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Summary. Let (©,.%4 P) be a measurable space, and {.%} be a filtration on
(€2, .#). Then, given a fixed honest time L a new filtration {%,} is defined, the
smallest containing {.%,} and for which L is a stopping time, and the
martingales, semimartingales and stopping times of this new filtration are
characterised.

0. Introduction

This paper presents a martingale approach to work on the decomposition of a
process into its “past’ and ‘future’ relative to an honest random time, (See Millar
[11], for a survey of the Markovian theory of such decompositions.)

Let (Q,.% P) be a complete probability triple, and {.%,, t=0} be a filtration
consisting of sub-o-fields of .4 satisfying the ‘usual conditions’: that is, the
filtration is right-continuous and increasing, and .#, contains every P-null set in
S A random time on (@, .#) is any .#-measurable map L: Q — [0, «0]; a random
time L is honest if for s<t

{LZs}=F,n{L=<t} forsome F,c.9,.

This definition is equivalent (for a right-continuous filtration) to that given by

Meyer, Smythe and Walsh in [10]. Most of the random times studied in

connection with splitting-time theorems are honest: in particular optional,

cooptional, and randomised coterminal times are all honest (see Millar [11]).
Let L be a fixed honest time, and for teR ™ define

Y, ={AeSd: A=(En{LSt}))u(Fn{L>t}) forsome E,FeJ}.

Then 4,c%,, L is a {%,}-stopping time, and {#%,} satisfies the usual conditions.
We shall study the properties of the filtration {%,}, and in particular of its
martingales.

Let A,=I{t=L}, and let 4° and A denote the optional and dual optional
projections of A relative to {#}. In Section2 we shall establish a few basic
results concerning these processes. Section 3 is devoted to a study of {.#} and
{#,} martingales: here is the main results of the section.
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Theorem A. Let M be a square integrable {4,}-martingale, and M’ be defined by
t
M =M, + [[(1—A, )1 — A7)~ — A,_(42_)~*1d{M, 42— A,
0

Then M’ is a square integrable {9,}-martingale.

As a corollary we show that every {4 }-semimartingale is a {%,}-
semimartingale, providing a complement to a recent theorem of Stricker [12].

In Section4 we investigate the ‘measurable’ structure of {¥,}-progressive
processes.

Theorem B. Let T be a {%,}-stopping time. Then there exists a sequence (S,) of
disjoint {.%,}-stopping times such that

[r1=0z3o 15,3

In Section 5 and 6 we prove a martingale representation theorem for {%,}-
martingales.

Theorem C. Suppose that {M‘:iel} is a finite collection of continuous {.%}-local
martingales, such that if Y is any continuous {.#}-local martingale then there exist
{4.}-previsible processes C', il such that

t
Y=Y [Clan.
iel O
Then, if Z is any continuous {¥,}-local martingale, there exist {¥9,}-previsible
processes D', iel, such that

t
Z,=) [Dd(M),.
iel O
To represent the jumps of {%,}-martingales we must use Jacod’s theory of
stochastic integrals relative to random measures.

Acknowledgements. 1 wish to thank my supervisor, Professor D. Williams, for suggesting this
problem, and for various improvements to the style of this paper. Lemma 3.1 short-circuits a rather
involved argument, leading to essentially the same results.

Note. Some of the results of Section2 appear in Azéma [1]. T. Jeulin and M.
Yor, in [8] and [13], written at the same time as this paper, have obtained most
of the results of Sections 3 and 4, and go further in certain respects. The
representation results in Sections 5 and 6 have not appeared before.

1. Notation and Preliminaries

It is not possible to give here more than a very brief account of the general
theory of processes and martingales on which this paper is based: see the books
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by Dellacherie and Meyer [2, 3], and [9], for details. Any unexplained notation
and terminology will be found in Meyer [9], or Jacod and Yor [7].

If T is an optional time (that is, a stopping time) and X is any process we
denote the stopped process by X7, so that XT =X, ;. If € is a class of processes
we define the classes €*, 4, by

loc
% ={Xe%: X.(w) is continuous for almost all w},

%.,.=1{X: therc exists an increasing sequence (7,) of optional times, with
lim T,= + oo, such that X"»e® for each n}.
n

Let .# be the class of uniformly integrable martingales M with M,=90, and,
for p=1, let .47 be the set of Me.# with E|M |’ < oo; when we wish to discuss
martingales relative to the filtrations {4} and {¥,}, we shall write .# (%), #(%),
and so forth. Note that this is a slight departure from the usual notation, since
we require every element of .# to be null at the origin.

Let /" be the collection of right-continuous, increasing, adapted processes
A with A;=0, and 4,< 0 as. for each t < 0. Let /=" — A+ If A—Ajes,
and A,< oo as., we shall say that 4 is a process of finite variation, or a VF
process. Define ¥~ to be the subclass of o/ consisting of those processes 4 for

which E [|dAj <. If A—Aye¥, and E|4o<oo, we shall say that A4 is of
o

integrable variation, or a VI process; if A—A4,e7]
locally integrable, or an LI process.

