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Summary. Call a sequence {X,} of r.v.’s ¢-exchangeable if on the same
probability space there exists an exchangeable sequence {Y,} such that
P(X,—Y,|z¢e)<¢ for all n. We prove that any tight sequence {X,} defined
on a rich enough probability space contains e-exchangeable subsequences
for every £>0. The distribution of the approximating exchangeable se-
quences is also described in terms of {X,}. Our results give a convenient
way to prove limit theorems for subsequences of general r.v. sequences. In
particular, they provide a simplified way to prove the subsequence theo-
rems of Aldous [1] and lead also to various extensions.

1. Introduction

It has been known for a long time that sufficiently rarified subsequences of
every norm-bounded sequence of r.v.’s behave like mixed iid. sequences. A
heuristic principle related to this phenomenon was formulated by Chatterji (see

[7D):

Subsequence Principle. Let T be a limit theorem valid for all sequences of iid.
r.v’s belonging to an integrability class L defined by the finiteness of a norm
| I.. Then if {X,} is an arbitrary (dependent) sequence of r.v.)s satisfying
sup, [| X, |, < + oo then there exists a subsequence {X, } satisfying T in a mixed
form.

For example, if {X,} is an arbitrary sequence of r.v.’s with sup, | X, [, <
+o0 then there is a subsequence {X, } satisfying the strong law of large
numbers in a mixed (randomized) form, i.e.
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for some integrable r.v. X (see [13]). If sup, | X,|, <+ oo then there exists a
subsequence {X, } obeying the central limit theorem and the law of the
iterated logarithm, again in a “randomized” form:

Z X, —X)3NO,Y)

]/Nk

N
lim (2N loglog N)~ Z =Y'? as.

N-oowo

for some r.v.’s X and Y=0; here N(0,Y) denotes Gaussian distribution with
mean zero and (random) variance Y, ie., N (0, Y) is the distribution of & Y'/2
where ¢ is an N(0,1) variable independent of Y (see [2, 8, 9, 12]). Several
further special cases of the principle have been proved by ad hoc methods, see
[12] for an extensive bibliography. Although it is natural to expect a general
theorem behind these examples, nothing beyond special cases has been ob-
tained until 1977 when, using a new and powerful method, Aldous showed that
the subsequence principle is valid for all distributional and a.s. limit theorems
satisfying mild technical conditions. In his paper [1] he gave an interesting
analysis of the structure of limit theorems and also gave examples of simple
(although artificial) limit theorems T for which the subsequence principle is not
valid.

The purpose of the present paper is to prove theorems describing precisely
the structure of sparse subsequences of general r.v. sequences. As we shall see,
our theorems provide a simplified approach to the subsequence principle and
lead to various extensions. To state the first result, call a sequence {X,} of r.v.’s
¢-exchangeable if on the same probability space there exists an exchangeable
sequence {Y,} such that P{|X,—Y,|=¢}<e for all n. Then our theorem can be
formulated as follows:

Theorem 1. Let {X,} be a sequence of r.v’s bounded in probability and let ¢, be
a positive numerical sequence tending to zero. Then, if the underlying probability
space is large enough, there exists a subsequence {X, } such that, for all 121,
the sequence {X, , X .} is gexchangeable.

np+1?

Thus, every tight sequence {X,} contains a subsequence {X, } which is
“exchangeable at infinity” in the sense that for any large [, the tail sequence
{X,,X,..,-.-} is a small perturbation of an ‘exchangeable sequence. By
De Finetti’s theorem every exchangeable sequence is conditionally iid. with
respect to its tail field whence it follows easily that limit theorems for iid. r.v.’s
continue to hold for exchangeable sequences in a mixed form. (See [1], p. 63
and p. 65 for a formalization and quick proof of this principle for all a.s. and
purely distributional limit theorems.) Theorem 1 extends a very large class of
these limit theorems for subsequences, thereby establishing a general version of
the subsequence principle; this applies also for many limit theorems outside of
the class considered by Aldous. Examples will be given in Sect. 3.

The idea to use near exchangeability to derive limit theorems for sub-
sequences is due to Aldous. However, he used distributional exchangeability
properties of subsequences (see Lemma 12 of [1]) and applied a rarifying
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procedure depending on the particular limit theorem we want to prove. The
fact that Theorem 1 involves pointwise approximation simplifies the situation
considerably and leads directly to limit theorems. It also enables one, as we
shall prove in a subsequent paper, to give converses of Aldous’ theorem, in
particular to characterize domains of attraction for subsequences of r.v.’s.

