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Abstract. A similarity ring for amino acids is obtained by reordering the rows and columns of their
substitution probability matrix so as to minimize the variance of the matrix elements about the main
diagonal.

During evolution the amino acid sequences in typical proteins have changed slowly. By
examining several proteins in a family of modern proteins it is possible to estimate
ancestral sequences by use of the assumption that evolution proceeded through a minimum
number of amino acid substitutions. From a phylogenetic tree based on the results of
this procedure it is possible to construct a transition probability matrix of amino acid
substitutions. Hasegawa and Yano (1975) have published such a substitution matrix
for 12 families of proteins, and the portion of it rélevant to this paper is reproduced in
Figure 1. (Their matrix included other changes, such as deletions.)

This amino acid substitution matrix, Fj;, is characterized by very large probabilities
down the main diagonal — testimony to the well known conservatism of evolution.
Looking down the first column it is seen that alanine is most frequently substituted by
serine, then threonine, and so on. However serine and threonine are not located near
alanine in the column — obviously because the amino acids are in alphabetical order.
This observation raises the question: Could the amino acids be listed in some kind of
similarity order so that their substitution matrix would be more heavily diagonalized?
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Fig. 1  Substitution probability matrix with aminc acids in alphabetical order. The elements have
been multiplied by 10 000.
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In mathematical terms can the sum of the elements in the kth lesser diagonal

20
Dy= Z Fp4y; where n=(j+k— 1)mod 20
j=1

be made large for small values of %, the distance of the lesser diagonal from the main
diagonal?

(Because all lesser diagonals are short it is necessary to continue them out of the
bottom of the matrix into the top of the matrix in the next column. This is equivalent
to supposing that the amino acids are arranged in a ring so that the last one in the list
is adjacent to the first.)

It is natural to require that the standard deviation, g, of the D’s about the main
diagonal be minimized, i.e., that

be a minimum.

To this end a computer program was written to calculate o for the substitution matrix
and minimize its value by rearranging the amino acids. The ordering of the amino acid
list was altered by selecting two amino acids at random and interchanging them. The
corresponding pair of rows and pair of columns of the transition matrix were then inter-
changed, and o was recalculated. If the new standard deviation was smaller than the old
the interchange was allowed to stand. Otherwise the previous ordering of the list and
matrix was restored. This procedure was iterated until none of the 190 possible inter-
changes produced any further reduction of ¢. The entire algorithm was run repeatedly,
using a different initialization of the random number generator each time. Although there
are 19!/2 significant permutations of the amino acid list only one half of all ‘solutions’
were distinct, and of these, two thirds were repeats of the best solution. Furthermore,
ninety percent of the poor solutions were sufficiently similar to the best to serve the
purposes of this paper. In other words, good solutions seemed to be highly accessible to
the algorithm,
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Fig. 2. Substitution probability matrix with amino acids reordered to provide minimum variance
about the main diagonal,

16 3
8 5
0 5
0 0
PHE 0 0 o 19 11
0 Q 0
8 0
0 3
24 5

=}
o
ny
oo o OoUVo

I -
omoCoVioo oo
o



A SIMILARITY RING FOR AMINO ACIDS 359

«16
.12 {
.08 | Dk
.04 L
.00 " . " 1 s N . . el L i I 1 L n 2 L L "
-8 =6 -4 2 o] 2 4 6 8 10 -8 =6 =4 =2 0 2 4 6 8 10
k K

Fig. 3. (a) In the best solution the low order lesser diagonals are very strong. The main diagonal,
Dy, is not plotted. (b) In the alphabetic ordering the values of the lesser diagonals are randomiy
distributed.

The best solution corresponds to the reordered substitution matrix show in Figure 2.
Looking again at the alanine column it is seen that serine and threonine are now adjacent
to the diagonal element, as desired. However, some columns are less well ordered. For
example, the larger elements in the proline column are somewhat scattered; but even
here there is considerable clustering towards the diagonal element. An overall view of
the improved diagonalization is given in Figure 3, where Dy is plotted against & — for
the best solution in (a), and the alphabetic ordering in (b).

The standard deviation for the best solution is 0 = 3.98, which may be compared with
5.68 for the alphabetic ordering and a theoretical 5.94 for random ordering. The mini-
mum possible value for any substitution matrix would be 0=1.00 but this case would
require that each amino acid be substituted only by its two nearest neighbors. Clearly,
this case is excluded by the data: A datadimited minimum value for ¢ can be calculated
by supposing the elements of each column to be shifted vertically so as to minimize the
variance about the diagonal element in that column, independently of all other columns.
The result for the actual data in the amino acid substitution matrix would be 0=2.70.
Considering all these possibilities it can be said, on the one hand, that the algorithm has
significantly reduced o, and that amino acids in their substitution probabilities must obey
at least two independent similarity principles that permit them to be ordered in a
similarity ring. On the other hand the failure of ¢ to fall near its minimum data-limited
value of 2.70 implies that still other factors, not yet discovered, also influence the way
in which amino acid substitutions occur during evolution.

The similarity principles affecting amino acid substitution can be inferred from
Figure 4, which displays the amino acids in cyclic order of minimum variance. Two axes
are visible: one ranging from hydrophobic to hydrophilic; the other molecular weight.
Nearly 56% of all substitutions for an amino acid involve its nearest or second nearest
neighbors, In nearly two thirds of the nearest neighbor substitutions only one nucleotide
in the codon need be changed. The four amino acids taken by Crick et al. (1976) and
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Fig. 4 A similarity ring for amino acids based on a substitution matrix of minimum va;iance. Cys
has been left out of the ring because it fits equally well anywhere between Pro and Arg in the lower
portion of the ring.

by Argyle (1977) to be of probable importance to the origin of life are seen together in
the second quadrant of the similarity ring. No doubt other regularities are present.

The existence of a similarity ring for amino acids, based on their historical substitution
probabilities, testifies to the inherent conservatism of the evolutionary process. The
arrangement of amino acids in the ring may have significance for the origin of life and for
the origin and evolution of the genetic code.
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