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Summary. A simple class of not local rank one, loosely Bernoulli transforma- 
tions is constructed. These examples have simple spectra. It is studied when 
inverse limits of local rank one transformations are again of local rank one. 

I. Introduction 

Let T: (X, N, m)~ be an ergodic automorphism on a Lebesque space. 
By a partition we mean a set Q -= (Qo .. . . .  Qn- 0, where Qic~ Qj = O, i 4j,  Qi ~ ~. A 

n - - 1  

partition (2 is a partition of X if U (2, = X. Let (2 and R be partitions with the same 
i = 0  

number of atoms, say n, then 

n - - 1  

Q((2,R)= Z m((2i/\Ri). (1) 
i = 0  

Let (2, R be partitions. We write Q =< R if every atom of (2 is a union of atoms of 
R. 

Let A C X, re(A) > 0 and Q be a partition. Then by Q[A we mean the partition of 
A, QIA ---(Q0c~A, .. ., Q , -  togA) �9 

Following [4] T is said to have local rank 1 if there is a number a > 0 such that 
for every 6 > 0 and for every partition Q of X there exist a set F C X, an integer n and 

n - - 1  

a partit ion R of A = ~) TiF such that the set 
i = 0  

{F, TF,.. . ,  T n- 1r} (2) 

is a T-stack, i.e. TiFc~TJF=O, i~j,  

m(A)>=a, (3) 

o(Q[A,R)<6 where R<={F, TF, . . . ,T"- IF} .  (4) 
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For the definitions of finite rank and loosely Bernoulli (LB) automorphisms we 
refer to [9]. 
From [4-] it follows that the following inequalities hold: 
finite rank g local rank one 5 LBc~ zero entropy. 

To obtain transformations that are LB and not local rank 1 Ferenczi [4] 
proved that Vershik processes are never local rank 1 (but they can enjoy LB 
property [13-]). Since, local rank 1 transformations have finite spectral multiplicity, 
this gives another way to produce LB transformations that are not local rank 1. In 
the present paper we provide a new large class of LB and zero entropy 
transformations that are not local rank 1. These examples are of the form T x z 
where T is a continuous substitution on two symbols [2] and z has a rational pure 
point spectrum. 

The second problem we deal with is connected with an inverse limit of local 
rank one transformations. We point out the only reason which can make 
T =  lim inv T, not be of local rank one. It turns out that even an inverse limit of 
finite rank automorphisms need not be of local rank 1 (but is always LB [9-]). The 
examples presented allow us to write the following sequence of inequalites finite 
rank g local rank one g inverse limit of local rank I ~ LB. In particular, the class 
of local rank i processes is not closed in d metric. 

One of the famous problems in ergodic theory is the problem of spectral 
multiplicity. For  some account on this subject we refer to [12]. We mention here 
that Baxter proved in [1] that rank one implies simple spectrum (see also [3]). It 
was asked whether the inverse implication was true. This supposition was turned 
out to be false. Del Junco in [6] showed that the classical Morse sequence had rank 
2 and simple spectrum. The result was generalized in [8]. In particular, all 
continuous substitutions on two symbols have rank 2 and simple spectra. In [5] 
Ferenczi constructed an automorphism with simple spectrum which is not LB. So 
this example has a simple spectrum and infinite rank. We prove that our examples 
have simple spectra and therefore we get a class of automorphisms with simple 
spectra which are LB but not local rank 1. 

II. Notations 

Throughout this paper we will assume that T is an ergodic automorphism of a 
Lebesque space (X, ~ ,  m), unless it states otherwise, 

Let x ~ X, m ~ N and Q = (Q o, ..., Q,-  i) be a partition of X. Q - m-name of x is a 
string 4 = (4o, 41,..., 4m- 1) where ~i = 0,...,  n-- 1 and 4i = s iff Tix ~ Qs. 

