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of Stochastic Differential Equations*

Philip Protter
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Summary. Solutions of systems of stochastic differential equations are shown
to be stable in #7 under #” perturbations of semimartingale differentials.
Analogous results are obtained in &7 when the solutions are not semi-
martingales but are only cadlag, adapted processes. Also, the solutions are
shown to be stable under almost sure perturbations. These results are
contrasted with the lack of stability under non-3? perturbations, a result
originally obtained by Wong and Zakai.

1. Introduction

Solutions of stochastic differential equations have long been assumed to be
unstable under a small change in the (random) driving term. In 1965 Wong and
Zakai [14] revealed instability by an a.s. approximation of a standard Brownian
motion B by processes B" which had piecewise continuously differentiable paths.
If one restricts the approximations of Brownian motion to local martingales,
however, a consequence of the results presented here is that the solutions are
stable. Consider equations of the form

t
(L) X,=X,+ Y [EX,_dZ:

i=1,m 0

where the driving terms Z' are semimartingales. We show that if the driving
terms of equations of the form (1.1) satisfy a technical uniformity condition and
converge weak-locally in an #7 norm for semimartingales, then the solutions
converge, also weak-locally in #7, to the solutions of the limiting equation
{weak-local convergence and the #? norm are defined in Section 2).

M. Emery [3,4] has extended to semimartingales the s#7 norm (1=<p=<w0)
for martingales. In Section 2 we recall some of the definitions and two lemmas of
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Emery. In Section 3 we consider equations of the form

t
(12) Xr=X3+ Y [EX"_dzZi"

i=1,m O

(13) X,=X,+

i=1l,m

t
JFX, dZ.
0

We show that if (1) X" converges to X, in IF, (2)Z"" are semimartingales
satisfying a technical uniformity condition, (3) Z" converges weak-locally in #7,
then X" converges to X weak-locally in #?. The main results are Theorem (3.3),
Theorem (3.8) and Theorem (3.19). We show by example (3.12) that in general
one cannot dispense with the uniformity condition (2) above. We also consider
equations where X7 and X, in (1.2) and (1.3) are replaced with adapted, cadlag.
processes (J7), -, and (J,),» o respectively, and we obtain analogous results.

In Section4 we employ a technique due to Stricker [13] and the results of
Section 3 to obtain almost sure convergence. This pertains particularly to the
results of Wong and Zakai: if local martingales I converge a.s. to a local
martingale L in the sup norm (ie., if lim (I — L)* =0 for each ¢), then for some

subsequence, solutions of Equations(1.4) below converge a.s. in the sup norm to
the solution of (1.5):

t 1
(14) X1=X,+[FX7_dL,+[GX"_ds,
¢ 0

t t
(15) X,=X,+[FX,_dL +[GX _ds.
0 4]

The main result of Section 4 is Theorem (4.16). In Comment (4.17) we exhibit the
relationship of this result to those of Wong and Zakai.

I wish to thank M. Emery and P.A. Meyer for their careful reading of the manuscript and for
their helpful suggestions. In particular Emery found a mistake in the original version which lead to
example (3.12). I also wish to thank E. Bombieri for helpful discussions concerning example (3.12).

2. Preliminaries

We assume the reader is familiar with the theory of stochastic integration as set
forth in Meyer [7]. (In view of [12], however, all of our results hold as well for
the stochastic integrals of E.J. McShane [6], provided the appropriate processes
are “K At after small amendments”.) Our notation will be that of Meyer [7]; we
recall in this section the recent definitions and results of M. Emery [3, 4] which
are not contained in [7].

We assume throughout that (@2, %, P) is a fixed underlying complete proba-
bility space and that (%) is a right-continuous filtration, where %, contains all
the #-null sets.

An #F norm (1 £p= o) has been proposed for semimartingales in [3,4].
Meyer [8] has generalized the norm and further developed the properties of #7.
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A process A is a VF process if (4,),5, is finite valued, adapted, and has right

continuous paths which are of bounded variation on compact sets. For a local
martingale N and a VF process 4, we denote

(2.1) J',,(N,A)=H[N,N]§é2

a0

where jldAsl is the random variable of the total variation of the paths of 4,
O_
including the point mass at 0.

