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Infinitely Divisible Representations of Lie Algebras

R.F.STREATER

In two previous papers [ 1, 2], we studied a special class of group representa-
tions, those called infinitely divisible. These are associated with infinitely divisible
random variables, at least if the group is abelian [3]. In the non-abelian case, the
theory was developed to provide representations of the current algebras of quan-
tum field theory [4, 5]. More recently, interesting results have been obtained using
the methods of probability theory [6].

In this paper we study cyclic representations of Lie algebras, with an analogous
property, also called infinite divisibility. We obtain some results, which are the
infinitesimal analogues of corresponding theorems for Lie groups, obtained in
[2] and [5].

1. Cyclic Representations of Lie Algebras

Let ¢ be a finite dimensional real Lie algebra; by a cyclic representation of
% we shall mean a triple (4, w, ), where " is a Hilbert space with scalar product
{, >, @ a unit vector in ¥, and 7 a homomorphism from % to unbounded anti-
symmetric operators on ¥, such that o is in the common domain D of each =(A4),
Ae%; D is invariant under each n(A4), and consists of the linear span of those
vectors obtained from w by applying = (%).

The assumptions in this definition are not quite those obtained from a cyclic
group representation by differentiation. First, our very strong domain assumptions
would be true only in special cases; on the other hand, the Lie algebra definition
is more general, in that it allows for local as well as global group representations.

If (A, w, m) is a cyclic representation of %, the expressions {w, n(4;)... n(4,) ©>
for A;e¥, j=1,2,...,n, are well defined, and will be called the moments of (w, 7)
and denoted by (4, ... 4,>. The problem, to find a representation of a Lie group G
whose Lie algebra is ¢, when the moments are given, is the non-commutative
generalization of the moment problem.

The cumulants of (w, m) are defined inductively as follows; they are the ana-
logues of the truncated functions in a quantum field theory (see, for example, [7]),
and will be denoted {A4;...4,>r.

Let I be a partition of (1, ..., n) into p parts;
I:(il, PN ill)(ill+15 ey ilz)"'(ilp—1+17 ey ilp)'

In each part, the integers are written in their natural order. We define (4> =<{4)
for all Ae¥%, and

(A A=Ay Ay r+ Y Ay Ay Sp o Ay Ay S
I P

It is clear that the cumulants determine the moments, and conversely.
5*
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We shall say that two cyclic representations (4], wy, 7;) and (45, w,, #,) of
a Lie algebra ¢ are equivalent if there is a unitary map V: #;— ., such that
Vo, =w,, and Vr,=mn, V. Equivalent representations will be treated as the
same; in particular, the representations (7 w, 7) and (X, €** w, ) will be identified.

Let us define a *-operation on 4 by 4*= - A4 for all Ac%. Let # =P (%) be
the polynomial algebra over the vector space ¢, with complex scalars, including
polynomials of degree zero, that is, scalars. The involution * is defined in 2 by
the requirement that (AB)* =B* A*, (« A)*=a A* etc. Let € be the commutator
ideal of # that is, the smallest 2 sided ideal containing all polynomials of the form
AB—BA—[A, B], where [ A, B] is Lie multiplication. We see that ¢ =%*, and so
the quotient algebra & = #/% inherits the *-structure. £(¥) is called the enveloping
algebra of 4.

Since any cyclic representation (X, o, n) of 4 leads to a representation of &,
it also defines a representation of £ in /" (which vanishes on %), with the same
cyclic vector w. Conversely, any *-representation of & with cyclic vector o and
common invariant domain D, that vanishes on €, defines a cyclic representation
of & (and thus of %) by passing to the quotient.

An element p of 2 is said to be positive if p=g* g for some polynomial q. A
linear map W: 22— C is said to be positive if W(p)=0 for all positive p; it is said
to be normalized if W(1)=1, and hermitian if W(p)= W(p*). Note that hermiticity
follows from positivity. A linear functional will be called a form.

We can now state our preliminary theorem.

Theorem 1. 1) If (4, w, n) is a cyclic representation of a Lie algebra %, then there
exists a unique positive normalized form on P(%), p— W(p) say, such that

(o, (Ay)...w(A)wy=W(A4,...4,) for A;c%.

This form vanishes on €.

il) Two cyclic representations lead to the same form if and only if they are
equivalent.

ili) Given a positive normalized form W on &, vanishing on €, there exists a
cyclic representation (A, w, m) such that

{o,m(4,y).. t(A)ywy=W(4,...4,)

for all sets of n elements A,, ..., A,in ¥, and all n.

