Probab. Theory Relat. Fields 91, 405443 (1992)

Probability
Theory .iro.

© Springer-Verlag 1992

Lifetimes of conditioned diffusions

Richard F. Bass and Krzysztof Burdzy
Department of Mathematics, University of Washington, Seattle, WA 98195, USA

Received January 15, 1991; in revised form September 9, 1991

Summary. We investigate when an upper bound on expected lifetimes of condi-
tioned diffusions associated with elliptic operators in divergence and non-diver-
gence form can be found. The critical value of the parameter is found for each
of the following classes of domains: I#-domains (p=n—1), uniformly regular
twisted IF-domains (p=n—1), and twisted Holder domains (x=1/3). A related
parabolic boundary Harnack principle is proved.

1 Introduction and main results

Suppose that D is a domain in IR", n>2; let E} denote the expectation corre-
sponding to Brownian motion in D starting from x and conditioned by a positive
harmonic function 4 in D (i.e., Doob’s h-process); and let R be the lifetime
of this process. Several authors have addressed the problem of characterizing
those domains D for which there exists a constant ¢(D}< cc such that

(1.1) EX R<c(D)

for all positive harmonic % and all xe D.

Cranston and McConnell (1983) proved that (1.1) is true for planar domains
D with bounded area (see Chung (1984) for an alternative proof); they also
gave an example of a bounded 3-dimensional domain where (1.1) fails. Cranston
(1985) extended (1.1) to bounded Lipschitz domains in R”, n = 2. Bafiuelos (1987)
showed that (1.1) holds in uniform domains; he also generalized the result to
some other diffusions besides Brownian motion. Some very recent results are
discussed at the end of the introduction.

It is clear from the known results that the domains where (1.1) fails should
have long and thin canals and, on the other hand, a reasonably regular boundary
for D assures validity of (1.1). In this paper, we will give a precise meaning
to the idea of “long and thin canals” and use it to formulate theorems which
give sharp sufficient conditions of a geometric nature for (1.1) to hold.

We discuss three families of domains. The definitions will be given in Sect. 2
and 3. Here we content ourselves with an intuitive description.
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The first family consists of I’-domains. Roughly speaking, the boundary
of an I’-domain is given (locally) by the graph of an I?-function. (Note, however,
that Definition 2.1 excludes the half-space from this family).

The second class of domains is the class of twisted I’~domains. The boundary
of a twisted [?-domain does not have to be representable as the graph of a
function anywhere. But we require, by definition, that if such a domain contains
a canal of width r, then its length does not exceed r'! ~™/7; this property is
clearly true of I’-domains.

Finally, we discuss twisted Holder domains. A bounded domain D is called
a Holder domain of order « if every point xedD has a neighborhood U such
that UnoD is the graph, in a suitable coordinate system depending on x, of
a Holder function with exponent a. The boundary of a twisted Hélder domain
need not be locally representable as the graph of any function; the canals in
a twisted Holder domain of order « are, by definition, no longer and no thinner
than those in a Holder domain of order «; there is also a mild condition on
the regularity of the boundary, less restrictive than uniform regularity. We would
like to emphasize that although some Holder domains are not regular (in the
sense of the Dirichlet problem), every Holder domain satisfies the aforemen-
tioned condition.

Recall that a domain D is called uniformly regular if for some ¢>0 and
all xeéD, r>0,

(1.2) Cap3®27(B(x, r)n D) > cCap5™2(B(x, 1))

where B(x,r)={yeR": |x—y|<r} and Cap}*?" is the capacity associated with
the Laplacian A relative to B(x,2r). We can replace Cap5™?" by Cap}" in
condition (1.2) for n=3.

We will also use a “strong uniform regularity” condition, where (1.2) is replaced
by

(1.3) Vol(B(x, ")~ D) > cVol(B(x, r))

for all xeoD, r>0.

Our results hold not only for Brownian motion which is, of course, associated
with one half the Laplacian A, but for diffusions associated with some other
operators L as well.

Recall that L is a uniformly elliptic operator in divergence from (Le 2) if

U= 3 a%(a,-,m %)(x)

i,j=1
where the a;; are symmetric and for some ¢, < 0,

n
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for all x, yeR" Similarly, L is called a uniformly elliptic operator in non-
divergence form (Le 4" 9) if (1.4) holds and

0= Y a5t ()

i,j=1 i i

We will assume smoothness of the coefficients a;; to ensure the existence of
h-transforms, associated strong Markov processes, etc. Our estimates, however,
depend only on ¢; and do not depend on the smoothness of the coefficients.

From now on P* and E* will refer to the probabilities and expectations
corresponding to the diffusion associated with the operator L and “harmonic”
will mean “L-harmonic”. See Stroock and Varadhan (1979) for the definition
and discussion of such diffusions. Similarly, B* and Ej will correspond to the
diffusion conditioned by a positive harmonic function ki (see Doob (1984), Sect.
2VI13 and Chap. 2X).

Theorem 1.1 (i) Suppose that either

(a) L is a uniformly elliptic operator in divergence form or

(b) L is a uniformly elliptic operator in non-divergence form and D is strongly
uniformly regular (i.e., D satisfies (1.3)).

Now make one of the following assumptions about D:

(A) D is an I?-domain for some p>n—1; or
(B) D is a uniformly regular twisted I?-domain for some p>n—1; or
(C) D is a twisted Holder domain of order o for some ae(1/3, 1].

Then there exists c(D)< oo such that
EX R<c(D)

for all xeD and all positive L-harmonic functions h in D.
(i) For every p<n—1 and 0€(0, 1/3) there exist

(A) an IP-domain D,
(B) a uniformly regular twisted IP-domain D, , and
(C) a twisted Holder domain D5 of order o;

and functions hy that are positive and A-harmonic in D such that
R=0o F—as.

for all xeD,, k=1, 2, 3, where B, stands for the distribution of Brownian motion
conditioned by h;.

Theorem 1.1 (i) holds, in particular, for every bounded domain which may be
locally represented as the region above the graph of a function, with no assump-
tions on regularity in the sense of the Dirichlet problem.

If we consider a domain above the graph of a Holder function, then Theo-
rem 1.1 (i) (b) (C) holds without the assumption of strong uniform regularity,
in view of Remark 3.3 (i) below. In this case a=1/3 is the critical exponent.
(The counterexample to show this is too long and complicated to include in
this paper; it may be constructed along the lines of Sect. 4).
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It is very likely that the techniques of this paper may be used to show
that Theorem 1.1 (i) also holds for positive superharmonic functions h.
From Theorem 1.1 it follows immediately that

Corollary 1.1 Under the hypotheses of Theorem 1.1 (i), there exists ¢,(D)>0 such
that

t—w

lim inf(—% log B*(R> t)>>cl(D)

for all x and all positive L-harmonic functions h.

A more precise version of Corollary 1.1 has been proved for Lipschitz domains
by DeBlassie 1987, 1988 and Kenig and Pipher (1989) (see also Bafiuelos (1991)
for more general domains).

Xu (1991) and Davis (1991) have examples of simply connected planar
domains with infinite area where (1.1) holds. In Sect. 2, we will describe some
simple uniformly regular twisted I?-domains with p>n—1 and infinite volume,
hence providing a new class of examples of the same type.

The condition of uniform regularity in Theorem 1.1 (i) (B) is essential, as
easy examples show.

The next result may be called a “parabolic boundary Harnack principle”
for operators in divergence form. Let p”(x, y) denote the transition density for
the L-diffusion killed on exiting D, Le 2.

Theorem 1.2 Suppose that Le® and D satisfies one of the assumptions (A}HC)
of Theorem 1.1 (i). Then for each u>0 there exists c=c(D, L, u)>0 such that

prxy) . oY)
P2~ p,2)

foralls,tzuandallv, x, y, zeD.

Related theorems for the case D a Lipschitz domain can be found in Fabes
et al. (1986).

We do not know what happens at the critical values p=n—1 and «=1/3.

The proof of the parabolic boundary Harnack principle uses an idea which
was also utilized to prove its elliptic counterpart. We have proved that the
(elliptic) boundary Harnack principle holds in twisted Holder domains of order
a, xe(1/2, 1], but counterexamples exist for «€(0, 1/2) (Bass and Burdzy 1991a).
The elliptic boundary Harnack principle holds in every domain which lies above
the graph of a Holder function with exponent ae(0, 1] provided LeZ (see
Baiiuelos, et al. 1991), while the same is true for operators Le /9D if ae(1/2,
17; here o= 1/2 is the critical exponent (Bass and Burdzy 1991¢).

In a related paper, Bass and Burdzy (1991b), we address the question of
equality of the Martin and the Euclidean boundaries, known to hold in bounded
Lipschitz domains. The two boundaries coincide in domains whose Euclidean
boundary can be represented locally by functions less regular than Lipschitz.
The critical modulus of continuity lies between c¢x loglog(l/x)/logloglog(i/x)
and cx loglog(1/x).

Very recently we have seen three papers related to lifetimes of conditioned
diffusions. Xu (1991) has an example of a simply connected planar domain
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with infinite area for which (1.1) holds. We learned from R. Baifiuelos and B.
Davis about the concept of intrinsic ultracontractivity; see Davies and Simon
(1984) for the original definition. Davis (1991) proves that intrinsic ultracontrac-
tivity is equivalent to what we call the parabolic boundary Harnack principle.
He also proves intrinsic ultracontractivity for a family of planar domains of
infinite area and for domains above the graph of a single bounded function;
this last result inspired our Theorem 1.2. After writing this article we learned
that Bafiuelos (1991) had previously proved intrinsic ultracontractivity for a
class of domains which he calls “uniformly Holder domains;” these uniformly
regular domains are very close to but slightly more general than our uniformly
regular twisted If-domains. (Our proofs extend easily to his class of domains).
We remark that in our present paper we prove in Theorem 1.1 (ii) that our
results are sharp.

