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Summary. It is shown that if (X, &, ) is a product of totally ordered measure
spaces and f; (j=1,2,3,4) are measurable non-negative functions on X

i
satisfying [0, f3(x v ) fo(x A p),

where (v, A) are the lattice operations on X, then

Jfrdw( fdW = f3dw ( fodw).

This generalises results of Ahlswede and Daykin (for counting measure on
finite sets) and Preston (for special choices of f)).

1. Introduction

In recent years a number of inequalitiecs have been discovered relating the
cardinalities of subsets of a finite distributive lattice L and also the values of
certain functions on L satisfying special conditions. One of the first of these was
obtained by Kleitman [12] who showed that if S is any finite set, U an up-set
and D a down-set in the lattice L=25 of all subsets of S, then

ILIIUND|Z|UIID| 1.1

where |A| denotes the cardinality of A. This was strengthened by Daykin [5]
who showed that for any subsets F and G of any finite distributive lattice L,

IFI|IG|£1F v G| IF A G| (1.2)
where

FvG={xvy:xeF,yeG}, FnrG={xny:xeF,yeG}.
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This result shows that (1.1) is valid in any finite distirbutive lattice, and also
implies several other previously known inequalities. Daykin [6] later considered
functions 4 —F, and A— G, of 25 into 2%, where S is any finite set and L is any
finite distributive lattice. He showed that

Y IF 1G4l = Z |Hcl Kl (1.3)
ASs
where
He= U FyvGg, Kc= U FganGgp.
AuB=C AuB=C

When § is empty, (1.3) reduces to (1.2). If we put

f1(A)=|FA| fZ(A):lGAl
fHA)=H, | f4)= |KS\A1
then (1.2) gives

J1(A) fo(B) = f5(A U B) f(ANB). (1.4)

More general non-negative functions satisfying inequalities similar to (1.4)
had already been considered by a number of authors. Fortuin, Kastelyn and
Ginibre [9] showed that if f,, f,, f5 and f, coincide on 2% and satisfy (1.4), then

(X u(A) fAN( Y, v(B) f1(B)=( X, u(CYo(O f5(ON ). fuD))  (13)

AcS B<S Ces DcS

for any increasing (non-negative) functions u and v on 25 Holley [10] extended
this by showing that if f, =f;, f,=f, and (f}, f3, f5, f4) satisfies (1.4), then

(2 Sl Z B) f,(B)=( Y. v(C) f(CN( Y, fu(D)). (1.6)

AcS ceS DeS

(At first sight (1.6) may appear less general than (1.5) but this is only because of
the stronger conditions imposed in [9]. To obtain (1.5) as a special case of (1.6)
one simply replaces f; by uf; and f, by uf;, noting that (1.4) is still valid.) A
further extension was made by Preston [13] who showed that if (X, #,p) is a
finite product of totally ordered measure spaces (so X is a lattice in the product
ordering), f; and f, are non-negative integrable functions on X, v, is a bounded
increasing measurable function on X, fy=f,, fi=f,, v,=v, and (f, f3, f3, f4)
satisfy the lattice-theoretic analogue of (1.4):

[0S [0 v y) fax A y) (1.7)
(§f1 d.“)(jU1f2d#)é(f“zfa,dﬂ)(jﬂdﬂ) (1.8)

The case of counting measure on a finite set gave (1.6). Preston’s theorem was
extended to countable products of probability spaces by the first author [3]. A
simplified proof of (1.8) in finite products was found independently by Edwards
[8] and Kemperman [11] (Edwards also considered countable products). How-
ever this method did not show the existence of certain interesting measures on

then
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X? as established in [10, 13]. The original applications of (1.5) were to problems
in statistical mechanics, but Seymour and Welsh [14, 15] have shown how (1.5),
(1.6) and (1.8) are important in combinatorial and percolation theory.

Edwards and Kemperman in fact found that the inductive proof of (1.8) was
made simpler if they replaced the assumption that v, and v, coincide and are
increasing by the weaker condition:

v;(x)Sv,(y)  whenever xSy (1.9)

but they retained the conditions fy;=f; and f,=f,. Ahlswede and Daykin [1]
dropped even these conditions, thereby making it unnecessary to introduce v,
and v, at all, but they considered only finite sets. They showed that if f}, 15, f5
and f, are non-negative functions satisfying (1.7) on a finite distributive lattice L

then

(X [N LONE(X [ falw)). (1.10)
xeL yeL zeL wel.

In [2] they considered more abstract situations in which the lattice L and

operations v and A are replaced by any finite set S and mappings ¢ and Y of

S? into S. Defining (¢, /) to be “IM-expansive” if

(Z fl(x))(ngz(J’))é(Zst(z))( Zsf4(w)) (1.11)
whenever
F1x) L0 S f3(@ 0, ) foW (x, ), (1.12)

they showed that the class of Mi-expansive pairs of mappings (¢, ) is closed
under direct products. While studying direct products, they were led to in-
troduce an apparently stronger notion of “Ii-explosiveness”, which they showed
to be equivalent to Yi-expansiveness.

