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Summary. This paper studies a process involving competition of two types of
particles (1 and 2) for the empty space (0). Each site of the lattice Z¢ is therefore
in one of three possible states: 0, 1, or 2. Particles of each type die with rate
1, while an empty site becomes occupied by a particle of type i with rate
A;-(proportion of neighbors of type i). The set of neighbors of a site x is of
the form {y:||x—y| <J}, for a positive integer J and a norm |+|. Assuming
there are only 0’s and 1’s present at the beginning, the process reduces to the
contact process, with the critical rate of survival of 1’s being A.. The basic
problem we address is the existence of equilibria in which both types of particles
coexist. Without loss of generality, one can restrict to the case 1,>4,> 1, and
in this case we show:

(1) If 2, >4, and the initial state is translation invariant and contains infini-
tely many 2’s, then the 1’s go away and the process approaches the invariant
measure of the contact process with only 2’s and 0’s present,

(2) If A,=A1,, and d<2, then clustering occurs: starting from a translation
invariant initial measure with no mass on all (s, the process converges weakly
to a convex combination of the two invariant measures obtained with only
one type of particles present, and

(3) If A,=4,, and d=3, then there is a one-parameter family of invariant
measures including both types.

1 Introduction

The Multitype Contact Process is a Markov process in which the state at time
tis &: Z7—-{0,1,2}. We say that a site is vacant if £(x)=0, and it is occupied
by a particle of type 1 (resp. 2) if £(x)=1 (resp. 2). We formulate the evolution
as follows:
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(i) I’s and 2’s each die (i.e., become 0) at rate 1.

(ii) 1’s (resp. 2’s) give birth to 1’s (resp. 2’s) at rate 4, (resp. 1,).

(ili) If the birth occurs at x, the offspring is sent to a site chosen at random
from {y:y—xe"} where 4" is the set of neighbors of 0. We assume A" to
be of the from A" ={x:|x| <J} for some positive integer J where [|-| is some
arbitrary norm.

(iv) If &,(y)>0 then the birth is suppressed.

We think of this process as a model for a biological population of two
species where the species may compete only over vacant sites.

We begin with some simple observations. First if only one type of particle
is present, the system reduces to the basic d-dimensional contact process with
neighborhood set 4" (see e.g., Liggett (1985) or Durrett (1988)). Let 4, be the
critical value of the contact process, i.c.,

A.=inf{A: P(|&?| >0 for all 1) >0}

where |£0] denotes the number of occupied sites in the contact process starting
with a single particle at 0. Throughout the paper we will assume 4,21, > 4A,.
For it is easy to see that if 1; <4, the I's die out and we end up with the
d-dimensional contact process for the 2’s.

The point of this paper is to prove ergodic theorems for this model. Since
we have two types of particles, it is natural to ask whether there are equilibria
where both types of particles can coexist. The answer is sometimes yes and
sometimes no depending on the following three cases: (i) 4,>4,, (i) 4,=4;
and d=1 or 2, and (iii) A,=41, and d=3. In the first two cases we obtain
no interesting behavior, only one type can survive. The interesting behavior
shows up in the third case where we obtain a one-parameter family of extremal,
stationary and translation invariant measures where the parameter ranges con-
tinuously from 0 to 1 and reflects the density of 1’s in the limiting distribution.

Qur first result shows that the case 1, > 1, is not interesting:

(1) Theorem. If A, <4,, the “1’s die out”. That is, if &, is translation invariant
and P(£,(0)=2)>0, then {,=-p, the limit starting from all sites occupied by
particles of type 2.

Here = denotes weak convergence, which is in this setting just convergence
of finite dimensional distributions.

We will explain the intuition behind this result after we state our results
for the case 4; =4, and describe how they are proved.

To state the next result let & be the set of translation invariant measures
and let y; be the limit starting from &,(x)=i(i=1,2). We use & to denote the
multitype contact process with initial distribution p.

(2) Theorem. If 1, =1, and d £2, clustering occurs. More precisely,

() if Eo=pe has no mass on £y(x)=0
Sh=rap +(1—o) puy

as t— co.
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(i) Furthermore, for any initial configuration &,

P((x)=1,¢4()=2)—0

as t — co. This holds for any x, yeZ*.

We will say something about « below. The next result shows that the interest-
ing behavior occurs if d=3 and 1,=4,. Let .# denote the set of stationary
measures.

(3) Theorem. Suppose 2, =41, and d = 3.

(i) Let &, be the initial distribution in which the coordinates &% (x) are independent
and =1 (resp. 2) with probabilities 6 (resp. 1 —0). As t > ©

ff:>"o~
(i) If ues is ergodic
E=>vy  forsome 6€e[0,1].

(iii) The extremal translation invariant stationary distributions are (S N),

The answers in (2) and (3) are similar to those for the voter model (Holley
and Liggett 1975). It approaches total consensus in d<2. In d=3 differences
of opinion may persist. These results are proved by using “duality”. The duals
in the voter model perform simple random walks. Two voters in this model
have the same opinion if their duals hit, and may have different opinions if
they do not hit. The difference in the behavior comes from the fact that random
walks are recurrent in d £2, and transient in d = 3.

As in the voter model, the key to our proofs will be duality, but the duals
for the multitype process are more complicated. If 1, =1, we define the dual
process starting from a single site x much as in the contact process. There
is a set of sites ¥ so that if any of these sites are occupied then x will be
occupied at time t. However now there is a hierarchy. If we imagine that all
the sites at time 0 are occupied by particles of different color then there is
one site that will paint x its color. We will denote this site by &*(1) to indicate
that this is the first member in the hierarchy. We call this ancestor the distin-
guished particle. Here and in what follows, italics indicate that we are giving
a technical meaning to a phrase. If we make &*(1) vacant then the color will
change to that of some site £¥(2), the second member in the hierarchy, and
so on. To determine the limiting behavior of the process starting from all sites
occupied it is sufficient to keep track of the location of the distinguished particle
& (1). To follow the evolution of the distinguished particle we use an idea of
Kuczek (1989) to break the evolution at certain points which we call renewal
points.

The good thing about the renewal points is that they define an embedded
random walk for the distinguished particle. More precisely, the spatial and tem-
poral displacement between two consecutive renewals from an iid. family. We
will also obtain exponential bounds on the spatial and temporal displacement
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which gives us control over the distinguished particle between consecutive renew-
als.

The picture of the dual we have in mind is now the following. The embedded
random walk tells us where the distinguished particle is at the renewals. The
exponential bound on the displacement gives us control over the location of
the distinguished particle between consecutive renewals. It says that with high
probability the distinguished particle will stay within a set linearly growing
in time which we will call triangle for obvious reasons. Whenever a renewal
occurs the next triangle starts at the bottom of the preceding one. Hence we
obtain the picture of a chain of connected triangles where we can find our
distinguished particle with high probability.

When we talk about collision of triangles we mean that the triangles of
two different duals overlap. Gluing two duals together means that the two distin-
guished particles of two duals coalesced.

The idea behind the proof of (2) is the same as in the proof for the voter
model, namely we rely on the recurrence of 1 and 2 dimensional random walks.
The main technical problem is that as soon as the triangles collide, the embedded
random walks are no longer independent. To overcome this we show there
is a probability >0 independent of the starting points so that with probability
at least § we can bring any two distinguished particles within a fixed finite
distance K without a collision of their triangles. As soon as they are within
distance K, it is easy to see that with positive probability we can glue the
two duals together, i.e., make their distinguished particles coincide. Once this
is done standard arguments take over to show the desired result.

The existence of the stationary distributions in d=3 is easier than the proof
of (2). All we have to prove is that if the distance between x and y is large
there is a positive probability that the two duals starting at x and y will not
collide.

Two main ingredients are needed to prove (3). The first one is what we
will call “convergence of trees”. By this we mean the following. We start the
dual at a certain site and follow the path of its distingnished particle until
time t. Then we go back a fixed number of renewals and look at the tree
growing out of this renewal point. We will prove that the trees have a limiting
distribution by showing that the joint distribution of (&*(k)— &*(1)) converges.
This together with the continuous mapping theorem shows that the one dimen-
sional distributions converge.

For the convergence of the higher dimensional distributions we need the
other ingredient which basically says that two dual processes either coalesce
or get separated and are asymptotically independent.

We will find the extremal stationary and translation invariant measures by
starting with any translation invariant and ergodic measure and proving that
each one converges to a certain v, where 6e[0,1]. The v,'s will be shown to
be mutually singular. This follows from the weak law of large numbers for
the Cesaro average of the 1's. By the multiparameter ergodic theorem, this
quantity actually converges almost surely. An easy extension of this result will
then show that they are ergodic. 8 characterizes the density of the 1’s in the
limit.

It is fairly difficult to tell which v, the system converges to except in the
two cases where we either start with a translation invariant and ergodic measure
without 0’s in which case 0 is the density of the 1’s; or with a Bernoulli measure
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 in which case 8 is characterized by the 1-density u{¢: £(0)=1] ¢(0)>0}. Like-
wise we cannot say much about the « in (2) except in the two cases just men-
tioned.

We want to note that the qualitative behavior of the system does not change
if we have more than two species. If the birthrates are all the same, clustering
will occur in d=2. In d=3 we will obtain a k-parameter family of extremal,
translation invariant stationary distributions where k is the number of species-1.
If the birthrates are different, then only the species with the highest birthrates
will survive (starting from infinitely many species in each class). The proofs
of the theorems rely heavily on the fact that both species have the same death
rates. If particles of type i die at rate J; and give birth at rate 4;, we conjecture
that

Mt
by 5

is the right hypothesis for coexistence to occur in d=3 and for clustering to
occur in d<2. In all other cases, the particle with the bigger quotient of 4,/4;
will eventually dominate. But we do not know how to prove this.

The paper is organized as follows: In Sect. 2 we give the graphical construc-
tion for the process and study the dual process. In this section we will also
prove Theorem 1. The proof of this Theorem follows easily from the graphical
construction and duality. This will be done at the end of Sect. 2. What we
will basically show is that if we wait long enough, the renewal points in the
dual process will be closed for the 1’s. Section 3 is divided into three parts.
In the first part we prove results that are also needed for the proof of Theorem 3.
The second part proves Theorem 2 in dimension 1, and the third part proves
it in dimension 2. We will relegate some preliminary results for the proof of
Theorem 3 to Sect. 4. The proof of Theorem 3 will be carried out in Sect. 5.
Formulas are numbered (1), (2), ... in each section. When formula (6) from Sect. 2
is referred to in a later section it is called (2.6).

