and let s, be the first vertex such that the g-length of
the polygonal path s, — s, — ... — s, is at least 2% A%, Then by (3.3),

M-2
mM—=2)2= Y g(sjo1—8)<2WA'?
=0

J
so that
M<A4W AV im4+2<8W AY?/m

provided m< A2, Thus the event in Lemma 3.4 occurs with n=8% AY%/m,
[=2% AY?, and N=2A, the latter because we are not in Case 1. Thus from
that Lemma,

(3.14) P[#,(A, 6) occurs under Case 2]
Zexp(—2a¥W AY* + 1209 A'*(log 2 A)/m)
<exp(—a# AY*(2—240(log A)/om))
Zexp(—o W AV*(146%)

provided ¢, (and hence 9) is small enough and m=c¢,, log 4.

Turning to Case 3, dg(y,y*)= AY25/4 but not Case 1 or 2, after rescaling
y and y* by a factor of |[R(y¥)|*?, we get two subcases, according to whether
(2.3) or (2.4) holds for the curve y/|R(y*)|*/* in Lemma 2.5. Suppose first that
we have

Case 3a: [RG)/IR(*) < 1—(wk3/288) A(6/4)*/|R ().
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Then
IRG*)|Z|R() + (nk3/288) A(6/4)* > A(1 +¢ 5 67)

provided c,; is chosen sufficiently small. But this violates the assumption that
we are not in Case 1, so Case 3a never occurs. This leaves us with the following.

Case 3b: For some u, v, x, y, z,(2.4) holds.

Since each vertex s, is in the set E, of extreme points, from (2.4a) we see that
u and v are between the same pair s,, s,.; of adjacent vertices of y,,. Consider
the polygonal path § which runs

S0->Sl-—>...——>Sn—>u—>x—>y—>Z~—>l7—>Sn+1—>...~>SJ—>SO.
By Lemma 3.3, |[R(y,)|= 4 —cs m?, so from (2.4d),

g(B)Zg(ym)+ci5 420
W (A—csm?) P +c 5 4126
W AY tc g AY2S

provided m=c;, 6> A%, Analogously to the reasoning in Case 2, since we
are not in Case 1 or 2 the number of vertices in y,, is at most 8% AY?/m,
provided c, is small enough and m< A2, Thus the event in Lemma 3.4 occurs
with n=8% A2 /m, l=# A"+, A**5, and N =2 A. Therefore

(3.19) P[%4(A, 0) occurs under Case 3b]
Zexp(—oW A2 —c 60 A2 5+ 120 A2 (log 2 A)/m)
<exp(—o# A2 (1+c159))
<exp(—oW AY?(1+5%)

provided that ¢, is small enough and m=c¢,, 67" log 4.
Now suppose that #,(A4, ) occurs but not under Case 1, 2, or 3. We wish
to show that, like v, y,, is not shaped like y, . From (1.1),

diam(y,) S g(y,)S2# 42,

Further, both |R(y)| and |R(y,)| are between A—csm? and A(1+c, 5 67). There-
fore

(3.16) PG/ IRONY2, p/ IR ()l 72)
<SRG~ —|R () ~?| diam(y,,)
229 (1—cs mz/A)MI/Z_(l +Cys3 52)_1/2)
Scom?/A+cy 62
<5/4

provided again that c, is small enough and m=c,, 6"/>4*2. In addition, as
we are not in Case 3,

(3.17) p/IROIM, p/IROIMVDZA™ (0 (0, v¥) + 0 (7* s V)
<5/4+AV2m<5)2,
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provided m < 5A4'/2/4. Combining (3.16) and (3.17) with the definition of %, (4, 8)
we see that, as desired,

p(YW> ym/lR (ym)lllz)g 5/4
From Theorem 2.1, then,

gm) Z IRV (W +k5%/16)
> (A —cs m2)2 (W +k52/16)
> WAV (14 cyy 67)

provided that m<c,, 64'? and, as usual, that c, is sufficiently small. As in
Case 2, this implies that the event in Lemma 3.4 occurs with n=8% 4'/%/m,
=% AY3(1+c,5 6%), and N =24, so that

(3.18) P[%,(A, d) occurs but not under Case 1, 2, or 3]
Zexp(—a W A (1 +¢,3 6%+ 1209 A2 (log 2 A)/m)
Sexp(—o W AY2(14c,56%)

provided that m>c,4 > log 2 A.