A process X is a semimartingale [respectively: semimartingale (r}] if X has a
decomposition of the form X=X +M+4, where Med,,,
Aedd [Medt* Ae¥, E|X 4| < oo]. This decomposition is not unique, but M¢, the
continuous martingale part of M, is unique, and is denoted X*. If M, Ne #,,, we
may define (M, N), the previsible variance process associated with M and N.
For any pair X, Y of semimartingales we define [ X, Y],=(X*, Y*),+ ) 4X 4Y,

st
If M, Ned,,, and [M, N]e?,,., then we define (M, N> to be the dual previsible
projection of [M, N]. In particular, if M, Ne.#,%, then MN —{M,N>e.4,,,.

If X is a semimartingale and H a previsible process, we denote the stochastic
integrals | H dX,, [H,_ dX, by H-X, H_-X, when they exist. If Me.#2,
[respectively: Me.#?] define L, (M) [I2(M)] to be the set of previsible pro-
cesses H such that H?-{M,M)Yev [H?*-{M,MYev]. If Me#?, and
Hel? (M), then H-Me#2,; and if Me.#? and HeI?(M), then H- Me.#?.

If X is any bounded process (not necessarily adapted ) we may take the
optional and previsible projections of X relative to {#}, and will denote them
by X°, X* respectively. If X has increasing paths (or is the difference of two such

processes) we may in addition define the dual optional and previsible pro-

jections, denoted by X and X respectively. We shall erte X X —X, X=X°

—X. Note that if X has right-continuous paths, then X and X are martingales.
(This follows at once from the definition of these processeés; see Dellacherie [2].)
Set A=I; - The processes A° and A will prove to be of great importance.

and E|Ay| <o, that 4 is

oc?
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Let us recall ‘Dellacherie’s formula’, which we shall use frequently:
t t
E ([X:a¥1%) =E ([X,d81%).

In Section 6 we shall make. use of the theory of stochastic integrals with
respect to random measures, which we require to discuss the representation of
purely discontinuous martingales. We shall not use it elsewhere. For a full
account of this theory see the papers by Jacod [4] and [5], and for a summary
[6] or [7].

Let E be a Lusin space, & its Borel o-field. Set 2=Q x [0, 00) x E, =2 ®&,
0 =0 ®¢&, where # and O are the previsible and optional o-fields on Q x [0, o0).
A random measure u(w;dt,dx) is a positive transition measure from (Q,.#) to
((0, 0) x E, %((0, o0)) ®¢&). For a function U: 2 - R* let

Usp(o)= | Ulotx) u;dt,dx)

(0,t] xE

if this is finite, +o0 otherwise. We say that p is optional
[respectively:previsible] if Usp is optional [previsible] for all positive &-
measurable [#-measurable] functions U. The random measure u is said to be
integer-valued if u takes its values in Nu{+ o} and p{w; {t} x E)<1 for each
te(0, c0). Define the measure M, on Q by setting M AX)=E (X:k U, - From now
on we shall take x to be optional and integer-valued, with M, #-o-finite. Then u
is of the form

wlo; dt,dx)="Y Ip(s, 0) & 4 p(dL, dx),

5>0

where o is an E-valued optional process, and D is an optional subset of @
x [0, 00). Also, u has a dual previsible projection v. We may identify a space
%42 (), of P-measurable functions, and define, for Ue%2 (u), the stochastic
integral U+(u—v), a purely discontinuous local martingale in .2,.

Suppose that {M':iel} is a collection of continuous elements of .42 (.#).
Then we shall say that {M®:iel; u—v} has the martingale representation proper-
ty for (2,#,{#},P), and write {M'iel;u—vieRH(F), if, whenever
ZeME(F), <Z,M>=0 for every iel, and <{Z,Ux(u—v)y=0 for every
Ue%t (u,.%), then Z is null.

A more intuitive account of martingale representation is given by the

following theorem.
Theorem 1.1 (Jacod, [6]). The following are equivalent:
() {Miiel;u—vicRH(F).
(ii) For any Ne M}l (F) there exist Ue%i (u,.#), an increasing sequence (J,)

loc

of finite subsets of I, and elements u'eL’ (M) such that for each {4}-optional
time T reducing N

Np=No+Us(u—v)p+lim ), (- M)y

n e,

(where the limit is taken in I*(,.#, P)).
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Finally, let us note a few results which will be of use later. As a simple
consequence of It6’s Lemma for semimartingales (see [9, IV, 21]) we have

Lemma 1.2 (Meyer [9, 1V, T23]). If X, Y are semimartingales, then XY is a
t t
semimartingale, and X, Y,=(X, dY,+{Y, dX,+[X,Y],. If, further, X is a VF
0 0
t t
process, then X, Y,={X, dY+[YdX_.
0 0
Lemma 1.3. If X is a continuous semimartingale, and X°=0, then X is in ¥

oc*

Proof. By [9, IV, T32] X is a special semimartingale, and so has a decom-
position X=X,+M+A4 for which 4 is previsible, and locally integrable.
Consequently M is previsible, and so, as M¢ is null, it follows that M is null.