It is perhaps worth discussing the relationship between intrinsic ultracontrac-
tivity and (1.1). Intrinsic ultracontractivity implies (1.1) (see Baifiuelos (1991);
Bafiuelos and Davis (1989); Davis (1991) and Kenig and Pipher (1989)), and
in fact is a strictly stronger property (Bafiuelos and Davis (1989)). But proving
intrinsic ultracontractivity is no more difficult than proving (1.1). Indeed, the
only currently known widely applicable method of proving (1.1) is based on
a method of Chung (1984). Our proof of Theorem 1.2, which is fairly simple,
shows that whenever Chung’s method works, then the parabolic boundary Hat-
nack principle also holds.

Section 2 contains some estimates for I[P-domains and uniformly regular
IP-domains. Section 3 introduces twisted Holder domains and also includes the
proofs of Theorem 1.1 (i) and Corollary 1.1. Section 4 contains the proof of
Theorem 1.1 (ii), while Theorem 1.2 is proved in Sect. 5.

The letters ¢y, ¢,, etc. denote constants whose values may change from one
proof to another but do not change within a proof.

2 L”-domains
We start with some general notation and a review of potential theoretic and
probabilistic properties for operators Le 2 U A 9.

For xelR” we will write x=(%, x,), i.e., £=(x, X5, ..., X,_4). Parths of sto-
chastic processes will be denoted X and

af .
T,=T(4) = inf{t>0: X,eA}.

If Le? and K is a compact subset of a domain D then, by Littman et al.
(1963),

(2.1) ¢1 Gp(x, )= Gp(x, y)Scy ' Golx,y)  forall x,yek,

where ¢, >0 depends only on ¢;, K and D and G% is the Green function for
L in the domain D. Their proof derives this from

(2.2) ¢, <Cap?(4)/CapB(4)<c5?
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where ¢, >0 depends only on ¢,. Here Cap? is the capacity in the domain
D associated with L. (They only prove (2.1) and (2.2) for D a ball, but their
proof goes through for arbitrary domains). Recall that

Cap?(A)=sup{u(A4): pisa measure supported on A<D with GP u<1}.

For Le2u A% we have the following Harnack principle (Moser (1961) for
9, Krylov and Safonov (1981) for #°2). If 4 is a compact subset of an open
set D and A is positive and L-harmonic on D, then

h(x)/h(y)>c=>0

for all x, ye A, where ¢ depends only on D, 4 and ¢; .

By a “chain of balls” connecting points x and y in D, we will mean a
sequence of open balls contained in D, with centers z'=x, z% 23, ..., z"=y
and radii r; < dist(z/, 9D), such that

|2/ =z <min(r;, rj4 4)/2.

If x and y may be connected by a chain of balls of length & then, by the
Harnack principle,

h(x)/h(y)>c*

for every positive harmonic function k4 in D, where c=c(c;)>0.

We will often use “scaling” of L-diffusions analogous to the space-time scal-
ing of Brownian motion. The resulting diffusion corresponds to a different opera-
tor than L, say L, but the bound ¢, in (1.4) remains valid for L.

Lemma 2.1 (i) Suppose that Le D, A, is a compact subset of a domain D,0eD\A4,,
and for r>0,

AT ={x: x/reA,}
D'={x: /reD}.

Then, for Ac A7, r>0,

¢ —ap—§P°(T(A)< T@ED) <t —2PA).

(2.3) Cap(4})’

where Cap=Capy and ¢, >0 depends only on ¢, D and A, .
(i) Suppose that Le @ v NP and for some A< A, r>0,

Vol(4)/Vol(4Y)=c,.
Then
PY(T(A)<T(@D)zc;

where c3>0 depends only on ¢, c,, D and A,.

Proof. We will give a proof only for D=B(0, 3) and 4; =B(0, 2\B(0, 1). Other
cases may be treated analogously.

(i) We will follow Lemma 4.2 of Bass and Burdzy (1991 a) closely. By scaling,
we may assume that r=1.
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Let u be the capacitory measure for 4 in B(0, 3). Then, using (2.1),

Glé(o,s) u(0)= f Glé(o,3)(0, y) u(dy)
A

Z u(4) inf Glﬁ(o,3)(0> y)

yedi

= u(A)c, inf GjAs(o,s)(Oa y)

yeAdy

= cs p(A)=c;s Capr @ (4) 2 ¢ Cap©(A).
By the strong Markov property,
GI§(0,3) w(0)= j Gg(o,s) u(y) PUT,<T{0B(0,3), X(TyHedy)
A

<sup G0, 3 k() PU(T(4) < T(9B(0,3)))

yed

<P°(T(4)< T(@B(0, 3))).

This and the previous inequality prove the first inequality in (2.3).
The function

x = P*(T(A)<T(0B(0, 3)))

is a potential corresponding to a measure v supported on A with mass less
than or equal to Capf©*(A), since the function is bounded by 1. Thus

PY(T(A)<T@B(0,3))= | Gii,3(0,y)v(dy)
A

<sup Gi0,3(0,y) v(4)

yeA

Zcqsup Gﬂ(o,a)((), y) Cap®3(4)

yeA

S cg Capi @ 9(4)

and (2.3) is proved.
(1) For the case Le /2, see Krylov and Safonov (1979).

In the case Le2, the estimate follows from part (i) of the lemma and the
following lower bound on capacity in terms of volume (see the remark following
Lemma 4.2 in Bass and Burdzy (1991 a)): Cap,(4) = c(Vol(A))*. Sidney Port (pri-
vate communication) pointed out that we can take f=(n—2)/n for n=3 and
p>1/2forn=2.

Lemma 2.2 If Le@ w NP then
E°T(@B(0,r)<c,r?

for r>0, where ¢, >0 depends only on ;..
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Proof. If Le 2 then
E° T(0B(0,r)= j GIE(O,Zr)(Oa x)dx

B(0,r)

Zc, j Gg(o,Zr)(Oax)dX=C3"2~
B(0,r)

The case Le /"9 is discussed in Lemma 5.1 of Bass and Pardoux (1987). [
Lemma 2.3 Suppose that Le 2,
D={xeR" |%|<1, |x,|<1},
M={xedD: |%|<1/2, x,=1}.
Then, for xeB(0, 1/2),
PY(T(M)ZT(@D)>c¢,>0
where ¢, depends only on c;.
Proof. Let M,;={xeM: |%|<1/4}, D,={xeR" |x]<1/2, —1<x,<2}. Since
Cap2:(M,)>0, Lemma 2.1 shows that
PYT(M)<T(@D,)>c,>0,
and, by the Harnack principle,
P¥(T(M)<T(@D,)>c3>0
for all xeB(0, 1/2). To complete the proof, observe that the last probability
is less than or equal to P*(T(M)< T(0D)). [
Now we introduce I’-domains and twisted I?-domains.

Definition 2.1 An open connected set D<IR” will be called an IP-domain if
there exist a constant a>0, a finite family of orthonormal coordinate systems
CS,,CS,,...,CS;, reals ry, ry, ..., iy, and functions

SioSar s it R (—00,0]
with the following three properties.

(i) f;e for every j;
df

(i) U; = {xeD:[X|<rj, x,<ain CS;} ={xeR": %] <ry, f;(X)<x,<ain CS;};
k
i) D= U,
ji=1

The length of a rectifiable curve y will be denoted I(y).

Definition 2.2 An open connected set DelR” will be called a twisted IP-domain
if for some base point zeD, some constants ¢, ¢,€(0, o), and every xeD there
exists a Jordan arc y with endpoints x and z such that

(i) dist(y, éD)>c, dist(x, D), and

(i) I(y) < c,(dist(x, aD) ~E.

It is elementary to see that every I’-domain is a twisted [’-domain, although
not, in general, a uniformly regular one.
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Example 2.1 Let m(k)=[k?"~1 417 and consider the following domain.
oo  mk)
D={xeR™ %<1, x,>0\ | U {x:1%I=2k?"™", x,=k+jk?/1""},

k=1j=1

It is easy to check that D is a uniformly regular twisted I’-domain. According
to Theorem 1.1, if Le 2 and we choose p>n— 1, the expected lifetime of condi-
tioned L-diffusions in D is bounded by a finite constant, despite the fact that
D has infinite volume.

We turn to probabilistic estimates of harmonic functions in I?-domains.

Lemma 2.4 Suppose that Le 2, f: R"~! —» IR is upper semi-continuous,

D,={xeR"|x|<1, max(—1f(X)<x,<k}, k=1,
D= {xeR™ %<1, —1<x,<k}, k=1,

and

M,={xeR":|%|<1/2,x,=k}, k=1
There exists po<1 such that if p=po and
(2.4) P°(T(@D4)=T(@D)Zp

then
PO(T(ﬁDk) =T(My)= e~k

for k=4, where ce(0, o0) depends on c;, and on p, but does not otherwise depend

on f.
Proof. Let

D.={xelR":|X|<3/4, —1<x,<k}, k20,
W,={xeDy:x,2k—5}, k=4,
Vi={xeD,nDi:x,2k—2}, kZ3.

By Lemma 2.1 we have

Cap+(Vs)Zc, Capy *(V3)
Scy 6 PUT(V3)<T(0W,)
<c, ¢, P°(T(0D,)< T(dD,))
Sc3(1—p).

By our assumptions on D, and translation invariance of Cap,,
Capy** (V)= cs(1—p)
for all k=3. Lemma 2.1 yields

(2.5) PHT(V)<T(@Ws 1)) Scy Capy=!(V)Ses(1—p)
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for x=(0, ..., 0, k—3). The inequality also holds for all xe M, by the Harnack
principle (we may have to change the constant c¢s).
Let 6 denote the usual shift operator for Markov processes.

k
4,2 () {T@Dn)=T(My), T@Dn-,)*07,y>T(D).

m=1

We will prove inductively that
PO(4y41)>c6 PO(4y)
for some ¢ >0 and all k=2, provided p> p,.