All the provisions we have made on m can be simultaneously satisfied (if
Ay and c; are sufficiently large) by taking m=(4 log 4)'/3. Thus (3.13), (3.14),
(3.15), and (3.18) prove the theorem. [

IV Lower bounds for the probabilities of dual circuits

The main result of this section is the following counterpart of Theorem 3.1.

Theorem 4.1 For each pe(p., 1) and A22 there exists a convex polygon Q
=Q(A4, p) containing 0, and a constant ¢,,=c,-(p)>0, such that |Q|=A and

B, [there exists an occupied dual circuit enclosing Q]
2exp(—a W AY? —c,, AVS(log A)*3).

Further, as A— o0, p(yy, A~ 2y,) - 0.

The idea, similar to Theorem 1.B of [4], is to construct a polygon which
approximates A'/2R(yy) from inside, rescale it slightly so that it has area A,
and calculate a lower bound for the probability that each adjacent pair of
vertices of this polygon is connected by a path of occupied dual bonds, entirely
outside the polygon. We will need the following result from [3].

Proposition 4.2 There exists r>0 such that for each pe(p,., 1) there is a constant
Ca3 =Cyg(p) >0 with the property that for every x, ye(Z>)*,

B[ x>y by a path of occupied dual bonds]
Zcoglly—x||Tem B0,

To keep our dual circuit outside the polygon, we will need to refine Proposi-
tion 4.2. First some definitions: for C<IR? let

0% C:={xe(Z*)*\C: x is adjacent to (Z>* N C}.
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Let I, denote the line through x and y, and H,, the closed halfspace to the
right of I, as one moves from x to y. Let u,, be the inward unit normal
to H,,. Let U, denote the unit ball of g.

Lemma 4.3 For each pe(p,, 1) there exists a constant ¢,o==C,4(p)>0 such that
for every x+ye(Z?)*,

R[xeyinHy]Zclx—y| B [xey]

Proof. It is sufficient to prove the result for | x— y|| large. Suppose x—y via
a self-avoiding occupied dual path o. Let V be a vertex of « which minimizes
the Euclidean inner product <+, u,,» over o. Then Hy ., _,is a parallel translate
of H,, with V in its boundary, so that « breaks down into two segments, x <V
and Ve y both in Hy ., _,. We wish to interchange these two segments. More
precisely, given any ve(Z*)*, we have by the Harris-FKG inequality ([107):

B[x«wvinH, ., ] BlvoyinH, .\ ]
=FlvoyinH, ¢ JBlyoytv—xinH, ;]
<P [oevty—xinH, -]
=P [xeyinH,].

From this, the van den Berg-Kesten inequality ([5]), Proposition 4.2, and (1.1),
if |x—y]| is large,

Blxeoylshxop Vex+2g(y—x) U]
+ B, [x<>zfor some zed*(x+2g(y—x) Up)]
Y P,[3disjoint paths x<»vand v<>y bothin H, , ., ]
vex+2g(y—x)Ug
13 (e 28 (y—x) Lylle 2050
§C30 Hy_x||2 sup I;[xHUinHv,v+y—x]
ve(Z2)*
- BveoyinH, - +es lly—x] e 27807
Sesoly—xlII* B x> yin H, 1+ B [x < y1/2

IIA

and the lemma follows easily. [

Proof of Theorem 4.1 It is sufficient to prove the result for large A. Let m
:=(A log 4)'2, let B,, denote the m-hull skeletal path of A2y, , and let

Q:=(A/IR(B' R(B,).