The aim of this paper is to exhibit a single inequality which includes (1.1),
(1.2), (1.5), (1.6), (1.8) and (1.10) as special cases. Thus it will be shown that if
(X, Z, ) is a finite product of totally ordered measure spaces and f;, f5, f; and
[, are measurable functions of X into [0, co] satisfying (1.7), then

(frdw( frdwS( fsdw(f f,dw). (1.13)

At this level of generality the inductive step in the proof becomes much simpler
than that in [10] or [13]. Furthermore the extension to countably infinite
products is now a straightforward application of the Fubini-Jessen theorem. The
main difficulty in proving the infinite case in [3] and [8] was caused by
uncertainty as to whether (1.8) is satisfied if (1.7) holds only p?-a.e. in X2. We
shall see here that in finite products this is the case, and indeed (1.13) is always
valid if (1.7) holds u*-a.e.

The main results are presented for abstract pairs (¢, ) rather than (v, A),
and they therefore include also (1.11) as a special case. Section 2 of the paper is
devoted to a study of the inequality (1.12), Sect.3 contains the main results
showing that certain pairings (¢, ¥) satisfy the measure-theoretic analogue of M-
expansiveness, and Sect. 4 contains a discussion of a measure-theoretic version of
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Pi-explosiveness. The final section is devoted to finite distributive lattices,
showing how inequalities such as (1.1), (1.2) and (1.3) are related to M-
expansiveness and to each other.

It will be convenient to allow funcitons to take values in the extended non-
negative reals [0, co], and we shall adopt the usual conventions concerning the
arithmetic of this system, except that we shall regard 0.0 and 0.0 as
undefined. Furthermore an inequality will be considered to be satisfied if either
side is undefined. We shall also need to consider n-tuples of functions taking
values in [0, oo, and we shall denote these interchangably either componentwise
as (fi,....f,) or as a single function f: X — [0, oco]"

2. Compatibility

Our basic object of study will be a system & =(X, &, p, ¢, V) consisting of a o-
finite measure space (X, #, 1), whose measure-theoretic product with itself will
be denoted by (X?, F2, u?), together with a mapping (¢, %) of X? into itself.
Such a system will be called a paired measure space with pairing (¢, ). If (¢, ) is
F?-measurable, we shall say that & is measurably paired. As a matter of
notational convenience, the component parts of a paired measure space denoted
by %, where A may be an index, will themselves always be denoted by (X ,, #,,
Mo G0 V). '

An involution on & is a bijection 7 of X such that for any x and y in X and
Ein 7, n(n(x)=x, ¢(n(x),n(y)=nW(y,x)), n(E)eZF and u(rn(E))=u(E). Fol-
lowing [2], an & -measurable function f of X into [0, 00]* will be said to be
compatible (resp. u-compatible, resp. diagonally p-compatible) with (¢, ) if

[iX¥) 200 = f3(D(x, ) o (x, ¥)) 2.1)

for all (resp. p2-almost all, resp. f-almost all) pairs (x,y) in X2, where j is the
image of p under the mapping x — (x,x) of X onto the diagonal 4 in X2 Thus f
is diagonally p-compatible if

[1(3) 2,0 £ f3(@(x, %)) fo(Y (%, x)) (2.2)

p-a.e.(x). The sets of all compatible, u-compatible and diagonally u-compatible
functions f will be denoted by K(¢,¥), &,(4,V¥) and K4(¢, ) respectively, or
simply by &, &, and RZ if no confusion is likely. A 4-tuple (E, E,,E;, E,) of #-
measurable sets will be said to be compatible with (¢, ) if

P(E;xE))=E; and Y(E,xXE))cE, (2.3)

or equivalently if their characteristic functions (xz,, Xz, Xz, Zz,) are compatible.
Thus the set of compatible 4-tuples of sets is in one-to-one correspondence with
the set B of functions in & taking values in {0, 1}*.

For (x,y) in X? put (x,y)*=(y,x). For any function & on X?, put a*(z)
=u(z*). The following properties of compatibility are clear:

feR(, ¥) = (12, f1: 3, [1)ER(D*,¥) (2.4)
feR(, V) = (f1, f2, o, [3)E8(, §) (2.5)
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f,8eR(D, )= (121, f2 82 3 €35 [4- 84)ER(D,Y) (2.6)
feR(p, )= (fiom from fyom, fromeRWY*, ¢%) (2.7)

where 7 is an involution.

Suppose that Y is an % -measurable subset of X such that ¢(Y?)<Y and
V(Y ¥. Let &|y=(Y, %, iy, Oy, ¥y) be the paired measure space obtained
from & by restriction to Y. Given g: Y —[0, 00]*, let gy be the extension of g to
X vanishing outside Y. Then

geR(Dy, ¥y) < gx€R(D,Y). (2.8)

Both p-compatibility and diagonal p-compatibility have properties similar to
(2.4), (2.5), (2.6), (2.7) and (2.8).

In general there is no reason to suppose that u-compatibility implies
diagonal y-compatibility. However the technical lemma in [3] gave one particu-
lar circumstance in which this phenomenon does occur, and we shall be deeply
involved with the property in Sect.3. Thus we shall say that &% is diagonally
settled if K, is contained in K¢, If p is purely atomic, then 7 is absolutely
continuous with respect to u?, and & is diagonally settled. The following two
propositions in this section give some other examples of diagonally settled
spaces.

The fundamental example to be considered at this stage occurs when X is a
lattice and ¢ and ¥ are the lattice operations v and A (cf [1, 5, 13]). Then X is
totally ordered if and only if {x v y,x Ay} ={x,y} for all (x,y) in X?. In general
we shall say that the pairing (¢,y) is selective, and & is selectively paired, if
{d(x,y), ¥ (x,y)} ={x, y} for all (x, y) in X> (In this case, ¢ is an arbitrary choice
from each ordered pair (x,y), and ¥ is the other choice.) We shall also say that
& is diagonally invariant if ¢(x,x)=y(x,x)=x for all x in X. Clearly any
selectively paired space is diagonally invariant.