The proof of this theorem follows exactly the same pattern as the Wightman
reconstruction theorem in quantum field theory [8], and is omitted.

Let 2, denote the subalgebra of # of elements without constant term.

Theorem 2. Given a cyclic representation (A, w, n) of ¥, there exists a unique
Jorm Wy on P (D) such that Wy (A,... A,)={A,... A,>r. Moreover, Wy vanishes on
€. Conversely, if a form Wy is hermitian, or vanishes on ¥, the form W obtained
from it has the same property.

Proof. 1t is obvious from the definition that A4;,...,A,—<{4;... 4> is 2
muitilinear map from % x --- x % to €, and so possesses a unique extension, by
linearity, to a form on Z,.

To show that W, vanishes on %, it suffices to show that it vanishes on any
element of 2, of the form 4,... 4;(AB—BA—C) B, ... By, where C=[A4, B]; for,
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any element of € is a finite sum of these. Since W;(AB)=W(AB)— W(4) W(B),
we see that Wp(AB— BA— C)=W(AB— BA— C)=0. Thus the above statement is
certainly true if j=k=0. Suppose, then, as inductive hypothesis, that W, vanishes
on all elements of theform A4;... 4;(AB—BA—C) B,... By, for j + k' < j+k, j <],
k' <k. Then, from the definition

Wy(A;...A,(AB—BA—C) B,...B)={A,... A(AB—BA—C) B;... B>

(Y W) e W ()Y W) W)+ Y W) W)

where ) is the sum over all partitions of A;... A; ABB, ... B, ' the sum over all
partitions of 4;...4;BAB,...B,, and )" is the sum over all partitions of 4;...
A;CB,...B,. Now, W vanishes on €, so {(A4;... Aj(AB—BA—C) B,... B;>=0. If
in a term in the sum Z, A and B are in the same part of the partition, there is a
corresponding partition in )" and in )", which may be combined to give a term
of the form Wy(...)... Wy(...(AB—BA—C)...)... W(...). By induction, this van-
ishes. This exhausts the partitions in Y . For the remaining partitions in ) , those
in which 4 and B are in different parts, there is a corresponding partition in Y,
which cancels (there is no corresponding partition in ) " in this case). Therefore
W; vanishes on A;...4;(AB—BA~—C) B,...B;, and the induction hypothesis is
proved for j+k+2. The converse is proved in a similar way.

This proves Theorem 2.

Theorem 2 is a simple version of the well known fact in quantum field theory,
that the truncated Wightman functions satisfy local commutativity.

2. Infinitely Divisible Representations

If (%, wy, my) and (A5, w,, 7,) are cyclic representations of Lie algebras ¢,
and %,, we define the tensor product n; ® n, to be the representation of 4, @ %,,
acting in 4 ® H#5; if A%, and A,€%,, it is given by

(7, @ ) (A B 4,)) (01 ® 92)=7,(4) 91 ® 2+ 91 @73 (4;) @,

on product vectors, and by linearity elsewhere. The cyclic vector of 7, ® =, is
taken to be w, ® w,, and the domain, that generated from o, ® w, by applying
7, ®7w,. With this definition, the tensor product is a cyclic representation of
4, ®Y,. Similarly, one defines the tensor product of any finite number of cyclic
representations. It is well known that the associativity law
hold ((wl ® W) @ w3, (1, ®7,) ® ns);(ah ® (w2 ® w3), 1 @ (7, ® ”3))

olds.

The algebra @ % possesses a subalgebra isomorphic to %, namely the
diagonal subalgebra 4 of elements of the form A@® A with Ae%. The restriction
of a tensor product representation 7, ® 7, of 4@ ¥ to the subalgebra &, acting
on the Hilbert space generated from w, ® w, by applying n; @ n,(4, A), is a
cyclic representation of &. This is often again called the tensor product of z, and
75, but to avoid confusion, we shall call it the product n; x ;.

For abelian Lie algebras, the product of two representations corresponds to
forming the convolution of the associated measures, at least when the moment
problem has a unique solution.
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Theorem 3. The cumulants of m, ® 1, ®--- @ ny are the sums of those of n,
Ty, ..., My. In symbols, if Ae¥9;,i=1,...,n for each j=1,...,N,
N
@ Aj, i=1,...,n, we have

N N
fo=Qw, n=Q@mnr;andA'=
1 j=1 Jj=1

N
(o, n(AY) .. e(A) wdr= Y w;, 1;(A])...7;(AD w1
j=1

Proof. It is sufficient to prove it for N =2; the general case then follows imme-
diately.