2 Construction. Duality. Proof of Theorem 1

We begin by constructing the process from a collection of Poisson processes.
The construction is basically the same as the one of the basic contact process
(see e.g., Durrett 1988). We will first consider the case A,=A4,. For x, yeZ?
with y—xe ", let {T;?:n21} and {U:n=1} be the arrival times of Poisson
processes with rates A,/|.47] and 1. At times T;*>, we draw an arrow from x
to y to indicate that if x is occupied then y will become occupied (if it is not
already). At times U}, we put a § at x. The effect of a § is to kill a particle
at x (if it is present). An idea of Harris (1972) allows us to construct the process
starting from any &,e{0, 1, 2}%°. We will first construct the process up to time
7 in such a way that Z“ splits into a countable number of a.s. finite components.
Iterating this allows us to construct the process for all time.

We say that there is a path from (x,0) to (y,t) if there is a sequence of
times so=0<s;<s$,<...<s5,<S,4+,=t and spatial locations xo=2x, X, ..., X,
=y so that:

(i) fori=1,2, ..., n there is an arrow from x;_, to x; at time s;, and
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(i) the vertical segments {x;} X (s;,8;+1), i=0,1, ..., n, do not contain any &’s.

We can now define an equivalence relation on Z* x [0, co0) that defines the com-
ponents. (x,t} and (y,0) belong to the same equivalence class if (x,¢) can be
reached from (y, 0) (or (y, t) from (x, 0)) by a path. By comparison with a branch-
ing process we can show that if we choose 7 small enough such that the probabili-
ty of a connection <1/|.47, then all the components are a.s. finite. For more
details see the paper cited above.

To take care of the case A,>1;, we start with the above construction for
A, and then toss a coin with success probability (4, —4;)/4, at each arrow.
If there is a success, we label the arrow with a “2” to indicate that only 2’s
can give birth through those arrows.

After constructing the process from the graphical representation we can
define its dual process. If 1,>/,, we define the dual process only for the 2’s.
If the rates are equal, it works for both types of particles. For the dual process
we reverse the arrows and reverse time by mapping §=t—s. Let Ef={y: there
is a path from (x, 0) to (y, 7)}. Since it is in general easier to work with a forward
process than with a backward process, we will replace this process by the dual
& that is constructed from a graphical representation that has arrows from
x to y at rate A, where y is again in the neighborhood set of x, and has &’s
at rate 1. The construction can be done as before. We let

& ={y: thereis a path from (x, 0) to (y, £)}.

As in the basic contact process, &¥ and & have the same distribution. We will
call the elements of & ancestors and the first ancestor sometimes distinguished
particle.

As in the basic contact process the dual process tells us whether or not
a site is occupied just by checking if at least one of the ancestors lands on
an occupied site (if the process survives). Since the process we consider here
has two types of particles, we are also interested in the type of particle sitting
at a certain site. To figure this out note that the dual process {£F,0<s<t}
has a tree structure. We start the dual at (x,0) and run it until time t where
the ancestors land on the initial configuration. The tree structure defines an
ancestor hierarchy in which the members arc arranged according to the order
they determine the type of the site (x,0). We will describe the hierarchy now
in greater detail by starting with the case 4, =4,. Let &*(n) be the nth member
of the ordered ancestor set. If the first ancestor, (1), lands on a 1 (resp. 2),
then the site (x,0) will be of type 1 (resp. 2). If it lands on a 0, we look at
the type the second ancestor lands on, and so on. The first ancestor in the
hierarchy that does not land on a 0, determines the type of the particle at
(x, 0). If A, > A, then a path that crosses an arrow labelled with a “2” is forbidden
for a 1-particle. If £*(1) does not cross any “2”-arrows and lands on an occupied
site, then &¥(1) and (x,0) are of the same type. If the first ancestor in the dual
process lands on an empty site or crosses a “2”-arrow and lands on a 1-particle,
we look at the second ancestor. If £(2)=1 and the path that connects this
site with (x, 0) does not cross any “2”-arrows, then the site (x, 0) will be occupied
by a 1-particle. If &(2)=2 and &F(1)=0, then the site (x,0) will be occupied
by a 2-particle. If £&(2)=2 and & (1)=1, and if the first ancestor failed to paint
{x,0) its color, we check both particles for the first and second ancestor to
determine whether or not the second ancestor can paint (x,0) its color. For
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(x1)

instance, the second ancestor will fail if the first ancestor can still “use the
path”, ie., has not crossed a 2-arrow by the time they both start using the
same path. If the second ancestor fails too, we check the third ancestor in
the 2-dual process, and so on. A picture is worth more than a hundred words,
so we illustrate this at Fig. 1. The ordered set of the first six ancestors is
(x—3,x—1,x+1,x,x+3, x+2). If for instance, this ordered set is equal to (I,
2,0, 1, 2, 1), then (x,0) will be of type 2 if ,>4;, and of type 1 if 1,=4;
(then we ignore the “2’s” at the arrows). In the first case, the fifth ancestor
determines the type of (x, 0); in the second case, it is the first ancestor.

Although the dual process looks more complicated than the one in the
basic contact process, it has a nice property, which is the key to all of our
proofs: We can break up the tree of paths at certain points into ii.d. pieces
and define an embedded random walk. We will call these points renewal points.
This, together with estimates on how the tree behaves between the renewal
points, allows us to trace the history of the tree by looking at the location
of the renewal point.

For proving the announced property of the dual process we need some
notation. We start the dual process at (x,0) and follow the path of the first
ancestor. Whenever the first ancestor jumps to a site where it lives forever,
we will call this site a renewal point. Since we are in the supercritical case,
there is a positive probability that the dual process starting at x does not die
out. We use a “restart argument” (see e.g., Durrett 1988, p. 72) to find a particle
that lives forever: Pick a particle. If it does not live forever, wait until its family
dies out and then pick another one. After at most a geometrically distributed
number of trials we will find a family that lives forever and we can define
the renewal points. Let Q, o, be the event that the dual process starting at
x at time O lives forever. Most of the time we will suppress the dependence
on x and O since by translation invariance the probability of this event does
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not depend on (x,0). We will then denote the event by . Let the spatial
displacement between consecutive renewal points be X;, and the corresponding
temporal displacement be 7;, then

S,=x+ ) X; and T,=) ri‘

i=1 i=1

will be the spatial and temporal location of the renewal point after the nth
jump. This will also define the embedded random walk that jumps at random
times 7, to the site x+ S,,.

All this is summarized in the following Proposition which is a statement
about the contact process. Its proof uses an idea of Kuczek (1989).

(1) Proposition. Conditioned on the event Q,, {(X;, 1)} form an iid. family
of random vectors on Z* x R*. The tail distributions of X; and t; have exponential
bounds, i.e., there are constants C, ye(0, o) such that

P(X|>t)=Ce ™ and P(r;>5)£Ce™"

holds.

We denote constants whose value are of no interest, by C, y or alike. These
values may change from line to line which will then be clear from the context.

In the proof we will not condition on Q,, but instead use the recipe above
to find a particle that lives forever. We are going to prove Proposition 1 in
several steps. First, we will show that t, can be bounded by a random variable
with exponentially decaying tails. Let x,=x and o,=inf{s>0: &> (1) hits a
8}. Let x; be the location of the distinguished particle after ™ (1) hits a
4. (Recall that we called the first ancestor also distinguished particle.) For k=1
we define a sequence of random variables {(x;, o;_1)};> in the following way.
If 6,y <oo and &9+, let x, be the location of the distinguished particle
at time ¢, (the distinguished particle jumps at time o, to a new site if
Ex O k). If & =@, we let x,=x and start over again. If g,_,; =00 we arc
done and (x;, 6, -,) is the renewal point we seek. Let o, =inf{s> 0 _,: £ ox-1)
=@} for k2 1. o, is defined until it is equal to infinity. The superscript (x;, 05 ;)
indicates where the distinguished particle jumped after the tree starting at
(x¢— 1> 0,_,) died. Whenever we start with a new tree or at a point that lives
forever, the first random time is defined in analogue to g,. It is always the
first time the dual process hits a ¢ after starting from a site where either a
new tree begins or the dual lives forever. Note that o, is defined differently
from {o,}» since (x,0) is the starting point. We would like to point out that
once we hit a renewal point, only this branch matters: We never need to look
at other branches that started before the renewal point. For an illustration
see Fig, 2.

Define A, ={(x;,0,) lives forever or &»9=@}, and A,=4in
VAL 0 {(%, 0 y) lives forever or &9 =0} for k=2. Let N be the first

Ok ~1

k when A, occurs. Then by the definition of N and {6}};20, on Q,

N-1

T,=0y_1 =00+ ) (64— 04_1)
k=1
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We now want to show that the death of a branch happens early in the life
of the branch. Bezuidenhout and Grimmett (1990) have shown for the basic
contact process in d dimensions that if 1,> 41, then when viewed on suitable
length and time scales the system dominates oriented percolation. Combining
this with the analogue result for oriented percolation in Durrett (1984), Sect. 12,
shows that there are constants C, ye(0, o) so that

P(t<0‘k—0'k_1<00)§ce_vt.
The first in a series of lemmas that will show the announced property of t,
is

(2) Lemma. On {0, <0}

P(oy41—0x=mloy, k<N)=P(s,—0c,=m).

Proof. The event {0}, —0,<m} is determined by parts of the graph that are
after o, and do not use any parts of the graph that are before o,; therefore
{o}} and {644+;—0,<m} are independent. Since the graphical representation
is translation invariant in time, the distribution of ¢,.,—0¢, is the same as
the one of 6, —0y. O

The next two lemmas will tell us that N and o _, are a.s. finite.
(3) Lemma. N is finite a.s.

Proof. Using the definition of 4, and the formula for total probability we can
write

P(N=n+1)=P(ASN...0 AN A,.,)
=P(Ap, | AN . AS)-P(AS|AS .. AS_y) .. P(AS] AS) P(AS)
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By (2)

P(ASIAS . Ai_ )= P(o, — 00 < 0; &5 0 %)
and

P(Aps 1450 ... A)=P(0,— o= o0 or 50 =0),
Thus,

P(N=n+1)=P(6; — 6o =0 or & " =0)- P(s, — 0, < 00; £5 O+ 0

from which it follows that P(N<o0)=1. []

N—1
(4) Lemma. oy_, =00+ . (6,—0_,) is finite as.
k=1

Proof. N is finite a.s. by Lemma (3), and given that {N=n+1}, ¢, -0y, ..., 0,
—a0,_, are finite with probability 1. From the definition of N it follows that
oy—, is the first time after O that the particle lives forever or that the tree
dies out. [

In the next step we will show that the {o,—0}_};-; . ,areiid. on {N=n
+1}. We begin with

(5) Lemma.