(2.2) Definition. Let X be a semimartingale. For 1< p < oo, define the norm

1Xlp=_inf j,(N,A4)
X=N+4

where the infimum is over all possible decompositions X = N + 4. The space #7
is the space of those X such that || X| ., < cc.

We refer the reader to Meyer [8] for properties of the semimartingale #°?
norm. We observe that if X is a martingale then the usual #” martingale norm
is equal to the #” semimartingale norm. If Xe#? 1 <p< o, then X is a spec1al
semimartingale and so has a unique decomposition X = N + A, where 4 is a
predictable VF process. Meyer shows that Iy (N, A) gives a norm equivalent to

[ Xl 4» for 1<p<oo. This then implies that “N;—i—jldASIH also gives an
o....

§#2
equivalent norm (1 <p < o).
If a process X has paths which are right continuous with left limits it is said
to have cadlag. paths. For X with cadlag. paths we denote

(23) X} =supl|X, X}=limX*
s<t S
s>t

so that t — X¥ is again cadlag.

(24) Definition. Let X be an (adapted) cadlag, process. For 1 <p< oo, let
“XHyp = HXi) HLP-

X is said to be in F7 if | X||,, < 0.
One easily checks that the #” norm is a stronger norm than the %? norm;
ie, |*lorSc,ll* | p» for some universal constant ¢, 1=p<oo.
The following elementary lemma is due to Emery [4], and is also proved
(and extended) in Meyer [8].
: 1 11 )
(2.5) Lemma. Given 1<p< o0, 1<g< o, ;+a=;, let H be predictable and X

be a semimartingale. Suppose the stochastic integral H- X exists. Then

1H - Xliser < 1 Hllgop [ X | spas
M- Xl gr=c, |Hllgs 1 X spa-
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In the theory of stochastic integration and differential equations the cus-
tomary way theorems hold is locally, that is, on stochastic intervals [0, T
={(t,w): 0=t<T(w)}, where T is a stopping time. One stops a process at a
stopping time T in the following way:

X =X 10 g+ X1 lpr, op-

Kazamaki [5], in defining weak martingales, pointed out the usefulness of
stochastic intervals [0, T'[. We will call a process X weak-stopped at a stopping
time T'if (X),5 o=(X7),50, where X"~ is given by:

(2-6) XtTAZthl[O,TII-l_XT— ]'IIT,ooI['

Note that X7~ is continuous at T. If M is a local martingale then the weak-
stopped process MT~ need not be a local martingale (unless T is a predictable
stopping time). However, no such pathology occurs with semimartingales: if X
is a semimartingale then so is the weak-stopped process X7,

(2.7) Definition. A result (R) is said to hold weak-locally for a cadlag. process X
if there exists a sequence of stopping times (T"), ; increasing to co a.s. such that
(R) holds for the weak-stopped process X7~ for each n.

We caution the reader that results that hold weak-locally need not hold
locally, where locally is used in the customary sense; that is, the result (R) is said
to hold locally if it holds for the stopped process X 7", rather than for X7 .

For simplicity of notation in stating results which hold weak-locally we
introduce the notation (for 1 =p < c0):

28) I Xlpory=1X"" g
1X ooy =1X"" Nl g0
The following definition and Lemma (2.11) are due to Emery [4].

(2.9) Definition. Let >0, X be a semimartingale, and (T, ..., T;) be a finite
sequence of increasing stopping times. This sequence is said to carve X into
slices smaller than o if Xe#®, X=X"<" and

(2.10) HA]]Ti,T,-H[[X”J{’wé“ (1=igk),

where A]]S,TEXz(X—XS)T*. For a>0, we say that X can be carved into slices
smaller than o, and we write

XeD(«)

if there exists a finite sequence (T, ..., T,) of increasing stopping times with Ty,
=0 that carve X into slices smaller than a.

(2.11) Lemma. Let X be a semimartingale. For each a>0 there exists a stopping
time T arbitrarily large such that X7~ is bounded and in D(x).