We proceed by induction on the order » of the cumulant. Since the first
cumulant is the first moment, and these add, the inductive hypothesis is true for
n=1.Suppose it is true for the cumulants of order n— 1. Then, writing 4] =n(4j, 0)
and 45=nr(0, 45), i=1, ..., n:

(o, m(AY)... 1(A") w) = {w, (A} + AL) (A} + AD)...(A] + 4%) @)
={w, AL AT 0) +<{w, A} ... AL w)
+ Y Ao Ab Ato)lw A} A w)
J=(i1...07) (1)

K=(i7+1...in)
JuK=(1,...,n)

=y, 1y (A])... 1 (AD 0> + @y, Ty (AY)... 75 (A5) @,
+ Z {wy, 751(A§l)- -7y (AY) o)<, Ty (A5*)... (A5 ;).
J. K
Here, the sum is over all partitions of (1, ..., n) into two non-empty parts J, K;
and the divisions (J, K) and (K, J) are regarded as distinct, and both enter.

We write the moments in terms of cumulants. Let (J,)=(J,...,J;) be an
arbitrary partition of J, and (Kz)=(K,, ..., K,) an arbitrary partition of K. Let

Wi (1) =<y, 1y (A])... 1 (A @1 > 7,
W2 (Kp) =<y, 1, (4%)...7m, (A5) 0,7,

where J,=(ji,--..Jp,) and Kp=(ky,....k,,); a=1,....j; f=1 ...,k Let [=
(Iy, ..., I; ;) be an arbitrary partition of (1,...,n) into j+k parts. Then from (1)

(o, 7(AY)...n(4") ) =, 1 (A])... 1 (AD w7
+ Y WR). Wi (L) + g, T (A2)..my (A) w07 + 21: Wi (L)... Wi (L.,

J+k>1 Jjtk>1
+ ZK<w1a 751(14?) Ty (Aif) w;>7{W, M, (Aizm)- Tty (Alz") W37 2
7,
+ Z;( Z Wi(J).-.. W%(JJ-) WTZ(KI)...WTZ(K,().
J, K (Ja)
(Kp)

The 4 sums in (2) may be written

Y (W) WEW) (W) + WE (L)) (Wi (I ) + Wr (10),

JHk I=(I1, ., Tj+10)
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where the sum is over all proper partitions. By the inductive hypothesis, W7 (L) +
W(I,) can be replaced by (w, n(4")...n(4""") w) (where L=(i,, ..., i, ))= Wr(L)
say. Thus (2) becomes

{w, (AY)...n(A") ) =y, Ay (AD)... 7 (AD @1 )7

+{ws, My (AY)... 1 (AD) 07+ Y Wrll)... Wi(l,).
I={I1...dp)
Comparing with the definition of W;., we see that the inductive hypothesis is true
for n.
This proves Theorem 3.

Definition. If a Lic algebra ¥ is isomorphic to a direct sum %, @ --- ®Y,, then
we shall say a cyclic representation (7, w, ) of ¥ is factorizable relative to the
direct sum if there exist representations (J7;, w;, 7;) of 4, such that

N
(CU, TE); .®1((Dia 7z:i)'

We shall say a cyclic representation of a Lie algebra is divisible if it is (equivalent
to) the product of two non-trivial others.

Definition. A cyclic representation (¥, w, n) of a Lie algebra ¥ is infinitely
divisible if, for any positive integer m, there exists a cyclic representation of ¢,
denoted n/m, such that (w,n) is equivalent to (w® - ® w, n/m X w/m X w/mM)
(m factors).

Theorem 4. A cyclic representation is co-divisible if and only if, for any integer m,
its cumulants divided by m, are the cumulants of some cyclic representation.

Proof (i). Suppose = is co-divisible; then, for a given m, there exists a cyclic
representation n/m, such that x=n/mx --- x n/m. Applying Theorem 3, restricted
to the diagonal subalgebra of 4@ --- ® %, we see that the cumulants of = are m
times those of n/m.

(1)) Conversely, if the cumulants of 7 are m times those of 7, say, then
7y X -+ X 7y (m factors) has the same cumulants as #. By Theorem 1, (ii), they are
equivalent, showing = to be co-divisible.

Corollary 1. The product of a finite number of co-divisible representations is
oo-divisible.

Corollary 2. We may replace the integer m in the statement of Theorem 4 by any
rational number. For, if m=p/q, the product of q copies of n/p gives the desired
representation.