Proposition 2.1. Any selectively paired measure space & is diagonally settled.

Proof. Consider a y-compatible function f: X —[0, c0]*, and let
Xo={yeX:(2.1) holds for u-almost all x}.

Then X\ X, is u-null, so replacing ¥ by &|yx,, We may assume that X = X .

If fi(x)=0, f,(x)=0, fy(x)=00 or fy(x)=o0, then (2.2) is automatically
satisfied. Thus we can assume none of these possibilities occurs in X. Let X,
={xeX: f,(x)=0}. Then fi(x)f5(y)=0 u*-a.e. (x,y) in X3. Hence either f, or f,
vanishes p-a.e. in X,, so X, is null. Thus replacing & by &[4, We can assume
that f,(x)>0 and similarly that f5(x)>0, f,(x)< oo and f,(x)< co.

Put g(x)=/f,(x)f3(x)""' and h(x)=f,(x)fy(x)" !, so that 0<g(x)<oo and
0 <h(x)<oo. Then (2.1) shows that for fixed y,

F1(x) g () = fulx) (2.9)
for p-almost all x with ¢(x, )=y, and

F100) h(y) = f5(x) (2.10)
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for u-almost all x with ¢(x,y)=x. For integers k,n1, let E,,=g  '((k—1)27",
k2-"], and, assuming that E,, is non-empty, choose a sequence y, (r=1,2,...) n
E,, such that : '
sup {h(¥},): r=1,2,...} =sup {h(x): x€E,,}. (2.11)
Let E, ={xeE,,: ¢(x,y},)=x for all r} and E'=| JE,,. Applying (2.10), we sce
k,n

that for g-almost all x in E,,,
[ix) h(yi) = f3(x),

so it follows from (2.11) that f,(x)h(x) = f3(x), i.e. (2.2) holds p-a.e. in E'.
Now consider x in X\ E". For each n, there is a (unique) integer k such that x
belongs to E, \E,,. For some r, ¢(x, y},) ="V}, It follows from (2.9) that for u-

almost all such x,
J1(x)(g(x) =27 = f1(%) g Vi) = Su(X).

Letting n— oo, it now follows that f;(x)g(x)=< f4(x), ie. (2.2) holds. Thus f is
diagonally u-compatible.

We begin now our consideration of product spaces. The direct product of a
finite family of paired measure spaces {¥;: A€ A}, or an infinite family of paired
probability spaces, is defined to be the paired measure space & =(X, #, u, , V)
where (X, % u) is the measure-theoretic product of {(X,, %, 1,)} and ¢ and ¢

are defined by:
d06, )=, ¥, W%, y)=((x5,¥2)

In the case when 4 ={1,2}, we may denote &, ¢ and ¥ by ¥ x %, ¢, x ¢, and
Yy Xy,

Proposition2.2. A finite direct product of diagonally settled measurably paired
measure spaces is diagonally settled and measurably paired.

Proof. It suffices by induction to consider the case when ¥ =% x%,. The
measurability is clear. Take a function f which is y-compatible with (¢, ). For
(2-almost all (x,,y,) in X2, the following inequality is valid u3-a.e. (x;,y,):

f1(x1axz)fz(ypyz)§f3(¢1(x1>y1)a¢2(xz:Y2))f4(‘p1(x1aJ’1)’lp2(x2aJ’2))- (2.12)
Thus if we put

hy(xy)=fi(x1,x2) hy(x1)=f5(x1,¥,)
ha(x 1) =f35(x1, P (%2, ¥2)) ha(xy)=Ff4(x 1, ¥ (x5, ¥2)

then h is u,-compatible and hence diagonally u,-compatible with (¢,¥,), so
that the following inequality is valid for u,-almost all x, in X, :

F1lx 1, %) falx 1, ¥2) = 3l 1(x1,%1), @alXy, Vo) faWry(x 1, x1), Vo(x5,¥,) (2.14)

Hence for y,-almost all x,, (2.14) holds p3-a.e. (x,,y,). (The measurability of
(¢;,¥;) is used here to allow Tonelli’s form of Fubini’s theorem to be applied.) A
similar argument now shows that (2.14) holds fi,-a.e. Hence f is diagonally -
compatible with (¢, ).

(2.13)
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Example 2.3. Let & be the direct product of a sequence of measurably paired
probability spaces %, and suppose that there exist #-measurable sets E, such

that
Y uE)=

Yty H(E,) < oo

Let E={xeX: x,eE, for infinitely many n}. By the Borel-Cantelli lemmas, p(E)
=1 and p*(¢~Y(E))=0. Thus the function (1,1,1—y 1) is u-compatible. Howev-
er if each & and hence & is diagonally invariant, this function is not diagonally
p-compatible, so & is not diagonally settled.

As a specific example, we can take & to be the unit interval [0, 1] equipped
with Lebesgue measure and the lattice operations, and E,=[0,n"'].

3. Expansiveness
We shall now introduce the concept of expansiveness as a generalisation of the

set-theoretic ideas developed in [2]. A paired measure space & will be said to
be expansive if

H(E ) p(Ey) = E5) W(Ey) (.1
for all 4-tuples (E,, E,, E5, E,) of sets compatible with (¢, r); M-expansive if
u(f) (2 =il f3) 1(fa) (3.2)

for all compatible functions f (where u(f;) is written in place of j f;dp); strongly
WM-expansive if (3.2) holds for all u- compatlble f.
We begin by making some observations concerning these definitions.