We start with k=2 and 2. By Lemma 2.3, and the strong Markov property
applied at T(M,,),

4
PO ( m {T(aﬁm)= T(Mm), T(aﬁm_ 1 OQT(Mm)> T(aﬁ4)})>07 .
m=1

It follows that if 1 —p<c¢,/2, then in view of (2.4),
PO(Ay41)>¢5/2>(c7/2) PO(Ay)

for k=2, 3.
By the strong Markov property applied at T(M,, ,) and Lemma 2.3,

P° (Ags10 {T(aﬁm 2)=T(M;. 2)} N {T(aﬁk)" HT(M;‘.,. 0> T(aﬁk+2)})

>cg PO(Ay+1).

First choose ¢s€(0, c,/2) small and then p, <1 large so that for p=p, we have
cg—cs(1—p)cg > >ce.

Now suppose that k=3 and P°(4,,, ;)>cs P°(4,,) for all m<k. By (2.5),

PO(Ay42)Z PO (Ais i 0 {T(aﬁ“z): T(M+2)} 0 {T(aﬁk)ogT(Mk+1) > T(aﬁk+2)})
— Py O {T Vit )2 Or it < TWacw3)o Oriar, - )
Zcg PO(Ags1)—cs(1—p) PO(Ax 1)

ZCg PO(Ak+1)_Cs(1—P) ‘352 PO(Ak+1)
=P%(Ayy ) [es—cs(1—p)es 2.

Then P°(A4,.,,)>ce P°(Ay+,) which finishes the inductive argument. We con-
clude that

PO(T(0Dy)=T(My)Z P°(4,)Zcg™* P°(4,)

and the proof is complete. [
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Lemma 2.5 Suppose that Le %, f: R"~! =R is upper semi-continuous,

#=(0,0, ..., k—1/2), k=1,
D, ={xeR": %] <1, max(—4, min(f (%), k— 1)) <x, <k}, k=1,
D,={xeR"|%|<1, —4<x,<k}, k=1,
M, =xeR": |5 <1/2, x,=k}, k=1,
and
NcM,.

For each q> 0 there is py <1 such that if p> p,,

P°(T(3Dy)=T(@Dy)zp
and
PY(T(N)=T(@D;wdD_,)2q,
then

P*(T(N)<T(@Dy)ze™*

415

for all k=4 where ce(0, 0) depends only on ¢, q and p, but does not otherwise

depend on f.

Proof. Let
Wy={xeD,:x,2k—5}, kz—1,
Vi={xeD,nDj:x,2k—2}, k=—1.

We can show as in the previous proof that
Capjf* (V_ )= Caplf°(V_ ) Zc,(1—p)
and, therefore,

(2.6) Capy*(V1)Sci(1—p)

and Capl=+1(V;)<c,(1—p) for k= —1. As in the proof of Lemma 2.4, we may

show that
PH(T (M) < T(Mo) < T(3D,), T(0D3)o O,y > T(Mo))Z e 2.
By the Harnack principle,
PY(T(N)=T(@D,voD_\)=c3q
for all xe M,,. Let

By={T(M,)< T(M)<T(N)=T(@D; 0D _,)o0rn,< T(@D)}
A{T(3D3)o 075> T(Mo)L.
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Then the strong Markov property applied at T(M,) yields
P*(B)z | PHT(N)=T(0D,wdD_))
My
- P*(T(M3) < T(Mo)<T(2Dy),
T(0D3)o b1,y > T(Mo), X(T(M)edx)
2 j ¢3 gP(T(M,) < T(Mo) < T(3Dy),

T(0D3)eOr i,y > T (M), X(T(Mg)edx)

=e % cyqg.
Lemma 2.1 and (2.6) imply that

PHT(V)<T(@Ws))=ca(1-p)
for all xeM,. Then
P#(T(N)< T(6D,))
2 P (B)— P ({T(V})* 07,y < T(OWs)o Oraant OB
ze ey q—cqa(1—p)).
Now it remains to choose ¢, p, and ¢ in an appropriate way. [

Lemma 2.6 Suppose that
(1) Le and D is an I¥-domain; or
(i) Le® and D is a uniformly regular twisted IT-domain; or
(i) Le /"% and D is a strongly uniformly regular twisted I[P-domain.

Let h be a positive harmonic function in D and
U,={xeD:h(x)e[2¥ 2 1]}, keZ.

For some ¢>0 let r=(1—¢)p/(n—1+4p). Then there exist ¢>0 and ky>0 such
that

(2.7 PHT@U)<T(B(x, k") >c¢

for all |k| > ko and all xeU,.

Proof. (i) Consider the following special I’-domain. Suppose that f is an
IP-function, f£0, and

D={xeR" %< Lf(X)<x,<1]}.
Assume that yeD, y, <0, and let

D, ={xeR": £—J| <[k|""/8,f (F) <x, <1},

D, ={xeR™ |£— | <k ~"/8, |x,— vl < k| /2],
D3 =1)1 sz,

M ={xeR" |— j| <[k|""/16, x,= 1/2).
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Suppose that

(2.8) PYT(OD)<T(B(y, [kl ™)< 1—po.
Then
2.9) PY(T(0D,)=T(0D3))>p,

and, by Lemma 2.4 and scaling,
(2.10) PYT(M)<T(0D,))zexp(—cy(1—y,)/(kl""/8)).
It follows from (2.9) and Lemma 2.1 (ii) that

Vol(D°n D,)<c, (k| ™),

where by taking p, sufficiently close to 1 we may suppose ¢, is small. Let
us choose pye(0, 1) large enough so that

Vol(D*nD,) < s k=™ £ Vol(D,)2
and, therefore,
Vol(DNnD,)>cslk|™"/2.

This and the fact that the lower boundary of D is the graph of a function
imply that the (n— 1)-dimensional volume of the set

{x€0D,: x, =y, + kI 772, f (X) Sy, +1k|77/2}
is greater than or equal to
(cslkl™™/2)/1k| .
Since the function f belongs to I?,

§ 11 —f () + k| ~"/2P d% <, < 0,

[% -5 <lk|-7/8
where c, does not depend on y. It follows that

A=y [es kI ™/2)/ 1kl "] < 4,

SO
1=y, <cs|kl"®™ e,

and thus

(2.11) (L =y)/ Ikl Zcs k"™~ Pkl =cq k| =

A standard application of the Harnack principle shows that h(x)=c4|k| " for
all xeM, since such points x may be connected with (0, ..., 0,1/2) by a chain
of balls in D of length ¢g log|k| ™.
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The strong Markov property, (2.10) and (2.11) yield

h(y)Zcslkl™ " PP(T(M)<T(0D,))
2 cg k| ™" exp(—cglk]' %)
- 2—|k|+ 1

if |k is sufficiently large. It follows that y¢U_,, for large k>0. Thus, if we
assume that yeU_, for large k>0, then (2.8) must fail and (2.7) holds with

g\I:(_)S ;111;(3{)2;6 that

(2.12) P(T(OU)<T(B(y|kI""M<1—po;

(this is a slight modification of (2.8)). Then again we have (2.9), i.e.,
PY(T(@D,)=T(6D3))>p,.

By Lemma 2.3 and scaling, we have

where
M, ={xedD,:|X—7|<|k|7"/16,x,=y,+ k| 7"/2},

and ¢4 depends only on ¢;. Given pye(0, 1) sufficiently large,

PY(T(M)=T(3D3))>co/2=cy,.
If we had
PP (h(X(T(M ) <2, T(M,)=T(@D3))>¢;0/2

then we would have
PYT@QU)<T(B(, kI "N)>c10/2.

If p, is chosen so that 1—pgy<c¢,o/2, then, by (2.12), the last inequality would
be impossible. Therefore we must have had

PP (X (T(M )2 2%, T(M,)=T(0D5)> c10/2.
In other words, if M, = {xe M : h(x)=2"}, then
PY(T(M,)=T(0D3))> ¢10/2.
Let y* be defined by =, y! =1/2. By Lemma 2.5, scaling, and (2.11),

P (T(M,)<T(@Dy)Zexp(—cy 1 (1—y,)/(kl7"/8))
geXP(—culkll—g)

We obtain

(2.13) h(y")z2M P (T(M,) < T(9D,))
22 exp(—cq,|k]* 7).
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However, h(y')< ¢,3]k|*#", by the chain of balls argument. This contradicts (2.13)
for large |k|. Therefore, if yeU, and k>0 is large then (2.7) holds with
c=(1—po)/2.

Points yeD with y,=0 may be treated analogously. The proof extends to
general I?-domains by a localization argument.

(ii) Now we turn our attention to uniformly regular twisted I’-domains and
Le 9. We will consider two cases.

First, suppose that xeD and dist(x, dD)<|k|™"/3. Then there exists a point
yedD with |x —y|=]k| ""/2 and we have, by uniform regularity,

Cap?® "2 (B(y, |k|~"/6) " DY) >c s >0.
It follows easily that
CapB™=IH™(B(y, [k|77/6) N D) > ¢ s =c¢,4(c15)>0
and, by Lemma 2.1 (i),
PHT(0U)<TB(x, k™M PH(TD)<T(B(x, [kl ""))>c;7>0.

It remains to consider the case when dist(x, 8D) d >|k|™"/3. Let zeD be a

base point. There exists a Jordan arc y connecting x and z in D such that
dist(y, @D)>c,gd and I(y(x, 2)) <c o d1 /P,

Let j be the largest integer not greater than I(y(x,z))/(c;sd). Then j
<Cpodi—mip=1,

Let y°=x,y', ..., )%, y"*'=z be the points on y such that I(y(x,y™)
=mcygd/2. The balls with centers y™ and radii c,5d form a “chain of balls
connecting x and z” and, therefore,

Jt+1

h(x)<h(z) chy Sh(z) ' <2

for large |k|. Thus, x¢ U, for large k>0 and similarly, x¢ U_,. This completes
the proof of part (ii) of the lemma.