Let go,qy, ---> 4ys 4y + 1 =4qo be the vertices of Q, cyclically ordered in the direc-
tion of positive orientation around the boundary of Q. It is easy to see that
there exist o, ..., Sy 4 1 €(Z*)* such that

g(si—q) =2

and such that the polygonal path s, ... > 5y, ; =5, lies outside Q. Note that
by (3.3), J—1)m/2 <g(B) < W A'?, so that

(4.1) (J+1) log A<3% A5 (log AY3.
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From the Harris-FKG inequality ([10]), Lemma 3.3, Proposition 4.2, Lem-
ma 4.3, (4.1), and Lemma 3.3, then, for r as in Proposition 4.2 and 4 large,

F,[there exists an occupied dual circuit enclosing ]
=P [s;5;.,in H foralli<J]
J
_2_ Pp[si(_’Si+1in HsisHl]
i=0

SiSi+1

J
2 []eazllsivg—sl "¢ Pemo8bi1ms)
i=0

J
AU DE+2) exp(_o' z g(q,-+1—qi))
i=0

2 exp(—cy3 A0 (log A)*) exp(— o g(A/|R(Bu)" Br))
gexp(—gWAuz_cNAl/é(logA)zn)' ]

1\

V Error terms for large finite cluster probabilities

In this section we will prove the error estimates (1.10) and (1.11) for the probabili-
ties in Theorem 1.1. Without explicitly saying so each time, we will make state-
ments which are actually only valid for sufficiently large N. Given a region,
or set of sites, A, let

fen(A)y=[{xe ANZ?*:|C(x)| <n}|/|AnZ>|.
We will need the following result from [4].
Lemma 5.1 For each n=2, each finite A<Z?, each pe(0, 1) and each £<(0, 1),
B[ f<n(A)—E f<n(A)>e] <18 exp(—¢*| 4|/324n?).

Proof of (1.11). Suppose N <|C(0)] < o and let y denote the outermost occupied
dual circuit surrounding 0. Let xy satisfy

N7312(log NY'® <1y < N~ Y3 (log N)?13.,
From Theorem 3.1 and the upper bound on k4,

(5.1) B[N=|C0) <o, [R(7)|Z(1—xy) N/P,]
<exp(—oW P, Y2NY2 ¢y, N6 (log N)?3).

Suppose then that |R(y)| <(1—xy) N/P,. Let éy; denote the class of all dual
circuits o satisfying

0eR(w) and (1-2""'xy) N/P,<|R(x)|<(1—2'xy) N/P,.
For some j=0 and some ae%y;, the following two events occur:

(i) y=a
(i) the bond configuration inside R(x) includes a cluster of size N or more.
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The key is that these two events are independent, since (i) depends only on
bonds outside R(x). For small values of j, neither of the events (i) (summed
over %y;) or (ii) is by itself unlikely enough to provide the bound we need,
but we will show the product of the two probabilities is small enough.

Fix j20, let n:=[(log N)*/o>W?], define 4,:=F,[n<|C(0)| <], and define
ke@xy, 2T liy] by

[R(@)|=(1—x) N/P,.
By (1.5),
A, <kn/2(1 —xp) Sx/2(1 — k).

Therefore by the Corollary to Lemma 4.2 of [4], the probability, denoted
P, n|r@w» Of (ii) satisfies

(5.2) P, niry =18 exp(—c3sn~2k*N)
<exp(—cs 22/} N/(log N)*).

On the other hand, by Theorem 3.1,

(5.3) P ye¥yl<exp(—o# P, "> N +cy, 2/ky N2
+c35 N'%(log N)*P).

Notice that shrinking |R(y)| by a factor of roughly 1 —2/k, from its “natural”
size N/P, (i.e. assuming ye%y,) shortens y and thereby increases the probability
that y forms. Hence the second term in the exponent in (5.3), which is of the
same order as the reduction in length. But (due to the lower bound on xy)
this and the third term in the exponent in (5.3) are more than compensated
for by the reduced probability in (5.2) that a size-N cluster forms, which has
roughly the square of the length reduction in the exponent. This compensation
occurs for each fixed size range (i.e. each j) but not when all sizes are lumped
together, which is what requires that we sort the possible curves y by size.
Thus we obtain

(5.4) B[N Z|CO0) < o0, | Ry <(1—Ky) N/P,]
<Y 2 Bly=adPyire
j=0uc¥n;

8

=
i

Pp[Ve(gNj] Sup Py

0 xeCN;

]

<Y exp(—o W Py V2 NY?—c 4 2% k% N/(log N)*)

it

7

<exp(—oW P, YENY2—c 4 k3 Nf(log NY*).
Together (5.1) and (5.4) provide the desired upper bound:

(550 PBIN=Z[C(O<wo]sexp(—oW Py 2 NY2 ¢,y NVo(log N)*P).
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We turn next to a lower bound on this same probability. Let 6y satisfy
N~12(log N)> <6y <N~ 3(log N)*3.
Define polygons