Let F be an operator mapping adapted cadlag. processes into adapted
cadlag, processes and let Z be a semimartingale. Consider the following stochas-
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tic integral equation in which J is adapted and cadlag.:
t

(212) X,=J+[FX _dzZ,.
0

Existence and uniqueness of solutions of (2.12) have been demonstrated in
[1,2,10], and [11] under various additional hypotheses on F and/or J. Meyer
has observed that the techniques used in the proofs essentially only use the fact
that FeLip(K), as defined below. The Lip(K) definition is taken from Emery

[4].

(2.13) Defnition. Let K be a constant and F be an operator that maps adapted,
cadlag. processes into adapted, cadlag. processes. F is said to be in Lip(K) if the
following two conditions are satisfied:

(2.14) for each stopping time T, XT~ =Y~ implies (FX)! " =(FY)T".
(2.15) (FX-FY)*<K(X—-Y)* as processes.

Note that if f(w,t,x) is left continuous in ¢ for fixed w and x, is &,-measurable
for fixed ¢ and x, and is Lipschitz in the space variable, and if F is given by
(FX)(0)=f(o,t, X (w)),, then FeLip(K).

3. #P? Stability of Solutions

Fix p with 1=<p<co. Suppose that for 1<i<m, (Zi’")ngl and Z' are semi-
martingales, all locally in #7. Let F, satisfy the Lip(K) conditions. Let (X"),
and X be the unique solutions respectively of

t
31 X=Xx3+ Y [EX"_dZbn

i=1,m O

t
32 X,=X,+ ¥ [EX,_ dZ.

i=1i,m O

That such unique solutions exist with each F, satisfying the Lip(K) conditions
was implicitly established in [1,2] and [11], but it is first explicitly formulated
by M. Emery in [4].

(3.3) Theorem. Suppose for 1<i<m, (Z""),,,, Z' are semimartingales and that
lim Z»"=Z" weak-locally in #7, | <i<m. Let F, satisfy the Lip(K) conditions for

1<ism, and let (X"),,, and X be given by (3.1) and (3.2) respectively. Let
lim | X5 —X ||, =0. Further, assume each F, is bounded. Then lim X"=X weak-

n— oo n— 0

locally in #7.

Proof. We prove the lemma for m=1 and for an arbitrary fixed p, 1 <p < co. The
proof for arbitrary m<co is analogous. Let c¢=c, be a constant such that
[*llgr=cl*ll4»- Let K be the Lipschitz constant for F, and choose « such that
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0<oc<(1/c K). By Lemma(2.11) we know there exist stopping times (T* ez1
increasing to co a.s. such that Z"~eD(x) for each k. We fix k and implicitly stop
(2,5, and Z at T*; that is, we write Z instead of Z™~. Thus ZeD(a), and we
let 0=R,<R,;<---<R,=T" be the stopping times such that

14; Z] o = N(Z = Z5= )57 |y S .
Observe that | X"—X||g»<c | X —X"|| »» and also

1X =Xl p =1 X o= X5l o+ 1 F ll oo | Z = 27| s
TK X =X g0 |Z]] gpo-

We conclude that X" — X weak-locally in #7 if and only if X" —» X weak-locally
in &%, when F is bounded.

Since our results are interpreted weak-locally, by weak-stopping if necessary
we can assume without loss of generality that (X —X™"e#?(R,), 1 =i, for all
n=1. Then

B4 X =X"gpry=c, 1Xo—Xolpo+¢, [Fllo 1Z—Z" 0
T, K[ X" =X g g, 141 Z] s
Shi(np)+r | X"—Xllgor,
where 0<r=c,Ka<1, and lim h,(n,p)=0. Since r<1 and | X"~ X| g, < o0,

n—

iterating the inequality (3.4) yields

(3.5) X —X"gpr,yShi(n,p)(1N1—1)).
Suppose now we have shown that lim | X — X"| 4., =0, for some i, 1 i<l We

n— oo

then have
(B.6) I X=X"llgrg,, = I1X =X gpmy+ 1 Xk, = Xg,l o
T IF Ml |1 Z=Z7 o
T, KX =X "lgpr,, g 14i4 1 Z s
Shnp)+riX — X" gog,, ,)-
We wish to show lim 4;(n, p)=0. By assumption, hm [X — X" 50 g,y =0, and by

n— o0

hypothesis it suffices to show that lim || X% —X [l L,,-O For a process (Y),50

and stopping time R, we denote dYp=Yy—Y,_, the jump at R. If Y is a
semimartingale and Y =M + 4 is a decomposition, we observe that