Remarks 3.1. (a) The inequality (3.2) is automatically satisfied if either f; or f, is
not u-integrable, while if they are both integrable, and neither f; nor f, is p-null,
(3.2) requires that f; and f, be integrable.

(b) It is clear from (2.3) that & is expansive if and only if

M(E ) p(E,) Su*(d(Ey X E)) u*(W(E, X E,))

for all E, and E, in &, where u* denotes outer p-measure. In particular, in an
expansive probability space,
PO X)) =p*(p(X?)=1.

(c) If & is expansive (resp. MM-expansive, strongly Pi-expansive), and Y is an
F -measurable subset of X with ¢(Y*) <Y and y(Y?) <Y, then it follows from
(2.8) that the restricted paired measure space |, is expansive (resp. -
expansive, strongly M-expansive).

(d) It follows from (2.6) that for (E,, E,, E5, E,) and (f1, /5, f3, f.) compatible
(or p-compatible) with (¢,¥), the function (fiygz,f22g,> f3%E,> faxg,) 1s also
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compatible (or y-compatible). Thus in an M-expansive (or strongly M-expan-
sive) space,
(jf1d.“)(§f2dﬂ)§(jf3dﬂ)(§f4dﬂ)- (3.3)
E, Ey E3 Eq

In particular if S is a finite set, g, is counting measure and (¢, ) is a mapping of
S? into itself, then (¢, ) is expansive (resp. M-expansive) in the sense defined in
[2, pp. 268-269] if and only if (S, 25, ., &, ¥) is expansive (resp. M-expansive or
equivalently strongly 9-expansive) according to the above definitions. In this
respect the following study of expansive measure spaces extends the detailed
investigation carried out in [2]. The theorem and corollary in [1] now become
the statements that if $=2%" then (S, 25, u,, U, N) is (strongly) M-expansive,
and more generally that if S is a distributive lattice, then (S, 25 pu,, v, A)is
(strongly) M-expansive. The reader is referred to [2] for some examples of
expansive pairings on finite sets.

(e) Following [2], it would be possible to define €-expansiveness for an
arbitrary subset € of &, by requiring that (3.2) should hold for all f in €.
Expansiveness, Yi-expansiveness and strong ¥-expansiveness correspond re-
spectively to taking €=, & and &, . Other interesting classes € might include
the bounded and the integrable functions in & and in &, (note the comments on
integrability in (a) above), and many of our results remain valid for such classes.
However we shall not list these as it should be clear from the proofs under what
circumstances these variations are valid.

Proposition3.2. Let 7 be an involution on a (strongly ) M-expansive measure space
. Then for any (u-)compatible f,

u(fy-(frem)=plfs- (faom). (34

Proof. 1t follows from (2.4)-(2.7) that (f; - (foo70), £ (f1°7), f3-(faom), fo- (f3° 7))
is (u-)compatible. Since 7 is measure-preserving, (3.2) gives

u(fy-(frem)2 =pu(fy - (from) p(fy- (f1 o)
Su(fs - (faem) u(fy (f30m)
=p(f3- (fao 775))2-

Example 3.3. Consider the case when X = {x,y}, # =25, u=p,,
P, x)=¢(x, y)=¢(y,X)=x, ¢y, y)=y
Y, x)=x, Y)=vx)=yyy)=y
nx)=y, m(y)=x

Then = is an involution, and & is selectively paired and strongly i-expansive.
The strong -expansiveness follows as a very special case of [1]. For the
ordering defined by taking x>y is a distributive lattice-ordering in which ¢ and
Y are the lattice operations. Now taking f;(x)=aq;, f;(y)=1, (3.4) becomes the
following inequality observed by Preston [13, LemmaZ2]:

0<a,=<a;, 02a,=%a,, 0=a,, a,a,Zaa,=>a,+a,2az+a,. (3.5)
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Conversely putting a, =/£,(x) /2(0), a,=/ 1) f>(x), a3=13(x}f4(y), as=13(0)fa(x)
in (3.5) gives:

feft = 1,09/, + /10,0 = f30) fa0) + [3(0) folx) (3:6)

and adding in the additional inequalities f; (x)f5(x)<f5(x)f,(x) and f,(y) /5 ()
<3/ ) gives:

fef = (f1(x) + fr(M(f20¥) + L) = (f3(3) + S50 (fox) + fa(y)).

Thus the M-expansiveness of & is effectively equivalent to (3.5) and also to (3.6).
The only other selective pairings on X are (¥, @), (b, Vo) and (¥4, @), where
Polz, w)=z and ¥ 4(z, w)=w. It is now casy to verify that (3.6) remains valid when
compatibility refers to any of these pairs.
We turn next to arbitrary selectively paired spaces.

Proposition 3.4. Any selectively paired measure space & is strongly M-expansive.