QN:(1+26N)Q(N/P009P)5 Q;V:(1+0N)Q(N/Pooap)
as in Theorem 4.1. Let n:=[c,,(log N)*] (with c,, to be specificd later) and let

By={xeQynZ*:|C(x)|>n}.
Then
E|By|Z |0y Z?| P 2(14 0y’ N—cys N'?ZN+0y N

so that, using Lemma 5.1 and the lower bound on 8y,

(5.6) B[IBy|=N]=F[|By|—E|By|= — 0y N]
Sexp(—cqq 03 N/n?) >0

as N —oo. Further, if not all sites in By are connected together within Qy then
there must be an occupied dual path within @y either connecting the interior
of Qy to the boundary of Qy or surrounding a large cluster within Q. Either
way (part of) this path has endpoints separated by g-distance of order ¢ log N

or more, since
dH(Vija VQN) Zcys Oy N12 >log N.

As there are only of order N2 possible pairs of endpoints for such a path,
its existence is unlikely if ¢, is large, by (1.1). More precisely,

P [ By intersects two distinct clusters] -0 as N —oco.
Thus from (5.6),
(5.7) B, [thereexistsacluster of size N or morein the configuration inside Q] — 1.

The event in (5.7) is independent of the event that there exists an occupied
dual circuit enclosing Qy, and is positively correlated (by the Harris-FKG in-
equality, [10]) with the event [0eBy,] which has probability at least P,. All
three events together ensure N <|C(0)|< oo. Therefore we obtain the desired
lower bound, using Theorem 4.1 and the upper bound on 8y :

(5.8) BIN=[C)<w0]Z P, exp(—a# Py 2 NV2(1+0y)—cs6 NV®(log N)*?)
zexp(—oW P, 2 NY2—c,; NV (log N)*P),

and (1.11) follows. []

Proof of (1.10). Suppose N =<|C(0)]<oo and let y denote innermost occupied

dual circuit enclosing 0. We must show that the total probability of those config-

urations in which p(yy, (P,,/N)*?y) exceeds (const.) N~ 1/®(log N)'/? is small rela-
tive to the lower bound in (5.8).
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First, from (1.11), (5.4), and (5.8) we see that, for xy defined in the proof
of (1.11).

BIN=ICO) <00, |RGI=(1—Ky) N/EJ=0(R[N=[C(0) < o0]).

Let 8y=c,s N~ '%(log N)'/3, with c¢,¢ to be specified later. Second, from Theo-
rem 3.1, (1.11}), and (5.8) we obtain

(5.9)B,[N £|C(0)| < 00, |R(y)|>(1+3) N/P,]
<exp(—oW P; Y2 NY2 gy P12 NU252/3 4 ¢, o NYS(log N)2)
=0(F,[N=|C(0)| < 0]),

provided ¢, is chosen sufficiently large. And third, from Theorem 3.2, (1.11),
and (5.8) we get

(5.10) B[N Z|C0) <0, [R()>(1—xy) N/Py, p(rw, v/IR()'?) 2 6y]
<exp(—o#W P, V2 NY2 4 oky NY2—cyy NY252)
=0(F,[N =|C(0)}<o0]).

again provided c,4 1s chosen sufficiently large.
On the other hand, if both

p(w, VIRV <dy and (1—ky) N/P,£|R(y)|Z(1463) N/P,
then

0w, (Po/NY20) Z p(yw, v/IRWYP) 4 0 0/ |RM)YZ, (B /N)Y )
SOy +HIIRG) V2 —(P,/N)'?| diam(y)
<On+2I(N/P,|R(y))'7? —1| diam (yy)
<6y+3(kcy+ 6%) diam(yyy)
=0(N~Y¢(log N)'7*)

and (1.10) follows. [

VI Error terms for large deviation probabilities

In this section we will prove the error estimates (1.12) and (1.13) for the probabili-
ties in Theorem 1.2. Our approach is similar to that of the previous section:
we first prove the estimate (1.13) for the crror term in the probability (1.9)
of the large deviation event F; (1), then show that the probability that the shape
approximation (1.8) fails, for {(L) as in (1.12), is much smaller than the probability
in (1.9). We will tacitly assume in this section that L is large, where “large”
may depend on A and p. For this section we allow the constants ¢; to depend
on A in addition to p.

