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Summary. Let (X,) be iid. random variables belonging to the domain of
normal attraction of a symmetric stable law with parameter 0<p<2. We
study the a.s. and weak approximation of the partial sum process S()
=3 X,(t=0) by a symmetric stable process G,(r). Stout proved an upper

n=<t
bound for the optimal remainder term in this approximation; we prove
here a lower bound, leaving only a small gap between the upper and lower
estimates. We also give a new method to obtain upper bounds. Finally,
we prove analogues of these results in the case when a.s. approximation
is replaced by approximation in probability.

§ 1. Introduction

Let X, X,, ... be independent r.v.’s with common symmetric distribution func-
tion F(x) satisfying

1—F(x)~cx™® as x—+o'’ (1.1)

where ¢>0, 0<a<2. By a well known theorem,
VX 4.+ X )26, (1.2)

where G, . is the symmetric stable distribution with characteristic function

e}
exp(—plt]?), p=2c¢ | sin y/y*dy. Conversely, for iid. r.v’s X, X,, ... with sym-
0
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metric distribution function F(x), (1.1) is necessary for (1.2). Let Y;, Y,, ... be
independent r.v.’s with common distribution function G, .. The purpose of the

present paper is to study the strong approximation of Y X; by ) Y. More
i=1 i=1
precisely, we shall investigate to which functions ¢ (n) holds

i Xi—i Y,=0(e¢(n) as.as n— w0 (1.3)
i=1 i=1

in the sense that the ii.d. sequences {X,}, {Y;} can be defined on a common
probability space such that (1.3) is valid. We shall also investigate the analogous
question when “a.s.” in (1.3) is replaced by “in probability”.

Write (1.1) in the form

l1-F(x)=cx *+p(x)x"* x>0 (1.4)

where f(x) -0 as x —» + co. Stout proved in [13], under certain regularity condi-
tions on f(x), that if a,, is a positive numerical sequence satisfying

Y a;t <+ o0 (L5)
n=1
then the approximation
Y Xi— ), %i=0@a,lf@)) as (1.6)
i=1 i=1

holds. In [2] this result was improved to
Y Xi— Y h=0(,lp@)'"™) as. (1.7)
i=1 i=1

for 2 < 1. Theorem 1 of the present paper shows that if {¢,} is a positive numerical
sequence satisfying

Biew) Y cx*—>+w as No>ow (1.8)
kSN
then almost surely
Y Xi— Y Yi‘ch,JB(cn)l infinitely often (1.9)
i=1 i=1

for any versions of {X;} and {Y;} defined on a common probability space;
K is a positive constant depending on « and c. It is easy to see (cf. the Remark
after the proof of Theorem 1) that there exist sequences {a,}, {c,} satisfying
(1.5) and (1.8), respectively, such that a,/c,<|B(n)| > Hence, the gap between
the upper estimates a,|B(a,)l, a,/8(a,)|*’* and the lower estimate c,|B(c,)| is a
power of |f(n)| and thus all three estimates are fairly precise if f(x) tends to
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zero very slowly. Unfortunately, we were not able to determine the optimal
remainder term ¢(n) in (1.3).

For f(x) tending to zero sufficiently rapidly, (1.6) and (1.7) are useful invar-
iance principles for limit theorems for iid. r.v.’s in the domain of attraction
of a stable law. For example, if |(x)|<(log x)~? for y>1/a then choosing a,
=(nlog!**n)/* with a small enough ¢>0, the right side (1.6) becomes
O(n'*(log n)~*) with 1> 0. This remainder term is strong enough to carry over
most known limit theorems from {Y,} to {X,}. On the other hand, Theorem 1
of the present paper shows that given any positive numerical sequence {b,}
with ) b, *= + o0, the approximation

n

i X;— > Y=0(,) as. (1.10)

i=1

cannot hold if f(x) tends to zero sufficiently slowly. For example, if B(x)
>(log x)~? for y < 1/(e+2) then (1.10) cannot hold with b,=n'/%. Hence for such
B(x) even the weak limit theorem (1.2) cannot be obtained via an a.s. invariance
principle of the type (1.3). This dlfﬁculty can be overcome by adaptlng an

idea of Major [9] and approximating Z X; not by Z Y; but by Z Y +1)

i=1 i=1 i=1

where 7; are small “correcting” r.v.s. A natural choice is 1;=¢; ¥; for some
numerical sequence g — 0 and Mijnheer showed ([10], Examples 3 and 4) that
for some classes of F, this choice leads to an improvement of Stout’s remainder
term in (1.6). A still better remainder term can be obtained by choosing the
1, independent of the sequence {Y,}. In fact, as is shown in [2], this choice
leads to a remainder term O(n!”~%), A1>0 for all positive s such that
B(x)x~*]0. Thus we get an a.s. invariance principle applicable for arbitrarily
slowly decreasing f(x)’s. In Sect. 2 we give a new, simplified proof of the just
mentioned “perturbed” a.s. invariance principle of [2] and extend it to the
case when f(x) can take both positive and negative values. (For additional
information on the remainder term in the case 7,=¢, Y,, ¢, numerical, see the
remark at the end of Sect.2)) In Sect. 3 we investigate the “in probability”
analogue of (1.3). Simons and Stout showed in [12] that for any f(x)—0 the
approximation

n

z =o0(n'®)  in probability (1.11)

M=

]

i=1

holds. In other words, there is a joint construction of {X;} and {Y;} and a
numerical sequence ¢, — 0 such that

( n e

In Sect. 3 we give upper and lower estimates for the (optimal) ¢, in (1.12). As
in the a.s. case, these estimates will be quite precise for slowly decreasing f(x),
the gap between the upper and lower estimates being again a power of | f(n)|.