0¥ =|0M | +]04,]
<[M, M]./*+[ldA,|
0

<jo(M,A), as.
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Thus a.s. |6Y3]Z (Y| 4~ for any stopping time R. Using the above observation
and notation we have

IX%, = Xl w S 1 X0, =X, o+ I(FX, ) 3Z ~(FX g, ) 0Zi 15
ZIX"— Xl gory+ €, Il 102" = 0Z] v
e, K IXh -~ X gl | Z e
SNX" =X oy +2€, 1Fll o 12~ Z g
+¢, KIZ ) oo |1 X" = X g iry

which tends to 0 as » tends to co. Therefore lim 4, (n, p) =0, where h;(n, p) is given
in (3.6). We conclude @

3.7 lim [X = X" yrg,=0, 1<i<L.

Since R,=T* we deduce that (3.7) is equivalent to
lim | X" — Xl gp g1y =0

H— 00

and since F is bounded and T* tends to cc a.s. as k tends to oo, we have the
result for weak-local #* convergence, and Theorem (3.3) is proved.

(3.8) Theorem. Let the hypotheses of Theorem(3.3) be satisfied, except that the
restriction that F, be bounded (1<i<m) is removed. Then there exists a sub-
sequence {n,} such that lim X" =X weak-locally in #7.

ny— oo

Proof. Once again, we only give the proof for m=1. The proof for arbitrary
m< co is analogous. Let F*=F A k. Then F*eLip(K) when F is. Define (X"®) . |
and X® as solutions respectively of

t
(39) X=X [FEX"® 47"
0

t
X®©=X,+[F*X® 4z .
0

For each choice of k define
(3.10) Tr=inf{t: [X,|>k} Ak
T™k=inf{t: |X"|>k}.
Let k>2 be fixed. For notational simplicity, define
Yr=X"C0,

By the uniqueness of the solution of (3.9) it follows that Y =X"?® = x"&+1 op
[[0, T™**!7). By Theorem (3.3), for each k, lim X"?®=X®@" weak-locally in

AP But [ X" —XCP| oy peray = Y" =X pp(ge+2, which implies that lim Y”

[ amdive]
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=X7""*" weak-locally in #”. Hence there exist stopping times Q™ increasing to

oo a.s. such that 1p, gwy(Y"~X)™"*7)* tends to 0 in probability as n tends to

oo, for each fixed m. Since for any ¢>0 we can choose m so large that

P({Q" <T**?})<¢, we have that sup|Y”—X |10 g+ tends to O in probability
t

as n tends to oo,
Let ¢, tend to 0 as k tends to oo, and let ¢ be such that 0 < <1. Then there
exists an n, such that

P({sup I =X )™ 71> 0)) <(e/2)-

This implies that P({T™**! < T*})<g,/2, where T™**! is as defined in (3.10).
Let S*=inf T"**1 and define S*=min(S¥, T%). Then
i

(.11) P{S*<TH}<s,
and furthermore X”=Y™ and X =X on [0,S*[. Thus since lim Y™ =X?¥
weak-locally in 2#7(5%), also lim X™ =X weak-locally in #7(S"). Since T* tends

to o0 a.s. as k tends to o, (3.11) implies that §* does also. This completes the
proof of Theorem (3.8).

We now give an example which shows that the hypotheses of Theorem (3.8)
do not imply, in general, that the solutions converge weak-locally in #7. In
Theorem (3.19) we impose an additional condition on the convergence of the
semimartingales Z" to Z which then guarantees the weak-local #? converge of
X"to X.