If y is the outermost occupied dual circuit surrounding some point of Z2,
let us call R(y) a bubble. Fix L (the scale of the square A;); we will call a
bubble large il |R{y)| =cs,(log L)%, and small otherwise. Here cs, is a constant
to be specified later. Notice that by Theorems 3.1 and 4.1 (log L)* is the order
of magnitude of the area of the largest bubble which “typically” appears in
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Ay . The idea of Theorem 1.2 is that when |4, nC ] is smaller than its typical
value by a fraction 4, it is usually because there is a single large bubble shaped
like W occupying a fraction A of A;.

Let us first prove an extension of Theorem 3.1. Let

u(A)s=cW AY? —c, AY%(log A)*/®

denote the negative of the exponent in that theorem.

Theorem 6.1 For each pe(p,, 1) there exists a constant ¢s3=cs5,(p)>0 such that

for every L, A, and a with L=2 and AZa>=c5;(log L)?,

(6.1) B, [there exists a set I" of occupied dual circuits y with disjoint regions
R(y), with |R(y)n Ay |Z a for each yeI', and with ) [R(y)n A, |=A]

yell

< 4" exp(—u(A)).

Proof. We decompose the event in (6.1) according to the number k={I'| of
circuits, their total area N in A;, their individual areas a4, ..., a;, and a site
x; inside each circuit. Using the van den Berg-Kesten inequality ([5]) and Theo-
rem 3.1, the left side of {6.1) is thereby bounded above by

(6.2) Y 2 ) 2 [Texp(—u(a)

k=min({Ap|,A/a)ASN=|Ay|la1+...+ax=N,q;Zaxy,..., Xkeap i=1

< > > NMALFexp (~ min i u(ai)>.

= ;>
k<min(|ALl, 4/a) ASN<|Ap | at.tac=N.aiza;

Now for x=some c5, we have u(x) concave and xu'(x)<3u(x)/4. As in the

proof of Theorem 6.1 of [4], this concavity implies that if we fix k and N=a,
k

+ ... +a, and fix all but two of the a;’s, the minimum of ) u(a,) is obtained
i=1

by taking one of the two remaining a;s as large as possible and the other
as small as possible (i.e. equal to a). It follows that the minimum on the right
side of (6.2) is equal to (k—1)u{a)+u(N —(k—1)a). This can be interpreted as
meaning that the most likely configuration of k bubbles, of minimum area a
and total area N, consists of k—1 bubbles of area a and one large bubble
with all of the remaining area. The right side of (6.2) is now bounded by

(6.3) ) |4, 74" exp(—(k—1) u(a) —u(4 —(k—1) a)).

k<min({Az], A/a)

Using monotonicity of ' and the above bound on xu'(x) it is easily secen that
(the logarithm of) the summand in (6.3) is a decreasing function of k> 1, provided
a=cs3(log L)*. Replacing each term with the k=1 term gives (6.1). [

We need to establish some notation and terminology for the proof of (1.13).
Let B; denote the union of the (necessarily large) bubbles R(y) for which
IR()nAL|Zcs,(log L)?;
let
Spi={xedy:d(x,04;)<2cs,(log L)*}
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denote the boundary strip, and define the foam region
GL(Bp)=A \(BLuS.);

G, (B;) consists of small bubbles and (a neighborhood of) part of C, .

There are two modes of occurrence for the large-deviation event F; (4). One
is for large bubbles to enclose a fraction at least approximately 4 of A;, leaving
a fraction at most approximately 1 —A for the foam region. Then typically a
fraction P, of the sites in the foam region, and of course none of the sites
in the large bubbles, will be in C,, for an overall fraction of at most (1—41) P, .
The other mode is for the large bubbles (if any) to occupy a fraction less than
A of A;, while the foam in the foam region is fluffier that typical; a fraction
significantly greater than 1 — P, of the sites in G, must be in (necessarily small)
bubbles, hence also in small clusters. This second mode, as we shall see, is
far less likely than the first, while the first is dominated, analogously to Theorem
1.1, by configurations in which there is only one large bubble shaped like the
Wulff set W.