2 Xi—Yi)‘gs,,>§£n n=1,2, ... (1.12)
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The technical conditions made on B(x) in our theorems could be weakened
but we preferred to give conditions making the formulations and proofs of
our theorems simple. (Note that most known results in the field, e.g. those
in [5], [10], [13], are rather complicated.) For example, in each of Theorems
2, 3 and 4 we assume that f(x) is positive for x= x,. This assumption makes
the arguments particularly simple but it can be easily removed, as it is shown
in the remark following the formulation of Theorem 2.

It is worth noting that all known a.s. invariance principles for r.v.’s in the
domain of attraction of a stable law G,, 0 <2 <2 use constructions with indepen-
dent X,—Y,. (The argument in [2] is an exception but the result of [2] is
reproved in this paper with iid. X,—Y,, cf the proof of Theorem 2.) That
constructions of this simple type can give rather good estimates is in sharp
contrast with the case of finite variances (Brownian approximation) where no
nontrivial bound can be given using independent X ,— Y,. The small gap between
the upper bonds (1.6), (1.7) given by independent X, — Y, and the lower bound
(1.9) valid for all constructions shows that no essential improvement of the
remainder term can be obtained by constructions using dependent X,—Y,.
Whether independent X,—Y, give actually the best remainder term remains
open.

We finally note that Fisher [5] and Mijnheer [10] proved a.s. invariance
principles for ii.d. sequences {X,} in the general (non-normal) domain of attrac-
tion of a stable law G,. Specifically, they showed that in this case the partial

sums Y, X; can be approximated by weighted sums Y 4;Y; of iid. rv’s Y
i=1 i=1
having distribution G,. (Clearly if X, are outside of the domain of normal

attraction of G, then the upper classes belongingto Y  X;and ) Y;are different
i=1 i=1

and thus no nontrivial approximation of ) X; by unweighted sums Y Y is

i=1 i=1
possible.) Specialized to the case of the domain of normal attraction, Fisher’s
result reduces to Stout’s theorem. Mijnheer’s result, on the other hand, gives
weighted approximation also in the domain of normal attraction; a comparison
of this result with our theorems will be given in Sect. 2. No lower estimates
are proved either in [5] or [10].

§ 2. A.s. Invariance Principles — Upper and Lower Bounds

Before we formulate our theorems, we note that the distribution function G=G, .
of the stable limit distribution in (1.2) satisfies

1—G(x)=cx *+0(x"?% as x— +w© 2.1

(see e.g. [4] p. 549, Lemma 1.) As a matter of fact, all what we shall use about
the iid. sequences {X,} and {Y,} in our study of the approximation (1.3) is
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that their distribution functions F and G satisfy (1.1) and (2.1), respectively.
Hence our results will cover more than just the case of exactly stable Y s.

Theorem 1. Let F and G be symmetric distribution functions satisfying (1.4) and
(2.1), respectively. Let {c,} be a positive numerical sequence such that |f(c,)| is
non-increasing, c,|f(c,)| is nondecreasing, c%|B(c, )| = + oo and

Bey) Y cg*> +o0  as N-oo. (2.2)

k<N

Then for any iid. sequences {X,} and {Y,} defined on a common probability
space with respective distribution functions F and G we have

g

The technical assumptions made on f and ¢, in Theorem 1 could be weak-
ened or dropped at the cost of changing (2.2) and (2.3) slightly. For example,
the monotonicity of |f(c,)| can be dropped if in (2.2) we replace B*(cy) by

min p?(c,). Similarly, the assumption that c,|f(c,)| is nondecreasing can be
1SksN

n

i Xi—-Y Yi' gzi—c— ¢, | B(c,)| infinitely 0ften}= 1. (2.3)

i=1

weakened to liminf|c,,; B(c,s1)/c, B(c,)| >0 provided we replace the constant

(4ac)” ! in (2.3) by another constant. Actually, the monotonicity of c,|B(c,)|
can be dropped completely if we replace the lower bound (4ac)”!c,]B(c,)| in
(2.3) by

(4occ)™ " min(c, | B(call, €ar 1 1By D).

Finally, c;|B(c,)| > + oo can be replaced by the condition } ¢, >*< + o0, not
containing f5.

Proof of Theorem 1. Assume first §(x)>0 (x>0). Then f(c,) is decreasing i.e.

1
> P92 pey v L
k=N Gk k=n Gk

and thus (2.2) implies

bN=<kZ A (c")>/ (kz cii)”za + 0. 2.4)

(4
N S <N

Let {X,} and {Y,} be iid. sequences defined on a common probability space
with distribution functions F and G, respectively. Let

1
di= 2‘()(_0 ¢, Blcy)

LE=1(X>c), m=1Y,>c,—dy)
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where I(-) denotes the indicator function of the set in brackets. Using (1.4)

(2.1), Blcy) 1 0 and ¢ f(c,) — oo we get
E&=PX;>¢)=(c+plc)) e ”
Eng=P(Y,>c,—d)=clc—d) ™"+ 0((ci—dy) ™%

‘“(1—fli> +0(ci *

Ck
PR dk dk ? —~2a
=ccy (1+ac_k+0((c—k>))+o(ck )
3B(c) e *+ 0 (e * B2 (cy) + O (e *)

=ccp “+%
=ce "+ 3fled e "ol o).