In [1] Aldous gave an example of a uniformly bounded sequence {X,} such
that no_ subsequence {X,} and exchangeable sequence {Y;} can satisfy
X, — Y, 2,0. Theorem 1 shows on the other hand, that given any tight sequence
{X } and &>0, there exists a subsequence {X, } and an exchangeable sequence

{Y,} such that
P{X, —Y|=2e<e k=1,2,... (1.1)

By Aldous’ example, the last relation cannot be replaced by
P{X, —Ylzé}<o, k=112,..

for any 6,—0 and thus (1.1) is best possible. Of course, to use the above
approximation to derive limit theorems for subsequences, we need to know the
distribution of the exchangeable sequence {Y;} for every ¢>0. Our next theo-
rem provides this information, showing that {Y;} can always be chosen as a
finite mixture of iid. sequences with explicitly given distribution functions. To
formulate the result, we introduce some terminology.

Definition. A sequence {X} of r.v’s on (@, %, P) is determining if it has a limit
distribution on each set A =Q of positive probability.

For a determining sequence {X,} we put

F,(t)=lim P(X, <t|A) (1.2)
where the limit exists at continuity points t of F,. It is not difficult to prove
(see e.g. [4]) that every tight sequence {X,} of r.v’s contains a determining
subsequence. Hence we can restrict our attention to determining sequences
instead of stochastically bounded ones whenever it is convenient.

We now introduce the notion of “strong exchangeability at infinity”, play-
ing a central role in our paper.

Definition. Let {¢,} be a positive numerical sequence tending to zero. We say
that the sequence {X,} of r.v.’s is strongly exchangeable at infinity with speed
g, if the sequence {X,} is determining, the r.v.’s X, are all simple (i.e. take only
finitely many values), 6 {X,} <o {X,} =... and the following is true:

For any k>1 the sets A={X,_,=c} (where ¢ runs through the range of
X, _,) can be divided into two classes I} and I', such that

M Y PA)=e.

Aely

(i) For any Ael, there exist P,-independent rv.’s {Y/4, j=k k-+1,..}

defined on 4 with common distribution function F, such that

PAIX,~ Y ze) e, j=kk+1,.... (1.3)

Here P, denotes conditional probability with respect to 4; F, is defined by
(1.2).
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Thus, {X,} is strongly exchangeable at infinity if for every large k, the
sequence {X,, X,_,, ...} is a small perturbation of an iid. sequence on ‘almost
all’ sets A of the form A ={X,_, =c}. Clearly, this is a rather strong structural
property; its consequences will be studied in Sect. 3.

We formulate now the main result of our paper.

Theorem 2. Let {X,} be a sequence of r.v’s bounded in probability and let {e }
be a positive numerical sequence tending to zero. Then, if the underlying probabil-
ity space is rich enough, there exists a subsequence {X, } and a sequence {Y,} of
r.v.’s such that {Y,} is strongly exchangeable at infinity with speed ¢, and

Y X, —Yl<o as.
k=1

If {X,} is strongly exchangeable at infinity with speed ¢, then the sequence
{X» X¢s15---} is obviously 2¢.-exchangeable. Hence Theorem 2 implies Theo-
rem 1, together with a description of the approximating exchangeable se-
quences. The main advantage of Theorem 2 over Theorem 1 is that it yields an
approximation of subsequences {X, } directly by iid. sequences and thus it
implies limit theorems for {X, } by using the theory of independent r.v.s,
without referring to exchangeability. It is worth mentioning that the iid.
approximation given by Theorem 2 for lacunary sequences {X, } on subsets 4
of the probability space is generally optimal for ecach A in the same sense as
Theorem 1 is optimal on the whole probability space. By Example2 of [4]
there exists a tight sequence {X,} on a suitable probability space (2, #, P}
such that no subsequence {X, }, set Ae# with P(4)>0 and iLd. sequence
{Y} defined on 4 can satisfy X, — Y50 on A. See [4] for more infor-
mation on this point, in particular for a characterization of tight sequences
{X,} having a subsequence {X, } allowing the approximation X, —Y, &0 with
an i.1d. resp. exchangeable {Y,}.