Exponential Spaces and Representations
If 2 is a Hilbert space, the symmetric tensor product @§ A" is the subspace
of " ®---®.# spanned by vectors of the form

) 1
[P1, Pas-ees (Pm>=—_’—| Z (Py(1)®'”®¢y(m)

M. yeS,,

where S,, is the symmetric group on m indices. If 2/ carries a representation n
of 4, then ®F A is invariant under ®™ zn. The symmetric Fock space over A is the
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orthogonal direct sum exp ¢, given by
exp A =COA DA QA )s® - DRFA D
It can be shown (see for example, [9]) that vectors of the form

=10e®|p, 0@ D|,...., 00D
with e, span ¢”. Obviously
{e®, etll> =g 0¥
If (£, w, 7) is a cyclic representation of ¢ with @ not necessarily normalized, we
define (e¥, Q, e} to the representation in ¢”, generated from the (normalized}
cyclic vector Q=exp(—1 |@|*) e” by applying
expn(A)=0@n(A)Dn(4)Qn(A)D---
as A runs over 4.

Remark. This is the differential of an analogous concept defined for Lie
groups [2]. Note that in this paper, exp is not related to the exponential map
from a Lie algebra to a Lie group.

Theorem 5. The cumulants of €™ are the moments of .
Proof. Let exp n(A)=7(A). Then if 4;e¥%, j=1,...,n, we have

(Ay)... 7(A4,) Q=exp(—3 lw]?) {R(Al)"‘n(An)w

(3)
1
®y° ‘ Y n(d).. (4, ) o® - @n(4;, ,)..7m(4;) co},
r rloI,. ! rot r
where I, is any partition of (1, ..., n) into r parts (including cases where some of

the parts are empty), and parts written in different orders are counted as distinct.
The nth moment of 7, (2, #(4,)...7(A4,) Q). is then the sum over r, of the scalar

. 1
product of (3) with the vector exp(~3 ||| 2)—'7 0 Q- ® o (r factors). Each of
r:

the different orders in which the parts of a partition I, can be written, contributes
the same term of this scalar product. The partition consisting of ¥ —1 empty sets
and the set (1, ..., n), can be written in r different orders. The partition with r —2
empty sets and two non-empty sets, can be written in »(r—1) different orders,
and so on. Thus their respective contributions are multiplied by r, r(r—1), and
so on. If we wnite W(I) for {w, n(4;)...n(4;) w), where I=(i, ..., i;), we get

<e‘5”‘*’“2#w®-~-®w,ﬁ(A1)---TAC(An)Q>

=~rl'— e 1o ¢, m(A4y) ... 1(4,) @) |w] >
+r(r—1) Z W(I,) W(I,) w262
I, Iz

+rl Y WL W)
I,.... I,
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(if r> n, series breaks off when a term is zero). Hence, by summing over »

(D (A 2(A) Q> ={w, (A) .. m(A) >+ Y WI)...W(I).

I=(I1...15)
Since <, t(A) 2> =<, (A) Q> =< w, n(A) @), we have by induction
(Q,7t(Ay) ... t(A) Dr={w,n(Ay)...n(4,) ©).
This proves Theorem 5.

Corollary. Any exponential representation of a Lie algebra % is co-divisible.

For, if (Q, 7) is the exponential of (w, #), and o' = w/ﬁ, then the moments of
(w, m) are m times those of (', n). Hence the cumulants of (2, ) are m times those
of (e #19'I?¢¥" exp ) by the theorem, and so (, #) is co-divisible by Theo-
rem 4, (ii).

Remark. By Gardings theorem [107] there exist cyclic representations of any
Lie algebra; so the corollary ensures that the set of co-divisible representations is
non-empty. We shall see that, in general, not all co-divisible representations are
of the form exp =.

3. Current Algebras

Infinitely divisible representations of Lie groups and algebras arise in the
study of the canonical and current commutation relations of quantum field
theory [2]. If we choose a basis A4,... A, in the Lie algebra ¢ (where d is its dimen-

d

sion) an element A=) a; A; may be given coordinates (a, ..., a)eR?. The
j=1

Euclidean norm on IR defines a topology for % and a Borel structure independent

of the choice of basis (4;), so that % becomes a topological vector space. Let

(X, & u) be a measure space, with measurable sets & and measure u. We may

consider the vector space of bounded measurable maps 4: X —» %, denoted 4 (X, %)

or ./, and furnish it with the natural Lie bracket structure:

[4, Bl(x)=[4(x), B(x)].