Plo,— 0, (=14, -..,0,— 0=t |N=n+1)

:HP(01 oo=Iloy—0¢<00; g(x RES))
k=1

Proof. We write the left-hand side as

Pe,—0,-1=ty, ...,0;,—0a=t;, N= n+1)
P(N=n+1) ’

The numerator can be written as

P(Grl+1—6n=oo Oraj’0)=®|an—o-n—1=tna ""GI—UO:tl)
-P(o,—0,_1=t,, ..., Gy — Oy =1;)

=P(6,—0o=00 or &V =0) [] P(0, — 00 ="t; E& V% 0)

by repeating the argument used in the proof of (2). Combining this with (3)
proves the Lemma. []

We have to show that the distribution of 7, can be bounded by a random
variable that has exponentially decaying tails. Let gy _,(s)=Es"~' be the
moment generating function of the geometrically distributed random variable
N —1. gy_1(s) can be extended beyond s=1. Let ¢(8) be the moment generating
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function of ¢, —0, conditioned on ¢, —gy<co. Since the distribution of {6,
—0y— 1} has exponentially bounded tails on k<N, we can find a ,> 1 so that

E@’ L% |6, —0o<w0)=gy_ 1 ($(0)) < 0

for all 8<8,. Hence Ee? < oo for all §<0,. This together with e® P(z,>1)
<Ee% shows that there are constants 0< C, y < o so that

(6) P(z,;>)<Ce "

(6) and comparison with Richardson’s model (see ¢.g., Durrett 1988, Sect. 1)
tells us that the tree grows at most linearly in space. We therefore obtain a
similar estimate for the spatial displacement between two consecutive renewals

(7) P(X [>t)=Ce™

Note that since P(+|Q,)<P(+)/P(Q,,) and P(Q2_)>0, the exponential estimates
also hold if we condition on survival. All that is left to show is that {(X;,7,)};>,
are independent and identically distributed on €, . Roughly speaking the
family {(X;, 7,)};» , are independent since what happens before and after a certain
renewal point uses disjoint parts of the graphical gadget and is therefore indepen-
dent. Using translation invariance in time and space of the graphical gadget
in time also shows that the family {(X;,1;)};», are identically distributed. To
make the last two claims more precise, we will modify Kuczek’s argument for
the continuous time setting. We will define two quantities that will enable us
to locate the points where the distinguished particle jumped to another branch
of the tree.

Let &°%9(1) be the position of the distinguished particle at time t starting
at (0,0). Whenever &% (1) hits a “8” it jumps to another site if the tree is
still alive or we restart the process. The two quantities we are going to define
are {U{* 9,5, and {1{* 9}, . (We will suppress the superscript (0,0) to save
notation and define the quantities in the obvious way if we start at another
location) Let Uy =Y,=0. The first time the distinguished particle hits a é and
jumps to another site we set U; =Y, =1. The next time it jumps we set U; =2
and Y;=2 if we can connect the new location with the one where we defined
U =7Y,=1. This will be called jumping within a branch. If not that is if we
leave a branch we set U,=1 and Y,=2. We continue this way, i.e., whenever
the distinguished particle jumps within a branch we increase U by 1 and set
Y;=i+1. If the distinguished particle jumps to another branch we set U, ;=1
and Y., =Y,. We increase the superscript of ¥, only if the distinguished particle
jumps to another branch of the tree. At the location of an (x;,0,_,), Y=k
The next time it jumps we set Y,=k+1 if it jumps within the branch and
leave it that value as long as it stays within this branch. As soon as it jumps
to another branch we set Y, , =k-+ 1. With this algorithm Y, =k if (x,_,, 0,_5)
cannot be connected to (x;,o,—,) but any other location (x,t) to which the
distinguished particle jumped in the meantime can be connected to (x;_;, o5 ).

=k+1 in all other cases.
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U, serves only as an auxiliary process to define the Y’s. We use the Y’s
to locate the sites where the distinguished particle jumps to another branch.
Now we can show
(8) {(X1,1)=0x, 00— 1)}“9(0 0)—{Yk k} & ot xk}mg(xk,ak—x)'

a'kl

To see this identity note that if (0,0) is a renewal point, then (0,0) can be
connected by a path to (x, 04— 1) If (x;, 04~ 1) is the first renewal point after
time O, then {Y,=k} and Q,, ,, _,,. (If there was another renewal point before
that, ¥, would be k+1.) On the other hand if (x,,0,_,) is a renewal point
and if &%9(1)=x,, then (0,0) can be connected to (x;,0,_,) from which it
follows that (0,0) is a renewal point. Since {Y, =k}, (x;,0,-) has to be the
first renewal point. Using (8) it follows that

O Pyt = (e om0 0) =L 0T D=0 B )
’ ’ ’ P(Q¢,0)
_P(Yk Efr?c 01)(1)=xk)'P('Q(xk,o'k_1))
B P(Q(O,O))
=P(Y=k; & °3(1)=xk).
In the second step we used that {¥,=k}n{ED (1)=x,} only uses parts of

the graph that are before (X, o, _,) whereas Q(xk,,k_l) uses parts that are after
(%, 05— 1). Hence the two events are independent. In the last step we used that
P(Q0,0)=P(Q0x., 0., ) =P(€2). Whenever we jump to a renewal point we rela-
bel all the auxiliary quantities. To keep track of where we are we put a superscript
on the quantities. For instance, (X{”, o{’ ;) is the location of the embedded
process when it jumped k times after the lth renewal point. Then

K
{m (X, T£)=(x§cl,) 05!3— 1)}“9(0,0)

i=1
K - -
—“{Yk =k }m{&?c O~)1=xk1}mg(xk1;0k,—1)m{ﬂ (X”Tl) x;‘:i)’a}:i)_l)}'

Using the same argument as before,

{(XZ » Tz) = (x}czz)’ O'g)_ 1)} n Q(xklyﬂ'kl -1)
= {Yk(;kl’akl - = k2} N {ff,’fj‘;_’ fkl - 1)(1) =xk2} N Q(sz

»Oky-1)°

Repeating the argument and using translation invariance shows:

K K
P( m (Xis'fi)=(xki: O'ki~1)}ﬁQ(o,0)>= H P(Y;ci=k” &‘i 9)1'xki)P(Q(0,0))

i=1 i=1

Hence, conditioned on Q o), {(X;, 7)}:» are iid.

So far we haven’t said anything about how the choice of the infection parame-
ters A, A, affects the embedded random walk. In the case A,=41, it is clear
how to define the renewal points since all the arrows are unlabeled. If 1,24,
then we define the renewal points only for the 2's, ie., starting the dual from
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say (x, t) we make use of all arrows to find the renewal points. Since the renewal
points break the process into independent pieces, it is clear from the construction
that with probability 1 there is a first time T'<co for which the renewal point
is closed for the 1’s in the sense that the 1’s cannot pass through this renewal
point. All the ancestors of this renewal point occupy positions in the ordered
set of ancestors that are before the ancestors of carlier renewal points. Since
the number of ancestors of a renewal point is roughly growing linearly in size,
there will eventually be an ancestor occupied by a 2 in the first part of the
ancestor vector that will succeed in painting x its color.

Proof of Theorem 1. Let A, > A,. We will show that
P(:(x)=1)-0

as t — oo starting from a translation invariant initial configuration &,.

We will now use the dual process &9 0<s<t which we start at (x,¢)
and determine the ordered set of ancestors after t units of time by going back-
wards in time on the graph. We will describe an algorithm that will find candi-
dates in the dual process for painting x the color 2. Note that different ancestors
can occupy the same site. But we can find arbitrarily many different candidates
since the tree growing out of (x,t) is linearly growing in time. We will check
the ancestors inductively.

In the first step we will find a subsequence in the set of ancestors that
are candidates for painting x the color 2. In the second step we will extract
a further subsequence so that all the candidates are different.

The first member of the subsequence is &*9(1). We follow the path the
distinguished particle takes to paint (x, t) its color until we first cross an arrow
labelled with a 2. (Note: we are now going forward on the graph starting at
(&*9,0).) Then we look backwards in time starting from the location where
this particular arrow is attached. We discard all the offspring of this point.
(Those are the next few members in the ancestor vector.) The first ancestor
that is left after discarding those ancestors is the second member of the subse-
quence. We repeat the steps for this ancestor. We continue this until we run
out of ancestors. We then extract a further subsequence so that all the candidates
are different: We start with &*9(1) and discard all members that occupy the
same site as &9 (1). Then we take the next ancestor that is left, and so on.

We denote the set of members of this subsequence by #,. By choosing ¢
large enough we can make the cardinality of 5, arbitrarily large. Denote by
{, the set of 2’s in &,. It suffices to show

P01 =0)-0

as t— oo.

This will show that at least one of the candidates is occupied by a 2. The
first one that is occupied by a 2 will paint x its color since by construction
the 1’s cannot go through. Given ¢>0 and M >0 we can find ¢ >0 so that

P(ln,—1|<M)=e.
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To finish the proof we will use Lemma 9.4 in Harris (1976) which in our context
says that if &, is translation invariant with P(¢;(0)=2)>0 then given £>0 there
is an M (g) so that if |n,_ ,| = M (&) then

P(’?t—1mC1=®)§3-

Therefore, if 1,>7; and if the initial distribution is translation invariant, the
1I’s die out. This proves Theorem 1. []

3 Proof of Theorem 2

We will first describe the intuition behind the proof before we go into details.
We will prove Theorem 2 in dimension 1 and 2 separately but the idea is basically
the same for both dimensions. Only at one point we have to use a different
method. From nowon 4, =4,=A

We will show that we can bring two different distinguished particles starting
at x and y with positive probability within a finite distance K. We do this
in several steps. We define a rapidly increasing sequence of constants g, where
ay,=K for some N,, and ay, = |x—y| for some N;. We start the two duals
at distance ay, and bring them within distance ay, _ ;, so that with high probabili-
ty they behave independently throughout this time span. By doing the same
step from starting at ay, _, and bringing them within distance ay,_,, and so
on, we eventually get them within distance ay,. The estimates we obtain will
hold uniformly in N;. This iterating procedure has the advantage that we can
use independence of the two dual processes as long as their triangles do not
collide. As soon as they are within a finite distance K, there is a positive probabil-
ity that we can glue the two particles forever together. What we do next is
to show that both dual processes have renewals at the same time infinitely
often with probability one where “same” is not to be taken too literally. This
breaks the process down into independent pieces in the following way: We
try to glue them together after they are brought within distance K; if we do
not succeed, we wait until both of them have a renewal at the same time,
then we start the whole iterating procedure again. By independence and Borel-
Cantelli we will eventually succeed.