2. Proof of Theorem 2

In what follows, p stands for the Prohorov distance of probability measures i.e.
for any two probability measures P and Q on the Borel sets of the real line we
put

o(P,Q)=inf{¢>0: P(4)=Q(A*)+¢ and

Q(A)<P(A4%)+e¢ for all Borel sets A=R'}.

Here A° denotes the e-neighbourhood of A ie. A°={xeR": |x—y|<¢ for some
yeA}. It is known (see [S5], Appendix III) that p metrizes the weak con-
vergence of probability measures ie. p(B,, P)— 0 iff P,— P weakly.

(X1, Xn—1)
n

_y. Assume that there exist

Lemma 1. Let X,,X,, ... be a sequence of simple r.v’s and denote by p
the conditional distribution of X, given X,,...,X
distributions v,, n=1,2, ... such that

n

P{p(u¥y X0 y)253<6, n=1,2,..

n
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for some constants 5,>0. Then, if the underlying probability space is rich
enough, there exist independent r.v’s Y,,Y,. ... such that the distribution of Y, is

v, and
P(X,~Y,[=66,)<60, n=12,...

This lemma is implicit in [3]; its proof is identical with that of Theorems 1
and 2 of the just mentioned paper.

Lemma 2. Given any ¢>0, a rv. X and a finite o-field F, there exists a simple
r.v. Y such that & co{Y} and P(|X —Y|=¢)<s.

Proof. Choose first a simple r.v. Z such that P(|X —Z|=¢/2)<¢/2. Let z,, ..., 2,
be the values of Z and A;={Z =z}, 1<i<k. Then if B,, ..., B, are the atoms of
#, choose numbers |c; |<8/2 1<i<k, 1£j<1 such that all the numbers z
+¢; ; are different. Let V be the r.v. taking ¢; ; on 4;nB;. Then obviously Y
=Z —I— V satisfies the requirements.

Lemma 3. If {X,} is determining with limit distribution function F then the weak
limit

7,=lim x(X,<t)* (2.1)
exists for all continuity points t of F. Here y{-} denotes the indicator function
of the set in brackets.

Proof. See [4], Proposition (2.1).

Lemmad. Let u and v be probability measures on the real line, let
Xy <Xy <...<xy and set Iy=(—o00,x)), I;=[x;, x;,;) (15j£k~1), I, =[x,
+ o0). Assume that

S omax (x; . —Xx)<e (2.2)
ullo)+ pll) < (2.3)
Z —v(I)l<e. (2.4)
Then .
pu, v) = 2e.

Proof. Let B&R"' be a Borel set and let H, denote the set of those integers
0=j<k such that Bn I, is not empty. Then using (2.2)~(2.4) we get

uB)s Y w)se+ Yy ud)

jeHp jeHgp
15j<k—-1
<2+ ) vI)=2e+ Y v(I;nB)<2e+v(BY
jeHg jeHz
1£j<k—1 12jk=1

1

For integrable r.v’s £, & we say &, — & weakly if E(€,n)— E(¢n) for any bounded r.v. #. This
notion is not to be confused with the weak convergence of probability measures and distributions.
To avoid ambiguity, in the sequel we keep the term “weak™ for convergence of r.v.’s; weak
convergence of probability measures and distributions will be referred to as distributional con-
vergence.
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where the equality in the fourth step follows from the fact that for 1<j<k—1
the length of I; is <e¢ and thus if such an I; contains a point of B (i.e. jeHp)
then I;< B~

The following lemma is a trivial consequence of the Markov inequality.

Lemma5. Let X=0 be a r.v. with EX<¢ and let {A;,i=1,...,1} be a partition
of the probability space with all As having positive probability. Then the total
probability of those A;'s such that

EAi('X) éﬁ
is at least 1 —]/g Here E, denotes contitional expectation given A.

Proof of Theorem 2. Step 1. By Lemma 2 there exist simple r.v.’s ¥, such that
P(X,—Y|=2279Z27% (k=1,2,...) and o{Y}co(Y,}c....

Hence without loss of generality we may assume that the r.v’s X, themselves

are all simple and
o{X}ca{X,}c.... (2.5)

As any sequence {X,} bounded in probability contains a determining sub-
sequence (see e.g. [4]) we can also assume without loss of generality that {X,}
itself is determining. Finally, there is no loss of generality in assuming that the
sequence {¢,} is decreasing. Let u, , denote the conditional distribution of X,
given A4 and let y,=lim p, ,; denote by F,(x) the distribution function of u,.