(3.12) Example. We wish to exhibit semimartingales (Z"),., and Z such that
lim Z"=Z weak-locally in #7, some p=1, but lim X"+ X weak-locally in #°7.
We will do this for p=1. Here FeLip(K), and X" and X satisfy (3.1) and (3.2)
respectively, with m=1. Let 2=[0,17, P be Lebesgue measure on [0,1], and &,
be the Lebesgue sets, for 0£1= 00. Let @(f)=min(z, 1) for = 0. Let £,z 0, and let
AM(@)=0(t) f,(»), we[0,1]. We let FeLip(K) be given by FX=X, and for
simplicity we choose X =X,=1. Thus X" satisfies

t
(3.13) X'=1+[X"dA"
¢

and hence X" =exp(4}). Suppose that lim E[ f,]=0, but lim E[ f7]+0. Then for
each t, lim E[e**]4 1. However, a priori there may exist stopping times T*
tending to oo such that lim E[e*r<] =1. We will need the following lemma.

R— 00

(3.14) Lemma. There exist nonnegative functions on [0,1] such that

(3.15) lim }fn(a))dco=0,

n—o0 0
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(3.16) limsup | f,(w)? dw= + oo
4

n—

for all p>1, and all Lebesgue sets A such that P(4)>0.

Let us for the moment assume the truth of Lemma (3.14). Let AMw)=
@(1) f,(w) be such that the functions {f,},., satisfy (3.15) and (3.16). Let T be
any stopping time (which in this framework is merely a nonnegative random
variable) which is not a.s. equal to 0. Then there exists a constant { <1 such that
if A={T>{}, then P(A)=#>0. We then have, for p>1,

(3.17) E[e"t]ZE[(47)]
ZE[1,0(T)(f)]
2 PE[1,(f,F].
The inequalities (3.17) shows that limsup E[e”T] = oo, by property (3.16). But

n-> 0

property (3.15) shows that lim ||4"| =0, and so we conclude that lim 4"=0 in

n— n— o0

A, but X" as given in (3.13) does not converge to 1 weak-locally in #.

Proof of Lemma (3.14). Let ¢,,=(1/log(m+ 1)), for meN. For each m; k=1,2,...,
m; and wel0,1], define

me, if k—1l/m<w<k/m
Fo @)= {0 otherwise '
Put the f,, , into a sequence: f; o, f 1, /3,0, .... Then E[ f, ]=s,, which implies
limsup E[ f,, ,]=0. Now define, relative to a given Lebesgue set A with P(A)

m— co

=#>0,
A=A Tk—1/m, kfm[.

For each m there exists at least one k=k(m) such that P(A,, ) Z1/m. Taking
p>1 we have

E[1,(f,, k(m))p] =(mg,) P(4,, k(m))

zm” *(e,) 1

and limsupm?~'¢2 n=c0 since ¢, =(1/log(m+1)). This completes the proof of

H— 00

Lemma (3.14).

(3.18)  Definition. A family of semimartingales {M*} pe I8 said to be uniformly in
D(o) if there exist increasing stopping times {77}, a stopping time T with
T'< T for all i, and a constant C = C(x), such that for all feB: (1) (M*)"~ =M?*;
() IM?| = C; and (3) [ Ayge, pi+ 1y MP| po St fOr each ieNN.

(3.19) Theorem. Suppose for 1<i<m, (Z""),., are weak-locally uniformly in
D(o) with . <(1/c, K). Let F, satisfy the Lip(K) conditions, and let (X"),., and X
be given by (3.1) and (3.2). Suppose further that lim Z"=Z weak-locally in #°?
{(p=1). Then lim X*=X weak-locally in #7. noo

H— oo
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Proof. By weak-stopping at T for a large stopping time T, we can assume
without loss of generality that: (1) (Z""),, are uniformly in D(x), (2) imZ"=Z

n— o

in #?, (3) |[FX|y-=C,, for some constant C,. We only give the proof for m
=1.
As always, | X" —X|g»=<c, || X"~ X[ 4». In the above situation we also have

1X" =Xl gpr = 1 X o= X5l Lo + 1 FX | geo [ Z =27 5
T K| X = X" gop 127]] 1o
SHXo=X5le+ CLIZ=Z"| pp + KC(@) | X = X" 4o

and so we conclude that lim X" =X weak-locally in #7 if and only if lim X" =X

weak-locally in &P, under the assumptions of Theorem(3.19).Since |FX | ,.<C,
and | Z"|| y« = C independently of n, the rest of the proof is almost exactly the
same as the proof of Theorem (3.3), so we omit it.