Proof of (1.13). Let B denote a possible value of the set B; of large bubbles.
Let H=H(B) denote the set of all sites which are in small bubbles contained
entirely in B°. If F; (1) occurs with B; =B, then for the corresponding value
G (B) of the foam region, we have

|GL(B)NH(B)|+(S,u(BnAp) 2|41 —F,+AF,),

as these are upper and lower bounds for the number of sites in 4, in finite
clusters.
Define 68, =8, (B) by

(1—P,+0)|GL(B)|+|S,u(BnA) =4, (1 —Py+AP,).
0} is defined so that if F;(4) occurs with B; = B, then
|GL(B)nH(B)|2(1— P, +6,)|G.(B)l,
ie. the fraction of G, (B) in small bubbles is too big by at least 0;.

The event that B, = B tells us two things:

(i) every dual bond in 0B is occupied;

(ii) every site in the corresponding foam region G.(B) either is connected to
oo in B° or is in a small bubble contained entirely in B°.

In (ii) we use G.(B) and not A,\B because sites in the boundary strip S but
outside B could be in large bubbles. Notice that events (i) and (ii) are indepen-
dent; this can be used, just as in the proof of Theorem 6.1 in [4], in showing
that

(64 B(F.()s)F(B,=B)F[IG.(B)nH(B)|=(1—F, +0.(B)|GL(B)[]
B

where the sum is over all possible values B of B;. (In the carlier paper values
of B are specified by a subscript j; (6.4) here corresponds to (6.14) there.)
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Let n:=[cs,(log L)*]; then the last event in (6.4) implies that the fraction
f<a(GL(B)) of the sites in G (B) which are in clusters of size n or less satisfies
f<n(GL(B)—E f<.(G.(B))=6,(B). By Lemma 5.1 the probability therefore sat-
isfies -

(6.5) BGL(B)NH(B) 2(1—F,+0,(B)|GL(B)]
<18 exp(—css 0.(B)*|GL(B)|/(log L)*),

provided 6, (B)>0.
Analogously to xy of the proof of (1.11), let 7, satisfy

L™ %%(log L)' <1, <L *3(log L)*?.
Consider first the class %' (L) consisting of those B with
|IBNAg|2(1—1y) A|4L].

These correspond to the first mode of occurrence mentioned above for F; (4).
From Theorem 6.1 and the upper bound on 7,

(6.6) B[Bre# ()] <|4.* exp(—u((l—1p) A|4L])
<exp(—a W AV* L+csg L' (log L)*3).

Next for j= 0 consider the class %;(L) of those B for which
(1=2" 1) AAL | <[Bo AL SA=21) 2|4, ].

These correspond to the second mode of occurrence for F, (4). Using Theorem
6.1 again,

(6.7) B [BLeB;(L)]<exp(—o# A L+cs;2/t, L+csg LM (log L)*7?).

Now (6.7) and (6.5) can be used to bound the right side of (6.4), if we can
obtain lower bounds for |G, (B)| and 0. (B). Let Be# {(L). Note that necessarily
271, < 1. The first bound is easy:

(6.8) |GLB) 24| =B AL =[S 2 (A=) [ AL|+ 7L A4, =S,
Z(1=A)| 4|

For the second bound, if P, <8, then the probability in (6.5) is 0 so we may
assume P, >0;. Then

(=P + AP ) ALl = (1 =Py +0,)|GL(B)| +[Sp v (BN Ay)|
(1=F,+00)4.|+ (P, HL)ISLU(BHAL)I

(1= P, +0)[ AL+ Py —0) (IS, +(1—2771) 2| AL))
(

1—P, +0,) AL+ (P, ~0L)(1 2ty A Ay

A 1IA ||

Solving for 0, gives

(6.9) 0, (B)2AP, 217, forall Be,(L).
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Combining (6.4), (6.5), (6.7), (6.8), and (6.9) we obtain, analogously to (5.3):

(6.10) P(F.(A), B.¢#' (L))
<> 18exp(—o# 2P L+cs, 21, L+csg LM (log L)*?
jz0
— 59 2%77 I*f(log L)*)
<Y exp(—o W AP L—cgo 22777 I7/(log L")
Jjz0

<exp(—a W A2 L—cgy 17 I7/(log L))