The difference in the proof for dimension 1 and 2 is in the part where
we construct the single step for the iterating procedure. In dimension 1 we
use Skorohod embedding to obtain the necessary estimates, in dimension 2
we use some potential theory for two dimensional random walks.

This section is organized as follows: In parta we will prove a series of
lemmas that are valid in any dimension. Those lemmas are used to get the
estimates for the iterating procedure. Part b is devoted to the proof of Theorem 2
in dimension 1, and part ¢ for the proof in dimension 2.

a Preliminaries on the dual process

We will now state a series of lemmas that are needed in the proof of Theorems 2
and 3. Therefore we prove them in any dimension. Our first mission is to show
that given two duals then the probability “they have renewals together”, i.0.=1.
We will do this by showing that we can choose M such that in at least 1/3



Ergodic theorems for the multitype contact process 481

of the time both duals have less than M particles. By killing all but one particle
in each of the duals within a small amount of time, with positive probability
both duals have their renewals together. By independence and Borel-Cantelli
our result follows. Our second mission is to show that with positive probability
we can glue two duals together that are within a finite distance K where we
want one dual just being renewed and the other one having less than M particles.
For proving the first result we start showing that the distribution of the number
of particles in the tree since the last renewal has a limiting distribution. Let
{(X;,t)}iz1 be the iid. random vectors in Z¢x R™ defined in Sect. 2. Define
the times and the spatial locations of the renewal points by 7,=0, T,=T,_,+7,
and §,=0, §,=S,_, +X,.

(1) Lemma. Let v(s)=the number of particles in the tree at time s that have
the last renewal point as an ancestor. Then there exist nonnegative numbers p(k),
k=1,2, ... that sum up to 1 such that

1 t
7 1=y ds—p(k)
o]

almost surely.

Proof. Let N(t) be the number of jumps of the embedded random walk by
time t. Then

1 N@ T1—Ty—
2) T l{v(T1_1+s)=k}dS
=1 0
1 t
=7 flyw=nds
0
1 YO+ Ti=Ty
§7 | f Lor, +5=13 d5.
1=1 4]

Note that the sum is a sum of iid. random variables. Let m=Et,. Since
tlim gt(—t) 4% a.s. by the Renewal Theorem, we can apply the Strong Law
of Large Numbers for a random number of summands (see e.g., Chung (1974),
Chap. 5), and the left-hand side and the right-hand side of (2) converge a.s.
to a constant we denote by p(k). This shows (1). [

We can use (1) to show that we can choose M large enough such that
in at least 1/3 of the time both duals have simultaneously less than M particles
in the tree since the last renewal. We use the same notation as in (1) but put
a subscript x on v,(s) to indicate that this quantity refers to the dual starting
at x. Then

G) :

C e, .,

I{vx(S) S M;o,(s) £ M} ds

1 T t
1—7 f l{vx(s)>M}ds_? § Loy>ny ds
0 o]

v

-1-2 % p0

I=M+1
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where we used (1) and translation invariance in the last step. By choosing M

M
such that Y p()=2/3, the right-hand side of (3) is 2 1/3. This proves our claim.
I=1

We will call the dual process good at time ¢ if the distinguished particle
lives at time ¢ and did not get any offspring since the last renewal. In the
next Lemma we will consider two duals starting at different points and show
that infinitely often both processes are good at the same time. This will also
finish our first mission.

(4) Lemma. P (both are good i.0)=1.

Proof. On the part of the state space where they coalesced we are done. Since
then we have to deal with only one dual process. Otherwise, by (3) we can
pick an M so that at least 1/3 of the time both of them have less than M
particles. Hence by killing all particles but two at the right time we get

P(both are good at the same time)
e leTH(1—e Y e P M=6>0.

Note that whenever both of them had a renewal at the same time we can
start afresh and everything that happened after the renewals is independent
from what happened before. The Borel-Cantelli Lemma now guarantees that
both being good at the same time happens infinitely often with probability
1. Note that in the proof of this Lemma we do not assume that the duals
are independent. []

Now we can turn to our second mission. We will show that there is a
positive probability that both processes are good one unit of time after one
of them had a renewal. This will be done in the following Lemma where we
want to prove that with positive probability there is a time T where two dual
processes that started at different sites and evolved independently until time
T, are both good by time T-+1. We will also assume that at time T one of
the two processes has a renewal, and the other dual has less than M + 1 particles
in its tree since the last renewal. We consider two copies of the dual process
starting at x and y. Let I;={& and & evolve independently for all 1[0, T]}.
Denote by Jp={(&(1), T) is a renewal point; v,(T)<M}. With the sets just
defined we can prove

(5) Lemma.

P(both processes are good by time T+ 1|11, Jp)
Ze—(l+ 1Y(M+2)

Proof.

P(both processes are good by time T+ 1|1, Jy)
> P(all but one particle in & die within
one time unit and do not give birth)
- P(&*(1) neither gives birth nor dies within [T, T+1])
>[(1—e” 1) e—).]M [e” 1 e—).]z ge“(“ 1) (M+2)

by replacing 1 —e 'bye™!. [
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We will see later (when we use this Lemma) that we are by construction
in the situation we conditioned on.

We will now show that as soon as the two distinguished particles are within
distance K there is a positive probability that we can glue them together, iec.,
they coalesce.

(6) Lemma. Denote by A the event that two distinguished particles starting at
distance K can be glued together on the set where both particles had a renewal
at the beginning. Then there is a >0 so that

P(A)=5.

Proof. We will find a lower bound for the probability of the event A by estimating
the following event. We require the particle located at y to survive for 3dK
units of time without giving birth. Let x—y|| < K. Then it takes the particle
located at x at most dK steps to reach y. We will estimate this by observing
that the probability of having a birth between time 1 and 2, and a death between
time 2 and 3, can be bounded from below by e *(1—e %) e 2(1—e™!). Note
that it takes the particle at x at most 34K -units of time to hit the particle
at y. The probability for the particle at y to survive until time 3dK without
giving birth can be bounded from below by e~ 439K Hence

P(A)Ze UFW3K[o=2(] _ e~} e~ 2(1—e 1)K =5>0. [

bd=1

In this part we will show that with positive probability we can bring two duals
within a finite distance K such that their triangles do not collide and as soon
as they are within distance K, both are good. We have seen (Lemma 6) that
two duals within distance K can be glued together with positive probability.
If we do not succeed, we wait until both of them are good at the same time
and do this procedure again. By independence and the Borel-Cantelli Lemma,
this shows that eventually they coalesce with probability 1. This proves that
the probability that two sites are different at time t goes to zero as t— co.
Hence, only one type can survive. Which type eventually survives depends on
the initial measure.

Let {(X;,7)};», be the iid. random vectors in Z x R* defined in Sect.2
and let T, and S, be the times and the spatial locations of the renewal points
as defined in Sect. 3a. We use Skorohod embedding (see e.g. Durrett (1990)
or Billingsley (1986)) to embed S, into a Brownian motion. S, is the position
of the random walk after the nth jump and it stays there put for T,<t<T,,,,
and jumps at time T,.; to the location of the new renewal point. For the
embedding define a Brownian motion B, on R. Let {U,},~; be a sequence of
iid. random variables with the same distribution as |X,|, and let {0u}uz1 bE
a sequence of stopping times defined by o,=inf{t:|B,— By |=U,}. From this
and the fact that the distribution of X; is symmetric, it follows that B, has
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the same distribution as S,. Furthermore, the o,, 6,—0, ... are ii.d. with E(o,
—~0,_1)=EX7? and E(o,—0,_,)> <4EX?.
All we need in the proof of Donsker’s Theorem is that S, and B, are defined

on the same space and that % —* , EX?=¢2< 0 to obtain pathwise conver-
gence, i.e., that

S(n)
o

We can certainly define S, and B, on the same space; the second hypothesis
follows from the fact that the tail distribution of X, has exponential bounds.
Furthermore, by construction, we have

(7 =>B(:).

a
8) 1B, =S| S Xps1|=Upry  for Ti=t<Tpyy.

Next we will prove that starting two dual processes at distance L, we can
bring the two distinguished particles with positive probability within a distance
of order log L and this uses up less than I units of time.

In what follows we will make use of the fact that we can break up the
dual process at the renewal points to obtain independent pieces. In between
two consecutive renewal points the newborn particles stay with high probability
within a set lincarly growing in time. This was already shown by the exponential
estimates in Sect. 2. If we start two dual processes at different sites, then they
are independent as long as their triangles do not collide. This can be seen
by defining the two dual processes & and & on two independent copies of
the graphical representation G, G, (see Griffeath (1979), p. 21). We use G,
for & and G, for &. We define the embedded random walk S%, (i=1,2) on
G, in continuous time where the particle stays put between consecutive renewals
and jumps to the site where the new distinguished particle lands at the renewal.
As long as their triangles do not collide we let them evolve separately on the
two gadgets. After a collision occurred we use only one copy, say G, to define
the evolution of both dual processes.