With this definition, .# (X, %) becomes an infinite dimensional Lie algebra, called
a current algebra. We denote by .#, the subalgebra of maps 4 which take the
value 0 except on a set of finite y-measure. We note that .# contains a subset of
maps of the form x — f(x) A for Ae¥, where f is a suitable function, known as a
test function. An element of .# of this form is known as a “field (or current)
smeared with test function f” and is written A(f) or | A(x) f(x) dp.

Naturally, we identify elements of .# or .#, that differ only on a set of
p-measure zero. We have in mind the special case where X =R’ and du=d" x,
with v=3 the most frequent case.

The problem of finding representations of .#, (X, %), where (X, r)=(R”, 4* x)
and & =su, or su,, is of some interest in physics [ 11]. The technique of continuous
tensor products leads to representations of a special type, namely, those such that
the cumulants are given by

{4i... Apr= _[<Al(x)---An(x)>T d’x, 4)
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where (A4, ... A,>r are the cumulants of some representation z of %, so that the
integrand is defined for each xeR'. We note that the cumulants of =, being
multilinear on % x --- x ¢ {n factors) are continuous and so measurable functions
on ¥ x---x%. The integrand in (4) is therefore a bounded measurable function
of compact support, and so the right hand side has a meaning. We shall now see
that, in order for the left hand side of (4) to be, in fact, cumulants of some cyclic
representation of .#,, n cannot be chosen to be any old thing, but must be
co-divisible. More exactly:

Theorem 6. Let {...>r define a form on #(¥9), and define {A4,...A,>r by (4).
Then the necessary and sufficient condition that {4,... A,>1 be the cumulants of
some possible representation of My(R", D), is that {...> are the cumulants of some
co-divisible representation of %.

Progof. (i} Suppose the moments {A4;... 4,> obtained from the cumulants (4)
define a positive form on P(4,), vanishing on €(#,), the commutator ideal.
Then in particular, these moments define a positive form on the subalgebra
generated by A= A(f)as A runs over  and fis some fixed function. By choosing f
to be a characteristic function of a set of finite measure, the sub-Lie algebra
generated by {A(f), Ae%} is isomorphic to ¥, so that {A,(f)...A,(f)>r=
[fm(x) & x{A;... A,y are the cumulants of some representation =, of 4. If the
support of f has volume 1, (4) leads to

CA(f) - A(f D1 =LA A7

Hence (A, ... A,) are the cumulants of the representation 7, of 4. By choosing
f* so that its support has volume 1/m, (4) leads to

1
AL Al Pr= - (A A

Hence L (A,...A,>r are the cumulants of 7,:. Hence, by Theorem 4(ii), n is
m

oo-divisible.

(ii) Conversely, suppose 7 is co-divisible, and define a functional on Z; (.#,)
by (4).

Let us topologize .#, by means of a norm. We choose a basis in %, and para-
metrize 4
A=Y d 4; by (,...,0HeR?

j=1
Then an element A of .4, becomes a bounded measurable function a: R* — R?,
which is zero outside a set of finite measure. Define a scalar product on .#,

(Ay, Ap>=[d"x ), o (x) el (x) )

and the corresponding norm. Although the scalar product depends on the
choice of basis (4;), the topology it defines clearly does not. With this definition,
the cumulants defined by (4) are each separately continuous in variables of
My x - x My. Let p be an arbitrary positive element of 2(.#,). Then p has a
maximum degree N, and involves only a finite number of cumulants. It therefore
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suffices to prove positivity for the polynomials constructed out of some dense
subalgebra A" of .4,.

Denote by A" the subalgebra of .#, consisting of piecewise constant maps
over a finite number of cubes K in IR* with rational numbers as boundaries:

K={xeR"/r,<x,<s,, a=1,...,v; #, 5, rational}.

Then the completion of 4" in the norm given by (5) consists (in this coordinate
system) of L, vector-valued functions R*— IR? and this certainly includes .#,.
Any positive element pe #(A") involves a finite number of elements from .4, and
each element of 4" defines a finite number of rational boundaries x,=r,, x,=s,.
The set of all these (r,, s,) coming from a given p divides the «-axis of R" into a
finite number of intervals, and doing this for all ¢=1, ..., v divides R” up into a
finite number of disjoint cubes (K ), < , each with a rational volume ¥, such that
each of the elements of 4" involved in p is constant on each V, and zero outside

U V,. We note that the functions, R*— ¥, that are constant inside one V,, and
yi

zero outside, form a subalgebra %, of .#, isomorphic to 4. Moreover, 4, com-
mutes with ¢,., if A+4". Therefore the set of maps, constant on each V, and zero
A

A=A
outside | ) V;, form a sub-Lie algebra ¥* isomorphic to @ %, . This isomorphism
A=1 =1

is given by 4 <> A(x,)@®---® A(x ) where x, is chosen in V. In order to show that
a form is positive on the given element pe#(A"), it is sufficient to show more,
that it is positive on 2(%4).