Proof. Consider a u-compatible function f, and assume without loss that f; and
f. are u-integrable (Remark 3.1(a)). For any (x,y) in X*\ 4, let ¢, and ¥ be
the restrictions of ¢ and ¥ to the two-point set {x,y}. These form a selective
pairing on {x, y}, and we can ask whether the funciton f, , obtained by restricting
f to {x, y} is compatible with (¢, ,¥,,). To check this, it is required to verify that

[i(x) f,00) = f3(@ (X, ) fal¥ (X', ¥)) (3.7)

whenever (x', ") =(x, x), (x, y), (¥, x) or (,y). Since f is g-compatible, (3.7) is valid
when (x',y)=(x,y) or (y,x) for p?-almost all pairs (x,y) in X*\4. Also by
Proposition 2.1, f is diagonally u-compatible, so by (2.2), (3.7) holds for (x',y")
=(x, x) for p-almost all x, and hence for p?-almost all pairs (x, y). Similarly (3.7)
holds for (x',y)=(y,y) for u?-almost all (x,y). Thus for p*-almost all (x,y) in
X*\4, f,, is compatible with the selective pairing (¢,,,,,) on the two-point set
{x,y}, so by (3.6)

1) L0+ [10) (%) = f3(3) fa(0) + f3(0) fo(%)- (3-8)

For (x,y) in 4, (3.8) is equivalent to (2.1), so (3.8) holds p?-a.e. in 4, and hence
p*-a.e. in X2 Integrating with respect to u? over X? gives

2u(f) ulf) S2u(f3) n(fy)

There is a converse to Proposition 3.4.

Proposition3.5. Let X be any set, &, be the c-algebra of all countable and all
cocountable subsets of X, (¢,\) be a mapping of X? into X?, and suppose that
(X, Z, u, &, ) is expansive for every measure y on (X, F). Then (¢, V) is selective.

Proof. Take E,=E,={x} and p=4,, where 6, is the unit mass at x. Then
Remark 3.1(b) gives

126, {¢(x,x)} 0. {¥(x,x)}.
Hence ¢(x, x)=y(x, x)=x.
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Now for distinct x and y take E;={x}, E,={y}, and u=26,+4,. Then
Remark 3.1(b) gives

2=(20,{9(x, )} +9,{p(x, M2 {Y(x, y)} +0,{¥ (x, y)}).

Hence 6,{¢(x, y)} and &, {(x, y)} are not both zero, i.e. ¢(x,y)=x or Y(x,y)=x.
Similarly ¢ (x,y)=y or ¥(x,y)=y.

We turn now to our main consideration of direct products. The following
lemma is an abstract version of [2, Lemma 1].

Lemma 3.6. Let & be the direct product of two paired measure spaces ¥, and %,
and suppose that &, is (strongly) M-expansive. Let f: X—[0,0]* be (u-)-
compatible with (¢, V), and put

g;(x,) -_—Xj Fix,x0)duy(xy).

Then g is (,-)compatible with (¢,,\r,).

Proof. We consider the case when f is y-compatible, the other being similar. For
p3-almost all (x,,y,) in X3, the function h: X, - [0, o]* defined by (2.13) is u,-
compatible with (¢,,¥,), so, assuming that & is strongly M-expansive,

palhy) py(hy) S py(hs) py(hy).

This gives immediately

81(x,) g2(¥2) S 25(@2(x 2, ¥2)) 84 2(x 2, ¥2)) ﬂ%'a-e- (x2,¥2)

The next result is the main theorem concerning direct products, and is a
measure-theoretic analogue of [2, Theorem 1].

Theorem 3.7. The direct product of any finite family of (strongly) IM-expansive
paired measure spaces is (strongly ) M-expansive.

Proof. By induction it suffices to consider the product of two spaces. Using the
notation of Lemma 3.6, for any f (u-)compatible with (¢,¥), g is (u,-Jcompatible
with (¢,,¥,). Since & is (strongly) M-expansive,

Ha(g1) 1a(82) S 1a(g3) 12(84)-

But, by Fubini’s theorem, p,(g;)= u(f}), and the theorem follows.

As in [3, 8], it is possible to extend Theorem 3.7 to cover infinite products.
However at this level of abstraction, there is an additional technical com-
plication.

Theorem 3.8. Let & be the direct product of a family {&,: Ae A} of M-expansive
paired probability spaces. Suppose that there is no F-measurable set E such that
u(F)=1 and (ExEYn¢~Y(E)Yny~YE) is empty. Then & is M-expansive. In
particular if each &, is diagonally invariant and M-expansive, then & is M-
expansive.
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Proof. Take a function f: X — [0, oo]* which is compatible with (¢, ). Since f is
Fmeasurable, there is a countable subset 4, of 4 such that f(x)= f(y) whenever
x,=y, for all 1 in A,. Thus replacing A by A,, we may assume that A is
countable, and hence that A=N.

Let 7, =(Z,.,% > V> P> O) a0d I, =(Z. .G, V... 00,0 be the respective
direct products of {#: n>m} and {¥: 1<n=<m}, and identify & with I x 7.
By Theorem 3.7, 7, is M-expansive. Thus if

Joiios Zi) = S Em) = § [i(Wis ) AV, (W3) (2 €2, 2,€2,)
Zin
Lemma 3.6 shows that f, is compatible with (p,,,0,), ie.

fml(Zm)fmZ(Wm)éfm?a(pm(zm’ Wm))fm4(am(zm’ Wm)) (Zm’ Wmezm)

or equivalently,

fmi(x)fml(y)éfmS(d)(xsy))fm4(l//(xay)) (X,yEX). (39)

By the reverse version of the Fubini-Jessen theorem [7, Theorem II1.11.27],
for ;(x) converges to the constant u(f;) as m— oo for all x in some set E with p(E)
=1. Taking (x,y) in the non-empty set (Ex E)n¢~YE)ny~(E) and letting
m— o0 1n (3.9) gives (3.2).