We will now describe a single step in the iterative procedure that will bring
the two distinguished particles close to each other. For this we will define a
real valued random variable that measures the time it takes the two random

walks to come within a certain distance: Let 7, =inf {t:[Sﬁ“ S<2’|< log L}

where S and S{? are the two embedded random walks correspondmg to the
dual processes £0 and &, the one starting from (0,0), the other from (L, O0).
y is the constant defined in (2.7). Note that in the proof of the following Lemma
we do not use that (0,0) or (L,0) are renewal points. Recall that N(t) denotes
the number of jumps of the embedded random walk by time . Let m=E~,.
We will show

(9) Lemma. There is a constant 0 < C< o so that

P( max [X} gg log L in both processes; fL§L3>g 1 _C

1SISN(@L?) ﬁ

holds. vy is the constant defined in (2.7).
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Proof. We will prove (9) in two steps. First we will show that

(10) P( max |X;|>— logL)

1ZiEN(L3)

mL3
holds. We decompose the left-hand side of (10) according to whether {N(L?)
<21?/m} or {N(I’)>2I*/m}. This gives the following bound
3 3
<-2m£P(|X [>glogL>+P(N(L3)>£>

We use (2.7) to get a bound on the first term:

21

2L S 24
—P(1X1|>—logL)<—A vyloel 223

m

Since the 7; form an i.i.d. sequence and have exponential bounds, we can use
a large deviation estimate to obtain

(11) P(NT(I)>%>§C8—W.

for some C, y positive. With this the second term can be bounded by
P(N(I?)>2D3/m)<Ce "2,
For the second part of the estimate note that by construction the two embedded

. o 6 .
random walks are independent until time %; on { max |X;]=—logL in both
1 i< N(L3) Y

processes ». We will show

6 .
(12) P (%L >} max |X| g—y— log Lin both processes) éﬂ

1<i<N(LY) ‘/i

We will be quite generous with this estimate. On the set where the triangles
C . . o 12

are small the two distinguished particles certainly come within distance — log L
Y

if the difference of the embedded random walk is sufficiently negative, that is
if their difference is < — L for some ¢t < I’. We use the embedding of the random
walk into Brownian motion to show (12). Let p}!=inf{t: B} <x} where B}
is a Brownian motion starting in 1. Then

6 .
P <1~L >I3; max |X| g; log Lin both processes)

1<i=N(L3)

<P(p“>L)=P(p° 2>L)=1—2P(3222)

=p(ste| - VL ﬁ])
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the third step coming from the reflection principle. This proves (12). Combining
the two parts proves the Lemma. []

As we already mentioned in the introduction, the term collision of triangles
denotes the event that the triangles of different duals overlap. Using the preced-
ing lemmas we can prove

(13) Proposition. Let two dual processes start within distance L. Then we can
find a K< oo and a 6>0 so that the following event has probability at least
8 for all L: {it takes less than 2I? time units to bring two duals within distance
K. Their triangles do not collide and they are both good within one time unit
after they came within distance K}.

¥
Proof. We now define the rapidly increasing sequence: ao=1 and a,=e6"".

6 .
Let Anz{ max |X|| §; log a, for both processes; 7, Saﬂ}. Fix an # between

ay =
1ZiZN@3) "

0 and 1. We can find a N;>0 so that

(14) ¢y Lziy

(15) P D A;)gc i ﬁgl—n.

Since aj, _;+a3, -2+ ... +ay, - (N, —Noy+2) a3, <exp(3yay,-/6)=a3, if
N; is large enough, we can also achieve that it takes up less than 21> time
units to bring them within distance K by choosing N, sufficiently large. Note
that as soon as they come within distance K, one of them has a renewal and
the other process has less than M particles where M is of order K since the
triangles in Ay, are assumed to be of that size. We want both processes to
be good within one time unit after they come within distance K, so we kill
all but one particle in the process that did not have the renewal. (5) and (15)
now give a bound on

P< ﬂ Ag; both processes are good within one
k=No

time unit after they came within distance K)
2ne—(l+ 1)(M+2)Eé>0
since the two events are independent (they use nonoverlapping parts of the

graphical gadget). This proves the Proposition. [

If we do not succeed in gluing the two duals together, we wait until both
of them are good again and start the whole iterating procedure again. Everything
is independent of what happened before and Borel-Cantelli shows that we can
glue them eventually together with probability 1.
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cd=2

So far we have proved Theorem 2 in dimension one. We turn now to the two
dimensional case. It will turn out that the proof is very similar to the one
for d=1. We will also use this iterating procedure in much the same way.
Again, we need the exponential estimates proved in Sect. 2.

The other ingredient we will use, is an estimate on random walks. Let S,
be the position of the embedded random walk after the nth jump, as defined
in Sect. 2. Again, the jumps take place at random times {T,}, o, and the displace-
ments are given by {X,},>,. We need an estimate on how long it takes the
random walk starting at xeZ? to hit a closed ball of radius r centered at 0.
We denote the ball by B,. Let tf=inf{m: S,,€B,|S,=x}. Since P(tF>1)<P(z}
>1), it is enough to find an estimate on the tail of the distribution of 3. By
P™(x,0) we denote the probability that the random walk hits 0 in the mth
jump starting at x. In the following we understand that all the summations
range over integers.

E, [ # visits to 0 before n]= ) P™(x,0)

m=0

i P(tE=k) P""%(0,0)

0k=0

P =

I

m
n—k

= z P(3=k ¥ P™(0,0)
k=0 =0

m=

<P =n( 3 P 0.0)

Rearranging gives

S P(x,0)
P(ri<n)z2® .
Z P™(0,0)
m=0
Hence
>, [P™(0,0)—P™(x,0)]
(16) P(rgzn<m=°

Zn: P™(0,0)
m=0

We will first find an estimate on the denominator Y, P™(0,0):

m=0

17) Y P™0,0)2C, | %gcmgn

m=0 no

where we used the Local Central Limit Theorem for m large (=n,).



488 C. Neuhauser

Let a(x)=lm ) [P™(0,0)—P™(x,0)]. This is just the numerator of the
H— m=0
right-hand side of (16) when n=oc0. The limit a(x) exists (this is Theorem P1
on page 121 in Spitzer (1976)), and is called the potential kernel. Since E, (3 visits
to zero after |x|*)~E, (3 visits to zero after [x|?), we can use an estimate on
a(x) to bound the numerator. Consulting page 124 in Spitzer (1976), we find
Theorem P 3 which we will state as

(18) Lemma. A random walk satisfying

(a) P(x,y) is two dimensional and aperiodic,

(b) > xP(0,x)=0,

(©) Q(9)=Z(x-9)2 P(0,x)=02|0]* < o0,

(d) E[}X|>*"?] < oo for some 6>0, has the property that

. 1
lim [a(x)-— 3 log |x|] =C.

%] = 0

(a) clearly holds. For (b) note that our random walk is a difference of two
copies of the embedded random walk, (d) holds since the distribution of the
displacement has exponential bounds on its tails.

(c) is only true if the coordinates are ii.d. which is not the case here. But
looking again in Spitzer’s book (Spitzer 1976) we can find on page 74 that
for an irreducible, aperiodic random walk with mean vector 0 and second abso-
lute moments finite, Q () is positive definite, hence we can replace (c) by

() Cy102 =X (x-0)* P(0,x)=C, |0

where 0<C, £C, are the eigenvalues of the positive definite quadratic form
Q(0). Then we can still show that

Zt: [P™(0,0)—P"(x,0)]=C log|x|

holds. The proof of the last statement can be easily adapted from Spitzer’s
book. So, we leave it to the reader. Returning to continuous time and combining
(17) and (18) we get

log|x]|

IS
(19) P(@>0SC =

Now we can define the blocks for the iterating procedure. Since it takes the
random walk quite long to hit zero, we take a large time scale compared to
the space scale. As in part b, denote by t%."' the time it takes the random
walk to get within distance 2" of the other random walk when they start within
distance 2" "1, Let

A,={ max | X ;] =42" for both processes;
1ZiZNQRE+D3)

T%:+l §(2n+ 1)(n+ 1)2}.
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We will estimate P(A4¢) in the same way as in Lemma (9). From (19) we get

200  P(3 > H*r max | |X|<42"for both processes)
1<iENQ@@+1)Y)

log2"*t  C
1Og(2n+ 1)(n+ 12— (I’l+ 1)2 ‘

=C

We also need an estimate on

(n+1)3

P(N(2"'+“3)>2 2 )gc exp{—y20t D%}

where we used the large deviation estimate (11). This together with the exponen-
tial estimate (2.7)

P(X|>429<Ce "
can be used to estimate

P(AY)Z2P( max | X >412%)

1ZisN@2®+13)

+P(3" > @)Y’ max | X,|£42"for both processes)
1ZigN@Em DY)
< I 2 — 2+ =
<2 Ce +2Cexp{—y }+(n+1)2—(n+1)2

Now

[e2] . o] o0 C
g

=0
The sum is finite. Again, as in the one dimensional case, pick N, so that
P ( U A;) <l-p
n=Np

for a given 5 between 0 and 1. Then we can use the same technique as in
the one dimensional case to conclude that

P ( ﬂ A,; both are good when they come within 2V °> =26>0.

=N0

Therefore we can bring them within distance K =2"° without collision of the
triangles. The rest works as in the one dimensional case and we get that they
coalesce with probability 1 as ¢ — co.
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4 Preliminary results

In this section we will prove some preliminary results that we will need in
Sect. 5 for the proof of Theorem 3. We will give a convergence determining
class for the system and prove an estimate for the position of the distinguished
particle that follows from the Local Central Limit Theorem for the embedded
random walk. In addition, we will give an upper bound on the probability
that two different distinguished particles will eventually coalesce.

Since the dual process of our system has some similarities with the dual
process of the voter model, we can use ideas that were helpful there, to prove
our results here. As we already said in Sect. 2, the distinguished particle does
not quite perform a random walk but we can embed a random walk that allows
us to keep control over the location of the distinguished particle. As in the
case of independent random walks we can show that there is a positive probabili-
ty that two distinguished particles will not hit each other if they start sufficiently
far away from each other. From this we can conclude as in the voter model
that both types of particles can survive.

We start with a description of a convergence determining class. It can be
proved by inclusion-exclusion that any finite dimensional distribution can be
written in terms of

{é.(x)=1for all xe A4; {,(x)=2for all xe B}

where A and B are finite subsets of Z¢. We omit the proof.

Before we can prove the next Lemma we have to introduce some notation.
Let R, be the location of the distinguished particle at time ¢t and S, be the
location of the embedded random walk after the nth jump. By N(f) we denote
the number of jumps until time ¢t. Let T,=T,_,+7, be the time of the nth
jump (as in Sect. 2) and set Et, =m < co. Now we can prove

(1) Lemma. If L—»y as t— oo and >0, then there is a constant Ce(0, o0)

Y

so that

P(R=y)<Ct™ 2"

Proof. We want to show that

) 27 P(R,=y) =) t"*"*P(R,=y;; N(t}=n)

n

=th/2_"'n_(d+ D2 yd+1)/2 P(Rt=yt; N(t)::n)

is bounded by a constant Ce(0, o0). For this we will first find an estimate for
n@*Y2p(R,=y,; N(t)=n). We can restrict ourselves to the case ne[t/m
— V2%, /w4 112 +#] for £>0 since t¥2 T P(N ()¢ [t/m—t* 7% t/m+ 112 5]) -0
as t — oo by Chebyshev’s inequality. We will denote the set [t/m—t'2"*;t/m
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+t12%¢] by A,. We decompose P(R,=y,; N(f)=n) according to the time of
the last renewal and the location of the last renewal:

nd* 1)/2P(Rt=yt; N@)=n)

t
—n@*V2Y (dsP(S,=y,+72; T,=t—s;

z 0

Tp+1>8;8,—R,=2).