Lemma 1.4. If {4}, {¥4,} are two filtrations on (Q,#,P), and X is a semi-
martingale relative to both, then [ X, X] is independent of the filtration.

Proof. By [9, V1, T4], for each t,[ X, X], is the limit in probability of a sequence
of random variables depending only on the path of X. Hence [X,X](#),
=[X, X1(%), a.s., using an obvious notation. [ X, X is right-continuous, increas-
ing, so it follows that [ X, X |(#)=[X, X1(%) a.s.

Lemma 1.5. Suppose that .# is the P-completion of a countably generated c-field
I, Then, if # is any sub-o-field of %, there exists a countably generated o-field
H° such that S is the P-completion of #°. (This result is well known.)

Proof. A o-field .# is the P-completion of a countably generated o-field .#° if and
only if the function space I2(Q, % P) is separable. But if (¢,) , is a dense subset
of [2(Q, % P), and n,=E(¢,| #) then (n,)" , is dense in IZ(Q, #, P).

Let us recall the Burkholder-Davis-Gundy inequalities: if 1 <p < oo there
exist two constants, ¢, and C, with 0<c,< C,< oo such that, if Me./#,

¢, ELIM, M]%? S E sup M|’ < C, E[M, M1,
®
Lemma 1.6. If M is a local martingale, and for any p=1, E[M, M%< co, then
M is a uniformly integrable martingale, and M e 4".
Proof. Let {=sup |M,|P. If T is any optional time |M P <¢, and so M <&+ 1.

®
Hence M is of class (D), and consequently a uniformly integrable martingale,
—see Meyer [9,1V,4c].

We see that Me.#?, since E|M | <E &< 0.

2. The Projections of 4

For each te[0, o), define

Y, ={Act: A=(En{LZt})U(Fn{L>t}) forsome E,Fe4}.
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Lemma 2.1. (a) For each t=0, %, is a o-field, {L<t}e¥%,, and £,=¥9,.

(b) The filtration {¥%,,t=0} satisfies the usual conditions.

The proof is not hard. Note, however, that the honesty of L is necessary if
{%,} is to be increasing.

For the rest of this section let p, ¢, r denote generic rationals. Since L is
honest, we can choose sets F,,, for 0=p=g, such that

(@) Fpgedy;

(i) {L=p}=F,n{L=4q};

(iii) F,,=£.

By setting F, =p§0§qFrq we see that the F,, may be chosen so that they are
increasing in the first argument and decreasing in the second.

Now define C,(w)=inf{g=<p: weF,,}. It is readily seen that C, is .#, measur-
able, that C,(w)<p A L(w), and that (C,) is increasing. Define C,;=imfl C,: C is

p>t

then a right-continuous, increasing, {.#}-adapted process. Furthermore we have

L=sup{t: C,=t}, (2.1

{L<s}={C,<u for all ue(s,t]} n{L=t}, for s<t. (2.2)

Remark. If L(w) <t then C,{w)=L(w), so that C, is the value L must have if L is
less than t.
The following lemma is a consequence of (2.2):

Lemma 2.2. Suppose that T is {4,}-optional. Then
() 9,={AeI: A=(En{LST}HUFn{L>T}) for some E,Fe.fr},
() 9,_={AeI: A=(En{L<T})V(Fn{L=T}) for some E,FeJ_}.
The projections 4° and A contain most of the probabilistic information

about L which we will require. The next few results clarify the behaviour of
these processes.

Lemma 2.3. If T is {#,}-previsible, then A5 _=E(A;_|57_).

Proof. Since T is previsible there exists a sequence (T,) of {.%}-optional times

increasing to T, and #;_= \/ ;. Therefore it is enough to show that, given
nz1

¢>0, we can find an n,(s) such that |[EA, I,—EA} I | <e for all Fes; with
n>n,(e). But this holds if we choose ny(e) such that, whenever n>n,/(e),
E|A} — A5 |<%e, and E|4;_—Ap|<je.
By Dellacherie [2,V,T14,T15], it is immediate that A% is the previsible
projection of 4 _.
Lemma 2.4. For P-almost all w, we have A°>0, A?_ >0 whenever t > L(w).

Proof. Let u,veR *, with u<w, and put T=inf{se(u,v]: A;=0}, S=inf{se(y,v]:
A°_=0}. Note that A5=0 on {T < oo}, that S is previsible, and that Ag_=0 on
{S <o}
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But

P(L<u,T<w)< | ApdP= [ A5dP=0.

{T < o0} {T < o0}

and

P(L<u,S<ow}< | Ag_dP= [ A3 dP=0.

{S<ow} {S < o}

Lemma25. If T=inf{t=0: A?=1 or A?_ =1} then the processes A° and (A°)" are
indistinguishable.