Looking at (4) for an element of 1 x --- x 44, we get

Ay A=Y [ dx{A(e). 4,6 =2 Vadd (%) .. 4,(x)) ¢

A Va

where x,€V, is any fixed point. Now, since <...>; on the right hand side are
assumed to be possible cumulants of an co-divisible representation of ¢, and
each V, is rational, V,{...>¢ is also a possible cumulant for some representation
7, say, of 4. Thus

<Al“'1_4n>T:;<wl’ n,l(Af)...nl(Ai) W) (6)

for A;€ ©®%,. But the r. h.s. of (6) is the cumulant of the representation 7, ® --- @ 4
A
of @ %,, by Theorem 3. Therefore the left hand side is the cumulant of a possible
A

representation (the same one!) of @ ¥,, so the moments it defines are positive
on #(%%), and in particular on p. *

Since p was any element of 2(A"), (4) is positive on Z(4") and by continuity,
on P(M,).

This proves Theorem 6(ii), as the moments obviously vanish on the com-
mutator ideal.

Corollary. A representation (A, w,n) is oco-divisible only if its cumulants,
divided by any positive number, are the cumulants of some cyclic representation.

For, we need only replace m in the proof 6(i} by any positive number.
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Remark. The representations encountered here have been called “ultra-local”;
see [14].

Theorem 7. (i) If (A, w, n) is co-divisible, then its cumulants define a positive
form on #,(%).

(i) Given a positive form Wy on (%) vanishing on €(%), then there exists a
representation (A, o, ) of % such that the given Wy are its cumulants; moreover,
(&, w, ) is co-divisible.

L1 .
Proof (i). — {A; ... A7 are the cumulants of a representation whose moments
m

we shall denote by (4,... 4,>"™. Then

1 1
. <A1...Ak>T+Z? P T T <Aizp_1+1---Ailp>r=<A1~--Ak>(m’-
I

Hence {(4,...4,yr= lim m{4,... A,>™. The right hand side is a positive form
on Z,(%). e

Proof (ii). Let Wy, be a positive form on ,(%). This furnishes &, regarded as
a vector space, with a positive semi-definite sesqui-linear form. Let K be the
Hilbert space obtained by separating and completing (%) in the usual way. Let
p - (p) denote the canonical map from £, into K.

Let now A,,..., A, be any n clements of 4. We are going to define a cor-
responding vector ¥(A4,... 4,)e K.

We use the symbol |B, ..., B) to denote

1
T ZSlp(g(n)@"'®‘P(R(k))e(®Kk)s
« YEOL
where B, ..., B, are elements of . If I, ..., I, are k disjoint subsets of 1,2, ..., n

then
lll’ ""Ik> denOteS |(Aii"'Ai},l)’ ---’(Ai’f"-Ai’;,k)>e(®Kk)S

where I,=(f,....15), a=1,2, ... k.

Clearly, |1}, ..., I, is multi-linear in the variables 4; ... that enter.
Now let k<n be chosen, and let I be a partition of (1, ..., n) into p parts,
I, ..., I,, where p=k. Let C,=(cy, ..., c)<=(1, ..., p) be any selection of k indices
from (1, ..., p). Then we define
%:Z Z Z ]_—[ WT(Ia)IIcp“-aIck>e(®Kk)S
r I

Cr a
I=(Iy,...,Ip) a¢Cy

and put ¥,=0, k>n. Then
Y(d,,...,A,)= @ Feexp K. (7
k=0

Again, ¥ is obviously multi-linear, and so depends only on the product 4,... 4,
in Z;. We define ¥(1) to be €, the Fock vacuum of exp K ; that is, a vector generat-
ing the one-dimensional space € = K°. Then ¥ has a unique extension by linearity
toamap ¥: 2 —-exp K.
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Now define a positive semi-definite sesqui-linear form on £ by
Wd, 9)=<¥), Y@ 4,9¢2.