If each & and hence & is diagonally invariant, choosing x in E and putting y
=x in (3.9) gives the result.

Corollary 3.9. The direct product of any family of selectively paired probability
spaces is IM-expansive.

Proof. This is immediate from Proposition 3.4, Theorem 3.8 and the fact that a
selective pairing is diagonally invariant.

In the notation of Theorem 3.8, Remark3.1(b) shows that uf(¢,(X?))
=uf (0, (XD)=1, 50 w*($(X2)=pu*(Y (X)) =1. Hence if u(E)>0, then ¢~ *(E)
and ¢ ~'(E) are non-empty. However it 1is not clear that (E
x Eyn¢~Y(E)ny~1(E) is non-empty, even if u(E)=1, nor indeed whether
Theorem 3.8 remains valid if this condition is dropped. Note however that if (E
X Eyn ¢~ Y E)ny~1(E) is empty, then (2yz, ¥z, 2— )z, 2— yz) is compatible. He-
nce if & is MW-expansive, then p(E)<1.

Strong Yi-expansiveness is rarely preserved under infinite direct products.
For instance the y-compatible function (1,1,1—yg, 1) as constructed in Exam-
ple2.3 does not satisfy (3.2). Indeed using Proposition2.2 and the forward
version of the Fubini-Jessen theorem, it is possible to show that a product & of
diagonally settled, diagonally invariant, strongly M-expansive, measurably pai-
red spaces is strongly Wi-expansive if and only if & is diagonally settled. A
simple modification of the proof of Theorem 3.8 shows that this does occur if
(and only if) there is no .#-measurable set E with u(E)=1 such that
¢~ YE)ny~Y(E) is w?-null.

Example 3.10. Suppose that X is a lattice and v; and v, are functions of X into
[0, ] satisfying (1.9), viz. v,(x)=v,(y) whenever x=<y. Then (1,v,,0,,1) is
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compatible with (v, A). Furthermore if f is compatible with (v, A), then by
(2.6), 50 8 (f1, 01 £, 0 3. fa):

Now if (X, % ) is a product of totally ordered measure spaces and X is
given the product ordering, then X is a lattice, and X=X, % u, v, A) 1s M-
expansive by Corollary3.9. Thus for v,,v, and f as above we recover the

i lity (1.8), viz.
inequality (1.8), viz w(f) @, ) S, f3) u(fy)-

Thus in the terminology of [11], & is an “FKG-space”. The inequality (1.8) was
first proved in [13] for finite products and in [3] for infinite products under the
additional assumptions that v, =v,, f; =f; and f, = f,. Edwards [8] and Kem-
perman [11] gave simplified proofs and allowed v, and v, to differ, but they still
required that f;=/f; and f,=f,. If the proof of Corollary3.9 is followed
through, it seems that our proof of the more general result is simpler than those
in [8, 11] both in finite cases and in the infinite extension. Furthermore for a
finite product, Proposition3.4 and Theorem 3.7 show that & is strongly IR-
expansive, so our result also improves that of [13] in that for (1.8) to be valid it
is sufficient that (1.7) holds y*-a.e. (and that v,(x) v, (x v y) u*-a.e.). However to
establish this required considerably more technical detail in the proof of
Proposition 3.4.

Allowing for example f; and f; to differ makes it pointless to seek measures
on {(x,y)e X?: x <y} with certain marginals as was successfully done in [13].

4. Explosiveness

Again following [2], we now introduce the concept of explosiveness for a paired
measure space & An Z-measurable function g: X —[0,0]® is bicompatible
(resp. u-bicompatible) with (¢, V) if:

21(¥)82(x) 850084 (¥) =85(d(x, ¥) g6 (W (3, X)) g7 (D(y, X)) g5 (W (x,¥))  (4.1)
for all (resp. u*-almost all) (x,x’,y,)’) in X*. For subsets F, and F, of X2, put
QY (F, B)={(¢(x,y), ¥ (n,x): (x,X)eF, (y,))eF,}. (4.2)
A 4-tuple (F,, F,, F5, F,) of #*-measurable sets is bicompatible with (¢, ¥) if
OY(F,F)cF, and ¢y(F,,F)cF,. (4.3)
The space & is explosive if
WA (F) w2 (Fy) < p? (Fy) p (F,)
for all (F,, F,, Fs, F,) bicompatible with (¢, V); (strongly) M-explosive if

([ g ®g,du?)(| g3®g4dﬂz)§(1§ g5®g6duz)(FI g, ®gsdu’) (4.4)

Fy
for all (u-)bicompatible g and bicompatible (F,, F,, F5, F,), where
(MK, xY=h(x)W'(x) (x,x'eX).
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For counting measure on a finite set, these definitions of explosiveness and M-
explosiveness reduce to those of [2].