The proof is essentially the same as that of Lemma?2.4. From now on we
shall take A°=(4°".

Lemma 2.6. Let T be any {4,}-optional time.

(i) If T=zL a.s. on {T<o0} then Ay=1 a.s. on {T <co}.
(i) If TEL as. on {T< oo} then Ay =44, a.s. on {T<c0}.

Proof. (i) is an immediate consequence of Dellacherie [2,V, T15].
(i) Set B,=I{t=T7}. Then if {e.#;, by Dellacherie’s formula,

E [¢B,dA=E [ ¢B,dA,,
0 0

so that E(I {L=T}|%;)=AA, proving (ii).
Lemma 2.7. 4 is constant on ((L, 00)).

Proof. The process t— C, is {.#,}-optional, so, by Dellacherie’s formula,
E [(t—C)dA,=E [(t—C)dA,=E(L—C,)=0.
0 0

Since t— C, is nonnegative, 4 is constant whenever ¢ — C,>0, and in particular
on ((L, o0)). '

3. {4} and {%,} martingales

Lemma 3.1 (Williams). Let M be a {9 }-adapted process, whose paths are right-
continuous with left limits. Suppose that, for each t, E|M,| < 0. Then M is a {%,}-
martingale if and only if the following conditions are satisfied:

() E(M,|.9)=EM,|5)  for s=t. (3.1)
(i) E(4,M,|A)=E(4,M,|.9)  for s=<t. (3.2)

Proof. This is immediate from the definition of 4.

Lemma 3.2. Suppose that M is {%,}-adapted, that E |M,|<oo for each teR™* and
that the paths of M are right-continuous with left limits. If M is zero on [0, L], or
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constant on ((L, o0)), then M is a {%4,}-martingale if and only if
E(M,|.#)=E(M,| %) for s<t. (3.3)
Proof. The necessity of (3.3) is immediate from Lemma 3.1.

Suppose first that M is constant on ((L, 0)). Then A, M, =AM, =A M _ for
every , so that M satisfies (3.2).

Now let M be zero on [[0,L]], so that 4, M,=M,. Fix s<t, and set T
=inf{u>s: C,=u}. Then, since T<L on {T<oo} we have M, I{T<w}=0.
Note that since [M,, 7|=|M,I{t<T}|=[M,| we have that M, ; is integrable. Set
M’ to be the optional projection of M with respect to {£}: then since M
satisfies (3.3) M’ is an {.#}-martingale. To show that M is a {#,}-martingale it is
enough to show that M satisfies (3.2). However, A,=A4,I{t <T}, so we have

E(AM|F)=EA {1 <T} M,|F)=E(4,M,, 1| F)=EM,, |.5)
=E(M?, 7|9)=E(M;|.9)=E(M,|I)=E(4, M,|.%),
completing the proof.
Corollary3.3. A— A4 is a {% }-martingale.

Proof. The process A—A is constant on (L, 0)), so it is enough to show that
A — A satisfies (3.3). But, by Dellacherie’s formula E(4, — A |#)=E(4,— AJ7).

Lemma 3.4. Let J be a previsible element of ¥ (.#).
(i) If {1{42_=1}1dJ|=0 as., then
4]

t
Ef{(1-A4, )1—A°)"*dJ,=EJ,
0]

t
(i) If [1{4S_=0}1dJ|=0 as., then
o

EfA, (A°)~'dJ,=EJ,

o]

Proof. Recall from Lemma 2.3 that the previsible projection of A_ is A7 . The
process J is the difference of two right-continuous, previsible, increasing pro-
cesses: we may therefore take J to be increasing.

1 .
Now set U"=(1—A§_)‘1(1—As_)I{A‘S’_<1— } The process U" is boun-

n
1
ded, so has a previsible projection, and it is clear that (U")?=1I {A‘S’_ <1——;}.

Hence, by Dellacherie’s formula,

t t T 1
EjUs" dJ,=E f(U”)fdJszEjI{A‘s’_ <—} dJ..
0 0 0 n
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A monotone convergence argument now completes the proof of (i), and (ii) is
proved in a similar fashion.
Define ¥(A_) to be the class of Me.#?(#) such that

(i) A_e’(M): ie. E [A2 d{M,M) <o,
0

(i) E|4, M,| <o for each t>0.

The following is an immediate consequence of Lemma 1.2 and Dellacherie’s
formula.