We now prove that W(q, q)=W(q'* q), where W(q) is the moment function
defined from the given W;. Clearly, it suffices to prove this for the special case
where g and g’ are simple products of elements of 4. If ¢ = 4} ... A, and g= 4, ... 4,,
we find

@) Pay=xx X > ]l [T wrr,) Wi (1)

k pp I=U1,....Ip) Ci.Cre  a'¢Ci a¢Cy
I'=,....,Ip7) a'e(l,...,p’) ae(l,...,p)
7 f
2 Wrllly o, L) - Wl L)
veSk

The right-hand side 1s a sum of products of cumulants corresponding to partitions
of A¥, ..., A¥', A,, ..., A,. Here, k is the number of parts containing both dashed
and undashed indices, and runs from 1 to n; p—k and p'—k are the numbers of
parts with respectively undashed and dashed indices only; I, and I, are any
partitions with p and p’ parts; C, and C, are any 2 choices of k indices; o and o’
are the remaining indices; and y is any permutation of the remaining indices.
This is a precise enumeration of the possible partitions of A%, ..., A{*, Ay, ..., A,.

Therefore F@ @Y=+ 9.
It follows that the moments are positive semi-definite on £

If now the cumulants vanish on %, then so do the moments (Theorem 2).
Hence, by Theorem 1, W defines a cyclic representation 7 of ; the given func-

tions W, are its cuamulants. « is co-divisible by theorem (4); for, P W, is positive

on Z,, and so is the cumulant function of some cyclic representation, by what has
just been proved.
This proves Theorem 7.

Remark. One can give the following explicit heuristic expression for n: let
Ae%; then

n(A)IR,....By=Y Wr(AR)IB, ..., B, ..., B>
J

&)
+WT(A)’PD aE1>+Z'P1s 7(AP])J 7Bz>+|A1Pl7 ’Br>

and n(A) Q=W (A) Q+|A4).

Indeed, applying (8) successively to €, one obtains (by induction)
n(Ay)...n(4,) Q=Y(4;... A,)

confirming that W are the moments of (@, ). The formula (8) for = is implicit in
[9], and with a change of notation may be found in [5].

4. Coboundaries and Cocycles
Most of this section is the differential form of results in [ 5].
Let & be an associative algebra, D a linear space, and « a representation of &
on D. Then C?(&, D, r) is the linear space of p-cochains \; that is, Y is a multilinear
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map & X & x --- x & - D. The co-boundary operator is a map §: C? — C?*! given by
O Xy, .., X )= (XD Y (X, ., X0 )

)4
+Z(—1)J¢(X1’ "-’Xij+1, --.,Xp+1).
i

This is multilinear, and satisfies 6*=0. The cohomology theory defined in this
way is a special case of the usual one [12], in that the right action is taken to be
trivial.

Defining as usual the p-cocycle group £ as the kernel of 6: C?— C?*!, and
the p-coboundary group %? as the image of 5: C?~1 — C?, we see that a 1-cocycle
is a map : & D that satisfies Yy(XY)=n(X)¥(Y), and a 1 co-boundary is a
map y: & — D such that (X)=n(X) Q for some QeD.

If D=C and n=0, a 2co-boundary is a bilinear form (X, Y) of the form
(X, Y)= —@(XY)for some linear form ¢ on &. A 2 co-boundary y in (&, €, 0)
is said to be positive if Y (X*, X)=0 for all Xeé.

If & =¢&,(%), the enveloping algebra of a Lie algebra without identity, and D
is a dense invariant common domain of  in a Hilbert space £, then we may restate
Theorem 7 as follows:

There is a 1:1 correspondence between oco-divisible representations {w, n) of
%, and positive elements of %*(&;(%), €, 0). This is the analogue of the lemma,
[2], p. 254, and Theorem 5.1 of [5].

Let & be the space of forms on &, and & * the subset of positive forms. Let
us say Wyed| ™ is pure if it is not the sum Wy.= Wi+ Wy, with Wy and Wyed|t,
with neither proportional to Wy, The decomposition of an impure form gives
rise to the factorization of an co-divisible representation into two others, neither
of which is a fractional power of the given one. It also corresponds to the decom-
position used by Johansen [13].

There is a relationship between positive elements of %2(&;, €, 0), and the
elements of &*(&,, A, n') for some representation n'. (This is the analogue of [5],
or [2], Theorem 11.)