Thus
E&—Em~%c " Blc) as k—oo. (2.5)
For the variances we find
Var() =P (X >c) < ©
Var(n) S P(Y>c—d) < *
and thus by the Chebisev inequality
(2.6)

PUT (G- eIV, ") i

i=N isN

Let {N,} be a sequence of integers tending of infinity so rapidly that by =k*
Then (2.6) and the Borel-Cantelli lemma imply

Y &= E&LE+OMBN(Y ¢  as. 2.7
i< N i<Ni i< Nk
and similarly
S =Y En+OG{A( L i) as. 29)
i Ny i< Ng i Nk
By (2.4) and (2.5) we have
Y, ESG—En)( Y ¢ 9by >+
i<Nxk i=Ng
and thus by (2.7) and (2.8) we find
(2.9)

2 &i—n)~ z (E&;i—En)— +o0 a.s.

iZ Ny i< Ny

where the validity of the second relation follows from (2.4) and (2.5). Since
£, and #; are indicator variables, (2.9) implies P(A4; 1.0.)=1 where

A={&=1andn,=0}={X,>c,and Y, <¢,—d,}
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and thus

P{X,— Y,>d, infinitely often} = 1. (2.10)
But X, — Y, >d, implies at least one of the inequalities
k-1

> (Xi—Yi)’>%dk

i=1

k
Z(erﬂ>%@,

i=1

and since d,,>d, ., for k=k, by our assumptions, (2.10) yields

X Xi—Y Y

i=1 i=1

= 1d, infinitely often} =1

proving Theorem 1 in the case f(x)>0.

Let us drop now the assumption §(x)>0 and let H, ={n: f(c,) >0}, H,={n:
B(c,)<0}. Clearly (2.4) remains valid with f(c,) replaced by |B(c;)| and thus
at least one of the sequences

bgmz(z M)/( y i)m N=1,2, ..

k<N Ck k<N Ci
keH, keH,
and
1B(c)l L\12
pEo=( ¥ EL — N=1,2, ...
v k;v Ck ng Ck o
keH, keH>

is unbounded. If bV is unbounded then the proof given in the case f(x)>0
remains valid provided we define d,, &, #, only for ke H, and replace all sums
Y., > inthe proof by Y , ) , respectively. A similar argument

k=N i=Ny k=N,keH; i=<Ny,icH;
holds if b{?) is unbounded. This completes the proof of Theorem 1 in the general
case.

Remark. Since the lower estimate (2.3) is given only indirectly in terms of B(x)
(via the sequence {c,} depending on f(x)), it is not clear how large the gap
is between (2.3) and the upper estimates (1.6), (1.7). To see this, we prove the
following proposition where, for the sake of simplicity, we assume f(x)>0.

Proposition. Assume that f(x)]0 and

B(x*~p(x) as x— +x© (2.11)
1/B(x)**? is concave in x for small enough &> 0. (2.12)

Then for every >0 there exist positive sequences a,T oo, ¢, 00 such that (1.5)
and (2.2) hold and

@ () ( 1 ><2/a>+f 213

e Be) \fm)
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Remark. Conditions (2.11) (2.12) could be weakened but they cover typical cases
like B(x)=(logx)~% B(x)=(loglogx) % etc. The proposition shows that by
choosing properly the sequence {c,} in Theorem 1 and {a,} in the upper estimate
(1.6), the gap between the upper and lower estimates is at most a power of
B(n). A similar comparison holds between (1.9) and the upper estimate (1.7).

Proof of the Proposition. Let é, be a small positive number to be chosen later
and set y(x)=p(x)"2*%), By B(x)|0 and (2.12), 7(x) is concave for large x
if 6, is small enough and y(x) T oo as x T 0o. By concavity, y(x + 1) —y(x) is decreas-
ing and thus the nonnegative finite limit /= lim (y(x+ 1)—y(x)) exists. />0 is

impossible since then y(x)~Ix and B(x)~(Ix)~ /2% would follow, contradict-
ing to (2.11). Thus

P(x+1)—y(x)=»0 as x— +o0. (2.14)
Set
se=min{i:y() 2k}, pR)=si~s-1, L=[sc—1,5%—1]

(2.14) and the concavity of y(x) imply that p(k)T oo and thus I, is not empty
for k=k,. Define two sequences {a,} and {c,} by

a:{p(k)”“(k log? k)" for iel,, k=k,

Ao otherwise
_ p (k)= for iel,, k=k,
Y 4o otherwise

where /, is chosen so small that 1, <(k, log? ko)*"*. By p(k)1 o0, a, and c, tend
monotonically to co. Obviously

Y art=(klog?k)™'  k=k,

il
and thus (1.5) is true. To prove (2.2) assume Nel, (i.c. 5,1 =N <s;,—1), then

Ytz Y otz Y Y

isN iSse-1—1 koSjsk—1 iel;
= Z l=k—kozy(s,—1D)—koZy(N)—ko
koZj=k—-1
237(N) (2.15)

for N =z N,. On the other hand, for NeI,, N= N, we get, using (2.11)
Pen)=7(p R <y (p (k) =7 (s;— 5k 1)
Sy =y(s-1) 229 (N)+2529(N)

and thus (2.15) implies
Z ¢ “Zgy(en)

i<N
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whence we get

ﬂZ(CN) Z ci_ug%ﬂ(CN)_éOﬁ + 0o

iSN
establishing (2.2). Finally, notice that for NeI;, k= k, we have

ayfey=(klog? k), k—1=Zy(N)<k
and thus
ay/cy~(@(N) log® y(N)H*  as N - co.

Using the definition of y(x) and choosing d, small enough, the last relation

yields
1 (2/a)+e
N <
or <(s9)

whence (2.13) follows since ay = ¢y and thus f(ay) < f(cy) for NZN,.