(iii) Part (iii) may be proved exactly like part (ii) except that we have to use
volumes rather than capacities and Lemma 2.1 (ii) instead of Lemma 2.1 (i). [

Remark 2.1. We will need in Sect. 5 the following extension of Lemma 2.6. Let
U,={xeD: h(x)<2**"'}. Then the above proof shows that Lemma 2.6 holds for
U replaced with U, and all k< —k,.

3 Twisted Holder domains

We start with a number of completely elementary results on twisted Holder
domains which are needed in this paper and its companion — Bass and Burdzy
(1991a). We introduce the class of twisted Holder domains as a natural general-
ization of Holder domains.

Twisted Holder domains have, by definition, canals no longer and no thinner
than Holder domains, but do not have to have their boundaries representable
as graphs of functions.
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A bounded domain D<IR" is called a Holder domain of order « if every
point xedD has a neighborhood U such that U~ oD may be represented in
some orthonormal coordinate system (depending on x) as the graph of a Hélder
function with exponent o.

For a rectifiable Jordan arc y and x, yey, we denote the length of the piece
of y between x and y by I(y(x, ¥)).

Definition 3.1 A bounded domainD <IR”, n=2,will be called a twisted Holder
domain of order «, ae(0, 1], if there exist constants ¢, ..., ¢;€(0, o), a point
zeD and a continuous function é: D — (0, co) with the following properties.

(i) o(x)=c, (dist(x, oD))y for all xeD;

(ii) for every xeD there exists a rectifiable Jordan arcy connecting x and z
in D and such that

oz ey (x, y)+0(x)
for all yey;
(iii) Cap(B(x,c3a)ynE))/Cap(B(x,c3a))=c, for all xeF, and a<cs, where F,
={yeD:5(y)<a} and Cap=Capj*2°,

Remarks 3.1 (i) The term “Holder domains™ has been used to denote related
but different classes of domains (Smith and Stegenga 1990; Bafiuelos 1991).
(ii) Condition (iii) of Definition 3.1 is a very mild version of uniform regularity.
The main theorems on twisted Holder domains of this article and Bass and
Burdzy (1991a) seem to be false without this assumption. The counterexamples
are complicated and will be omitted.

Our first result is a rigorous counterpart of the heuristic idea that “twisted
Holder domains have canals no longer and no thinner than Hélder domains.”

Proposition 3.1 Suppose that DcR”, nz=2, is a bounded domain and there exist
ae(0, 1], ¢y, ¢5, 3, c4€(0, o0) and ze D with the following properties.

(i) For each xeD there exist b>0 and a rectifiable Jordan arcy connecting x
and z in D and such that for all yey

(3.1 dist(y, 8D)z ¢, (b+1(y(x, y))'™.

Let 6(x) be the supremum of b’s which satisfy (3.1) and let F,={yeD:d(y)<a}.
(i1)
Cap(B(x, ¢, a) " F;)/Cap(B(x, c; a)) 2 ¢5

for all x© F,, a<c,, where Cap= Caph*22,

Then the domain D is a twisted Hélder domain of order o and 6 satisfies
Definition 3.1.

Remark 3.2. 1f (3.1) is satisfied only by b=0 for some xe€D, then replace c,
by ¢,/2. As a result, the corresponding & will be always strictly positive.

Proof. 1t will suffice to show that é is a continuous function satisfying conditions
(i) and (ii) of Definition 3.1. Condition (iii) holds by assumption.

For a fixed xeD, the lengths of y’s satisfying (3.1) are bounded away from
0 and oo and, therefore, by compactness, there is a Jordan arcy, connecting
x and z in D and such that

(3.2) dist(y, 0D)Z ¢, (6(x)+ L(yo (x, Y))'*
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for all yey,. Now let yey, and let v be a point on y, between y and z. By
(3.2),

dist(v, 8D) = ¢, (6 (x) + L(yo(x, v)))}/*
=¢1 (6(x)+1(po(x, Y)+1(yo(y, V)™

It follows that (3.1) is satisfied for y in place of x if y=y,(yz) and b=0(x)
+1(yo(x, y)). Hence,

(3.3) 0(»)20(x)+1rolx, y))

and condition (ii) of Definition 3.1 is verified.
By taking y=x in (3.2) we have

dist(x, dD) = ¢, (5(x))}/*

which implies condition (i) of Definition 3.1.

It remains to show that § is continuous.

Fix some xeD and let 7, be the curve satisfying (3.2) for x. For yeD with
Ix —y| < dist(x, éD) let

by =(6(x)"*—Ix—yl/e) —|x—yl.

Let y, consist of y, and 7,, the latter being the line segment joining y and
x. Since d{x)= b, +|x —y|, we have for vey,, by (3.2),
(3.4) dist(v, 0D) = 1 (6(x) + (7o (x, v))*/*

Zcy(by+x—y[+ 1o (x, )"

Zc (b +1(y: (v, vV

Since dist(x, dD) = ¢, (6(x))*" and by our choice of b,, we have for vey,,

dist(v, 0D} = dist(x, D) —|x — y|
Zcy (60N ~|x—yl
=cy(by+[x—ypt*
Zci(by+ 1y, (y, V)™

This and (3.4) show that (3.1) is satisfied for y if we take y=y, and b=b,.
Thus

(3-3) 5(0)2by =6 ()M —x—yl/e, Y~ Ix— .
As a result we have
liminf ©W)—38(x)=0

Ix—y[=0
|x ~y] < dist(x,2D)

which clearly implies the continuity of 6. [

There are several types of domains in the literature which are candidates
for the name of twisted Lipschitz domain. We recall now their names and defini-
tions, following Bafiuelos (1987) and Smith and Stegenga (1990).
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A bounded domain D is called a John domain provided there exist zeD
and ¢>0 such that for every xeD there is an arcy connecting x and z in
D and satisfying

dist(y, 0D)=cl(y(x,y)) forall yey.

A bounded domain D is called a uniform domain if there exist ¢y, ¢, <00 such
that every pair of points x, ye D may be joined by an arcy in D with

Wy(x, y=cqlx—yl,
min(I(y(x, 2)), 1(y(z,y))<c, dist(z, D) forall zey.

A bounded domain is called a non-tangentially accessible (NTA) domain
if there exist M >1 and r, >0 such that
(i) for every xeodD and r <r, there is yeD such that |[x—y|<Mr and

B(x,r/M)cD;

(ii) property (i) holds for D¢ in place of D;

(iii) for every ¢>0 there is an N such that if O<e<ry, x', x*eD with
dist(x*, dD)>¢ for k=1, 2 and |x'—x?*|<ce, then there exists a sequence of
N points z! =x*, 22, 23, ..., z¥ = x? such that |z/ — 2/ " '|<&/M and B(z/, 2¢/M)<=D
for all j.

It is well known (and quite elementary to prove) that every NTA domain
and every uniform domain is a John domain. We are going to show that John
domains are the same as twisted Holder domains of order 1. This means that
all results on twisted Holder domains of order 1, e.g., Theorems 1.1 {i) (C)
and 1.2 automatically hold for uniform, NTA and John domains.

Proposition 3.2 The classes of John domains and twisted Holder domains of order
1 are identical.

Proof. If D is a twisted H6lder domain of order 1 then by Definition 3.1, for
each xeD we have an arc y connecting x and z with

dist(y, D)= c7 ' 8(y)
Zer e,y (x, ) +0(x)
2er ey l(y(x, )

for yey, which shows that D is a John domain.
Now assume that D is a John domain. Then there is a constant ¢3>0 and
for each xeD there is an arcy connecting x and z with
dist(y, D)2 &5 1(7(x. y)
for all yey. This implies that
dist(y, dD)=(cs/2)(b+1(y(x, y))) forallyey,

for some b>0 and, therefore, condition (i) of Proposition 3.1 is satisfied. It
remains to verify hypothesis (ii) of Proposition 3.1.
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Fix some xeD, a>0, and let y, be defined as in the proof of the last proposi-
tion. Let yey,néB(x, 2a). Then, by (3.3),

0(1)20(x)+1(yo(x, y) 2(x)+2a.
For |v— y| < dist(y, 6D) we have by (3.5)
o(v)25(y)—czlv—yl
for some ¢, > 0. It follows that
odw)z2a—c,lv—y|
and B(y, a/2¢c,)n F,=§. Hence
Cap(B(x, 2a) n E{)/Cap(B(x, 2a)) = Cap(B(x, 2a) n B(y, a/2 ¢,))/Cap(B(x, 2 a)).

It is easy to see that the last expression is greater than some c¢;>0 and this
completes the proof. []

Twisted Holder domains have to satisfy condition (iii) of Definition 3.1, which
does not have a counterpart in the definition of a Hélder domain. For this
reason, the next result is not completely obvious.

Proposition 3.3 Every Hdlder domain of order o is a twisted Holder domain of
order o.

Proof. We will leave some of the elementary details of this proof to the reader.

Suppose that D is a Holder domain of order «. By compactness, 6D may
be covered by a finite number of open cylinders such that éD can be represented
as the graph of a Holder function in each of them. It will suffice to consider
only one of these cylinders, say U. Assume without loss of generality that in
some orthonormal coordinate system

UnD={xeR": |%]|<c,,f(X)<x,<c,}

and f(X) <c3 <c, for |%] < ¢, for some Holder function f with exponent a.

For xeU N D, let 6(x)=x,—f(%). Fix some zeD\U and for each xeUnD
let y be a curve connecting x and z in D such that the portion of 7 lying
in U consists of a vertical line segment and such that dist(y n U®, D)>c,>0
for every xeU n D. With such a choice of y, (3.1) is satisfied for every xeUnD
provided we take b=45(x) and the constant ¢, in (3.1) is sufficiently small. This
is, of course, a consequence of the Holder character of the function f.