The proofs of Theorem (3.3) and Theorem (3.19) carry over exactly (except for
obvious modifications) to include what has become known as “the equations of
C. Doléans-Dade”. We state here, without proof, the analogue of Theorem (3.3).
The interested reader will easily do the same for the analogue of Theorem (3.19).

(320) Theorem. Let (J"),», and J be adapted cadlag. processes. For 1 Li<m let
(Z°"),51, Z' be semimartingales such that lim Z"=Z7" weak-locally in #°, for

1<sp<oco. Let (X"),>,, X be respectively the unique solutions of (3.21) and (3.22)
below: B

13

t
(321) X7= (FXx"_dzbn
i=1,m O

t
(322 X,=J+ Y (EX, dZ

i
i=1,m O

where FeLip(K) and is bounded 1 Si<m. Assume either

(@) (J",z1, J are semimartingales and lim J"=J weak-locally in #7; or

n—

(b) (J"),»1,J are cadlag., adapted processes and lim J"=J weak-locally in &P.

h— 0

If (a) holds then lim X"=X weak-locally in #7; if (b) holds then lim X"=X

n— oo n— o

weak-locally in FP.

We remark that the results of this section and also those of Section4 hold
true for systems as well. If X =(X*,..., X¥) is a vector of semimartingales, define

1Xlgo= 2 X [0

i=1,k

and one can define | X |, analogously. If one then has a system of equations
of the form:
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Xi=Ji+

i=1,m

F X, dZi

1

Oty =

for 1<j<gq, the analogous theorems to Theorems(3.3), (3.19) and (4.16) can be
proved in exactly the same fashion.

. 4. Almost Sure Stability of Selutions

In Section3 we saw that if the semimartingale differentials converge in an #7
norm then the solutions converge along a subsequence in an #” norm. One
might ask if one can get similar stability results if one has only almost sure
convergence of the differentials. It was almost sure convergence that Wong and
Zakai considered in [14] when they revealed a lack of stability. In this section
we show that one does have almost sure stability, provided the semimartingales
converge a.s. in an appropriate fashion. Our proof relies on an idea due to
Stricker [13], the importance of which was emphasized by Meyer [9]. By a
change to an equivalent probability we obtain #* convergence. We then invoke
Theorem (3.8) and get #' and hence a.s. convergence for a subsequence of the
solutions. Since the probabilities are equivalent, the solutions must also con-
verge a.s. for the original probability law. Let Y be a semimartingale and let Y
=N+ A be any decomposition of ¥, where N is a local martingale and A4 is an
adapted process whose paths are right continuous and of bounded variation on
t

compact sets. Let [|dA,| denote the random variable giving the total variation of
0 —

the path up to time t. Let N* be as defined in (2.3). For any stopping time T,
define

T
(4.1) vp(N, A)=Nf+ [|dA,|.
o

We now prove a lemma that is an adaptation of Stricker’s theorem ([13] or
[90).
(42) Lemma. Let (Z°"),, , Z' be semimartingales (1 <i<m), and let
(43) Z'—Z""=N""4 A>"(P)
be some decomposition. Let T* be stopping times increasing to oo a.s. such that

(44) limvp(N°"A"")=0 as. (1<Sigm)

n—co

for each k. Then for each k there exists a subsequence {n;} and a probability QF
equivalent to P such that under QF

lim |Z5™ “‘Zi’Ml(Tk):O'

ny— o0

Proof. We point out that (4.4) need not hold for all decompositions; we merely
require it to hold for some sequence of decompositions. We give the proof here for m
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= 1. An obvious modification gives the proof for arbitrary m < c0. We separate the
proof into three steps.