As {X,} is determining, these quantities are defined for any AcQ with
P(A4)>0.
2. We can choose a subsequence {X, } such that for any k>1,

oy, 4> )Se, forany Aeo{X, .} and [=k (2.6)

Rk-1

Indeed, let X, =X, and assume that X ,..., X,  are already constructed. Let
Ay, A,, ..., A, be the sets of the finite o-field o{X, 3. Since p(u, 4,,1,4)—0 as

n—oo for every 1<i<r, there exists an integer m, >0 such that
Pty 4o y) e, forall nzm, and 1Zisr.

Set X, =X, . Obviously, the sequence {X, } and all of its subsequences satisfy
(2.6).

3. Let F(x)=F,(x) be the limit distribution function of X, relative to Q and
let Cp be the set of continuity points of F(x). Choose the number L, >0 so that
L,eCp, —L,eCpand

F(L)—F(—L)z1—g¢,. (2.7)

We show that the following statement is true:

Let {4;, i=1,...,1} be any partition of the probability space with all 4s
having positive probability. Then the total probability of those A4;’s for which
the inequality
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pa([—2L,, 2L )2 1-V/e, (2.8)

holds, is at least 1 —]/ 2.

Proof. By Lemma 3, the weak limits #, in (2.1) exist for each te Cp, Obviously
0=<#,=1 as. and t <t implies #,=<7, a.s. Further, for any A< Q with P{4)>0
(2.1) implies P(X,<t|A)—E ,(n,) for te C; and thus

F, () =E 4(n,) (2.9)

for any ¢ which is a continuity point of both F and F,. As L,eCy, —L,eCy,
(2.7) and (2.9) imply E(n,, —n_;,)=1—¢, and applying Lemma 35 for the non-
negative r.v. 1 —n, +#_,, we get that the total probability of those 4;s such

that _
EAi(VIL,(””I_Lk)z 1 —]/Bk (2.10)

is at least 1—]/3’,‘. Choose an A, satisfying (2.10) and let xe(L,,2L,) be such
that x and —x are continuity points of both F and F,.. Then (2.10) remains
valid if n;, —#n_,, is replaced by n, —#_, and using (2.9) we get

() ES T T

The last relation evidently implies (2.8).

4. Let F(x) and C, be as in step 3; by Lemma 3 the weak limits », in (2.1)
exist for each teC,. Define n,=5, —n, for any interval I=[t; t,) with
t,,t,€Cp. We allow here also the values t;=+ oo by setting n_ =0, n,=1
We now construct a subsequence {X, }, together with a sequence Hy<H,<...
of finite subsets of Cj such that setting

H ={x¥, ..., x¥}
and
U={I=[a,b): a<b and a,beH,u{+o0}uU{—0}}

the following properties hold:

0<x® —x®<e, 15v=q, -1 (2.11)
Y IP(X,ellX,, )-EmlX, Jse (zk) (2.12)
IeUy
P{ Y |EmlX,)—nlzelX, }<e (2. (2.13)
IeUk+1

Moreover, with probability =1 —21/% we have

inf P <X, <x®|X, )=1-2Ve,. (2.14)

12k 13
Construction. Let L, be the numbers defined in step 3 and choose finite sets

Hy={xP, ., x®)  k=1,2,...
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such that HicH,c..., x{?< —-3L,, x%>=3L, and (2.11) holds. Since Cj is
dense, the H,’s can be chosen to be subsets of Cp. Now we define a sub-
sequence {X,} by induction as follows. Set X, =X, and assume that

X,....,X,, , are already constructed. Let ¢y, ..., c, be the possible values of
X, ,and put A4;={X,  =c}, 1Si<r. Bystep 3thereisasetl'={4,,...,4,}
such that
Y P(4)z1-Ve, (2.15)
Azel
and

pa([—2L,, 2L N21—)e, for Ael.