Now let 6 be defined as in Proposition 3.1. We will show that condition
(ii) of that proposition is satisfied. Note that 5(x) = 8(x) for xe U n D. Let

F,={xeUnD:§(x)<a},
S()={peUnD:|i—F <5afd, |[ys—x,|<S5a/d}.
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Then S(x)cB(x,2a). Let A(§) be the l-dimensional Lebesgue measure of
FE;nS(x)n (7 xIR). Note that, for a less than some ¢5>0, A(J)=3a/2. Hence

Vol(B(x,2a)n E)=Vol(S(x) n E)
z [ Mydy

{yeUnDn S(x}}
§ (3a/2ydjzcsa”.

{yeUn DnS(x)}

I

This implies
Vol(B(x, 2a) N FS)/Vol(B(x, 2a))>cs >0

and, consequently,
(3.6) Cap(B(x, 2a)n F)/Cap(B(x, 2a)) = ¢, > 0.

Since 8(x)<d(x) and E, is defined in terms of § in the same way as F, is defined
in terms of §, (3.6) implies condition (ii) of Proposition 3.1. According to the
proposition, D is a twisted Holder domain of order o. [

Lemma 3.1 Suppose that D is a twisted Hélder domain of order «, ae(0, 1],
and & satisfies Definition 3.1. Fix some zeD and a>0. Then there exists c,
=c¢(D, 4, z, a) < co such that for every xeD there is a ““chain of balls”’ connecting
x and z (see Sect. 2) of length k<c, 6(x)! ~ 1/

Proof. Recall the definition of “chain of balls” given in Sect. 2. Suppose that
y is an arc connecting x and z and satisfying Definition 3.1. Find an integer
r such that 3(x)e[27", 277" 1). Let y' =x and define y?, y3, ... inductively. Given
y™~ ! pick j so that

(3.7 (e, y" ") +3(x)e[279,2777Y)
and then pick the point y™ lying on y between y™~ ! and z so that
(™, Yy~ ) =4 min(a, 277 (c,/c,)*).

Here ¢, and c, are the constants in Definition 3.1. At some point the inductive
procedure will have to stop because y has a finite length (a consequence of
Definition 3.1). More specifically, for some y™ ! we have

I(y(z, y"~ 1) =4 min(a, 277(c,/cy) ).

Then let y"=z, k=m.
By Definition 3.1, for yey,

dist(y, 0D) = (3 (y)/c,)'"™
Z((10 (x, Y +3(x)) ea/cy) M
So, using (3.7),
=y TSI Om Yy TN S 52T epfe )t
S YT +6(x) epfe )M
<1dist(y™"1, aD).
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A similar inequality holds with y™~* replaced by y™ on the right hand side.
Thus, if we choose the balls to have centers y™ and radii dist(y™, oD), then
they will satisfy the definition of a “chain of balls”.

Now we will estimate k. It follows from Definition 3.1 that the length of
y is bounded by (diam D)* ¢,/c,, so the number of m’s with [(y(y"", y"~ 1)) =a/2

. afr
is not greater than (diam D)* 2¢,/ac, = k;.
There are no more than
2:279/27 % (cy/cy)' )
points y™ ! with
Ip(x, y" ) +d(x)e[275,277/h

and

(3.8) IO™ Y™ =322 (cy/c)) "™

Find an integer i such that 6(z)<2~* and recall the definition of r. The total
number k, of points y™ ! satisfying (3.8) is less or equal to

Y 2272 e (eyfe) )= ¥ €q 20 I e, 7Y TS ey 6,

=i =
Since d is bounded on D,
k<ki+k,Ski+cg6(x) "V <es o) 1= O

Lemma 3.2 Suppose that D is a twisted Holder domain of order o, ac(0, 1],
and h is a positive harmonic function in D. Assume that

(i) LeZ, or

(i) Le /"D and D is strongly uniformly regular.

For some ¢>0 let r=(1—¢)/(1 —1/a) and

Ui={xeD:h(x)e[2*,2**1]}, keZ.
Then there exists ko> 0 such that
PXT(0U) < T(@B(x, [k[))>c, >0

Sor all (k| >k, and all x.

Proof. Find a chain of pointé y'=x,y%, ..., "=z as in Lemma 3.1. By the Har-
nack principle, for some ¢, €(0, 1),
h(x) Z h(z) ¢
= h(z) exp(k logc,)
2 h(z) exp(c, 6(x)' "' logc,)
=h(z) exp(—c;3 3(x)' ")
Zexp(—c, 6(x)! 71,
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The following inequality holds for similar reasons:
h(x)=exp(cs 6(x)! ~17).
If xe U, and k>0 then,

2*<h(x)<exp(cs d(x)' 1),
and so
O(x)=(k log 2/cs) 0 =M Lo kM7,
For k<0,
27z h(x)zexp(—c3 6(x)' 1),
and
5(x) S (—(k+1) 10g 2/e3) 1~/ e K011
1t follows that U, = F, with
a<cglk|M 1™,
Condition (iii) of Definition 3.1 and Lemma 2.1 (i) imply, for Le 2, that
P*(T(OF)<T(0B(x,co a)))>c1o>0

for all x. Thus, for a,=cg k| ~¥/* and large |k|,

P*(T(0U) < T(8B(x, k")) = P*(T(0U) < T(B(x, g ao)))
Z PX(T(0F,) < T(0B(x, ¢y ag)))>c10>0.
The case Le /"% may be treated in an analogous way, using Lemma 2.1
@i). O
Remarks 3.3. (i) By the proof of Proposition 3.3, we may omit “D is strongly
unformly regular” for Le A2 if D is a Holder domain.
(i) As in the case of Lemma 2.6 we have the following variation of Lemma 3.2.

Suppose that U, ={xeD:h(x)<2*"'}. Lemma 3.2 then holds with Uj replaced
by U, and k< —k,. The proof does not require any changes.

Lemma 3.3 Suppose that Le 9w A% and for some set U and all x we have
PX(T(U)< T(@B(x,r))>cy>0.
Then
EX(T(U)=c,1*
for all x.
Proof. We have E*(T(0B(x,1))) S c; r* by Lemma 2.2. Suppose we had that
(3.9) PHT(USY>c, Y >cs,
where c5=1-—c,/2. Then we would have

PXT(@B(x,r)> T(UY>cq r*)=cy —(1—cs)
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and, therefore,
ey 12 ZEX(T(@B(x, 1)) =ca 1 (¢ +c5—1),

where ¢, =4c¢5/c,, a contradiction. Therefore (3.9) must be false, i.c.,
PX(T(U)>cyr?)<ces< 1.

By the Markov property applied at c, r* we have P*(T(U)>2c,r*)<c? and,
by induction, PX(T(U°)>kc, r*)<ck. This clearly implies E*(T(U*))<c, r*. [

Proof of Theorem 1.1 (i). Recall that
Us={xeD: h(x)e[2",2** 1]}, keZ,

for a positive harmonic function 4 in D. Chung (1984) (see also Cranston (1985)
and Bafuelos (1987)) showed that

EfR=<c, > supE*T(L}).

k= — oo xeUk
If D is an I’~domain or a uniformly regular I’-domain and p>n—1 then let
p=2p/n—1+p)—1,
e=1—(1+p/2)(n—1+p)2p,
r=(1—¢&) p/(n—1+p).
Note that §, ¢>0. By Lemmas 2.6 and 3.3 we have for Le P u A/'D,
EN(T(U) s, k™2 =cy k| 71792, [KI>ko.
If D is a twisted Holder domain of order «e(1/3, 1] then let
p=—-1-2/1-1/w),

e=1+(1+p/2)(1—1/0)/2,

r=(1—¢g)/(1—1/a).
In this case we also have f, e>0. Lemmas 3.2 and 3.3 imply that

EX(T(U) = cslk =cslk| ™1 792, k| > ko.
Thus, under each of the assumptions (aj«(b), (A){C) of Theorem 1.1 (i), we
have
EX(T(Ui) S calk]™ 2782, |k > ko,
for some f>0.
We need a similar estimate for |k| < k. First assume that D is an I?-domain

or a twisted Holder domain of order o. It follows easily from the definitions

that D has a finite volume for p>1 and any «, say Vol(D)<c¢5. Choose cg< 0
so that Vol B(x, ¢cg)>2c¢s. Then

Vol(D*n B(x, cg)>cs
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for all x and, according to Lemma 2.1 (i),
PX(T(D)< T(0B(x, 2¢g))) > ¢4 >0.
Lemma 3.3 implies that, for all k and x,
EXT(U))z EX(T(D) S cg cg=co < 00.

Now suppose that D is a uniformly regular twisted I¥-domain. Then there is
¢10< o0 such that dist(x, D)< ¢, for all x. In other words, for each xeD, there
is yedD with |x — y| <c,,. By uniform regularity, we have for Le 2,

Cap?®219(B(y, ¢;0) " D) = cq, Capi®2¢10(B(y, ¢, ) N D)= ¢y, >0.
This easily implies that, for Le % and xeD,
Capf®3<1(B(x,2¢,0) " DY)=c 53 >0.
An application of Lemmas 2.1 (i) and 3.3 gives for Le 2, all k and all x,
EX(T(U)S EX(T(D)) 2 cqa< 0.

The case of a strongly uniformly regular twisted I-domain and Le A" may
be handled in a similar manner using Lemmas 2.1 (ii) and 3.3.
In each case we have

EX(T(U)Scis=cyelkl™ Lo

for some ¢, <00 and all x, |k| <k,.
It follows that

EfR=<cy ) sup E*T(U))

k= —oo xeUg

[s o}
¢ Z cyqlkl TP TP <00, [0

k=—o0

Remark 3.4. Let U be defined as in Remarks 2.1 and 3.3. These two remarks
and the argument of the last proof show that

ko
> sup E*T(U9) < .

k=~ xelUk

Proof of Corollary 1.1. Let #,=0{X,, s<t}. Theorem 1.1 (i) and the Markov
property imply that, for all x,

Ef(max(0,R—1)|#)=E}*R<c,<oo B*as.

