Probab. Theory Relat. Fields 91, 399—404 (1992)

Probability
Theory i.nu.

© Springer-Verlag 1992

Martingale transforms and Hardy spaces

J.-A. Chao! and R.-L. Long?

! Department of Mathematics, Cleveland State University, Cleveland, OH 44115, USA
2 Institute of Mathematics, Academia Sinica, Beijing, China

Received April 3, 1991; in revised form August 25, 1991

Summary. Burkholder’s martingale transforms are especially useful in studying
“predictable” martingale Hardy spaces. “Characterizations” of such spaces via
martingale transforms are provided. In particular, it is shown that for 0<p < oo,
a martingale in h?, defined by the conditioned square function, is the martingale
transform of a bmo, martingale with a multiplier sequence whose maximal
function is in I7.

1 Introduction and preliminaries

Let (X, #, y) be a probability space and let {#,},- be a nondecreasing sequence
of sub-o-fields of & such that & =V %,. We consider martingales f= {fituz1
relative to {%,},>; and use the convention that f,=0. The maximal function,
the square function and the conditioned square function of f are given, respec-

o 1/2

1/2 w
tively, by /*=supl ), S(f)=[z ldkfv] and s(f)=[§ E(idkfl%_l)]

k=1
where d, f=f,—fi -1, k=1,2,3, .... We consider the following martingale Hardy
spaces defined by these functions, 0<p< oo:

HL={f: | f lup=1/*],<0}:
HE= (£ |/ lug =18, < o0}
b= {7 |f o= Is(1)] < 0}

It is well-known that HE ~ H% for 1<p< o0, and in this case they are denoted
by H?. We also note that Hi<h? when 2<p< o0, and h* = HZ when O0<p<2.
The spaces of martingales with bounded mean oscillation are defined by, for

o)
(£ P

BMop={f: 1/ a0, =sup || E(| S def
n k=n

Y df

k=n+1

bmop={f: 1 oo, =sup
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All BMO,, spaces for 1 <p<co are equivalent and are denoted by BMO, with
the norm ||+ |,.. However bmo, form a decreasing family as the index p increases.
Fefferman’s duality theorem gives that (H') * BMO and Herz [5] showed that
(h'yY ~bmo,. In addition, we consider the following “predictable” subspaces
of H :

2? ={ fe HY,: 3 nonnegative, nondecreasing adapted y = {7,},> 1,
such that |f| Sy, 1, Ynz L and || f|go=inf |y, [, <o}
v

These martingale spaces have been studied by Garsia [4], Herz [5] and most
recently by Weisz [6].

Burkholder’s martingale transforms [1] are especially useful in studying “pre-
dictable” Hardy spaces such as #* and b*. Denote, for 0<p=< o0, the classes
of adapted processes v={v,},x 1,

VP={v: |vlly,=llv*] < o0}.

The martingale transform T, for a given v is defined by T,= i v,-14d, f The
following boundedness results were obtained by Chao-Long [3’1]=: 1

Theorem A Let 0<p=< oo, veV? and %=%+é.

(i) T,is of types (HE, Hs) and (h%, h") where 0 <g < 0.
(i) T, is of type (HY, H,) where 1 Sq< 0.

In the case that g=o0, the spaces H% and H% could be (and are) replaced
by BMO, and h? by bmo,:

Theorem B Let O<p< oo and veVP. Then T, is of types (BMO, HE), (BMO,
HE) and (bmo,, h?).

Other related results are found in [3]. In the next section, we shall derive
a boundedness result of T, on #? and use these boundedness properties to
characterize the predictable spaces #? and h? via martingale transform T,. When
both v and f are martingales, T(v, f)=T,f is one version of paraproducts on
martingales. We shall discuss various properties of the bilinear operator T in
a sequel to this paper.

2 Martingale transforms and the spaces 2°? and h?

We first note that the boundedness result of T, on the maximal Hardy spaces
HY as stated in Theorem A(ii) is not completely satisfactory because of the
restriction 1<g< oo. Nevertheless, we have the following result of T, on the
subspace 24 of HY :

Theorem 1 Let 0<p=< oo, 0<g< oo and veV?. Then T, is of type (P9, ") with
1 1 1
the bound C vy, where —=—+—.
ror q
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Proof. For fe#4, let y={y,},> be the (nondecreasing) least majorant of /. We
have

(%) Ao f122n-15 (T AOIS208 1 Va1 =Pu-15

and
(AN )1+ Pu-1-

As in Burkholder [2], the pairs (S(f), f*+7.) and (T,2)*, S(T,2)+ p.,) satisfy
the good-A inequality. Hence

ISNLECUS g+ 17l S CLLS 205
and

T, £, = CAST NN+ 10wl
ZCllva (ISl + 172 lle)
= Clivllye LS 1 2a-

Therefore, using () again, we have

IT Sl = CUT N ]+ 12wl
ZClollys 1S | 2a-

This proves Theorem 1.