Lemma 3.5. Suppose that Me%(A_). Then if s<t,
t t
E(M,A,—M_ A, #)=E <jMudeu|JS)=E (yMudAums)

—E((4,~ A)M,|.5). (3.4)
Corollary 3.6. Let Me%(A_). Then, if M is a {9 }-martingale, <M, A >=0.
Proof. Tt is enough to show that MA is an {-#}-martingale. But
E(AM,— A, M|.5)=E(A,M,— A,M,|.9)— E(A,M,— A, M,|.5)
=E(AM,—M;)—A,M;—M)|.%),

by Lemma 3.5. The last term is E(M,— M) —(M,— MZ¥)|.#), which is zero since
M and M" are {%,}-martingales,

I'f Me} (F), so that {M, A exists, define the {¥,}-optional process M’ by
setting
imanoh] (=g ) acn o, "
Proposition3.7. If Me%(A_) then M' is a {% }-martingale.
Proof. Set
taL

X, =M, =M, + [ (1—4° )" dM, D,
4]

t
Y;:At(M;_M/L):At(Mt“ML)_.\N(AZ‘)_I d<M,A>u-
L

We will use Lemma 3.2 to prove that X and Y are {#%,}-martingales.
Note that EA, M| <E supM < o0, by Doob’s inequality, since M e.#*(.%).
Now sst
EM,, =M, | F)=—EAM,—M)—A,M;—M})| %)
=—E(A; M, — A M |I)+EA,M — A M, |5)
— —E(AM,—AMJ}7) byLemma3.s5



316 M.T. Barlow

Consequently,

E(X,—X,|.9)=
E (5 (1— A, )(1—A2_)~"d{M, /1’>,,|fs) — E(M, Ay, — (M, 4> 7)),

and a similar equaglion holds for Y. To complete the proof it is therefore enough
to show that (M, A satisfies the conditions of Lemma 3.4: that is, if U, =1{A49_
t t

=0}, and V,=1{A°_=1}, that [U,|d{M, A) |=0 a.s., and that [V,|d{M, 4> |=0
a.s. 0 0

By Lemma?2.4, the previsible process U is zero on ((L,)), so that the
martingale U-M is constant on ((L,0)). Thus by Lemma32, U-M is a
{%}-martingale, and by Corollary 3.6, <U-M, A>=0. However, U-{(M, A'),

={U-M, A =0 for all 5, and hence jUsld<M,/i’>s|:0.

0
Let T=inf{t=0: A°=1}. Then, by Lemma2.5, A?=1 if t=T, and A is
constant on ((T; o)), since T=L. The martingale V-4 is Zero on (0, T)), and
constant on (T, c0)). But if V=1 then A%_=1, so that 44;=0; therefore V-4

t
=0. It follows, as in the case of U, that [V,|d{M, A |=0.
0

Theorem 3.8. If Me #*(¥) then M'e #*(%).

Proof. The process A has jumps bounded by 1, so, if we set S, =inf{t>0: 4,>n},
then M3 €%(A_). Thus, by 3.7, (M5"Y =(M")’ is a {¥,}-martingale, and M’ is a
{%,}-local martingale.

We may decompose M as follows: M=U+V, where U,Ve #*(F)V is a
purely discontinuous martingale and jumps only at previsible times, and U
jumps only at totally inaccessible times. Then [U, V]=0, since U and V" have no
common jumps, and V°=0. See [9,11, 8-11] for details.

For notational convenience set

H,=(1—A4, )(1—4; ) " I{A]_<1}—A,_(4;_) " 1{4;_>0}.

Then H-{(U, A, H-(V,A> are VF processes, so that U and V are {%,}-
semimartingales, since U’ and V’ are {%,}-local martingales.

Now U jumps only at totally inaccessible times, so (U, 4> is continuous, and
hence H-<U, A is continuous. Thus [U, U]=[U’,U"].

Let T be {J4}-previsible. Then T is {% }-previsible, and E(4V}|g;_)=0.
But AVi=AV,+H A<V, Ay, and therefore E(AV))* % )=E(AV)*|1%1.)
—(H; AV, Ap1)?, so that E(AV))? S E(AVy)~

However, the jumps of V' are contained in the jumps of ¥, and V' is purely
discontinuous, so it follows that

E[V',V1,=E L (AV SE Y (4V) =E[V, V],

s=t s=t
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We now see that E[M', M}, <E[M, M], for t=0. Since M is square integr-

able E[M, M]_ < oo, and the proof is concluded by applying Lemma 1.6.

Corollary 3.9. If Me.#2,(F) then M'e M (%).

Theorem 3.10. If X is an {4,}-semimartingale then X is a {%,}-semimartingale.

Proof. We can write X =X+ M+ B, where Me#,,.(#) and Be/(#), and M,
=B,=0. It is enough to show that X' is a {%,}-semimartingale, for some
sequence T, of {#,}-optional times, with sup T,= + co; see [9,1V, T33].

Recall the decomposition of Gundy, [9,1V, T8]: there exists a sequence (T))
of {#}-stopping times with lim 7,= +co, such that M™=U"+V", where
Ure#*(#) and Ve (#). Thus we may write

X=X+ U+ V" +B=X o +(U"Y +(V"+B—H-(U" 4)

completing the proof.

Corollary3.11. If T is totally inaccessible relative to {4} then T is totally
inaccessible relative to {%,}.

Proof. Set Y;=I{t=T}. The dual previsible projection of Y relative to {%,} is
given by ¥—H- (Y, A, which is continuous.