Then by Dellacherie and Meyer (1980), p 193, there are c;>0 and ¢, < o such
that

Ej exp(c; R)<c,
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for all x. Chebyshev’s inequality yields

BF(R>1t)=E7(exp(c; R)>exp(cs 1)) = cq exp(—cs3 1),
so

—log BX(R>1)2 —(og ca)ft+ s,

which completes the proof. [

4 Counterexamples

The counterexamples for Theorem 1.1 (ii) (A)«B) are trivial. Let D be the interior
of

U {xeR":|%|<1/k, —k<x,< —k+1}.
k=1

It is evident that D is a strongly uniformly regular I’-domain for every p<n—1.
Let h be the positive harmonic function in D with boundary values 0 everywhere
on the Euclidean boundary éD and such that h((0,0,...,0,a)) > o0 when
a— —o0. Brownian motion conditioned by h escapes to minus infinity along
the thin canal constituting D. The lifetime of this process is infinite a.s., which
may be proved as in Step 4 below.

One can also verify that the domains constructed in the next proof are
uniformly regular twisted [’-domains and p takes values arbitrarily close to
n—1 when o — 1/3.

The counterexample announced in Theorem 1.1 (ii) (C) is fairly complicated
and the rest of this section is devoted to it. For a given ae(0, 1/3), we will
construct a twisted Holder domain of order o, a positive harmonic function
hin D and xeD such that R=co, B*-a.s. (in fact, x is irrelevant—the lifetime
is infinite either for all xeD or no xeD). Our example is based on an idea
similar to that of Cranston and McConnell (1983) but requires a more refined
construction and careful estimates. For simplicity, we will discuss the 3-dimen-
sional case only. It is routine to extend the result to higher dimensions.

Step 1. Fist, we construct D. We will have to define several objects, starting
with a planar curve I". We will apply a method of Koch (see Mandelbrot 1982).

Take the line segment jointing (0,0) and (2,0), remove the piece between
(1,0) and (1 + 1/k, 0), and replace it with a polygonal line with consecutive vertices
(1,0), (1, 1/k), (1 4+1/k, 1/k) and (1+1/k, 0). Here k is a (large) integer which will
be specified later. The resulting line — which we call I} — may be written as
the union of 2k+2 line segments J,, of length 1/k and endpoints in the lattice
Z2/k.

Now we will construct I, I5, etc. inductively. In order to obtain I, replace
each of the k+1 line segments J,, closest to (2,0) with a copy I of I; shrunk
k times; I is translated, and rotated by the angle n/2 if necessary, so that
its endpoints coincide with the endpoints of the replaced line segment. Note
that I, consists of k+ 1 line segments of length 1/k and 2(k+ 1)? line segments
of length 1/k?.
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Suppose that I,, has been constructed; it contains, among others, 2(k+ 1)"
line segments of length 1/k™ with endpoints in Z2/k™. To obtain I, ,, replace
the half of them (ie., the (k+ 1)" line segments) closest to (2, 0), each with a
copy of I shrunk k™ times, translated and possibly rotated.

The sequence {I,},,»; of curves converges to a set I It is easy to see that
F is a Jordan arc connecting (0, 0) and (2, 0) and lying above {x:x,=—1/2}.
It is the union in order, starting from (0, 0), of k+1 line segments of length
1/k, (k+1)* line segments of length 1/k?, etc. These constituent line segments
will be called 1, I,, ... and the length of I, will be denoted d, (m).

For d>0, let A(d) be a planar set defined by

A(@)=([0, 3d) x (0, )\ ([, 2d] x [(100d)"", ).
Let C be the open bounded set enclosed by I and the polygonal line with
consecutive vertices (0, 0), (0, — 1), (2, —1), and (2, 0).

cZex,1).

For a line segment I, in [} let I}, be its middle part of length d (m)/8dfd d(m).

Let ¢, be a composition of translation and rotation which maps A(d(m)) onto
a set B, so that {xeaA(d( )): x; =0} is mapped onto I’ and, moreover, B,
lies out81de C. It is easy to see that such a mapping exists and that the B,’s
are disjoint for distinct m’s. Let

B,=B,x ) (2j—1)d(m),2jd(m);

!EZI
={x€A(a) x;>2a}
Fm=(pm(F d(m))),
E,=F, x(—2d(m), 1+2d(m)),
E - '=F x(—d(m),0),
E72=F x(—2d(m), —d(m)),
EF'=F x(1,1+d(m)),

E}2=F x(1+d(m), 1+2d(m)).

Let K, be the convex hull of F, 2UF, 2 (F,7 2UFE}?) for m odd (even). Finally,
let
D=Cu |J (B,UE,uK,).
mz21
The set D consists in part of an infinite winding canal which is composed of
tubes F,, whose ends are connected by relatively short K,,’s.

Step 2. Clearly, D is an open bounded connected set. We start analyzing it
by sketching an argument showing that it is a twisted Holder domain of order
o
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Consider a point xe F,, U K,,. The set
D [¢a({xeA(dm): dim)<x, <2d(m)})x (0, 1)]

consists of thin parallelepipeds. The one closest to x will be called Q.

Let z=(1, —1/2, 1/2)eD be our base point. We will connect x with z by
a curve y consisting of three parts: y,, v, and y;.

The middle part y, sits inside Q at an equal distance from its sides. The
arc y, joins x with an endpoint x, of y,. Since there is plenty of room inside
F,UK,, (as compared to Q), y, may be chosen so that I{y,(x, x!))<100d and
dist(y, D)= c, I(y, (%, y)) for yey,. The width of Q, as a result of the definition
of A(d), is such that it is possible to have

af
dist(y, 0D)=41(y4(x, y)**  for yey,=y,Uy,.

It is elementary to show that C is a uniform domain. In particular, each point
veC may be connected with z by a curve y5 such that

dist(y,0D)=c, 1(ps(v,y)  for yeys.

One can find a curve y; connecting the other endpoint x2 of y, with z with
properties similar to those of y5. It is now clear that for some c; >0,

. af
dist(y, D)= c3 l(y(y, x))*  for yey=y, Uy, U7;.

Other points xeD may be treated in a similar way. Thus, assumption (i) of
Proposition 3.1 is satisfied.

As for the second assumption of Proposition 3.1, it is not hard to show
that it holds for §(x)=c, dist(x, 3D) in place of 6(x). Then one uses the fact
that 6(x)=5(x) for some c,, to prove that the assumption holds for § as well.
We leave the details to the reader. According to Proposition 3.1, this completes
the proof that D is a twisted Holder domain of order a.

Step 3. In this step, we will define a harmonic function in D and prove that
it is bounded on C.

From mz1, let x™ be the center of the cube F,,'. A subsequence {x"*},. ,
converges in the Martin topology to x®, which corresponds to a positive har-
monic function h in D. In other words, the sequence of functions
Gp(+, x™)/Gp(z, x™) converges to h(-) uniformly on compact subsets of D as
k— 0.

Let

V= {xeA(d(m): x, =d(m)/2},
Vie=[0m(V,) x (0, 1)1 D.

The event that the path hits F, and goes through B,, will be denoted H,,.
More precisely,

H,={T(V,)<T(|J) (F;uK)<T(@B,)0ry,)}

jiz1

where 6 denotes the usual shift operator.
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Let W,, Wy ..., W, be the vertical line segments of length (100d)'/*, each
one dividing A(d) into two subdomains, lying in order on the lines {x, =d},
{x,=d+(100d)""}, {x, =d +2(100d)*/*} etc. We have

(4.1) s2d(100d)™1%/2.

W [on(W) % (0, 1)] A D.

By scaling, the chance of hitting W, . or W, _, before hitting d D for Brownian
motion starting from yeW, is less than p<1, where p does not depend on
m or k. Repeated applications of the strong Markov property at the T(W,)’s
give for xeV,,, PX(H,)<p*~ ..

Hence, in view of (4.1), there exists ¢, >0 independent of d such that

(4.2 P*(H,) Sexp(—c, d(m)®~ 1),

for xeV,, and small 4 (i.e. large m).

Let Z,, consist of the three squares obtained by intersecting F, with the
planes {x;=—d/4}, {x3=—3d/4} and {x;=1+d/4}. Next we will estimate
P¥T(Z,)< T(@D)) for xeV,,. Suppose that x is the center of one of the squares
which constitute V,,. Then x may be linked with our base point z=(1, —1/2,
1/2)eC by a chain of balls of length less than cg logd(m), cs<0. This follows
from the fact that C is a uniform domain.

Recall that x™ is the center of F, ! and, therefore, belongs to F,,. We have
d(m)=k~'/8 for some integer t=1¢{m). Let us find a chain of balls connecting
z and x™ and going through the F,’s and K,’s for all r<m. Choose a so that
d(r)=k™%/8. Note that we need c¢ k* balls in F,u K, and there are (k+ 1)* sets
E. UK, corresponding to a given a, so the total number of balls needed to
connect z and x™ is less than

i ce Ki(k+1Y=cg[(k(k+ 1)y " —1]/[k(k+1)—1]

j=1

Scq(k(k+ 1),

for large t. Hence, there is a chain of balls connecting x and x™ of length
less than

cs logd+c, (k(k+ 1)) Scglk(k+ 1))

for large t. The function y —» P*(T(Z,)<T(¢D)) is harmonic in D\Z,, so the
Harnack principle yields

4.3) PX(T(Z,)<T(0D)zexp(—colk(k+1)))

where x is the center of a square in V,,, provided we choose ¢, >0 sufficiently
large.

Now we will find a large j, so that the P*-probability that the process
hits Z,, before hitting 0D and goes through one of the Bjs, j>j,, is relatively
small when compared to (4.3).