Finite strings of symbols 0, ..., n - 1 we will call blocks. Let 4 = (4o .. . . .  4,,- 2) be 
such a one. Then m = r~l is the lenght of 4 (we will also say 4 is an m-block). Suppose 
14[ = [t/[ =m, then 

d(4, t/) = card {i: 0-< i_-< m -  1, 41 + th}/m. (5) 

Now, let 4, t /be blocks and 6 > 0. We denote 

fr(4, I/) = card {i: t/I-i, i + [4[ - 1-] = 4}, (6) 

where t/[i,j,] = (q~, t h +1,-.., qs), t/[i, i,] = t/[i], 

6 - f r  (4, t/)= card {i: d(t/[i, i+14 l -  1 ], 4) < 6}. (7) 
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If d(rl[i, i+  I~1-1], 4)<3 then we say ~ appears in t 1 at i within 3. 
Recall that if Q = (Qo . . . .  , Q,-  1) is a partition of x then we obtain a measure P 

on blocks on {0, ..., n - 1 }  given by the process (T, Q) as follows 

P {4 : ~ is an m-block} = m {x ~ X: Q - m-name x = 4}. (8) 

Now, we consider blocks on {0, 1 }. Let B = (bo . . . .  , bk- 1) and C = (Co,..., % -  1) 
be such ones. Then 

B x C = BC~ B ~ -  ~, 

where B ~  B, B l = / ~ = ( 1 - b o  . . . .  ,1--bk_l). 
Let us put 

(9) 

x = B x B x B  x . . . .  (10) 

where B[0 ]=0 ,  1B1=2>__2 and B # 0 . . . 0 ,  01...010. Such sequences can be 
considered as constant Morse sequences [7] or as continuous substitutions in 
normal form [2]. Let ( 9 ~ = { T i x : i e Z }  be the closed orbit under the shift 
transformation T. It is known that ((9~, T) is strictly ergodic [7]. The unique 
T-invariant measure (ergodic) we shall denote by #x. This measure is mirror- 
invariant, i.e. 

#x(C)=#~(C) for any block C. (11) 

Denote ct= B x ... x B, + 1 times and call ct or ct t-symbols. By strict ergodicity of (9~ 
we have 

#x(B)= ,,-~oolim l f r ( B , x [ O , m - 1 ] ) = m  lim~ ~--~ffr(B, ct) for any block B. (12) 

Ill. Results 

Before formulating some equivalence condition T to be oflocal rank one we mark 
out some subclass of finite blocks of symbols. Namely, we say that a block 1/has an 
a-(5-s tructure  of  a 3 -  ~o-block (3 > 0, 0 < a < I, 4o-block) if 

l 

t /=eo~el . . . ( le l ,  d(~i, 4o)<~, ~ leil <(1 + 3) (1-a )  [t/[. (13) 
i=o 

Proposition 1. T has local rank 1 iff 

(3a > 0) (V6 > 0) (VQ-partition) (~o-block)  (3N > 0) (Vn > N) 

P { ~ -  n-block: ~ has an a -  &structure of  a 3 -  ~o-block} > 1 - 3. 

Proposition 1 is similar to Theorem 3.1 in [6] and the proof can be obtained 
slightly modyfying Del Junco's proof. 

Corollary 1. Let  T be of  local rank 1 with a constant a>O and r be its factor-  
automorphism. Then ~ is also o f  local rank I with a constant b > 0 and moreover it can 
be assumed b > a. 
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Below we formulate two propositions that will be our tools in the proofs of 
main results of this paper. 

Proposition 2 [8]. There are L > 0 ,  60>0 such that for  every t e n  i f  c t x v, Ivr = L  
appears in x at i within 6 o then c t x v appears exact ly  at i and J,t+lli. 
Proposition 3. There is a K > 0 such that for  every block t I 

~(q)_-< K/I~/I �9 (14) 

Proof. Let K 1 be a number satysfying 

#~(v)<=K1/L for any v, Ivl=L. (15) 

Let us notice that Proposition 2 implies 

for t large enough, Ivr =L.  
Hence 

fr(c,o x v, c3 = fr(v, c,_,o + 1) 

which implies 

1 I 1 
2t + 1 fr ( %  x v, ct) - 2' - to + 2 fr (v, ct - to + 1) 2to - 1 

1 
#x(Cto x v)= ~ = T  #~(v)<=LReK1/ICto x vl. 

(16) 

Now, let t/be any block with It/J > 22L. Let to be the greatest natural number such 
that % x v is contained in t /for  some v, Iv[ =L.  Thus from (17) 

#x(~/) ~ #x(C~o x v)~K2/l~l. 

Let Ka be a number satysfying #x(q) < K3/IqI for Ir/[ <22L. So K =max(K2, K3) 
satisfies (14). 