Note. Stricker [12], has proved that if {.} is any filtration, and {#} is a
subfiltration of {.#}, then any {.4}-semimartingale adapted to {#,} is an {#}-
semimartingale.

4. Structure of {%,}-Progressive Processes
In this section we establish some results which will be used in the proof of the
representation theorem for {¥,}-martingales.

Define {.4,}-optional times «,,,,, f*,, B, for n=1, m=0, and and some fixed
r=1, as follows

Bno :Oa
1

Oy :inf{tgﬂn m_l:Af>~},
’ n

1
L =Inf<t=o T AT<—0
nm { —Ocnm t 27’”’},

Bum= B, Ainf{t>a,,: AA,>0}.
By Lemma 2.6(ii), and Lemma 2.7, we see that

~ 1
Bom=BE, A inf{t>ocnm: AAtg——}.

. L . - 1
Since A is increasing, and bounded for almost all w, AA@E— for only
nr

finitely many ¢, a.s. Thus, for each n, f,, =% for all but finitely many m, a.s.
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Now A4° is right continuous, so that o, > 8 _, whenever §, ,_,=p%,_, and
e >0, Consequently, because A° has left limits, the sequences (a,,)>_,
(Bmre_ |, have no accumulation point in [0, co).

Define a sequence y, of {#,}-optional times by setting y,=inf {sz: A;’>1}.
n

Lemma4.1. (i) Suppose that T is an {4,}-optional time, that T <L [respectively:
T<L]on {T<w}, and that T>a, T 2=v,,] Then TZp,,,.

(i) L=p,,, on {L>a,,}.
(i) [ | L]

() (L) U Lot B
Proof. (i) By Lemma?2.6(iiy A3 =44, on {T<co}. The definition of §,_ now
ensures that T=g, . If T<L on {T <o} then 4%=0 on {T <0}, and hence
T>a,, as.

(ii) Set T=inf{u>a,,: C,=u}. Then T<L on {T <}, so that A,=AA4; on
{T < o0}. The right-continuity of A° now ensures that T >a,,, and by (i) we have
L=Tz§,, on{L>a,,}

(i) Choose we, n=1. By (ii) L(w) does not lie in any interval of the form
((om5 Brs)» 80 that for some m=0, f,,,_;(0) =< L(w)ZLa,,(w). Consequently y,(w)
:anm(w)'

(iv) This follows from Lemma2.4, and the inclusion

nm>

1
{(ta (1)): Af((})) >;l} S Ql ":Otnm, :Bnm))

We now turn our attention to the structure of {¥,}-optional processes, and
{% }-optional times.

Lemmad4.2. Let T be an {9}-optional time, and ¢ a % measurable random
variable. Then there exist % measurable random variables n and v such that for
every o

¢(w)=Ar(w)n(w)+ (1 —A (@) V(o).
Proof. This is a simple consequence of Lemma 2.2.

Proposition4.3. Let X be a right-continuous {%,}-progressive process. Then there
exist {#}-progressive processes H and K, such that the processes X and (1—-A)H
+ AK are identical.

Proof. For p=z0 we may choose H),, K such that X,=(1-4,)H,+A4,K,.
Define H and K by setting H,=liminf H,, K,=liminf K,: H and K are then
plt plt

{# }-progressive, by [3,IV,T17]. It is easily verified that for every (f,w)
X (w)=(1-A ) H(w)+4,(0) K (o).

Remark. It is not always possible to choose H and K to be {.4}-optional, even if
X is {%,}-optional. Consider the following example. Let B be Brownian motion,
with B, =0, t=inf{t20: [B,|=1}, and L be the last exit from 0 of the process B".
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Let X,=I{t=L} sgn(B,). Then X is right-continuous, and {%,}-adapted, so {¥,}-
optional. We can choose H, K as follows: H is 0, and K, =sgn(B,,), if this exists,
0 otherwise. If an{#}-optional choice of K existed then a previsible choice of K
would exist ([2,V,T22]), so that AX, =K, would be %, _ measurable, con-
tradicting the fact that X is a {#,}-martingale.

All the trouble here arises at L, so that we do have the following positive

1
result. Let rnzinf{tgo: A7 >1 —}
n

Lemma4.4. Let X be a right-continuous {%,}-optional process.

(1) If X is constant on [1,, ), then H can be chosen to be right-continuous.

() If X is zero on [[0,a,,)), and constant on [f
to be right-continuous.

o)), then K may be chosen

nm?

Proof. (i) We may take H to be constant on [[7,, o0)). Define the {.#,}-progres-
sive processes H', H” by setting H;=limsupH,, H'=liminfH,, and set T
plt

plt

=inf{t=0: H'<H;}. Then T is the debut of an {.}-progessive set, and is
therefore an {.#,}-optional time. For each o the path H.(w) follows X.(w) up to
L(w), so that, by the right-continuity of X, we have T=L. But then, by
Lemma 2.5(i), 45=1, so that T =r,. Since H is constant on [t,, ©)), it follows
that H is right-continuous.