Suppose that k is large enough so that

(k(k+ 1)) <k>*28 <=



Lifetimes of conditioned diffusions 433

for some $>0. This is possible since we have assumed that « <1/3 and, conse-
quently, (1 —a)/a>2. Recall that d(m)=k™*/8, and use (4.2) and (4.3) to see that

(4.4) P*(H,)/P*(T(Z,)<T(0D) <exp(—cio k"™ V¥)/exp(—~cy (k(k+ 1)))
<exp(—cy; k%),

where x is the center of a square in V,,, and ¢,,>0 is large. In fact, (4.4} holds

for all xeV,,, by the boundary Harnack principle (the constant ¢,; may need

to be changed).
The Green function Gp(x™, -) is bounded below and above by g and ¢, ¢

on Umd=faB(x'”, d/8), by the Harnack principle. It follows that

4.5) Gp(x™, x)=qP*(T(U,)<T(@D))
and

(4.6) Gp(x™, x)=¢1, qP*(T(U,) < T(0D))
for all xeC.

Note that the sphere U, is cut off from C by Z,,.
Let Z} consist of 6 squares in D obtained by translation up or down by
d/8 from the 3 squares comprising Z,,. By the boundary Harnack principle

PYX(T(Z,)edy, T(Z,)<T(D))
PYX(T(Z,)edv, T(Z,)<T(@D))
PX(T(Z,)edv, T(Z,)<T(@D))
PYX(T(Z)edy, T(Z,)<T(D))
is bounded away from 0 and oo for all u, weZl, y, veZ,, and, by scaling,
the bounds do not depend on m. Then
P*X(T(Z,)edy, T(Z,)<T(@D),H,)
PYX(T(Z,)edy, T(Z,)<T(@D))
| PX(X(T(Z,;))edu, T(Z})<T(éD),H,)
[ PX(TZ)edw, TZY<T(@D)
Zl

m

PYX(T(Z,))edy, T(Z,)< T(3D))
"P*(X(T(Z,)edy, T(Z,)<T(3D))
_ P‘X(T(Zn)edy, T(Z,) < T(3D))
=P“X(T(Z,)edv, T(Z,)<T(@D))
P*(X(T(Z,)edv, T(Z,)< T(0D))
"P*(X(T(Z,))edy, T(Z,)<T(@D))
[ PF(X(T(ZL)edu, T(ZL)<T(@D), H,)

T P X(T@Zy)edw, T(ZL)<T(@D))
PUX(T(Zp)edv, T(Z,) < T(@D)
PY(X(T(Z,))edv, T(Z,)<T(@D)
P*(X(T(Z,))edv, T(Z,)<T(@D), H,)
=13 TP X (T(Z,)edv, T(Z,) < T(OD))
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for all xeC, y, veZ™. This is equivalent to

P*(X(T(Z,)edv, T(Z,) < T(3D))
PYX(T(Z,)edy, T(Z,)<T(0D))
P¥(X(T(Z,))edv, T(Z,)<T(0D), H,)
=B prX(T(Z,)edy, T(Z,)<T@D),H,)

By integrating both sides with respect to dv we obtain

P¥(T(Z,)<T(6D))
P*(X(T(Z,)edy, T(Z,)<T(0D))
< PYT(Z,)<T(@D),H,)
=" p(X(T(Z,)edy, T(Z,)<T(6D),H,)

(4.7)

It follows that, for xeC,

P*(X(T(Z,)edy, T(Z,)<T(@D),H,) _  PYT(Z,)<T(@D),H,)
PX(X(T(Z,)edy, T(Z,)<T©D) = €13 PX(T(Z,)< T(0D))
< P*(H,)
=Cy3 .
PX(T(Z,)<T(D))

By the strong Markov property applied at T(Z}),

PX(T(U,)<T(@D),H)
= [ P(T(U,)<T(@D)) PAX(T(Z))edy, T(Z)<T(3D),H))

Zj

< [ PY(T(U,)<T(8D) PX(X(T(Z;)edy, T(Z)<T(0D))
Z;

“¢13 PY(H)/P(T(Z) < T(9D))
< ¢ PY(T(U,)<T(@D) P*(H)/P(T(Z;)<T(3D))

for m, j=1 and xeC. Let k*/8=d(j). The strong Markov property applied
at V; and (4.4) show that

PX(T(Uy)<T(@D), H)< PX(T(U,) < T(3D)) c14 exp(—cyy k)
for xeC. Since there are (k+ 1) indices j with d(j)=k"",

P*(T(U,)<T(éD), H;for some j = j,)

A

i PX(T(U,)<T(0D), Hj)
< Y PAT(U)<T@D) ¢y expl—ciy d() )

< PA(T(U)<TOD) % cry 3 exp(—cyy KO+ 1

t=tp
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where k™/8 =d(j,), xeC. Let j, and t, be sufficiently large so that
PX(T(U,)<T(0D), H;forsome j<jo) < P*(T(U,) < T(0D))/2,
and therefore
PX(T(U,)<T(@D)=2P*(T(U,) < T(éD), Hfor all j 2 j,)

for xeC.
An argument similar to the one that leads to (4.7) gives

P*(X(T(Z;)edy, T(Z,) < T(ED))
PH(T(Z,)< T(0D))
P*(X (T(Z,))edy, T(Z,)<T(D))
=C1s P*(T(Z,)<T(8D))

for our base point z and all xeC. The probability P*(T(Z;)<T(dD)) is a con-
stant and P*(T(Z;)<T(¢D))<1, so

P*(X(T(Z;)edy, T(Z;)<T(0D))
=5 PUX(T(Zg,)edy, T(Z;,) < T(9D))

(we may have to change ¢, ). This implies, for xeC and m>j,,,

P*(T(U,)<T(D))
<2P(T(U,)< T(6 D), H: for all j = j,)

<2 | P(T(U,)<T(@D)) P*(X(T(Z,))edy, T(Z,)< T(&D))

ZJ-0

<2¢,s | P(T(U,)< T(@D)) P*(X(T(Z,))edy, T(Z,)< T(@D))

Zfo

£2¢y5 PA(T(U) < T(@D)).
The last formula, (4.5) and (4.6) imply that
Gp(x", x) <16 Gp(x™, 2)

for all xeC and large m. Hence, the function h(-), being the limit of
Gp(x™, +)/Gp(x™, z), is bounded by ¢, < o0 on C.

Step 4. We will prove that every h-process has infinite lifetime a.s. We start
with a few remarks on the function h and h-processes. The remarks are standard
but we could not find a reference.

First we will show that the function h has boundary values 0 except at

af
0xD={x€dD:x,=2,x,=0}.

To see this, take any xedD\d, D and let r>0 be such that B(x, 3r)nd,D=9.
Fix some y°eB(x, r) and let N be a compact subset of D containing y° and
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z. For large m, say m=zm;, x"¢ N U B(x, 2r). use the Harnack principle in N
and then use the boundary Harnack principle in B(x, r) to obtain

GD(xmyy) GD(xm:y) GD(xng)
———==<c <c
GD(xm: Z) = GD(xm= yO) =T GD(xmla yO)

for m=zm,, yeB(x, r’in D. The right hand side has zero limit when y — x. The
same is true for h(y) since it is the limit of the left hand side when m— oo
through a subsequence {m}.

Since 0, D is a polar set, the function h has 0 boundary values almost every-
where on the boundary with respect to the harmonic measure. A bounded har-
monic function with this property would have to be identically zero, so h takes
arbitrarily large values.

Note that h(z)=1.

The process 1/h(X,) is a positive supermartingale under B with the conven-
tion that for ¢ larger than the lifetime R we let h(Xt)zlinIl{ h(X,) (see Doob

(1984), Sect. 2X8). This process converges Bf-a.s. at t— oo, possibly to co. It
follows that h(X,) converges P7-a.s. as t— oo, and we will show that the limit
is infinite B*-a.s. Let

I, ={xeD:h(x)<e} for e<],
Ih={xeD: h(x)=mj},
T, = T(L U ).

Since h has 0 boundary values almost everywhere,

T\sT(E)<oo  PFas.
Then
BH(X(T)ely)= f [h(x)/h(z)] P*(X (T})edx)

=ePP(X(T)eL)) <.

As ¢— 0 we have B*(X(T,)e5) — 1 and it follows that B (T (%)< co}=1. Since
m is arbitrary, h(X,) = oo, B-a.s.

The last observation has two consequences. The first one is that, since &
has 0 boundary values away from 0,D, the process X, converges F’-as. to
0D,

lim dist(X,,0,D)=0  F’-as.

t—>R

The second one is that the last visit to C will occur strictly before the lifetime
R as the function & is bounded on C. If L(C) is the last exit time from C
then {X(L(C)+1), >0} under B is an h,-process in D\C, converging to d, D.
Tt will suffice to show that such a process must have infinite lifetime.

The set

[ Fun{x:0<x;<1}I\ | Bn

mz1 mz1
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consists of a sequence of cubes Q;, Q,, ... arranged in order along | (F,UK,).
mz1

The hy-process will have to pass through all cubes Q;, j=j;, where j; depends

on the starting point of the h,-process.

We make a digression concerning the lifetime of a conditioned Brownian
motion in a cube. First consider a Brownian motion starting from the center
of a sphere and conditioned to hit a fixed point x on the sphere at the time
of exiting it. By symmetry, the lifetime of this process has the same distribution
for each point x. Every Brownian motion conditioned by a harmonic function
in the sphere and starting from its center is a mixture of such processes, so
its lifetime has the same distribution. Let % denote this distribution in the
case when the sphere has radius 1/8.