Let us take Q=(Qo, Q0 the natural generator for T on (gx, 

Qi = {Y e 0~ : y[0] = i}, i = 0,1. 

Next let us fix q e N 
(q, 2)= 1 (18) 

and let Zq = {0 .. . . .  q -  1} be the group of integer modq equipped with the uniform 
measure vq and zq : Zq ~ ,  zq(i) = i + 1. 

We shall examine the product transformations T x zr By (18) these products 
are ergodic. 

Denote by O,--Q x ({0}, ..., {q -1} )=  {Qo, ..., (~2q-1} the partition of Cx x Zq 
given by the formula 

Q2i+k=Qk•  {i}, O<--i<--q--1, k = 0 , 1 .  (19) 

07) 
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As an immediate consequence of (19) and by the definition of zq, Q-n -names  of 
points (y, i)e (9 x x zq one can describe as follows 

Q - n-name(y, i)= (2i + y [-0], 2(i + 1)+ y [1], ..., 2(i+ n -  1) + y [ n -  1]) 

(mod2q). (20) 

So, for any y e (9~, i,j e Zq, i . j  and n > 1 

d ( Q -  n-name(y, i), Q -  n-name(y,j)) = 1. (21) 

P r o p o s i t i o n  4. I f  a, 0 < a < 1 satisfies (V6 > O) (340 - Q - r-block) (~N > 0) (Vn _> N) 

P {t 1 -n-block:  t I has an a-c%structure of a 6 -  ~o-block} > 1 -  c~ (22) 

then a < 2K/q ( K  is defined in Proposition 3). Here P is the measure given by the 
process (T x z~, Q) and the measure ~ x vq. 

Proof First, observe that from the definition of P it follows that 

P(yEO, n - 1 ]  x {i})=P(yEO, n - 1 ]  x {j}), i , j eZq .  (23) 

Furthermore from (20) 

0 -  n-name(y, i) = 0 - n-name (y, j) + 2 ( i - j )  (mod 2q). (24) 

Therefore, if we consider blocks t/having an a -  f-structure of a 6 - ~o-block and 
It/[ > N then there must exist an t/such that t/, q + 2 . . . .  , t /+ 2(q - 1) all have an a - 3- 
structure of a 6 - ~o-block [this is a consequence of (22), (23), and (24) if 6 < l/q]. 

From (21) we have the Fig. I" 

7 §  2 I i [ ] 
I I 
I I 

I[ I ] [ ~ * 2 ( q - I )  I I  I 

We see that if 4o appears in q at i within 6 then 4o cannot appear in t/+ 2j,j +- 0 at 
i within 3, for a suitable 6 > 0. Therefore if0 denotes the block obtained from t/(and 
t /+2  .. . . .  t /+2(q-1) )  by writing 0 instead of even numbers and 1 instead of odd 
numbers then 

d( ( r l+2j ) [ i , i+r -1] ,~o)<6  implies d(Fl[ i , i+r-1] ,~o)<6,  (25) 

where ~-o is the block obtained from 4o by the way above. 
We have by (13) 

_[- ") ; - -  e ( J ) ~ ( J ) e ( J )  ,~(J)o(J)  
�9 ~ J - - ~  b l  ~  " ' "  ~ l  5 ~  

l j  

Z I~J)l <(1 +3)(1 - a ) n ,  d(~ j), ~o)<6, 
s = 0  

s---1, .. ., l/. 

(26) 
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This implies 

6-fr(~o, tt + 2 j )>(1-26)  an, j = 0 , . . . , q - 1 .  (27) 

Hence 

6 - fr(~- o, q) _-> (1 - 26) qan.  (28) 

Without loss of generality we may assume that ~-o appears in x. Next, we choose 
the greatest natural number to such that 

~-0=~2, 
where ~ is a concatenation of L to-symbols. It is not difficult to see that 
]~[ > C(2, L)r, where C(2, L) is a constant depending only on 2 and L. Thus for a 
suitable choice of 6 and by (28) and Proposit ion 2 we get 

fr(~, q) _-> (1 - C'(2, L)6). qan.  

So, applying ergodic theorem to possibly larger n and other q we have 
#~(~) > (1 - C"(2, L)6) qa and therefore for a suitable 6 > 0 our assertion is satisfied. 