Since T, is a renewal time, {t,;,>s;S,—R,=z} and {S,=y,+z; T,=t—s} are
independent. Hence we can factor the probability. Note that {t,,,>s;S,—R,
=z} is independent of n, so we obtain

t
(3) =n“* D2y (dsP(r; >s; R;=2)

z O

P(S,=y+z; T,=t—s)

Let A,=(—oalogt, alogt)!nZ* We will split the sum and the integral in (3)
into

@ n‘d“’/z{z ﬂ;jogt...+z ’“fgt...+ jt }

zeA; z¢Ads O B log:

The second and the third term do not contribute in the limit. So we will estimate
them first. Throughout this and the next Section we denote by | - || the Euclidean
norm for dimension d>1 and by |-| the Euclidean norm for d=1. The second
term in (4) can be bounded by

B logt
<n@*O2 Y [ dsP(R,=2)
z¢dy O

SnTD2 B(logt) P(| X, >alog ).
Using the exponential bound (2.7) on the triangles we get
(%) <n¥r D2 B(logt) Ce ol
(2.6) gives an estimate on the third term in (4)
(6) <n@*bi2 }O dsP(rl>s)§n(d“)/2%e_”“"g‘.
B logt

Summing (5) over ne A, (the two additional terms coming from (2)) yields

(57) é Z td/l—sn—(d+ 1)/2 n(d+ 1)/2 B(]Og t) Ce—ya logt

neA,

SCt* = B(logt) t 772112 2 =2 C B(log £) t¥ T V2 e,
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The right-hand side goes to 0 as t — oo if « is chosen so that (d+1)/2—ya=—1.
Summing (6) over ne A, yields to

(6/) é Z td/z—sn—(d+1)/2n(d+1)/2ge—yﬂlogt
ned; v
é%td/2~s~y[}2t1/2+s=£t{d+ 1)/2—vy8

which tends to 0 as t — oo if § is chosen so that (d+ 1)/2—yf= —1. This shows
that the last two terms do not contribute in the limit ¢t — co.

The limiting behavior is determined by the first term. This time we have
to estimate more carefully. We will approximate the integral over s in the first
term in (4) by a sum in the following way: Decompose the interval [0, f log t]
into disjoint intervals of length h: [0, f log t]=1|J(s;+ [0, &]) where s,=kh and

k

k runs over those integers for which s, €[0, f log ], i.e., k=0, 1, ..., [(f log t)/h].
Note that {N(f)=n}<=|J{T,et—s,—[0,h]; 7,.;>s,} where the union is over
k

the same k’s as above. With this we can estimate the first term in (4) by

[(B logt)/h]
(7) =C) ) Plu>s;Ri=2)

zed, k=0

p4r V2P =y +z: Toet—s,— [0, h]).

Since (S,; ’I;)=(Z XY ri) and the {(X;;7)}:» are iid, it follows from the
i=1 i=1
usual Local Central Limit Theorem with 7> 0 (see Stone 1967) that

it n“ T2 P(S,=u,; T,—nmev,+ [0, h]) — h¥ (u, v)

Uy

U . . . .

if —= —uand —v. ¥(-,*) is proportional to a density of a bivariate normal
n n

distribution. If we let u,=y,+z and v,=t—nm—s,, then using (8) we see that

(7) can be bounded by

(B log 1)/h]
<CY Y Pty>sgRi=2)h¥(u,0).

zeAg k=0
We still have to sum over n. We have to estimate

[(8 log?)/h]
9) M g2 megT@rORCY N Pty >s; Ry=2) h'¥ (u, v).

neAg z k=0
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Using ¥ (u, v) £ C and that %is bounded by a constant on A4, (9) can be bounded
by

t\4/2 [B logt/h]
10) gcz(—) Y S heP(ey > 5 Ro=2)
ned; z

n k=0
18 log1/h]

CY t75n7 12 %Y hP(r;>s)
ned;

k=0

1A

where we also carried out the summation over z in the last step. Note that
the distance between consecutive s,’s is h, hence we can approximate the sum
over k by a Riemann integral and (10) can be bounded by

<C> 1 ‘l/zjdsP(T >5)

neA;

<Cmt~ S(t/m+tl/2+s) 1j2 9 41/2+e

where we used m= | dsP(z;>s). But the right-hand side is bounded by a con-
0

stant Ce(0, c0). [

The next result provides us with an upper estimate on the probability that
two different distinguished particles might hit for some . Let 4,,(¢) be the
event that the triangles of two duals starting at x and y collide at time t. (For
the definition of collision of triangles see the introduction.)

(11) Lemma. For d =3 there is a constant C < oo so that

P(EM)=&(1) for some 1) S P(4,,(t) for some t)
<« C
=Ty

Remark. A similar result is known for independent random walks (see e.g., Spitzer
(1976)). Our estimate is slightly worse. We will replace the d —2 in the exponent
in the independent case by d—5/2. This is due to the fact that our random
walks are not quite independent.

Proof. The first inequality clearly holds. To prove the other inequality, set y=0
without loss of generality. Fix x, and let G, and G, be two independent copies
of the graphlcal gadget for the dual process. Use G, to define & and G, to
define &° (see e.g., Griffeath (1979), p. 21 or the construction used at the beginning
of Sect. 3b). We let the two dual processes evolve independently on G, and
G,, respectively, as long as their triangles do not collide. After a collision of
the triangles occurred, we use only G, for both dual processes. Let S, be the
position of the embedded random walk at time ¢, and S, its position after
the nth jump. We break things down according to t< || x[2~ 1 and ¢ ||x||2~ /.

To simplify notation we introduce H =<largest triangle by time |x|/?>~ '/
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d
g%;log Hx]l} where 7y is the constant in (2.7). First, let t<||x{2~ Y% The idea

behind the following estimate is that if the distinguished particles hit each other
for some t<||x||>7/, then one of them must have left the ball with radius

x4
2 X Y

process. Then

10g||x|’) centered at the starting point of the corresponding dual

12)  P(Ayo(t)for some t)§2P(N(nxn2-““)>% nxnz-“d)
1 2d
+2P(nsu> (||x||—710gnxu)
N2 S g2 H)
4 2d
o 124 (1,1 > log ).

| X (| denotes again the size of a triangle. For the first term on the right-hand
side we use a large deviation estimate

(13) P(N(t);%t)éCe"”.

Hence
2P (MO 2 17 4) £ C oxp(—plxl ™)
For estimating the second term on the right-hand side of (12) note that by
the reflection principle (applied to each coordinate separately)
(14) P(IS®| = x for some t <ty) <2 P(IS®| = x)

where S* denotes the kth coordinate of S,.
If a random walk wants to leave a ball of radius r, at least one of its coordi-

. ¥ S .
nates must be bigger than _d This in mind we can estimate the second term

on the right-hand side of (12) by

<2ap (5112 211/(||xu—llognxn) N (i1~ <o )27 H).

. 2 -
By (14) we can reduce the estimate to the case n=— x|/~ 14

1 2d
1) I —
<4dp (lS& ES W(IXH : loguxn)).
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We use Chebyshev’s inequality to estimate this term
(13) S P(IS{V)> y) SESH =[0(6)]"

where @(0) is the moment generating function of X, . This gives for any 6 >0

1 2d 2 i
é4de_9m("x"_7‘°g“’°”>eﬁ ]2 *1og #(6)

1
Taking 0=2]x|2¢"" we can estimate by this

2 2)/d|x|21 2 : 1
=4dexp{_[nxn 2)/d|lx| og|xn_w'x'zﬁm“x“r]}

Vd v

where we used log $(0) < CH? for § small. This follows from the fact that the
first derivative of @(#)=0 at =0 since the mean is, and the second derivative
at 0 is finite since the variance is. Simplifying the exponent eventually gives

=4d exp{— ||xn1/“[i—ﬂl°g”x“ —cnxu*l/“]}.
ya v lxl

If || x|| is large the last expression is
1
2.
2)/a

Finally, the third term in (12) can be estimated

<4d exp{—

1 1
=C
HXHZd ”xHZd—2+1/d

4
<C—|x[?7
m

by using the exponential estimates in Sect. 2. Putting things together the right-
hand side of (12) is bounded by

1
(16) <Cexp{—y|x]2~ 1 +Cexp{——nxu1/“}
p{ } 2/
1
M

To get an upper bound on P(4,,(t) for some t=|x||2~ %) we will use that
the dual processes are independent as long as their triangles do not collide,
and hence we can use (4.1) to estimate the difference of the two duals. We
will first control the duals at integer times and then show that there cannot
get much wrong in between. More precisely, we will estimate (i) the probability
of two duals (including their triangles) being further apart then 1n'/4# at integer
times n and (ii) the probability of the triangles overlapping in between.
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To do (i) we need two estimates: The first one provides us with an upper bound
on

(17) P(I&) - &I < for some nz |x]>~ 1)
= Y PUEM-&M)=n'P)

nzflx||2-t/4

We use (1) to estimate the summands. (The difference of &X(1)— & (1) obeys
the Local Central Limit Theorem since they evolve independently as long as
their triangles do not overlap. We will estimate the case where the triangles
are too big afterwards.)

o
(18) < z Cn—d/2+£+1/4déc j gTd2+e+1/ad g
nzffx|j2-1/4 ffxff2~1/a

=C(“x”2—1/d)—d/2+a+ 1/4d+1 éCHXHSlz_d.

In the last step we chose eé=1/4d. As can be seen from the bound, this term
gives the major contribution to the estimate. The second estimate shows that
the triangles in either process cannot be too big.

(19) 2 Y P(triangle at time n>}n'/*?%)
nz ||xl2- 12
<2 Y P(largest triangle up to time n>}n*/*%)

n2|[x|j2-1/4

The summand can be estimated according as whether N(n), the number of
jumps up to time n, is >2n/m or <2n/m. Using (13) for the first case and
the exponential estimate (2.7) for the second case, (19) is

IIA

2 1/442
2 Z [CZe_hn"_WnCl e‘}’l"/ /4:,

nz|jx||2-1/a

C, and v, are the constants in (2.7) and C,, 7, the constants in (13). Summing
over n, this can be bounded by

(20) écewllxllv

for some constants C, y, ve(0, o).