Now suppose that Q=[—1, 1]*, 0={xeQ: x, =0} and g is a positive har-
monic function in Q vanishing on {xedQ: x,€(—1, 1)}. By the boundary Har-
nack principle,

P*(T(B(0,1/8)) < T(0Q))/g(x)>c19>0
for xeQ with |x| > 1/2. Note that g(y)>c,, >0 for ye B(0, 1/8). Thus

EX(T(B(0,1/8))< T(0Q))
i g

o (x )P"(T(B(0 1/8))<T(@Q), X(T(B(0,1/8)))edy)
B(0,1/8)

2 2% P(T(BO,1/8) < TEQ)Z eza 10,

for all xeQ with |x|>1/2. It is easy to see that a similar inequality holds for
all xeQ. The time spent between T(B(0, 1/8)) (assuming it is finite) and the
hitting time of B(X(T(B(0, 1/8))), 1/8) is independent of xeQ and g and has
distribution % under B*. As a result, we can find a bounded random variable
Y such that EY >0 and the time spent in Q by the g-process starting from
x is stochastically larger than Y, for every xeQ and g. If § is a cube with
side length b then the analogous statement is true with Y replaces by (b/2)2

Let us go back to our h,-process. Define squares Q] relative to Q; in the
same way as Q was defined relative to Q; moreover, orient them so that the
hy-process has to pass through each of the Q.

Let §; be the time elapsed between the first hit of Q; and the first exit
from Q; afterwards Suppose that p(Q)) is the side length of Q ; and that Y,
is a sequence of independent copies of Y The distribution of §; is stochastlcally
larger then (p(QJ)/Z)2 Y; and, by the strong Markov property applied at the
hitting times of Q;’s, the distribution of

S;,+8;, 41+ ...+,
is stochastically greater than the distribution of

(4.8) (P(Qi )2 Y, +(p(Q, + 1)/2P Y w1+ o +(0(Q)/2)* Y
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Note that there are at least k™(k+1)"/4 cubes Q; with p(Q;)=k~™. It follows
that the sum of expectations of the terms in (4.8) is divergent:

_Z E(p(Q)/2)* ;=EY/4 _Z p(Q)*

ZEY/4 i (k™ ™2 k™ (k + 1y"/4 = oo.

m=m,
Since the Y's are independent and bounded, the three series theorem shows

that the series in (4.8) converges a.s. to infinity as m — co. Since (4.8) is stochasti-

cally smaller than the sum of the S;’s, we have Z S;=co as. Of course, the
J=1

lifetime of the h,-process is larger than ) S;, so it is also infinite a.s. This com-

pletes the proof that h-processes in D have infinite lifetime and finishes the

proof of Theorem 1.1 (ii) (C). [

5 A parabolic boundary Harnack principle

Lemma 5.1 Under the assumptions of Theorem 1.2, for every u>Q there exist
a non-degenerate closed ball M = C and ¢ >0 such that for all xeD,

P¥X,eM, T(D)>u)=cP*(T(D%)>u).
Proof. Let
A=A(f)={xeD:dist(x,d D)= f}.

It is easy to see that A4 is a bounded and closed set, hence, a compact set.
Fix some zeD and find f,>0 and a closed ball M such that M < A(B,).

The domain D, d_—fD\M satisfies the same assumptions (4)+(C) as D. Let
h()'= Gh(x, 2),
df
D,=D,(B)=D\A(p),
as
Ue= {xeD,: h(x)e[2¥ 24+ 1]},
. af
Ui={xeD:h(x)=2""1},

Uk‘g {xeD,: h(x)e[2* 2+ 1]}.

We have U, =U\A(p) for B<Bo. Note that U is bounded, so it has finite
volume and, therefore, Vol(U,) >0 as f—0. For any open set N and any x
we have, by Lemma 1 of Bafiuelos (1987),

EX(T(N)=c; (Vol(N)".
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1t follows that

(5.1) lim E*(T(0¢)=0.
g0

The function h is bounded in D; by 2%™! for some ko< 00. According to the
proof of Theorem 1.1 (i), we have

(5.2) Z sup E*(T(U)) < oo.

k=—o xeUx
Since U, < U,

EX(T(O9) £ EX(T(L).
This, (5.1) and (5.2) show that for any constant ¢, < oo there is §>0 with

Cy kzo supE"(T(U,f))<u/8.

k= —oo xeUp

For suitable c¢,, the expression on the left hand side is an upper bound for
E;(T(D3)). It follows that

(5.3) PX(T(DY) <u/d)>1/2.

Before we proceed with the proof, we introduce some notation. Let the R"-valued
process be denoted as usual by X and let Y stand for the space-time process.
More precisely, if X has law P, then the law of the space-time diffusion

(YOZ X, s—1), 120}

will be denoted P*°. The distribution of space-time diffusion conditioned by
a parabolic function g will be denoted E**. See Doob (1984) for the discussion
of these processes and their properties in the case L=A4. By abuse of notation,
T(A) will denote the first hitting time of A for Y as well as for X. The function

(x, )= g (x, )= P*(T(3D)>1)

is parabolic in D x [0, co) with boundary values 1 on D x {0} and 0 otherwise;
more precisely, it is zero at (y, t) provided >0 and y is a regular point of
oD.

Let g, be a parabolic function in D x [0, co) which has the same boundary
values as g except that g,(x, 0)=¢ for xe D\ M, where ¢e(0, 1) will be chosen
later. Now we will estimate g, on D x [u/2, u].
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Lemma 5.1 of Fabes and Stroock (1986) implies that g, (x, s)>c¢; for all xe M

and se[u/4, u]. We also have h(y)<c, for all yedD,. Let h(x, s)d=fh(x)‘ For
xeD, and s=1/2 we have, by (5.3),

g9z [ g, P(T(Dedt, X(T(D3)edy)

te(uf4, ul
yedéD;

. h{x,s) h(y, 1)
refufd, ul h(y,t) h(x,s)
. h(x, s)

tefu/4,ul h(y, t)
yedD;

= [ hxs)cxtes B(T(D3)edr, X (T(Dy)edy)

telu/4, ul
yedDy

=h(x,s)cg ! c3 B (T(D5)e[u/4,s1)
2 h(x,s)cy ' cs/2
=c¢s h(x, s)=cs h(x).

g1 (v, 1) P*(T(D3)edt, X(T(D3))edy)

g: (v, ) B (T(Dy)edt, X (T(Dg)edy)

Let
W,={(x,5): g, (x, 5)e[ 2%, 2¥* 1], se[u/2, u]},

ky
W= U VI/k:

k=—w

where k, <0 will be chosen later. If 2-"<c; then W, Uy, x [4/2, u]. Using
the estimate of Chung (1984) and Remark 3.4 we obtain for small k;

ky
Ep(T(W9=ce 3, sup E**T(W)
k= —co (y,5)eWy
ky
<cs Y, sup BV T(O) <.

k= 09Ukt m
Choose k, so small that
(5.4) E;* T(W)<u/s.
Let
V={(x,5): g, (x, s) = 2%, se[u/2, u]}.
Since the g,-process cannot exit D x [0, co) through 6D x [0, o), (5.4) implies
(5.5) BEH(T(V)>u/d)<1/2.

Now let e=2% "1, Since 0<g, £1, the process g,(Y) is a martingale under P™*,
and g, (x, s)=2% for (x, s)e¥, we see that there is at least 2%171/2 chance that
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Y under P** will hit M x {0} before hitting any other part of 8(D x [0, c0)).
Thus we have for (x, s)e /]

B (YeM x{0})= [ (g:(y, 0)/g: (x, 5)) P**(Y;edy, T(3(D x [0, co)))=s5)
2 | P**(Yedy, T(B(D x [0, c0))=s)

>2k=1/2,
This and (5.5) yield, by the strong Markov property, for all xeD,
B>*"(Y,eM x {0})=c>0.

The ratio of g and g, is bounded away from 0 and oo on the boundary of
D %[0, w0), so

BX*(Y,eM x{0})=¢;;>0
for all xeD. This is equivalent to the statement in the lemma. [

Proof of Theorem 1.2. First we will show that p2(x, y) is comparable to

W (x) ¥ (y) where ll/(x)d=fP"(T(D”) >1u/3). To simplify the notation, let us take u=3.

Note that p?(+,*)<c by Fabes and Stroock (1986) and p?(v, z)=p2(z, v)
for all v, ze D (see Fukushima 1980). We have

p3(z, y)= §p1(z v)pi (v, y)do
< j cp? v, y)dv= { cpP(y,v)dv
D D
=cy(y)
It follows that

pi(x, y)= fpl(x 2) p3(z, y)dz
<§p (x,z2)cy(y)dz

=cy(x) ¥ ().

In order to obtain the opposite inequality, first observe that Lemma 5.1 of Fabes
and Stroock (1986} implies immediately that p7 (z v)>c, for all z, ve M, where
M is a compact ball in D. For ze M, we obtain, using our Lemma 5.1,

P2z )z | pY(zv) pl v, y)do
M
z | c;piwy)do
M

= [ ¢, p{(y,v)dv
M

=c, P*(X,eM, T(D%)>1)
2¢; ¢ PP(T(D)>1D)=cic, Y (y).
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Hence, for all x, yeD,
p3(x, )2 jp (x,2) p3(z, y)dz

2 jp (x,z)c ¥ (y)dz
M

=c¢; ¢, PX(X,eM, T(D)>1)Y(y)
=y ¢ PX(T(D)>1) ¢ (»)
=c; Y)Y ().

Thus, for some ¢; >0 and all x, yeD,

e3<pi e W () (y)<es .
This implies that
Pe(%)) P02 o YY) Y@@ A
Pl (x,2) pilv, y)_ca WY s Y@y
which is Theorem 1.2 for s=t=u.

In order to extend the last formula to times greater than u we use the
Markov property as follows. Let a=c3 p?(v, y)/p2 (v, z). Then, according to (5.6),

(5.6)

pL(w, y)=apl(w, z)

for all w, y, zeD. Then, for s>u, x, y, zeD,
p2(x, y)= [ p2_.(x, w) p2(w, y) dov
D
=a fpf (6 W) P (w, 2) dv

=apy(x, z)

=c3(p2 (v, y)/p2 (v, 2)) 7 (x, 2),
and so

PPy 4pu(v y)

pl(x,2) = 7 pl(v,2)

An analogous argument may be used to replace u in the right hand side with
an arbitrary t>u and we obtain

Py 3 P L)
pP(x,z) = ° pP(v, 2)

forall v, x, y, zeD, s, t>u. [J
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