It is worth writing out the upper and lower estimates given by (1.6), (1.7)
and (1.9) in the special case f(x)=(logx)"?, y>0. Choosing a,=(nlog" " n)!/*
with >0, (1.5) holds and thus (1.6), (1.7) give for any ¢>0

=
M:
ll

Xi—

1 i

Yi=0n"*(logn)**" %% as. (2.16a)

W

1

il

i

=
M:

Xi—

1 i

x.l O(n'*(log m)!/*~72+%)  as. (2.16b)

il
1l

i 1

for suitable versions of {X;}, {Y;}. On the other hand, ¢,=(nlog’ n)*/* satisfies
(1.8) if p<1—2y and thus Theorem 1 shows that with probability one

M =

1 = K n'/*(log n)*/*~2¥/~7~% infinitely often (2.16¢)

Xlz

W

i=1
for any >0 and any versions of {X;}, {Y;} defined on the same probability
space. Note that the gap between the upper estimates (2.16a), (2.16b) and the
lower estimate (2.16¢) is a power of f{n) and the gap is decreasing as y —0.
In {107 Mijnheer showed that the remainder term in Stout’s approximation

n n
can be improved in certain cases if we approximate Y X; not by ) ¥ but
i=1 i=1
by > 4 Y; where 4,—1 is a suitable numerical sequence. His result in the
i=1

case f(x)=(log x)~ 7 is

Xi—

.M=
M:

i Y|=0(n'(logn)*7771%%) as, (2.17a)

i
A
=
n
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for suitable versions of {X,}, {Y¥;} provided y>1, a(y+1)> 1, On the other hand,
the remark at the end of this section shows that for any joint construction
of {X;}, {Y;} and any numerical sequence 4, — 1 we have with probability one

Y X, zx, > Kn'fa(logn)~ Ve 2e-v=1=¢  jgq (2.17b)

i=1

The gap between the upper estimate (2.17a) and the lower estimate (2.17b)
is again a power of logn. When both apply, (2.17a) gives a better remainder
term than Stout’s (2.16a) and for a(y+1)>y (2.17a) improves (2.16b) as well.
However, for 1 <a(y+ 1)<y the remainder term of (2.17a) is worse than that
of the unweighted approximation (2.16b).

If y>1/x then for sufficiently small £>0 the right side of (2.16a) is
O(n*"*(logn)~*) where A>0. This remainder term is strong enough to carry
over most known limit theorems from {Y;} to {X,}. On the other hand, if y
< 1/(a+2) then choosing >0 small enough,

M=

Y|= Kn'*(logn)* infinitely often

i=1

where 4>0. (In fact 41— 1/a if y—0.) Hence for such f(x) even the weak limit
theorem (1.2) cannot be obtained via an a.s. invariance principle of the type
(1.3). This difficulty can be overcome, as it was shown in [2], by adapting

an idea of Major [9] and approximating Z X; not by Z Y; but by Z (Y, +2Z)

i=1 i=1 i=1
where Z; are small “correcting” r.v.’s, independent of each other and of the
Y;’s. In what follows, we give a new, simpler proof of the just mentioned “per-
turbed” a.s. invariance principle of [2]. We shall namely prove the following

Theorem 2. Let f(x)— 0 satisfy

B(x) x™* decreases for x 2 x, (2.18)
|Bx+h)—BEISKx™!  for xZxo,|h|<1 (2.19)

Let F, G and H be symmetric distribution functions satisfying (1.4), (2.1) and
1-HX)=p(x)x"* x=xq (2.20)
respectively. Assume also that G is continuous. Then there exist iid. sequences
(X}, { Y.}, {Z,} defined on a suitable probability space with distribution functions
F, G and H, respectively, such that the sequences {Y,} and {Z,} are independent

of each other and

\i (X,—Y—Z)=0@n'""% as. (2.21)

for every 0 <A< 1/(0+8).



Almost Sure and Weak Invariance Principles for Random Variables 341

In [2] this theorem is proved for G= G, , but without the assumption (2.19).
(2.19) is satisfied e.g. if B(x) and B(x)—p(x+1) are decreasing; in particular
if B(x) is decreasing and convex. We note that the proof of Theorem 2 will
yield r.v’s X,,, Y,, Z, such that the vectors (X,, Y,, Z,) are independent. The
assumption that B(x)x~* is decreasing (and consequently B(x)=0) is clearly
necessary in Theorem 2 since otherwise there is no distribution function H sat-
isfying (2.20). However, Theorem 2 can be easily modified to cover f’s which
take both positive and negative values. Let e.g. f*(x)=sup|B(t), B (x)=p(x)

tZx

+sup|f(®) (x>0); clearly ,(x)=0 and f,(x)—>0 as x— -+ 00. Assume that
t=x

Bi(x)x~* is decreasing and B(x), B,(x) satisfy (2.19). Let {X,}, {T,} be iid.

sequences, independent of each other, defined on a suitable probability space

such that X, has distribution F and T, is symmetric with P(T,>x)=*(x)x*

X=x,. (Note that f*(x) is decreasing.) The proof of Lemma (2.1) shows that

PX,+T>x)=(Cc+B)+*(x)x *+0(x"*"H x—+w©

for some A>0. Thus Theorem 2 applies for the sequence X, + T, with f(x) re-
placed by B,(x) (the extra term O(x *"*) in the last formula does not cause
any difficulty) and we get that on a suitable probability space there exist
sequences {X,}, {Y,}, {Z,} satisfying (2.21) such that {X,} is iid. with distribu-
tion function F, {Y,} is i.i.d. with distribution function G and Z, are independent
with P(|Z,|=x)<24(sup |B()]) x ™% x=x,. Specifically, Z,=Z+Z? where
t2x/2
Z'V are iid. symmetric with P(Z{V>x)=8,(x)x~% Z!? are iid. symmetric
with P(Z{® > x)=f*(x) x "% Since the main use of Theorem 2 is to get informa-

n
tion on ) (X;—Y), the more complicated form of Z, in the present situation
i=1
does not cause any difficulty in applications.
For the proof of Theorem 2 we need two lemmas.