Let {nt} be a sequence of natural numbers nt < nt+ 1, n,]nt + 1. We let G {nt: t > 0} 
denote the subgroup of roots of unity generated by {exp2rci/nt, t>0}.  

As an immediate consequence of Corollary I and Proposit ion 4 we get 

Theorem 1. Let �9 be an ergodic automorphism with discrete spectrum, 
Sp(z) = G {qt: t > 0}, (q, 2) = 1, where Sp(z) is the group of all eigenvalues of ~. Then T 
x z is not of local rank 1. 

Let us observe, however, that the examples obtained from Theorem 1 are 
always ergodic Z2-extensions over discrete spectrum and therefore they are LB 
automorphisms [9]. 

Let T: (X, ~ ,  m) ~ and let ~ ,  C~ ,+  ~, n = 1,2,. . .  be a sequence of T-invariant 
a-algebras and such that w ~ ,  = ~ .  In this case we say T is an inverse limit of 
T~,= T]~. and we write T= l iminvT , .  

Corollary 2. An inverse limits of finite rank transformations need not be of local 
rank 1 (but it has LB property [9]).  

Proof Let z and T be as in Theorem 1. Then T x ~ is the inverse limit of (T x Vqt)t >= 1. 
It is not hard to see that the latter automorphisms are of finite rank. 

It can be seen that in the Corollary above the reason T is not of local rank 1 is 
that the constants at satisfying (2)-(4) and corresponding to T x zt tend to 0 when t 
goes to infinity. In fact, this is the only reason which makes T =  lim inv T, not be 
of local rank 1. We formulate this fact as the following. 

Theorem 2. Let T : ( X , N , m ) ~  be an inverse limit of ergodic local rank 1 
transformations ( T,),>__ ~. When the constants a, satisfying (2)-(4) and corresponding 
to T, have the property 0 < a < a,, n > 1 then T is also of local rank 1. 

We omit the proof as it is more or less obvious. 
Our next goal is to prove that the examples arising from Theorem 1 have 

simple spectra. For  spectral theory of unitary operators we refer to [10]. 
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Let T: (X, m) ~ ,  h E L2(X, m). By Z(h) we mean the cyclic space generated by h, 
i.e. Z(h) = span { U"r(h) : n ~ Z}. 

As an immediate consequence of Fubini's theorem we obtain 

Lemma 1. Let T:(X,m),~ be an automorphism with simple spectrum and let 
z : (Y,, v) .z be ergodic automorphism with discrete spectrum. Then 

L z ( x  x Y, m x v) = @ Z(gfa), (29) 
2 6 S p ( g )  

where L2(X, m) = Z(g), U~(A) -- 2. A, 2 ~ Sp (z) 

Theorem 3. Given T and z as in Theorem 1, T • z has a simple spectrum. 

Proof (For notations below we refer to [11].) From (29) it follows that all we have 
to show is that if/~ is the spectral measure of T then # * 6~ and # are mutually 
singular for every z ~ Sp(z), z ~: 0 (here we assume Sp(z) C [0, 1]). Recall that 
~ : # 1  "~-~2 where #1 is the type of discrete measure concentrated on Sp(T) 
= G {2t:t__> 0} and #2 is a measure belonging to the Wiener space and given by 

m - - 1  

7(k)=lim 1- y~ cr k > 0 ,  c~(s)=(-l)  x~s], 
m j = o  

7( -k ) - -  7(k) [113. 

From a result of [11, p. 399] it is sufficient to show that there is a sequence b,, 
1 _< b, < 2 such that 

I(b,2n)l 2 I1-exp27ci2nb,zl z is divergent. (30) 
n>=l 

We will prove that one can put b, = 1. Indeed, observe that 7(2 t) = ~(2), t => 1 (it is a 
consequence of the fact x = ct • x) and therefore (30) can be reduced to the 
following 

y~ [l-exp2rci2"zl 2 is divergent. (31) 
n=>l 

From our assumption 0 + z = s/q t for some t > 0 and s, 0 < s < qt_  1. To prove (31) it 
remains to show that lira cos27c2"z= 1 does not hold and it can be seen when 

n--+ oo 

dealing with iterations of the transformation v ~ 2v on the unit interval. 
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