Step 1. We construct a probability R equivalent to P such that for each n, Y"=2
—Z"is special under R. We let Y" = M" + B" be its canonical decomposition, and we
show that [Y”, Y™], [M", M"] are in I}(dR).

To establish step 1 fix k and without loss of generality assume (£"), , and Z are

implicitly stopped at T*. Then lim v (N", 4")=0a.s. Thus ) [44"|< | |d4"| and so
lm ) (44%)*=0. Let noe s 0=

(4.5) G'=sup{v (N", A"+ (440)*}
G*=1/1+G"
G=G?*/E(G?).
Define the equivalent probability R by
(4.6) dR=GdP.

Then E{(N"*)*}<o and so E{[N",N"]_}<oco for all n. Since [Z—Z",Z
—Z"] o S[N",N"],+ Y (4427, we have

E {[Y"Y"] } <0,
where Y"=Z7—Z" Thus Y" is an R-special semimartingale. Let
47 Y'=M"+B"

be the canonical decomposition. For any predictable stopping time S and all »,
since Y" is special, Eg{4Y{|#;_}=A4B% Then Jensen’s inequality implies
ER{(4B%)*} S ER{(AY?}. Since B"is predictable a countable number of predictable
stopping times can be found which exhaust its jumps. Thus

E {[B"B"] }<E{[Y" Y }<c0.
Since [M", M"]<2([Y", Y] +[B", B"]), also [M", M"]_eI!(dR).

Step 2. We show that [ |dB| tends to 0in L' (dR), where B" is as defined by (4.7), and
O -

R is as given in (4.6).
By Girsanov’s theorem [7, p.377] we know one decomposition of the
semimartingale Y” relative to R is

(4.8) Y,n:(N,"—} id[N", G]s> +<A;’+3 id[N", G]s)
o G, o G,

where G,=E,[G|#,], and N* and A" are as given in (4.3). Rewrite (4.8) as

(49) Y"=M"+B"
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Then B" is the dual predictable projection of B*, and if we show that lim

E, j|d§;‘|}=0, then also lim ER{j |dB;’|}=0 (cf. [7, p.257]). We know lim
0 n— oo 0 n— o

o t 1 .
Exs | IdAgl}zo by construction of R. Also fad[N”, G], tends to 0 in I'(dR) by
0 o0Ms

an application of the Kunita-Watanabe inequality and the construction of G.

Step 3. We construct a probability Q equivalent to R such that Y”" is special for Q
and if Y"=IL"+ C" is its canonical decomposition, then I'e #*, | "], tends to 0
(under Q), and the total variation of C" tends to 0 under Q.

In step 2 we saw that | [dB?| tends to 0 in L' (dR). Let {n,} be a subsequence such
0 —_

that {|dB?| tends to 0 a.s. Let
o

D'=sup [|dB|,

m O—
D?=1/1+D"),
D=D?/E.(D?).
Define the equivalent probability @ by:
dQ=DdR.

By Girsanov’s theorem the canonical decomposition for Y" under Q is

T
(4.10) Y:I=(M:" 15

— L’;z + C:’l

d<M"’,D>S> —|—(B;"+} ) d(M"’,D>S>
o=

where M" and B" are given in (4.7), and D,=E{D|Z#}.
We wish to show lim ||[Y™| . =0, under Q. As Meyer [8] has observed, it is

n— o
equivalent to show that lim E {v_ (", C")} =0, since Y™ = I+ C™ is the canonical
ny— @

decomposition for each n,.