Lemma 2.1. Let X, Y and Z be random variables with symmetric distribution
functions F, G and H satisfying (1.4), (2.1) and (2.20), respectively. Assume also
that Y and Z are independent. Then we have

[P(X>1)—P(Y+Z>1t)|<t™ %%  as t— oo. (2.22)
Proof. We use the inequalities

P{Y+Z>t}2P{Y>t(1+¢)} P{|Z|<te}
+P{Z>t(1+¢)} P{|Y|<te} (2.23)
and
P{Y+Z>t} SP{Y>t(l—¢e)}+P{Z>t(1—¢)}
+P{Y>te} P{Z>te} (2.24)
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valid for t>1, > 0. (See [4], p. 271.) Now let g,=t~%*, then
(t(l+e) *=t"*(1+0()=t *+ 0@t 39" as t—>w
By repeated application of (2.19) we get
Blttte)—B(R)=0("" te)=0(""*.

Hence using (2.1), (2.20), (2.23) and te,=t'~%*>1"? we obtain

P{Y+Z>t}2(c(t(1+¢)) *—0((t(1 +5))2%) (1 _ 2ﬂ(t8,))

(te)"

Bt(1+¢,) a
m(l —0((te)™™)

_2_(Ct_a—0(t-5'1/4))(1 _O(t—m/Z))
+HEO-0NE* 0> (L -0t )
=ct T+ B(t)t T — 0@ >"4).

A similar calculation yields, using (2.24),
P{Y+Z>t}Sct™*+ (&)t 7>+ 0™ >"%
and Lemma 2.1 follows since
P{X>t}=ct *+p(t)t "

Lemma 2.2. Let X, Y and Z be random variables with symmetric distribution
functions F, G and H satisfying (1.4), (2.1) and (2.20), respectively. Assume also
that Y and Z are independent and denote by L the distribution function of Y+Z.
Then we have

lu—F~ Y(L@w)| <u'~¥*  for u=u, (2.25)

where F~ ! (x)=inf{t: F(f)=x}.
Proof. By Lemma 2.1 and (1.4) we have

1—L(x)=cx *+B(x)x"*+0(x"*"") x>0 (2.26)
where y=0a/4>0. We next prove that there exists a constant K=K (e, ¢) such

that
Fu—Fu—Ku' )>K,u™*7 for u=u, (2.27)
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where K is the constant implied by O in (2.26). Indeed, note that for 1/2<x<3/2
we have x*— 1=K, (x—1) and thus, using (1.4) and the monotonicity of f(x) x %,

Fu)—Fu—Ku' ") =(1—F(u—Ku'~")—(1—F(u)
> ¢ o e_cef 1 1
Sw—Ku' u ((I—Ku_y)“— >

c 1 c Ku™”
=>— ————1}=—K,————=¢K e,
—u“K“(l—Ku—v 1) T ek

for u=u,. Hence any K> K, /cK, satisfies (2.27).

Now we can easily prove (2.25). Assume F(u)=L(u); the other case goes
similarly. (1.4) and (2.26) imply |F(u)— L)< K, u"* 7 and thus by (2.27) we
get F(u— Ku' ~")< L(u). By the definition of F ™! this means

F Y (Lw)zu—Ku' ™" (2.28)
By F(u)= L(u) we have F~1(L(u)) <u which, together with (2.28), implies
0<u—F Y(Lw)<Ku'"?

and Lemma (2.2) is proved.

We can now ecasily complete the proof of Theorem 2. Let (2, &, P) be
a probability space large enough to carry two iid. sequences {Y,} and {Z,}
with distribution functions G and H, respectively, such that {Y,} and {Z,} are
also independent of each other. Let L(x) be the distribution function of Y, +Z,
and put

X,=F YL(Y,+Z,)) n=1,2, ..

Since G is continuous, so is L and thus {X,} is an iid. sequence with distribution
function F. We show that (2.21) holds. Set

”n:Xn_(Yn—i"Zn)
then

ma=f(Y+Z,)
where

fy=F ' (L(u)—u.

Since F and L are symmetric, f (1) is an odd function and thus #, has a symmetric
distribution. By Lemma 2.2 we have

[l <Y, + Z, | 2% (2.29)

for Y,+Z,2u, and, for reasons of symmetry, for Y,+Z,<—u,. Since 0
< L(u)<1 for all u (see (2.26)), f(u) is bounded in [ —u,, uy] and thus (2.29)
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holds also for |Y,+Z,|<u,, provided we add 1 to the right side. Hence we
get fort=t,

P{ln|zt} P{|Y,+Z,|Zc, "7}
—2(1—Lic, (Y09 =0t~ = 0(t~*~%)  (2.30)
where 6 =0?/(4—a) = o?*/4. Now {5,} is an i.i.d. symmetric sequence and by (2.30)

we have E|y,|**%? < + co. Thus by Marczinkiewicz’s strong law (see e.g. [8]
p. 243)

N+ ... +7,=0@Ye I =0@m*"% as. (2.31)
for any 0 <A< 1/(a+ 8); hence (2.21) is proved.
Remark. Under the conditions of Theorem 2 one can also show that for some
p>a
Y (Xi—Y—Z)
i=1

= <+ o0, (2.32)

P

sup

n

This follows immediately from (2.31) and the following result which is implicit
in [1] (see the proof of Theorem (6.1) on p. 226 with a,=n?):

Lemma 2.3. Let &y, &,, ... be iid. symmetric rv.’s, S,= ) &; and assume that

isn
S,/n’ is stochastically bounded for some y>0. Then sup|/S,/n*|,_. <+ for
every ¢>0. "

Simple applications of Theorem 2 are given in Sect. 4 of [2]. In particular,
Lemma (4.1) of [2] shows that (1.5) implies

Y Z;<a,Bla)'*  as.

isn

and thus Theorem 2 implies (1.7). Further applications of the theorem (for exam-
ple for Chung’s law of the iterated logarithm) will be given elsewhere.