Define a pairing (¢ ¥, ¢ ) on X by:

dY((x,x), (0, YN =(D(x, ¥'), ¥ (v, X))
QY% x), (v, ¥)=(d (v, x), Yr(x, )

so that ﬂ(z)=w(z*):ﬁ(z)*. (The asterisks here refer to the operation

changing the order of pairs in X2 x X2 In [2], ¢y and ¢ ¥ were denoted by ¢>
and ¥ respectively, but we feel such notation might be in conflict with that
adopted elsewhere in this paper.) Then it is clear from (2.1), (2.3), (4.1), (4.2) and

(4.3) that _
g is (u-)bicompatible with (¢, ) <

(81®82:83® 84,85 ®86,87®gs) is (u-)compatible with (py, g )  (4.5)
GY(F, Fy)=¢ Y (F, x F,), ¢¢(F2>F1):M(F1XF2)
(Fy, F,, F3, F,) is bicompatible with (¢, ) <
(F.,F,,Fy, F,) is compatible with (¢, ¢ ). (4.6)
The following is a measure-theoretic extension of [2, Theorem 6].
Theorem 4.1. The following are equivalent for a paired measure space &
(i) (X2, 7% 1%, ¢ x Y*,  x p*) is (strongly) M-expansive
(i) (X2, 72, 1% ¢y, ) is (strongly) M-expansive

(iif) & is (strongly) M-explosive
(iii)’ For any g(u-)bicompatible with (¢, ),

1(g1) 1(g2) (g 3) 1(g4) = plgs) mlge) (g ) 1(gs)

(iv) & is (strongly ) M-expansive
(V) (X, Z u,y*, ¢*) is (strongly ) M-expansive.

Proof. We shall consider the weaker properties, the equivalence of the stronger
versions being analogous.
(i) ==(ii). It is readily verified (cf. [2, p.285]) that (f1.f2:/3-f4) 18 compatible

with (W,M) if and only if (fy,f5* f5,f) is compatible with (¢ x ¥, ¢ x o%).
Furthermore

#2(f1) 1 (fy)= #(fy) w5, 1A (f3) w(f)= 1S5 12 ().
(i) = (ii). The inequality (4.4) follows from (ii) via (4.5), (4.6) and (3.3).
(i11) = (iii). This is immediate on restricting (4.4) to the case F=X 2,
(iil) = (iv). For f compatible with (¢, ), put
81=8:=/1, &:=8&=f g=g:=f5 86=8s=f4-
Then g is bicompatible with (¢, ), so

1OA)? ()P = pu(g4) 1(g,) 1(g ) m(ga) S 1(gs) (g ) 1(g5) mlge) = u(fo)? 1S
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(iv) <> (v). By (2.4) and (2.5), (f1./3,f3,f4) 1s compatible with (¢, ) if and only
if (f3,f1:f1,f5) is compatible with (y*, $*).

(iv)=(i). This follows immediately from the already proved equivalence of
(iv) with (v) together with Theorem 3.7.

Proposition 4.2. Consider the following properties of a paired measure space & :
() (X% F2,u2, ¢ x y*,f x ¢*) is expansive
(i) (X%, F2, 1%, ¢, ¢ ) is expansive
(i) & is explosive =~
(iv) & is expansive
(V) (X, F u, v*, ¢*) is expansive.

The following implications are valid :
(i) <> (i) <> (iil) = (iv) <> (V).

Proof. Specialising the proof of Theorem4.1 to the case of characteristic func-
tions leads to a proof of all implications except (iii) = (ii), which is immediate
from (4.6).

5. Finite Distributive Lattices

Example 3.3 shows that ({0,1}, 215, 4, v, A) is an M-expansive space. Apply-
ing Theorem 3.7 to a finite family of copies of this space shows that for any finite
set A, L (A)=(242%",u,, U, n) is also M-expansive. Any finite distributive
lattice L can be embedded in 24 for some finite set A [4, Corollary, p. 597, so it
follows from Remark3.1(c) that % =(L,2% u,, v, A) is M-expansive, i.e. in-
equality (1.10) holds. (An extension to infinite lattices can then be made by a
simple limiting argument.) This result was first obtained in [1], and itself has
many important consequences as listed in [2, Sect.9]. The expansiveness of &
gives inequality (1.2).

Conversely let L be a finite lattice such that & is M-expansive. Then ¥} is an
FKG-space (see Example 3.10) and hence L is distributive [11, Theorem 7]. Thus
, is Mi-expansive if and only if & is an FKG-space, or, equivalently, L is
distributive.

For any finite set S, there is an involution 7 on &(S) given by n(A4d)=S\4.
Let F, and F, be functions of 2% into 2%, and put

F(O)= U F,(A) v F,(B)
A C

uB=

F (0= |) F(A)AFB) (5.1)

AnB=C

[A=1FA) (=1,2,3,4).

Then (1.2) shows that f is compatible with (U, ") on 25 Now applying Pro-
position 3.2 gives the inequality

2 IBAIESN\A) S ) IF(C)IF(S\C)l (5.2)

A=S ces
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which (apart from notational changes) is the same as (1.3). Thus [6, Theorem 1]
can be deduced from (1.2) and IM-expansiveness. Since (1.2) is itself a con-
sequence of expansiveness, (5.2) could be obtained directly from a single appli-
cation of expansiveness. Rather than giving explicit details of this, we prefer to
show how (5.2) can be obtained more fundamentally from an application of (1.2)
in a different lattice.

Let & be the lattice 28 x L x L with the product ordering, where L is the
lattice obtained from L by reversing the ordering in L. Put

A ={(A,x,,x,)e¥: x,F (A4),x,eF,(S\A)}
B={(B.y,.,)eZ: y,€F,(B)y,cF(S\B)}.
Then
ANvRB{(C,z2,,2,)eL: z,€F(C), 2, F (S\C)}
A NB{(D,wy,wy)e ¥ w, eF, (D), w,eF;(S\D)}
|| =|%B= Y [F(A)IF,(S\A)

AcS

/v B, | ANBIZ Y IF(ONF(S\C).