To see that not much can happen in between the integer times, observe
that for the triangles to overlap in between, they have to grow fairly fast. At
integer times n they are at least n'/*%”/2 units apart. So, if neither of their triangles
grows more than n'/*#/4 within one unit of time, they cannot collide. Since
the boundary of the triangles grows like the boundary of a contact process,
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we estimate each coordinate separately by the right-edge process r, of a contact
process. There are d coordinates with two directions each, hence

@2n P(triangles overlap within [n, n+ 1) for some n)
< Y 2dP(r >n'*%/4)
nz||x|j2-1/4

<2d Y Cemi<Cem I

nx||x]2- 1/

for some constants C, y, ve(0, o). Putting the pieces (18), (20) and (21) together
proves the Lemma. [

5 Proof of Theorem 3

We will start with proving a result we call convergence of trees. Denote by
ne(Z" an ordered set of ancestors of size n shifted by the first ancestor so
that £*(1) =0, regardless of the starting point and where the distinguished particle
actually landed. We go back k renewals and look at the tree growing out of
this renewal point. We will call sometimes this point the root. Trees also have
a certain length: If the root of the tree is located at (x,s) and t units of time
have elapsed since we started the dual, then the length of the tree is t—s. We
will show that we can find a countable partition of the sample space according
to the length of the tree and where the distinguished particle lands so that
the distribution of each atom has a limit. (This argument is similar to the one
used in Durrett et al. 1989). Once this is shown it is easy to see that the distribu-
tion of the ancestor vector has a limit: each atom in the partition defines a
certain ordered set of ancestors. Integrating over the length of the trees with
a fixed ancestor vector finally proves the convergence of the distribution of
the ordered set of ancestors.

Let (Q,, %, P) be the probability space on which the graphical gadget is

defined. Start the dual process at x and let it run until time ¢. The distinguished
particle lands at &*(1). Breaking things down according to the length of the
tree growing out of its root and according to where the tree lands defines a
countable partition of the sample space. More precisely: Denote by " (w) the
length of a tree with one renewal that was obtained by the above procedure
on we,. Denote by [x] the integer part of x. Define the partition II, of Q,
by considering two outcomes w; and w, to be in the same atom if and only
if
@ [1P(0)]=[1"(w,)] and
(b) ny=15,.
This defines a countable partition of the sample space. The length of a tree
has a density. It even has a limiting density as t — oo by the renewal theorem.
(The length of a tree is the amount of time since the last renewal, which has
a limit (see e.g. Durrett 1990)). We will now show

(1) Lemma. Let t¥,(n) be the atom of the trees whose length is in (n,n+1]
where n+ 1<t with k renewals and ancestor vector n at time t. Then lim P(z®,(n))
t—=

exists.
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Proof. We will start with k=1. The measure of the set of trees whose length
is in (n, f] where n=[t], and with a fixed number of renewals goes to zero
as t— oo by the exponential estimate (2.6). So we do not bother about this
boundary effect. All trees in a certain atom t{!)(y) are of a fixed length se(n, n+1].
This means that the root of these trees are located at a sitein Z¢ x [t—n—1, t—n).
Given a certain length of the tree, the shape of the tree does no longer depend
on where it is located because of spatial and temporal translation invariance
of the graphical gadget, i.e.,

) Pl h=s)=P@a )4l Yy =5).

As we mentioned above, the length of a tree has a limiting density as t— oo
by the renewal theorem. Hence for ¢ large we can find an >0 so that

P (i (m) — Pz} ()

n+1

J PERmID=s) P =5)ds

Il

n+1

J P@nlly=s) P(L,=5)ds

n+1

f Pl =s) |P(V=s5)— Py =5) ds<e

IIA

for all h>0 where we used (2) in the next to last step. By making ¢ larger
we can choose ¢ as small as desired by the convergence of the density of the
length of the trees. This proves (1) for k=1.

To generalize this to the case of k renewals, define the atoms t%,() now
as containing those trees that have ancestor vector 1, [ (w)e(n, n+1], and exact-
ly k renewals. The length of those trees also has a limiting density since the
length of a tree is nothing else than a sum of interarrival times defined in
the beginning of Sect. 3b and the amount of time since the last renewal. Both
have a limit (see e.g. Durrett 1990). Replacing ¥ by ® in <{!)(5) above shows
(1) for the general case. [

After establishing the convergence of the trees it is now straightforward
to prove the convergence of the one-dimensional distribution by starting with
any translation invariant measure u. Let I be the event that at least one of
the ancestors in the ancestor vector 5 lands on an occupied site. The subscript
k refers to the number of renewals we look back. Fori=1 or 2

(K)
o
EE™(1 l{u(n) =i3T}
< P(&¥(x)=1i)= P(first nonzero ancestor is i)
(k)
SEE™* "1y 0y= g+ P(I)

where we used the shorthand notation {u(y)=i} for the event that the first
nonzero ancestor in the ancestor vector # is i under the measure u. The conver-
gence of the trees just proved can now be used to establish the convergence
of EE™ 0] (e =i: 1,y - FOT @ given ancestor vector #, the probability that {u(n) =i}
does not depend on t. The atoms have a limit distribution. So we average
with respect to a limit distribution as t— co. Since the number of particles
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in a tree is increasing in the number of renewals, it is clear that for every
£>0 we can find a K>0 so that P(I;/)<¢ for all k=K. Since ¢ is arbitrary,
this proves the convergence.

For the convergence of the n-dimensional distribution we need again (4.1).
From this and from the estimates on the triangles we can conclude that if
we start with n particles, after a sufficiently long time the remaining particles
{(some of the n particles might coalesce) get separated so that they can be treated
independently, and the convergence of the n-dimensional distributions follows
from the one of the 1-dimensional distributions.

For proving this we first need a result that excludes the following situation:
Two distinguished particles meet infinitely often without coalescing. We denote
this event by 4 and prove

(3) Lemma. P(A4)=0.

Proof. (3.5) and (3.6) show that (i) both duals are good infinitely often with
probability one, and (ii) if the two distinguished particles are within a finite
distance K, there is a positive probability that we can glue them together. It
follows now from independence of what is going on before and after both duals
were good, and the Borel-Cantelli Lemma that on the set where the two duals
do not get separated, we can glue them together with probability 1. This proves
that P(4)=0. O

The next result we need in proving the convergence of the n-dimensional
distributions is the announced separation of the remaining distinguished parti-
cles for large times.

We will start two dual processes at x and y, respectively. We will prove
in a series of Lemmas that on the set where they do not coalesce they get
separated at least like t'/!° for large t. We will do this by first showing that
there is a positive probability that their distance is bigger than a fixed constant
K for some ¢. Then we will show that if they start at a distance bigger than
K, there is a positive probability that their distance is bigger than t'/8 for all
t>0. Using that they are both good infinitely often with probability 1 on the
set where they do not coalesce, we can conclude with Borel-Cantelli that they
get eventually separated. We start with

(4) Lemma. For every K>0 we can find a 6, >0 so that
P(IEM—& W) >K forsome )24,
independently of x and y.

Proof. We prove this by showing that the following event has positive probability.
We require the particle located at x to survive for K units of time without
giving birth. We enlarge the distance between x and y by giving birth in one
coordinate direction. Then in at most K steps the distance is =K and both
are good at the end. This has obviously positive probability. [

In the next step we are going to show

(5) Lemma. There exists a large enough K so that the following is true: Let
lx—yll 2K. On the set H where the triangles at time t are smaller than C logt
we can find a 6, >0 so that

P(I&M)—&M)|zt"® forallt20; H)2 6,.
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Proof. We use the same idea as in the proof of (4.11). We split the proof into
two parts. We start two independent copies at x and y and let them run until
K32, Since we consider everything on the set where the triangles are small,
they will be independent until t=K>2 At this time we want the duals to be
with high probability further away than K—2K*>. This will happen if both
duals stay inside a ball of radius K*° centered at their starting point. We
will again use the reflection principle (4.14) and apply it to each coordinate
separately. For this we denote by S, the position of the embedded random
walk at time t, and by S, its position after the nth jump (we use the same
notation as in the proof of (4.11)).

P(|1&1)- &) £K—2K**for some 0Lt < K*?; H)
<2P(|8,|| =1 K*" for some 0< t < K32; H).

Now we do the same calculation as in the proof of (4.11). We break things
down according to N(K*?)>2K>%?/m or N(K**)<2K>3?/m.

<2P(|S,| = K*>/2 for some 0 <t < K3/2;
H:N(K¥?)<2K3?/m)+2P(N(K3?)>2K3%/m).

For the first term we use the reflection principle (4.14) (applied to each coordinate
separately). (4.13) takes care of the second term.

<4dP (S sl > K*3/2)/d)+2dCe™ %",

(4.15) with 6=m/8 C)/d K°7 yields to the estimate
<Ce 7KV,

We omit the details since the calculations are exactly the same as in the proof
of (4.11). Hence with high probability their distance at times <K>? is bigger
than K —2K*3,

To estimate P(||E*(1)—&(1)] <t'/® for some t>K>*?; H) we do the same
as in the proof of (4.11). We first estimate what happens at integer times and
then show that not much can go wrong in between. The analogue of (4.17)
and (4.18) is

P(|&1)—~& (1)) n'/® for some n = K¥?; H)
< Y PEMQ)-E&MI=n'® H)

nzK3/2

©
é Z Cn—d/2+2+d/8§C j' S_d/2+5+d/8dS§CK_3/32.

nzK3/2 K3/2
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We choose ¢=1/16 in the last step. The estimate on the probability that the
triangles overlap in between the integer times gives an additional term that
is exponentially small in K. We omit the details. Hence

P(I&M)—& )]zt for all £ 2 0)
gl—CK—l/lo—ZCK_S/“.

By choosing K large enough we get the Lemma. [

Since both are good infinitely often with probability 1, they get eventually
separated by the Borel-Cantelli Lemma on the set where they do not coalesce
and where the triangles are not too big. We can conclude from the exponential
estimate (2.7)

6) P(triangles > C log t for some ¢ > t,)

<A, [t74dt<Ct52

o

for arbitrary constants. Furthermore we proved that the distinguished particles
hit only finitely many often. Let T be the last time they hit on the set where
they do not coalesce, then

7 P(T>t)<e,

where ¢, —» 0 as t — 0.