Remark. Mijnheer showed (see [10], Examples 3 and 4) that in certain cases

the remainder term in (1.6) can be improved if we replace > Y; by Y 4 Y

i=1 i=1
where 4; is a suitable numerical sequence tending to 1. E.g. for f(x)=(log x)~7,
y >0 he obtained for any >0

> Xi= Y A Yilzo(”l/“(bg")1/“_y'1+£) as.
i=1 i=1

provided y>1, a(y+1)> 1. We show now that an easy modification of the proof

n n

S XY X

i=1 i=1

of Theorem 1 yields lower estimates for for any joint construc-
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tion of {X,}, {Y,} and any numerical sequence 4, — 1. For the sake of simplicity,

let us consider the case f(x)=(logx)”? y>0. Let F and G be distribution func-

tions satisfying (1.4) and (2.1), respectively, where f(x)=(logx)~7?, y>0. Let ¢,

— + o0 and A, — 1 be numerical sequences and put, for >0,
Yo(t)=2P(Xy;>1)— P4 %, >1)

=(c(1—A)+pE)t™*+0(t ).

Since |B(2¢,)— B(c)|=const-(logc,)”?~* by the mean value theorem, the in-
equality |c(1 — %)+ B(¢)|= const-(log c;)"? ! holds at least for one of the values
t=c¢;, and t=2¢, which implies that one of |y, (c)| and |¥,(2¢;)| exceeds
const-(log ¢,) "7~ *¢; ®. In other words, there is a sequence cf such that ¢f=c,
or cf=2c¢, for each k=1 and

|P(Xy>cf)— Py Ye>cf) Z const-(log ¢f) ™7 () ™™

Set df =pcF(logc)” 771, then using (2.1), A,— 1 and the mean value theorem
we get
[P(A Yo > cf)— P (A Y > cf +df)
Zconst-(log cf)™" " H(cf) T+ O ()

where the constant can be made as small a desired by choosing p small. Thus
for p small enough we get

|P(X ;> c¥)— P2 Yi>cif £ diF)| Zconst-(log ¢f) 777 e ™*
=const-B(c) 17 (cF) " 2.33)

We also see that the sign of P(X,>cf)— P(A, Y,>cf¥) is the same as that of
P(X,>cf)— P4, Y, >cf +d¥) for both choices of the +. The estimate (2.33)
is the same as we get in the unweighted case 4;=1 except that f(x)} is replaced
by B(x)'*1/". Hence the proof of Theorem 1 can be repeated (the sets H; and
H, should be defined in the present case as the sets of those k such that P(X,
>cif)— P(4; Y. > cff) is positive resp. negative) and we get that if

cf — o, min B Y (¢f) T >+ 0 (2.34)
1<k=N k=N
and
liminf|cf, | B(cfr )t 17/ck Bled) T171>0 (2.35)
k— o0
then

g

for any joint construction of {X,}, {Y,} and any numerical sequence 1,— 1.
Since ¢, ¢ <2¢, and B(x)=(og x) 7, in (2.34), (2.35) and (2.36) we can replace

Y Xi— Y hYzKcEBlent T i.o}:l (2.36)
i=1 i=1
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¢ by ¢;. Choosing c,=(nlog? n)"* with p= —1—27y—¢ (¢>0) we get the lower
bound

Z X;— z A Yi'gKnl/a(log )~ lam2vE=y=1-e o
i=1 i=1

valid for any versions of {X;}, {¥;} and any 4;— 1.
The above argument extends, without any difficulty, for a large class of
B’s. We leave the details to the reader.

§ 3. Probabilistic Invariance Principles - Upper and Lower Bounds

In this section we prove analogues of the results of Sect. 2 in the case when
“as.” in (1.3) is replaced by “in probability”. Simons and Stout proved in
[12] that for any f(x)—0 the sequences {X,} and {Y,} can be defined on a
common probability space such that

n

n~H Y (X, - ¥)—E-0. (3.1)

i=1

In other words, there exists an g, — 0 such that

Y X-1)

P{n_”"

In this section we give upper and lower estimates for the optimal ¢, in (3.2).

_Z_en}gsn n=1,2,... (3.2)

Theorem 3. Let f(x)}0 satisfy the following conditions:

B¥)»>x"* as x— oo  forsome A>0 (3.3)
IBx+1)—Bx)|<x™! as x—co. (3.4)

Let F and G be symmetric distribution functions satisfying (1.4) and (2.1), respec-
tively, and assume that G is continuous. Then there exist iid. sequences {X,}
and {Y,} defined on a suitable probability space with distribution functions F
and G, respectively, such that

k

Y (Xi—Y)

P<{n~ Y% max
k=n =1

>ﬁmh”””}<ﬁmnW“ﬂ n=12,... (3.5)

for some constant y>0. If B satisfies (3.3) for every A>0 then (3.5) holds for
every y<1/a.

Remarks. 1. If f satisfies, in addition to the above conditions, also

B(x)<p(xy’ forsome O0<p<1,0<t<1 (3.6)



Almost Sure and Weak Invariance Principles for Random Variables 347

then (3.5) can be replaced by

k

Y Xi—Y)

i=1

P {n_ 1o max

k=n

»B(nl/a)‘r/(l +a)}<ﬂ(n1/a)r/(1 +«) n= 1’ 2, . (3.7)

Typical cases are B(x)=x"* B(x)=(logx)~* B(x)=(oglogx)™% ...,(A>0);
B(x)=exp{—C(log x)*} (C>0,0<i<1), etc.

2. If {X,} and {Y,} are iid. sequences with distribution functions F and
G (not necessarily satisfying (1.4) and (2.1)) and F=+G then (3.2) is impossible
for any e,=o(n~'%. Indeed, if (3.2) holds for some g,=o(n™ ') then

Y (X~ Y)—2-0 and consequently X,— Y,—£—~0 which is clearly impossible.
i=1

This observation shows that if #(x) tends to zero more rapidly than any negative
power of x then (3.5) cannot hold. In other words, without condition (3.3),
Theorem 3 is false.