(i) We may take K to be zero on [0,a,,)), and constant on [
K', K" and T as in (i). Now T<L, and T=>a
Thus K is right-continuous.

m» ©0)). Define
hence, by Lemmad.l, T=§, .

nm?

Theorem4.5. Let T be a {Y,}-stopping time. Then there exists a sequence (S,) | of
disjoint {4 }-stopping times such that

[TI<=[LTv U1 [s.1.
Proof. Let T,, T, be the restrictions of T to {T<L}n{T<t,)},

{T>L}n{a,,=T<p,,} respectively. Then by Lemma 4.1(iv)
[TI<=ILIV( Ul (oo U [LT.D)-

nzl,mz1

1\%

Set X=1Ipy ), and choose H as in Lemma4.4(i). If R,=inf{t>0: H,=1} then
R, is {4}~ opt1onal and [T, ] <[R,]. Similarly, if Y= I .« then K may be
chosen as in Lemma 4.4(ii), and if R, =inf{r=0: K,= 1} then [T, 1<[R,.]1.

A suitable non-disjoint sequence (Sn) therefore exists and by [2,IV, T17] a
disjoint sequence can be found.

5. Representation of Continuous {%,}-Martingales

We make the following assumption: there exists a family {M':iel} of con-
tinuous elements of .#%(.#) with the martingale representation property for
continuous {.4,}-martingales. By this we mean that if Z is a continuous element
of 2. (F), and {(M',Z>» =0 for every iel, then Z=0.

loc
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Theorem 5.1. The family {M"':icI}, consists of continuous elements of .M *(%), and
has the martingale representation property for continuous {%,}-martingales.

We shall need the following simple application of [td’s lemma for semi-
martingales.

Lemma5.2. Suppose that X, Y, Z are optional processes, that X and Y are
semimartingales (v), and that X =YZ. Let T=inf{t20: Y, <¢}. Then, if Y,>0, and
AZ I{T < 0} is integrable, Z* is a semimartingale (r).

Proposition5.3. Let Z be a continuous element of M*(%). If Z is zero on [0,L]],
and {Z,M"> =0 for every icl, then Z is null.

Proof. Recall the definitions of the random times (a,,), (B8,.), and (y,)
from Section 4. Define {%,}-optional times (,,), n=1, s=1, by setting J,,

=inf tgy,,:A;'<2— . Since Z is continuous, it is sufficient to prove that
ns

I 5.q- Z is null for every n=1, s21. Fix n and s, and take the r in the
definitions of («,,,} and (B,,,) to be s. To simplify the notation we shall drop the
subscripts n and s, and refer to y, 9, (a,), (f,): we shall also assume that
Z=1lya 2

By Lemma4.1 we have [y] < U Mo, 1. Set Ur=I{t>y}I{y=u0,}, a {%,}-
previsible process, and Z"=U"- Z Then Z= ) Z", and for each m, Z™ i

mz1
continuous {%,}-martingale, constant except on [, B,], and (Z™, M*>=U"
L Z,M"y=0.

We may now apply Lemma4.4 to Z™: there exists a right-continuous {%}-
optional process K™, zero on [0,e,] and constant on [[§,,, «)), such that Z™
=AK™. An argument similar to that in Lemma 4.4(ii) shows that if T is the time
of the first jump of K™, then T=p,. K" is {.}-optional; so taking optional
projections we have (Z™)°=A° K™ Now (Z™)° and A4° both have left limits at §,,,

1 . ) .
and 4§ _ 22—: thus K™ also has a left limit at f,,. Since Z™ is continuous we
™ ns

may take Kj'=K} _ for t=f,, ensuring that K™ is continuous everywhere.

It follows from the equation (Z")°=A° K™, and Lemma 5.2, that K™ is an
{#}-semimartingale (r). However K™ is also a {%,}-semimartingale, by Theo-
rem 3.10. Consider the process [K™, M'] Now Z"=I{y=a,} K™ and so, on the
set {y=u,,}, we have

[K™, M1 =[K", M"]=[2", M ={Z", M") =0,

Set T=inf{s=0:[K™, M'],>0}. Then T<L on {T <0}, and T=a,, so that
by Lemmad4.1(i), T=f,. But K™ is constant on [, c)), and [K™, M is
continuous, and therefore T=co a.s.,, and [K™, M ]=0.

As K™ is an {.f}-semimartingale (r) we may write K=N+B, where
Ne#?(#) and Be¥ ' (F). Now (N, M'>=[K,M']=0, for every iel, therefore,
since {M':iel} has the martingale representation property for {.#}-martingales,
N¢=0. Consequently, by Lemma 1.3, K"e ¥}, (F).
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However Z™=AK™: it follows that Z"e? (%), and therefore that Z™ is null,
since Z™ is a continuous {#,}-martingale. Now Z= )" Z™ so that Z is also null,
completing the proof. mz1

Proposition5.4. Let Z be a continuous element of M*(%). If Z=Z", and {Z,M">
=0 for every i€l, then Z is null.