As p, is the limit distribution of X, given A, the last inequality implies
liminf P, (|X,]<3L)=1-V¢, for A,el’

and thus there exists an integer s, >0 such that
P (X,|<3L)=1-2ye, for nzs, andall Ael. (2.16)

Note further that by (2.1)
x(X,el)—»n, weakly (2.17)

for any I=[a,b) where a<b and a,beCru{+0}u{—co}. Since H, =y,
(2.17) implies
Y IP(X,el|A)—E(n;|A)|>0 as n—w

IeUk
for any A< Q with P(A4)>0. Choosing A=A4,, ..., A, we get that there exists an
integer s; >0 such that

Y, |PXellX,, )—E(nlX

IeUy

N=eg, for nzsf (2.18)

nr— 1=

Set #*=0{X,,X,,...}, then y; is #* measurable and thus using (2.5) and the
martingale convergence theorem we get

En|X,)>Em|F*)=n; as. as n—ow
for any fixed IeU, ;. This shows that for any fixed 1<i<r

PAi{ Z |E(n;|X,)—n;/2¢}—0 as n—owo

IeUk+1

and thus there exists an integer sf* >0 such that

P{ Y |Em|\X)—nlzelX, =g for nzsi* (2.19)

IeUk+1 -
Choose n, =max (s, s§, sf*). This completes the k-th step of induction and thus
the construction of the subsequence {X, } is also completed. Now relations
(2.12), (2.13) follow evidently from (2.18), (2.19); further, since the r.v. on the left
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side of (2.14) is identical with mfP (<X, <x¥) on each set 4, 1ZiZy,

relation (2.14) follows from (2. 15) (2 16) and x{'< —3L,, xX¥>3L,.

5. From now on, let {X, } denote a subsequence of {X 3 satisfying the
properties guaranteed in steps 2 and 4. We show that {X } satisfies the
following statement:

For every k>1 the sets A={X,  =c} can be divided into two classes I
and I, such that

i Y PAZ3Ve,. (2.20)

Ael;
(i) For each Aerl, we have

P { Z |PA(XmEIank> X )— nlz2¢} =g, (2.21)
IeUk
PAY IPX, eD-nl=2¢_ )<V e, (2.22)
TeUy
and
PP <X, <x®)z1-21/¢, (2.23)

for every I>k.
Proof. Let ¢ be a possible value of X, . Then setting A={X, =c} and
using the identity P,(B|C)=P(B|AC) we get for [>k
P (X, ellX, =a,... X, =a_,)
=P(X,ellX, =c¢X,=a,...X, =a_,)
=P(X,ellX, =a_)
where in the last step we used (2.5). We thus see that the r.wv.’s

P(X,eliX,,....X, ) and P(X, ellX, ) are identical on A4 and thus on 4
we have, using (2.12), ¢, | and U, CU c.

> |P(X, el X, ... X, )—nl

TeUy
=) IP(X,ellX, _)—nl
ITeUx
<Y IP(X,ellX,,_)—E@mlX, )+ Y |E(m]X,_)—nl
IeUy IcUs
Sg+ Z |E(771|Xn1_1)_n1|:8k+rk,l> say. (2.24)
IeUx

By (2.13), I>k and U,c U, ; we have
PA(ITk,ltggk)égk

and thus the P,-probability that the first expression of (2.24) exceeds 2¢, is at
most ¢, proving (2.21). (Note that (2.21) holds for all A={X,  =c} without
exception.) To get (2.22) and (2.23) we note that on 4 we have, using (2.12),
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Y P(X,eD—nl= Y IP(X,€llX,, )—ml

TeUx IeUx
< ) |P(X,ellX,, )—E@lX,, )+ > 1E(m X, )—nl
TeUx IeUx
Le+ Z IE(Wlank_l)—n1|=5k+Cka say. (2.25)
IeUy

Integrating (2.13) and setting [ =k we get
Py 1Z8) 6

Changing k to k—1 and applying Lemma5 to the indicator function of
{{ =&} it follows that the total probability of those sets A={X, _ =c} for

which the inequality .
Pz e._1) él/gk_l (2.26)

holds, is at least I—Vg. On the other hand, since inequality (2.14) holds
with probability 21—2]/ a, the total probability of those sets 4 ={X,  =c}
for which

inf P,(xP <X, <x®)>1-21/¢, (2.27)

Izk

holds, is 21—2]/ &.. Hence using the monotonicity of ¢, it follows that the
events A={X,  =c} can be divided into two classes I and I, such that (2.20)
holds and for Ael’, we have (2.26) and (2.27). It remains now to notice that
(2.25) and (2.26) imply (2.22) for AeT,.