3. Theorem 3, as formulated above, applies only for positive f’s. However,
exactly as Theorem 2, it can be extended for more general f’s by a simple
smoothing argument (cf. the remark following Theorem 2).

For the proof of Theorem 3 we shall need the following

Corollary of Lemma 2.3. Let &, &,, ... be iid. symmetric .v.’s with P{|&,|=t}
<t7* 79 for some 0<a<2 and 0<d<2—o. Then

P{n_l/“

Proof. The assumptions of the corollary imply E|&,|**%*< + 00 and thus by
Marczinkiewicz’s strong law

D éi‘gsn}@an where g,=n"%12, (3.8)
i=1

n
n~ @D Y L0 as.

i=1

Hence by Lemma 2.3

n—l/(a+6/2) 20(1)

o

PIRS,
i=1

and thus the Markov inequality yields (3.8) with ¢,=n"%,

. b
a4+ 1)Qa+6)

Obviously 42d/12, completing the proof.
We shall also use the following large deviation result of Heyde, implicit
in [6]:
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Lemma 3.1. Let &, £, &,, ... be i.1.d. symmetric 1.v.’s not belonging to the domain

n
of partial attraction of the normal law. Let S,= Y &,, then
i=1

lim P{|S,|zt,}/nP{|&|2t,} <+ o0

for any numerical sequence t, — + 0.

Proof of Theorem 3. Since f(x) ] 0 and (3.4) imply the assumptions of Theorem 2,
we can apply the proof of Theorem 2. Let {X,}, {Y.}, {Z,}, {n.} be the iid.
symmetric sequences introduced there and put

k k
U= 2 Nis  Vie= Z Z;.
i=1 i=1
Then

max
k=Zn

k
Y, (X;—¥)| <max|U|+max| ]
i=1 =n k=n

and thus by Lévy’s maximal inequality (see e.g. [8] p. 247) we get

k
P{Tax ¥ (Xi—Yi);r}gP{rgaxlwzt/2}+P{rgaxlmzt/2}
=n i=1 =n =n
<2P{|U, 12 t/2} +2P{ V12 0/2) (39)
for every t>0. Let
Cy=B(n7)/ 2, (3.10)

Using (3.3) and the monotonicity of f§ it follows easily that
ntec, -0 and Pn'Pc)<clt® (3.11)

provided 7 is small enough. Now P{|5,|=t}<t™*"? for some 6>0 (sec (2.30))
and choosing y small enough we can guarantee also that ¢,>n~%'2, (If § satisfies
(3.3) for every A>0 then c, will satisfy the above requirements for every y <1/a.)
Hence applying the Corollary above we get

P{|U,|>n'"c,} <cp. (3.12)

If Z, has a finite moment of order >o then P{|Z |2t} <t™* ’ for some §, >0
and thus the argument leading to (3.12) yields

P{|V,|>n'c,} <c,. (3.13)

If E|Z,|?=+ o for every p>a then Z, has an infinite moment of order <2
and thus it does not belong to the domain of partial attraction of the normal
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law (see [7] p. 117). Hence Lemma 3.1 applies to the sequence {Z,} and we
get, using (3.11) and P{|Z,|>t} =2 B(t)/t

np(n'c &) o

P{Wizn'e,} <=

n

1.e. (3.13) holds in this case too. Now (3.9), (3.10), (3.12) and (3.13) imply (3.5),
completing the proof of Theorem 3.
We turn now to lower estimates for the optimal ¢, in (3.2).

Theorem 4. Let F and G be symmetric distribution functions satisfying (1.4) and
(2.1), respectively. Assume that (x)—~ 0 and

f(x) is decreasing for x = x, (3.14)

B(x) is regulary varying at infinity with exponent —y

where 0 <y <min(x, 2 —a). (3.15)
Then there is a constant K>0 such that if {X,} and {Y,} are iid. sequences

defined on a common probability space with distribution functions F and G, respec-
tively, the relation

3 (X Yi)l 2K pin9) <K pin' (3.16)

n
P{n_”“C
i=1

is impossible for every n.

Comparing Theorem 3 and Theorem 4 we see that the optimal ¢, in (3.2)
satisfies

B(n*) <, < pw) 14+ 317

for some constant y>0 provided f satisfies (3.4), (3.14) and (3.15). If B is slowly
varying then (3.17) holds for every y < 1/a. If f satisfies also (3.6) then we have

B(n'14) <o, < Bty + G.18)

(see Remark 1 after the Theorem 3). As a matter of fact, the regular variation
of f in Theorem 4 is assumed only to guarantee a lower estimate for ¢, in
(3.17), (3.18) which is directly comparable with the upper estimates. It is easy
to get various (less precise) bounds on &, under weaker assumptions on f. For
example, Remark 2 after Theorem 3 shows that (3.2) cannot hold with g,
=o(n~ Y7 if the distribution functions F and G of {X,} and {Y,} are different.
Hence if  satisfies f(x)<x~* for some 4> 0 then the optimal &, in (3.2) satisfies
&, = c f(n®) for infinitely many n where ¢ and p are positive constants. The proof
of Theorem 4 also yields lower bounds for ¢, in the absence of (3.15); these
involve, however, the function f, () defined by (3.20) and thus are less explicit
in terms of §.
For the proof of Theorem 4 we need some lemmas.
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Lemma 3.2. (@) Let F be a symmetric distribution function satisfying (1.4) such
that B(x)—0 and (3.14) holds. Extend f(x) for all x=0 by defining f(x)=0 for
0= x<xo. Then the characteristic function ¢ of F satisfies

o)=1—c, *—B, (O t*+0(* as t|0 (3.19)
where

c1=2c Fsiny/y“dy, Bi()=2 }oﬁ(y/t) sin y/y*dy (3.20)
0 0

(Here both integrals are convergent as Riemann-integrals.) Moreover, 5, (t)—0
astl]0.

b) Let G be a symmetric distribution function satisfying (2.1). Then the charac-
teristic function  of G satisfies

Y(O)=1—c, *+0(**) as t]0
where c, is defined by (3.20).