Ces

Thus (1.2) applied to .« and # gives (the square of ) (5.1) immediately.
Recall that a subset U of L is an up-set if

xeU, yeLl, x=y=yelU.

Down-sets are defined similarly, and a down-set of the form {yeL:y<x} is an
ideal in L.

Daykin [6] has obtained a number of other inequalities concerning up-sets,
down-sets and ideals in 24, but it was not clear from his methods that the results
could be transferred to arbitrary finite distributive lattices. (An up-set in one
lattice may fail to be an up-set in a larger lattice.) We shall now show that they
do remain valid by deducing them from (5.2).

Theorem 5.1. Let I and J be ideals in a finite distributive lattice L, S be a finite
set, U, V, W and X be increasing functions from 2° into the set of up-sets in L
(ordered by inclusion), and D and E be decreasing functions of 25 into the set of
down-sets in L. Suppose that 1< J, U(A)c V(A), W(A)< X(A) and D{A) < E(A) for
all A in 25 Then

| Y V(@) nDA)+1J] Y InUA)nE4)

AcS Ac=S
= Z [INU(C)|J n DS\ C)|+ Z [INE(O)|JnV(S\C) (5.3)
C<=S (o=}
> HAUMAN T N XES\A)+ Z WA [JnV(SNA)
Ac=S Ac=S
<) Z WJAX(C)nV(C)+|J]| Z [T TU(C)n W(C). (5.4)

CeS C=S
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Proof. Let §' be the set obtained by adjoining one additional point w to S, and
for A contained in S, let A"=A U {w}. Put

F(A)=InUA)NE) F(4)=JnV(A)nD(A)
Fy(A)=I Fy(A)=1.

Then F, and F, are functions from 2% into 2%, and if F; and F, are defined by
(5.1) with S replacing S,

F(C)= |J UnUANEA)VI

AuB=C
cInU(C)
Fy(C)= '\szc{[(l AUA)AEA) v JTU[(J A V(A) AD(A) v I]

=J AV(C). VI NV(A)ADA) v I}

Similarly
F(C)cInE(C), F,(C)Y<JnD(C).

Now applying (5.2) with S replaced by §’ gives

I Y V() ADA)+J| Y InUA)NEA)

AcS AcS

= Y [RAIEEN\A+ X IF(A)]IF(S\4)

AcS AcS

= Y |E(B)|F,(S\B)

Bcoy§

< Y IEB)IIF,(S\B)|

Bcs’

S Y U@ ADE\OI+ ¥ INE(C) I NV (S\C).

CeS Ccs

A similar argument, the details of which are left to the reader, leads to (5.4).

The inequalities (5.3) and (5.4) were obtained in [6, Theorems 2, 3] in the case
when L=2* for some finite set 4. Combining the methods of this section, they
could each have been deduced from a single application of expansiveness in %,
where ¥’ =25 x Lx L. Putting S=0, I=J=L, U(S)=9, V(S)=U, D(S)=E(S)
=D gives (1.1) as a special case of (5.3).

References

1. Ahlswede, R., Daykin, D.E.: An inequality for the weights of two families of sets, their unions
and intersections, Z. Wahrscheinlichkeitstheorie verw. Gebiete 43, 183-185 (1978)

2. Ahlswede, R., Daykin, D.E.: Inequalities for a pair of maps S x S — S with § a finite set. Math. Z.
165, 267-289 (1979)

3. Batty, C.J.K.: An extension of an inequality of R. Holley. Quart. J. Math. (Oxford) (2) 27, 457~
461 (1976)



Generalised Holley-Preston Inequalities on Measure Spaces and Their Products 173

10.
11.

12.
13.

14.

15.

. Birkhoff, G.: Lattice theory. 3rd ed. Providence: Amer. Math. Soc. 1967
. Daykin, D.E.: A lattice is distributive iff |4||B|<|4 v B}|4 A B]. Nanta Math. 10, no. 1, 58-60

(1977)

. Daykin, D.E.: Inequalities among the subsets of a finite set. [To appear in Nanta Math.]
. Dunford, N., Schwartz, J.T.: Linear operators I. New York: Interscience 1958
. Edwards, D.A.: On the Holley-Preston inequalities. Proc. Royal Soc. Edinburgh 78 A, 265-272

(1978)

. Fortuin, C.M,, Kastelyn, P.W., Ginibre, J.: Correlation inequalities on some partially ordered

sets. Commun. Math. Phys. 22, 89-103 (1971)

Holley, R.: Remarks on the FKG inequalities. Commun. Math. Phys. 36, 227-231 (1974)
Kemperman, JH.B.: On the FKG-inequality for measures on a partially ordered space. Proc.
Nederl. Akad. Wet. Ser. A 80, 313-331 (1977)

Kleitman, D.J.: Families of non-disjoint subsets. J. Combinatorial Theory 1, 153-155 (1966)
Preston, CJ.: A generalisation of the FKG inequalities. Commun. Math. Phys. 36, 233-241
(1974)

Seymour, P.D., Welsh, D.J.A.: Combinatorial applications of an inequality from statistical
mechanics. Math. Proc. Cambridge Philos. Soc. 77, 485-495 (1975)

Welsh, D.J.A.: In Problémes combinatoires et théorie des graphes (Paris 1976). Colloques
internationaux du C.N.R.S. no. 260, C.N.R.S., Paris, 1978

Received Aupgust 1, 1979