Now we turn to lower bounds on P,(F;(%)). The condition 1< (diam(yy))~*
ensures that the curve A*?Ly, is entirely inside A, ; hence (for large L) so
is yo, where Q=0Q(l+1.) |4, p) is the polygon from Theorem 4.1 which
approximates A2 Lyy,. If there exists an occupied dual circuit enclosing Q,
let y; denote the innermost such circuit. Given any dual circuit «, let C% denote
the set of those sites connected to co by a path of occupied bonds entirely
outside R(x}. If for some dual circuit 2, both

(i) V=,
and
(ii) |C% N (A N\R@D =(1—2) Py [ A,

then F;(A) occurs. Now (i) and (ii) are independent, and we will show (ii) is
a very likely event. In fact it is easily checked that (ii) will occur provided

(6.11) FenANQ)—E f (A NQ)> —cq5 7y,

where n=[cq;(log L)*]; here cg3 is chosen (using Theorem 1.1) so that P[n
<|C(0)|<oo] is much smaller than t;. From Lemma 5.1 the probability of
(6.11) approaches one as L—oc. Thus from Theorem 4.1,

(6.12) B M)zY Bly=a] BLICL AANR@)S(1—2) Pyl 4L]]
2 P, [there exists an occupied dual circuit enclosing 07/2
>exp(—a W AV L—cq, [ /(log L)*7).

Together (6.6), (6.10), and (6.12) prove (1.13). [

Proof of (1.12). Suppose F;(2) occurs and let v, ..., y, denote those occupied
dual circuits, if any, which bound a (necessarily large) bubble for which

IR(7) ALl Z s, (log LY

of course K is random. We may assume y,; maximizes |R{y)n A, over i
=1, ..., K. As in the proof of (1.10) we must show that the total probability
of those configurations in which p(yy, y,/A'* L) exceeds (const.) L™ /3 (log L)*/3
is small relative to the lower bound

(6.13) exp(—a W AM? L—cg, IM3/(log 1)*3)
in (6.12).
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Let
87 =cqgs L1 (log L)'

with ¢4 to be specified. Let 7, be as in the proof of (1.13). If the desired event

PG,y /AP L)E6;

(which says that the one largest bubble is of the right size and shape to account
for F;(4) and (1.8)) does not occur, there are four possibilities:

(i) 1Bl= 2 IRG) O ALl <(L=7) A4,

i=1

ie. there is not enough volume in all the large bubbles together;
(1) Ry nArl<(1—=317) A]4,],
but not (i), i.c. there is more than one bubble of significant size;
(1) [R(yo) N ALl >(1+(61)%) 2] 4,1,
i.e. there is too much volume in the largest bubble;
(iv) both [R(y)nA,lz(1—37) A4, and p(yy,y,/22L)>6,
i.e. the largest bubble is big enough but of the wrong shape.

From (6.10) we see that the probability of (i) is much less than (6.13). From
the proof of (1.10) (compare (5.9) and (5.10)) we see that the probabilities of

(iil) and (iv) are much less than (6.13), provided ¢ is sufficiently large.
Under (ii) let M be the least index such that

M
Y IRGIO ALzt A4,
i=1

Then for some 1< j<J:=[1; 1]—2, both

M
(6.14) JrLAlALl S Z IRy ALl <(+1) 7 AlAL|
i=1
and
K
(6.15) =Dt A4S Y (RGN A
i=M+1

with the occupied dual circuits in these two events occurring disjointly. By
Theorem 6.1 the probabilities of (6.14) and (6.15) are bounded above by

| Ar]* exp(—u(jz, 214.]) and |4, * exp(—u((J —j) 1 A|4L))
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respectively. Using the van den Berg-Kesten inequality ([5]) it follows that the
probability of (ii) is bounded above by

J—-1

(6.16) > 1AL exp(—[u(ity AlALD +u(( —j) T AlALD]).

j=1

From the property of u(.) mentioned after (6.2), the maximum term in this
sum occurs for j=1 (or j=J —1), so that (6.16) is bounded above by

JIALL exp(—[u((1 —47p) A AL) +uley, 2| 4L)])
<exp(—o# I L+cggt, L+cg; M3 (log L3 —cgq t11/* L)
Sexp(—o6W A L—cgoti? L)

which is much less than (6.13). []
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