We note here that the case g=o0 (ie, T, with veV? is of type (BMO, £7)
for 0<p< 0), is contained in Theorem 3 below. This is a stronger result than
Theorem B since #? c h? = HE when 0 <p =2, so that #? c H{ n HE for 0<p < c0.

As indicated by A. Garsia [4], martingale transforms can be used to study
the relations amongst the spaces %7, as well as amongst the spaces h?. He
pointed out that for any given p and g, the elements in 27 (or h?) are martingale
transforms of those in 24 (or h% respectively). When one of the indices is more
convenient to study certain problems (e.g. g=2), such representations would
be very useful. However, Garsia’s discussion was incomplete in several respects.
For instance, in the endpoint case (i.e. g=o0), his argument failed to work
for p<1. We shall extend Garsia’s results to a sort of “characterization” of
the spaces 22 and h”, and provide such a characterization for the endpoint
case.

Theorem 2 Let 0<p<g< oo and a=FP1

a—p
(i) For fe?, there exists a geP? such that f=T,g=2v,_,d,g where v is an
adapted process in V* with |v|}Z || f 5., and

Iglaa=Cpql fII55-

Conversely, for any veV* and ge P, f=T,gisin P? and || [ | - Z C|vlly 2] 5a-
(ii) Same statement as in (i) when & is replaced by h.

Proof. The first parts of statements (i) and (ii) are both due to Garsia [4] by
constructing the process v. (In fact, v is constructed as a nondecreasing process.)
The converse parts of (i) and (i1) follow from Theorem 1 and Theorem A.
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Now for the endpoint case, g=o00, ¥ <L” and h® are replaced as usual
by BMO and bmo,, respectively.

Theorem 3 Let 0<p < 0. Given fe#?, there exist ge BMO and a (nonnegative,
nondecreasing) veV? with | gllgmo, =4 and |vly, S Cl [l s, such that f=T,g.
Conversely, each f=T,g, with veV? and geBMO, must be in #* and || f|s»
SClvly» gl

Proof. For the converse assertion, we know from Theorem B that ||T,g| Hp
< Clv|y» gl It remains to show that f=T, g is actually in &*. In fact, since

(T, g S(T,8)- 1 +vn-1lglls»
we have

IT.8llor = CIUT, @)%+ C l0* [, ligl s
<Clollys gl

Now suppose feZ?. Choose 0 < p,<p and define v,=1 and

1
UkzsupE(ygéngm)—I;; kgl:

m=<k

where y={y,},>, is the nondecreasing least majorant of f. Consider

&n= z vl dif, nzl
k=1
We have

N
8N‘gn—1=zvk——11 di.f
N-1

=U§l1(fN—fn—1)+ Z (fk‘fn—i)(vk_—ll_vk_l)-

n

So
N—1

|gN_gn—1|=<=21)];ll Yn-112 z ?’k—x(vlz—11'vk_l)

N—-1

=20, Tu-1+2 Z v M= Y- 1)

From Jensen’s inequality, we get

1
v PSEGR|A) n=<E@WL'|F), kzl

Thus

g Ve Ve—
E(|gN—gm||%,)§2+zE(z E(T—
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Hence ge BMO with | g|lgmo, 4. Moreover,

WP
oy = llo*[15=E((%) bs)
SCEQL)=CIlf15--
This completes the proof of the theorem.

Theorem 4 Let 0 <p < co. Given feh?, there exist gebmo, with | gl yme, =1, and
a (nonnegative, nondecreasing) ve V? with ||v]y» = C || f|lwe such that f=T,g. Con-
versely, each f=T,g, with veV? and gebmo,, must be in h* and | f|p=
Cllvllve l1gllomo, -

Proof. The converse assertion follows from Theorem B. Given feh?. Choose
po with 0<p,<p, and define vy=1 and for n=1,

1
vy =sup E(s(f)°| Z)ro ;

m=n
gn= Z vty dy f.
1
Thus f=T,g. Moreover, we have

E(gn—gl*17)= Y. E@W 2 E(d f?|Fi- )| 7).

k=n+1
Since 5
Vet SEG(P| Fmr) P
SEGS() | F-r), k21,
we get

N
Elgv—gl’1Z)s Y EG(NHTE(dfP|F- )| F)

k=n+1
=1
Hence gebmo, and {|glymo, = 1.

In addition, since p, < p, we have
2L
lollye = E((s(f)) po)p
SCIsNI=CIl f lne-

This completes the proof.

Finally, we remark that a similar “characterization” for the spaces H? is
not obtainable. The reason is as follows. For any ve V? (1< p< c0) and ge BMO,
we have T,ge®”. Since #* is a proper subspace of H? in general, we know
feHP could not be represented as f= T, g. Likewise, the statement: “Given feh’,

. .11 1 .
there exist ve V? and ge#1 with 72;—!—5, such that f=T,¢” is false, because,
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from Theorem 1, we know that such a T,g is in " and £ is a proper subspace
of h" in general.

The argument used here has been extended by F. Weisz to treat two-parame-
ter martingale spaces [7].
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