For the proof of (a) see [2], Lemma 3.1. Part (b) is implicit in [3].

Lemma 3.3. Let f(x)—0 be a function satisfying (3.14), (3.15) and B(x)=0 for
0=Zx<xq. Define B,(t) by (3.20). Then we have

1
ﬂl(t)~Aﬂ(?> as t|0
where
sin y
yaz+y

A=2] dy.
0

Proof. The integral defining A4 is convergent in the Riemann sense since o+ 7 <2;
clearly 4>0. By (3.15), f(x)=x""L(x) where L is slowly varying at infinity
and 0=y <min(a, 2—a). Also L(x)=0 for 0<x<x,. Hence

Bil0) _, 7 LOJD siny 620

B~ T

The integrand in (3.21) converges to sin y/y**? for any y>0 if ¢|0. We now
find an integrable bound for this integrand. Choose >0 so small that
a+y+0<2. Itis easy to see that for 0<t=1/x,

Liy/o _ §y’ if y21
L/~ 1Cy%  if y<1

(3.22)

where C is a constant depending on f(x) and 3. The upper line of (3.22) is
equivalent to S(y/t)< B(1/t) and thus it is valid by the monotonicity of . Using
the representation theorem for slowly varying functions (see e.g. [11], pp. 2-3)
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it follows immediately that the lower inequality of (3.22) holds if we assume
in addition that y/t = C. If y/t < C then we have

R P s

by the monotonicity of § and a well known property of slowly varying functions
(see e.g. [11], p. 18, 1°). Since f is bounded from above, (3.23) yields

B/t (C)”"

<|—

B/ \y

and thus the second inequality of (3.22) follows in this case too. We thus proved

that the absolute value of the integrand in (3.21) is bounded by C sin y/y**7*+?
1

for 0<y<1 and by 1/y* for y>1. Since | siny/y*dy converges for A<2, the
dominated convergence theorem yields  ©

K L(y/t) siny Ksiny

} T y y_)of yr

0

dy forevery 0<K < 0. (3.23)

On the other hand, the monotonicity of §(x) for x = x,, implies that for 0 <z < 1/x,
the series

2 DT B(y/t) siny
20 ¢

is alternating with decreasing summands. Hence

® Ly siny | |
fuww”dF

(n+1)=n

<'J

nw

T B/t siny ‘
B @
(n+1)m

[ oyrdysd4n™ (s1/x)  (3.24)

nm

nn

B(y/t) sin y
B »*

where the integrals with upper limit co are meant in the Riemann sense. Similar-
ly,

< sin

§}7+—J:dy§4n_(“+”) (3.25)

nn

Relations (3.23)+3.25) show that the convergence relation in (3.23) holds also
for K= o0 which, in view of (3.21), implies the statement of the lemma.

Lemma 34. Let {X,} and {Y,} be iid. symmetric sequences with distribution
Junctions F and G, respectively. Assume that (1.4) and (2.1) hold and the function
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B(x)— 0 satisfies (3.14) and (3 15). Then the charactenstlc functions ¢, and ¥,
of the normalized sums n~ 1/ Z X;and n~ 1" Z Y, satisfy

i=1 i=1

l@a ()=, (1)1 Z CB(n'") (3.26)

where C is positive constant.

Proof. Let ¢ and ¢ denote the characteristic functions of F and G, respectively.
Using part (a) of Lemma 3.2 and the expansions 1+x=exp(x+0(x?), *=
1+x+0(x%) (x - 0) we get

oa()=¢"(n" ") =(1—c,n™ =B, (0"~ + O™ )
=exp{—c; =B (n )+ 0@ ")+ 0" ")}
=exp(—c){1=B; ™)+ 0B (™)} {1+0m ~¥)+0(n™")}
=exp(—c {1 =B (™ "™} + 0B (n~ ) +n! "2 +n™h). (3.27)

On the other hand, using part (b) of Lemma 3.2 we get

Yu(D=y" (™) =1 —c,n" '+ 0" 2)"
=exp{—c,; +0(n™ ")} =exp(—c)+0(n™?). (3.28)

Comparing (3.27) and (3.28) we obtain

lon(D)— YD Z K (B2 (0™ V%) —O(n_%)—O(n’ D) (3.29)

where K, is a positive constant. By Lemma 3.3 we have B,(n” V%)~ A B(n'?
as n— 0. Also, f(x)>x~ 7% for every >0 by (3.15) and a known property
of slowly varying functions (see [11] p. 18, 1°). Thus y <min(e, 2 —«) yields

nl —2/u_|_n—1 =0(/3(n1/“))

and consequently (3.29) implies (3.26).

Theorem 4 is an immediate consequence of Lemma 3.4. Assume that the
1i.d. sequences {X,} and {Y,} with distribution functions F and G can be defined
on a common probability space such that (3.16) holds for some n2 1. Setting

X=n"1Y X, Y=n"'®Y Y, =K'

i=1 i=1

it follows that P{|X —Y|=¢,} <e¢, which implies, via the inequality |e’*—e"|
Z|x—y| A2 (x, y are reals) that the characteristic function @x(t) and @y(t) of
X and Y satisfy |px(1)—@y(1)|£3¢,. The last relation obviously contradicts
to Lemma 3.4 if K is small enough.
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