The proof is very similar in idea to that of 5.3, and is therefore omitted.

Proof of Theorem5.1. Note that if Ze. #2.(%), and {Z, M"y =0, then {Z", M"">
=0 for any {#,}-optional time T. The result now follows from Propositions 5.3
and 5.4.

6. Representation of Purely Discontinuous {%,}-Martingales

In this section we shall assume that .# is the P-completion of a countably
generated o-field .#°. Let u be an {.}-optional, integer-valued random measure
defined on (0, c0) x E, where E is a Lusin space, such that M, is P-o-finite.

By Lemma 1.5 the o-field ¥, is the P-completion of a countably generated o-
field %7: let (G,) , be a sequence of Y measurable sets generating . Recall
the definitions of D, an {.4}-optional subset of Qx[0, o), and «, an {£}-
optional E-valued process, from Section 1. Define the {#,}-optional process § on
E'=E 02N by setting f.(w)=0o(w) if s% L(w), and Brlw)=g, (@) €28 Let D
=DuU[L]], so that D' is a {%,}-optional subset of Q x[0, ). We may now
define a {%,}-optional random measure x' on (0, c0) x E’ by setting

wlw;dt,dx)="Y I (s, )& 5. p(dt,dx).

s>0

Note that u is integer valued,and that M, is P(%)-g-finite: consequently '
has a {%,}-dual previsible projection v, and there exists the space 42 (i, %) of

loc

#(%)-measurable functions such that if Ue%?2 (¥, %), the stochastic integral

loc

U=x(u' —v) is a purely discontinuous element of .#2 (%).

Theorem6.1. If {M':icl ;u—V} has the martingale representation property for
{4, }-martingales, then {M"': icl; y' —v'} has the martingale representation proper-
ty for {%,}-martingales.

If X,Ye (%), and X is continuous, and Y is purely discontinuous, then
{X,Y>=0. Theorem 6.1 is therefore an immediate consequence of Theorem 5.3
and 6.2, since if {(Z, M""> =0 for all iel, then Z°=0, and if (Z, U(y' —v')> =0 for
all Ue%} (1, %), then Z¢=0.

Theorem6.2. If u—v has the martingale representation property for purely
discontinuous {J,}-martingales, then ' —v' has the martingale representation
property for purely discontinuous {%,}-martingales.

Lemma 6.3 (Jacod [5]). Let T be a {¥,}-optional time. A necessary and sufficient
condition for all purely discontinous elements M of M*(%) whose jumps are
contained in [ T]) to be of the form M =Ux(u'—V') for some Ue% (1, %) is that
Yr=%r_VvolBy)
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Lemma 6.4. Let S be an {J}-optional time. Then 95=%;_ v o(fi5).

Proof. Set #=%;_va(fy): it is clear that # =%, Now {L=<S}e#, since
{L<S}e%,_, and {L=S}={Bse2N}ea(fy).

Let Fea(n): then Fn{S==L}eco(f), as fs=0g5 on {S+=L}. Now o(xg) =5,
so that Fn{S=L}e¥%,. Thus Fn{S=L}=GAA, where Geg{f;), and P(A)=0,
for ¢, is the P-completion of o(f;) by the definition of f. We also have
Gn{S=L}eo(fs): hence F belongs to the P-completion of o(fy).

Since u—v has the martingale representation property with respect to {4},
we have, from Lemma 5.2, that f,=.9;_ v o(ag). Now S_ <%, _, and we have
proved that o(ag) =4, v 6(f), hence gy < # Therefore, by Lemma 2.2(i), 93 = #

Proof of Theorem6.2. Suppose that Ze.#2 (%), and that {Z,Ux(y' —v)>=0 for
every Ue%2 (1, 9). If T is any {%,}-optional time the same is true of Z”, so we
may take Ze.#*(%).

Let Y be the purely discontinuous {#,}-martingale whose sole jump is AZ; at
time L. By Lemma 6.3, and the construction of f;, Y=U=x(u —v) for
some Ue% (1, %). It is clear that U can be taken to be zero off 2™. Then

loc
[Z, Ux(u' —v)]=A(4Z,)* which implies that 4Z, =0 as.

The process Z is right-continuous with left limits, so we may find a sequence
(T}) of {%,}-optional times which exhaust the jumps of Z. Then, by Theorem 4.5
there exists a disjoint sequence (S ;) of {.#)-optional times which also exhaust the
jumps of Z. Let Z/ be the {%,}-martingale generated by the jump of Z at §,. By
Lemma 5.3 there exists Ule 92 (1, %) such that Z/=U’x(y' —v). But 0=(Z, U’

loc

w{y —v)> =(Z, 727 ={(Z}, Z>, which shows that Z/=0. Thus Z has no jumps,
and is therefore null.
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