We first show that lim EQ{“dCﬁ}:O. Since [|dB|<D'el!(dQ) and
np— o0 00— 0-

lim {|dBY|=0 a.s., we have that {|dB™| tends to 0 in I!(dQ). On the other hand,
Hp—~ 0 0 — 0-
1 R 1 n

s—

=ER{§ rd<M'",D>s|}.
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But {M™, D} is the dual predictable projection of [M™, D] and therefore
(4.12) Eg{f Id<M"’,D>s|}§ER{IId[M"’,D]sl}

0._
and by Fefferman’s inequality

(413) Eg {Of ld[M"’,D]sI}écER {M2)*} 1D g0
<c)/5|D - Eg {(Y"’)ifo + IdBL”I}
0~
<c)/5 Dyl Er {Vw(N"’,A"’)Jr ) IdB;”I}
0._
Combining (4.11), (4.12) and (4.13) yields
1 0
(414) E, {J o ld<M"’,D>sl} < CER{vw(N"z A"+ |dB:’|}
s 0
where C is a constant. By (4.4) and the construction of R we know that lim
Er{v (N™ 4™} =0,and wesaw instep2 that lim ER{ j" Ing'l} =0.Sotheinequality
0___

n— oo

ny— oo nyp— o

We next show lim E {(U’)*} =0. Observe that

np— o

(4.14) implies that lim E {j |d{M™, D, I}—O and thus lim E {j |dC’s‘l|}=0

1
(415) E {(L*} SEUM™)*} +E, {j D |d{M™, D>s|}.

The second term on the right of (4.15) tends to 0 by (4.14). As for the first term on the
right,
Eo{(M™)*} =Eg{D(M™)*}
<D Eg {(M™)*)

<D} .- ER{vw(N"',A"’) +0°§_|de'1}

which we have seen tends to 0 as n, tends to co. This completes the proof of
Lemma (4.2).

(4.16) Theorem. Let (Z"),»,, Z be semimartingales. Let Z—Z"=N"+A" be
decompositions such that there exists a sequence of stopping times (T*), . | increasing
to oo a.s. and lim v(N", A")=0a.s. Let (J"), ,, J be cadlag. adapted processes such

that lim (J"=J)*)T*~ =0, for each k. Let FeLip(K) and (X"),,, X be solutions

n— o0
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respectively of

t
(417) Xr=Jr+(FX"_dzZ",
o]

t
(4.18) X,=J+[FX, dZ,.
0

Then there exists a subsequence {n,} such that lim (X" —X)*)™~ =0a.s., for each k.

n;—

Proof. We fix a k. By changing the choice of G* in (4.5) in the proof of Lemma (4.2) to

Gl =sup {(J"=J)* +v,(N", 4"+ (44)*}

we can conclude that there exists a subsequence {r;} and a probability Q*
equivalent to P such that lim [[J"—J|,.=0and lim |Z™—Z|| ,,=0, under Q.

ny—~ o ny— o
One can prove an ana]ogoils theorem to Theorem (3.8) for equations of the form
given in (4.17) and (4.18), rather than (3.1) and (3.2) respectively. One then has the
conclusion that there is a subsequence of {n,} such that [im X" =X weak-locally in
&', where the convergence is along the subsequence. Hence there exists yet a
further subsequence along which (X" — X)*)™ " tends to 0 a.s. (Q%). Since Q* and P
are equivalent, the convergence is also a.s. (P). This completes the proof.

(4.19) Comment. One might hope to circumvent the instability of Wong and Zakai
by approximating Brownian motion with VF local martingales and then use the
results of Theorems (3.3), (3.19), or (4.16). Unfortunately one cannot do so, as we
show here.

Suppose the filtration (#,),., is large enough to admit a standard Brownian
motion B and a sequence (M"),, , of VF local martingales. Then for a stopping time
Tand 1<p<w -

1B~ M"l pp(ry=II[B—M", B—M"] |,
=([B, Blp +[M", M"17 )| 1o

since B and M" are orthogonal for each . Since [ B, B], = T, the sequence (M), ,

cannot approximate B in #7. B
By using Lemma (4.2) and Girsanov’s theorem one can even show that there

cannot exist a sequence of VF local martingales (M"), . , such that lim (B —M")§=0

n— o

a.s., where T is any stopping time not equal to 0 a.s.

The preceding argument shows more generally that any semimartingale X with
a non-zero continuous martingale part cannot be approximated in #? by VF
semimartingales. Indeed, X cannot even be approximated almost surely if the
convergence is required to be of the form described in Lemma (4.2).
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