6. Fix k>1, Ael’, and consider the sequence {X, , X, ...} as a sequence
of r.v’s on the probability space (4, P,, #|A4). We claim that there exist P,-
independent r.v.’s ¥, ¥, ... defined on this space, all having distribution u,

such that
PX,, — Y9254V e )S54Ye, .,  j=kk+1, .. (2.28)

This implies that the sequence {X, } is strongly exchangeable at infinity with

speed 541/¢,_, which is only notationally different from our theorem since &,
can be chosen arbitrarily.
To prove our claim above we define, for any /> k, the probability measures
w¥me - Xm-) and y, (the first depending on chance) by
p¥me - Xm-(G)=P (X, €G|X,, ..., X, )

1 (G)=P,(X, €G) (G<=R"Borel-set)

To estimate the Prohorov distance of p{¥me -~ *n-1 and u;, we note that (2.21),
(2.22) and ¢,} imply

Y P (X, ellX,,...,X, )—PX,el|<de_,

IeUk

with P,-probability =1—27/¢,_,. Also by (2.23),

P,(X,, ¢[x{, x9]) <27/¢,.
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The last two relations, g, |, (2.11) and Lemma 4 imply

p(ngnk! ""an—l), tul)é 81/8’{—1

with P,-probability at least 1 —2V/¢,_,. Further, as our set A€l’, is an atom of
o{X,, _.}, (2.6) implies
pla, p)<e,  (Izk).

By the triangle inequality for p,

Py{p(uf¥m Xm0, u)29Ye, 1} S2Ve, 1=k kt1, ...

and our claim above follows from Lemma 1. Hence the proof of Theorem 2 is
completed.

3. Applications

In this section we show that Theorem 2 implies a very large class of limit
theorems for subsequences of r.v’s. As a first application, we derive one of
Aldous’ general theorems ([1], Theorem 6) stating the validity of the sub-
sequence principle for distributional limit theorems. Then we give examples
showing that the method applies for a.s. limit theorems and also for many limit
theorems lying outside Aldous’ formalization.

To derive limit theorems from Theorem?2, we need a few preliminary
remarks. Let {X,} be a determining sequence of r.v.’s with limit distribution
function F. By Lemma 3, the weak limits #, in (2.1) exist for all continuity points
t of F. Let H be a dense countable set of continuity points of F. The limits #,
are determined only with probability one and following the method of [14],
Lemma 6.1.4. one can construct versions of #,, teH such that for every fixed
weQ, the function #,{w), te H extends to a distribution function F,(t). Let p,
denote the probability measure corresponding to the distribution function F;
we call u, the limit random distribution of {X,}. This notion is due to Aldous
and plays an important role in the investigations of [1]. Obviously, u,(B) is a
t-measurable r.v. for any Borel set B< R! where 7 is the tail field of {X,}.

For any A<= Q with P(4)>0, let u, , denote the conditional distribution of
X, given A. Since {X,} is determining, u, , converges, as n— oo, to a distribu-
tion u,; let F, denote the distribution function of u,. It is easy to prove the
following

Lemma 6. (a) For any A of positive probability and any real t we have

Fy(t) =E 4(F,(1)). (3.1)
(b) Let y(x), xe(— oo, + ) be any nonnegative, piecewise continuously dif-

+ o0 + o
ferentiable function. If | Y (x)dF(x)<+ oo then | Y(x)dF,(x)<+ oo as. and

E( T W0dE,0)= | Yare),
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Proof. (3.1) is an easy consequence of (2.9); the equality of part (b) follows from
(3.1) by integration by parts.

If the r.v’s X, are all simple and (2.5) holds, the random measure 4, can be
obtained as a limit of random measures of simple structure. Put

FEP()=E(E@®|X,) (@) teR' (3.2)

where F.(t) denotes the r.v. which takes F,(f) at w. Denote by 4 the probability
measure corresponding to the distribution function F®. (3.2) and part (a) of
Lemma 6 imply that if 4 is an atom of ¢ {X,} then F® is identical with F, for
weA. Hence, for any nz1 the range of the random map x? is finite.