The last two estimates together with Lemmas (4) and (5) prove that we have
the following situation: They either coalesce early or they get separated at least
like 1/8, Since their triangles < C log t with high probability, they will not collide
for large ¢t and we can treat them as independent. We will make use of this
fact by proving that the n-dimensional distributions converge.

More precisely, we will define three “bad events” and show that the probabil-
ity of their union goes to zero as f tends to infinity. Furthermore, on the comple-
ment, where the “good events” happen, everything will go well and the conver-
gence will follow from the convergence of the 1-dimensional distributions as
we will now explain. We start n dual processes. As we said the coalescing happens
in the beginning. So, the first bad event will be B, ={some pair of the dual
coalesce after t;}. We also need that the triangles behave well, so B, = {some
triangle is bigger than Clogt after t,} is the second bad event. Finally, B,
= {some pair of the dual comes closer than t!/*° for some t>t;} is the third
bad event. We take t/!° in B; instead of t!/® as in (5) since we start counting
time at 0 and we want those duals that meet finitely many times and get then
separated, included into this set (note that t'/1° and (t—c)'/® intersect for some
t>c).

(5), (6), and (7) show that P(B; v B, U B;)<¢ where ¢ can be made as small
as desired by choosing t, to t; sufficiently large. On the complement we are
left with L particles where L is a random number. But those L dual processes
are now independent and the convergence follows from the convergence of the
1-dimensional distributions. More precisely: Let T=max(t;,1,,t;). Choose T

3
=|/t, then P(B;u B, U B3)—0 as t - c0. On the complement () B, the duals
k=1
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that are left after ]ﬂ act independently. Their type is basically determined at
t—O0(logt)(O(logt) is the typical length of a tree with k renewals where k is

fixed). Since O (log t) < t—]/i, the parts of the graphical gadget where the coalesc-
ing happens and where the type of a certain site is determined are far apart,
so that they do not overlap. The convergence of each independently acting
dual process follows from the convergence of the one dimensional distribution.
This finally proves the weak convergence result, and we can turn to see what
the limit distributions look like.

We now know that starting from any translation invariant measure the
distribution of the system converges weakly to a limit. As we mentioned in
the introduction the three and higher dimensional case contrasts the one and
two dimensional case in the sense that we see coexistence of both types of
particles in the limit. We will now characterize the limit distributions that arise
if we start the system with a translation invariant and ergodic measure u. We
will show that

(®) Ei=>y, forsome fast— oo

where {Vg}o<o<; forms a one-parameter family of invariant measures that are
translation invariant and ergodic.

We just proved the convergence of u. That the limit is translation invariant
is also clear from the choice of u and since the dynamic is translation invariant.
0 characterizes the density of 1’s in the limit:

lim P(&¢(0)=1)= lim P(¢"(&)=1)
=lim 3, PEE-x)=DPE1)=x)

i
TP xeZd

where {é"(f}’)= 1} is a short hand notation for the event that the first nonzero
entry in the ancestor vector & lands on a 1. From the convergence of the
trees and the continuous mapping theorem we can conclude that there is a
0<0<1 so that P(£(£° —x)=1) — 0. Hence by translation invariance

lim P(£4(0)=1)=0 lim P(£°(1)lands somewhere)=0P(Q,,).
) alioe] t—> 0

What is left to show is that {vs}o<e<; are mutually singular and ergodic. From
this it follows that

© (FNF)e={v:0=0=1}

where £ denotes the set of invariant measures and &% the set of translation
invariant measures since the translation invariant and ergodic measures are
the extreme points of the set of translation invariant measures (Dynkin 1978).
Following Sect. 11b in Durrett (1988) we will first prove that

(10) Lemma. {v,}, <4< are mutually singular.

Proof. Let £=&5=v, for some 0<0=<1. Call {(x)=1y-1;—P({(x)=1), and
S;= Y {(x) where A,=[—t,1]°. We will first show by applying Chebyshev’s

xede
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IS¢
2t+1)
the second moment of S,. The ergodic theorem will then show that the conver-
gence actually occurs almost surely, which will prove the Lemma. We begin
with an estimate on the second moment of S,:

Inequality that —0 in probability. For this we need an estimate on

ES?=E(} {(x)?

=Y ECx)P+ Y ECELIW)

xFy
can be estimated by using

E((x)*=P(¢(x)=1)
—[PEx=DT=1

With 4,,(¢) being the event that the triangles of two duals starting at x and
y collide at time t, and with (4.11)

C
E((x){(y)=P(4,, for some 1) < [
and
C 2t+1 1
< d da—1_ =
L Ty L 2d@m T e
xFy
2t+1 2m+1 d m5/2 2t+1 m3/2
=2 ld =t S d 2d
4CQr+1) m;( & ) I S24C0 3 T T

<2dCQ2+1) 39321+ 1)¥2 (2t + 1) S C2 e+ 1)4+512

Using Chebyshev’s Inequality and the estimates on the second moments now
gives

P{S|ze2t+ 1)")<—~E£—
= 282(21‘"}-.1)211

1
ém{(h—l- D+ CQe+1)"+32)

C

=@ty 0

as t — oo if d= 3. This tell us that

IS,

(11 Qt+1)*

—0 in probability.
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Furthermore, the multiparameter ergodic theorem (see e.g., Dunford and
Schwartz 1958) says that

1

(12) (2t+1)

Y lewm=u—2>E(go=-nl) veas.

xeAe

where &/ denotes the invariant o-algebra. Comparing (11) with the conclusion
of the ergodic theorem shows that

1

m Z Liey-1—0 veas.,

xeAds

so the v, are mutually singular. []
By this method we can prove more:
(13) Lemma. {vy}o <4<, are ergodic.

Proof. Let B(F,, F))={{(x)=1 for all xeF,;{(x)=2 for all xeF,} where F; and
F, are finite subsets in Z% As we mentioned in the beginning of Sect. 4, these
sets form a convergence determining class. Let F=F, UF,. As before we will
first show that

1

(4 Qi+1r

Z 1B(F+x) - P(B(F))

xedy

in probability, where B(F + x)=B(F, + x, F, +x) and 4, is the set defined above.

As before, let {(F)=1gy—P(B(F)) and S,= Y, {(F+x). Following the proof
xeAdy

where F consists only of two points, we need an estimate on E[{(F +x) {(F+y)]

where we will first assume that (x + F) n(y + F)=§. Then we can bound

E[{(F+x){(F+y)]
<P(4,,(t): for some uex + F,vey+F, and for some t>0)

(| l) sup{P(4,,(t) for some t>0): (u, v)e(x+F, y+ F)}

where |F| denotes the cardinality of F. Using (4.11), the last quantity is
o[ c_ v
< sup “———W—_—S/—Z.(u,v)e(x+F,y+ )

Then

P(S)zet+ 1)‘1)<—2‘(5t,—_;]17d—

|F| 1
< P
=C< 2 ) err e 70

as t—oo if d=3. If (x+F)n(y+F)=+0 then we can use that E[{(x+F){(y
+F)]£1. For a fixed x there are a finite number of y’s so that
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(x+F)n(y+ F)*0. Let this number be K. K does not depend on t or x. The
number of terms we get from this contribution in the summation is therefore
of order O(A,) and thus this term as well as the term coming from the estimate
of E[{(x+ F)?] vanishes in the Chebyshev estimate. The multiparameter ergodic
theorem shows

1 d
19) (5671) % tawso—Ellaglen) was
XA

Hence by the same argument as above
E(1p)|2)=P(B(F)) vyas.

for finite F =(F,, F,). We will now show that ., the invariant g-algebra is trivial
from which the Lemma follows. Using the monotone class theorem it suffices
to take a sequence of finite dimensional sets A, where the A4, are increasing

oo
and A= | ) A4, and where each 4, is of the form B(F{®, F{"), and F{" and F{®
n=1
are both increasing. The monotone convergence theorem gives

tim p(5(J 4)
= (3(U 4)=rman

Using this we can conclude

E(lgy| /)= lim E(1, )I&i)

= lim P( (nU A )) P(B(A4))

N—-w =1

where the middle equality follows from (15). Since P(B(4)) is not a random
variable, .o/ is trivial, and {v,}o <9<, are therefore ergodic. [

Acknowledgement. This work is taken from my doctoral dissertation at Cornell University
under supervision of Rick Durrett. I am grateful to him for his advice and encouragement
during this time. I also thank the referees for careful reading and pointing out inaccuracies
in the first version.

References

Bezuidenhout, C., Grimmett, G.: The critical contact process dies out. Ann. Probab. 18, 1462—
1482 (1990)

Billingsley, P.: Probability and measure, 2nd edn. New York: Wiley 1986

Chung, K.L.: A course in probability theory, 2nd edn. New York: Academic Press 1974

Dunford, N., Schwartz, J.T.: Linear operators, Part I: general theory. New York: Interscience
1958



506 C. Neuhauser

Durrett, R.: Lecture Notes on Particle Systems and Percolation. Californien: Wadsworth &
Brooks 1988

Durrett, R.: Probability: Theory and examples. Californien: Wadsworth & Brooks 1990

Durrett, R., Schonmann, R., Tanaka, N.: The contact process on a finite set, III: The critical
case. Ann. Probab. 17, 1303-1321 (1989)

Dynkin, E.B.: Sufficient statistics and ¢xtreme points. Ann, Probab. 6, 705-730 (1978)

Griffeath, D.: Additive and cancellative interacting particie systems. (Lect. Notes Math. vol. 724)
Berlin Heidelberg New York: Springer 1979

Harris, T.E.: Nearest neighbor Markov interaction processes on multidimensional lattices.
Adv. Math. 9, 66-89 (1972)

Harris, T.E.: On a class of set valued Markov processes. Ann. Probab. 4, 175-194 (1976)

Holley, R., Liggett, T.: Ergodic theorems for weakly interacting particle systems and the voter
model. Ann. Probab. 3, 643663 (1975)

Kuczek, T.: The central limit theorem for the right edge of supercritical oriented percolation.
Ann. Probab. 17, 1322-1332 (1989)

Liggett, T.M.: Interacting particle systems. Berlin Heidelberg New York: Springer 1985

Spitzer, F.: Principles of random walk, 2nd edn. Berlin Heidelberg New York: Springer 1976

Stone, C.: On local and ratio limit theorems. Proceedings of the Fifth Berkeley Symposium
on Mathematical Statistics and Probability, vol. IL, part 2. Berkeley and Los Angeles, Uni-
versity of California Press, pp. 217-224, 1967