Let Wr on &, be positive. Then, as in the proof of Theorem 7, (ii) we construct
a Hilbert space K with invariant domain D, and a representation 7’ of £, in K,
and a map yr: & — K. K is the separated, completed space &, furnished with the
scalar product <X, Y>=W,(X*Y) and ¥ is the canonical embedding. The
representation #’ is defined by z'(X) ¢ (Y)=(XY). That is, y is a 1-cocycle relative
to ©'. However, in general, not all 1-cocycles of a given representation n' can
occur from this construction. For, if y is a 1-cocycle of #’ arising from some W,
then W, (X*Y)= Y (X), ¥ (Y)), that is, (f(X), ¥ (Y)) is a 2 boundary. This means,
it is a functional depending only on X* Y and not X and Y separately; and more-
over, it can be extended to elements of degree 1 (i.e. elements of ) in a consistent
manner, so that it vanishes on the commutator ideal of #(%). We have the following
partial result.

Let 2, (%)=2, be the subalgebra of (%) generated by monomials of degree
=2.

Lemma. If € Z(P,(%), A, ) then Wi: X, Y g (X), () lies in B2(,, €, 0).
If s vanishes on %, then Re Wre %,(6,(%), R, 0).
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Proof. For any monomial X=A4,... 4,, A;e%, we may define

WT(A1---An)=<‘//(A;<---Aik)> 'l’(Aj+1~--An)>-
This is independent of the choice of j, since
WA, ... A)= P (AE. AP, T (A )W (A5 A
= (R(AF )Y (AF o AD Y (A A
=W lAf g AD (A A

W, can be extended to the whole of 2,, so it lies in 4*(%,, €, 0).

If Y vanishes on %, then Re Wy vanishes on %; (elements of 4 of degree 3 at
least). For elements of degree 2, C=A4B—BA€c%, we see

Re Wy (4B)—Re Wy (BA)=Re {y(4%), ¥ (B) —Re {y(B*), Y (4).

Since A¥=—A, B¥*=—B for A, Be¥, we get Re W; (4, B)=0. Hence Re W;
vanishes on %, and so defines a functional on %, (%), which vanishes on [¥, 4].
We can extend it to Z,(¥) by requiring that on ¥ it is some character y of % (a
character of ¢ is a linear functional vanishing on [¥,#]). This means that
Re Wye4%*(&,, R). This proves the lemma.

We may therefore again rephrase Theorem 7. There is a 1:1 correspondence
between co-divisible representations (), w, n) of ¢, and triplets (7', ¥, ), where 7’
is a representation of % in some prehilbert space K, e (&, K, ') is some
cocycle of n’ with the property that

Im <Y (X), Y (Y)y e B%(6,, R, 0) ©)
and y 1s a real character of 4.
In this correspondence

Wr(X*Y)={p(X), ¥ (Y)) X, Yed,

Wr(A)= Y (A7), ¥ (A2)) = b (A), ¥ (Ay)y i A=[A;, 4;,]€9,
Wp(A)=y(4) if A¢[Y, %]

(cf. [5], Theorem 5.1).

It is possible to show that if (9) fails to hold, then the triple (', ¥, y) corresponds
to a projective rather than a true representation of ¢; and that this representation
say (A, w, m) 1s co-divisible in a suitable sense. This is the differential analogue
of recent theorems of Parthasarathy and Schmidt [15].

It is quite possible for n’ to be zero. This happens when all the cumulants
beyond the second vanish, as for the Gaussian. The cocycles of 7' =0 are the
positive semi-definite bilinear forms in %.

The following is somewhat analogous to Lemma 7.2 of [ 5].

Let & be an associative *-algebra. Let & * be the set of positive forms on &.
Let D(#’*) be the linear space generated by &' *, and X— 7'(X) the following
representation of & in D: let Q& D; then define for each X €& the following form
on &, denoted 7'(X) Q:

('(X)Q)Y)=2(X*YX).

If @20 then 7'(X) Q=0; therefore «” maps D into D.
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Suppose now K is a prehilbert space carrying a representation n” of &, and
weZ' (&, K, ") is a cocycle satisfying the extra condition (9). If & contains the
identity then ¥ (X)==n(X)y (1), and so the cocycle is a coboundary. We are
interested in the case where &= &,(%), without identity. Condition (9) together
with the lemma ensures that there exists Qe&”’ * such that (Y (X), y(Y)) =Q(X*Y).
We may embed K in &'+ (assuming K consists of y(&)) by the map i: K—>¢&'*

given by:
i (X))(A)= Y (X), 1" (A Y (X)) =2(X*4X) = (7' (X)) Q(A)
by definition.
Clearly, '|x==r", by the cocycle condition on y and z”. Therefore ¥ (X) may
be identified with #'(X) €, that is, y is a coboundary in the cohomology theory
(&,D, 7).
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