Lemma 7. For almost all & we have
p B as n—oo. (3.3)

Proof. Yor any fixed rational r, F®(r)~ F,(r) for almost all w by (3.2) and the
martingale convergence theorem. (Note that E(r) is ¢{X,, X,, ...} measurable)
Hence, for almost all o, the relation F(r)— F, (r) holds simultaneously for all
rational r and thus (3.3) is valid.

With p denoting the Prohorov distance as in Sect.2, (3.3) implies
o, u,)—0 as. and thus there exists a numerical sequence ¢,]0 such that

Plo: p(ud, po)ze,} e, n=1,2,... (3.4)

If we replace {X,} by a subsequence {X,, } then y, remains the same and u
changes to p{™. Hence for the sequence {X,, }, (3.4) holds with ¢, replaced by
&, Thus we have

Lemma 8. By passing to a suitable subsequence of {X,}, the speed of con-
vergence to zero of ¢, in (3.4) can be made as rapid as desired.

We are now in a position to derive limit theorems from Theorem 2. We
begin with proving a slightly weakened version of Aldous’ general “distri-
butional” theorem, Theorem 6 of [1]. To state this result, we need a few
definitions from [17]. Let .# denote the set of probability measures on the real
line, equipped by the topology generated by the Prohorov metric.

Definition. A weak limit theorem of L.i.d. r.v’sisasystem T=(f,, 5, ..., S, {G,, ueS})
where

a) S is a Borel subset of .,

b) For each k=1, f,=f.(x;, x,, ..., 1) i3 a real function on R® x §, measur-
able in the product topology (in R we take the usual topology),

c¢) For each ueS, G, is a probability distribution on the real line such that
the function y~ G, is measurable (with respect to the Borel fields in § and .#),

d) If peS§ and X,, X,, ... are independent r.v.’s with common distribution g

then
HX, Xy, ,m)B G, as k-0 (3.5)

For example, the central limit theorem corresponds to the case S=class of
distributions with finite variance, f,(x;,X,,..., 0=k™ Y% (x,+ ... +x, —k-Ep),
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G,=normal distribution with mean zero and the same variance as u. In
general, S describes the class of distributions to which the limit theorem T
applies (the “condition” of the theorem); the limit theorem itself is expressed
by relation (3.5).

For the functions f, Aldous makes some additional assumptions ensuring
that f, are continuous in the x;'s and also that for large k, f, depends weakly
on the first few variables x;. In what follows, we give a slightly strengthened
form of these assumptions.

Definition. We call the weak limit theorem T =(f, f,...,S,{G,, ueS}) regular
if there exist sequences p,, g, of positive integers tending to -+co such that
P =4, and

(1) fulx1, %5, ..., 1) depends only on x,,, ..., X, , 4
(ii) f, satisfies the Lipschitz condition

qi
/X C TN ) By M ¢ S ) | - S P o i (3.6)

i=pr
for some O<a=1.

For regular limit theorems, (3.5) takes on the form
[ilX o s X o B G, as k— 0. (3.7

Clearly, the central limit theorem, as given above by the corresponding
fo S, G, is not regular. However, the validity of the relation k=YX, +...
+ X, —k-Ep)-% N(0,Dp) is not affected by deleting the terms X, ..., X1,
from the sum X, +...+ X, and thus in the central limit theorem we can also
choose f, =k (xy1e+ ... +%, —k-Ep). Obviously, the theorem becomes regu-
lar with this choice.

We need one final definition, namely that of the mixture of probability
distributions. Let (Q, #,P) be a probability space and for any weQ let a
distribution v , be given such that the map w-»v_ is measurable with respect to
the Borel field in .#. Then it is easily seen that the set function v* defined by

v¥(B)=Ev,(B)= | v, (B)dP(w)

Q

is a probability measure on the Borel sets of the real line. We call v* the
mixture of the v,’s with weight function P; we use the notation

vi={v,dP(w).
We can now formulate our

Theorem 3. Let {X,} be a determining sequence of r.w’s with limit random
distribution u,,. Let T=(fy, f,, ..., 8, {G,, ueS}) be a regular weak limit theorem
and assume that u,eS for almost all w. Then there exists a subsequence {X, }

such that
fillX, (o), X, (@), ..., u,) 3 v as k—oo (3.8)

where v* =| G, dP(w)
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Except the slight difference in the technical assumptions made on the
functions f,, Theorem 3 is identical with Theorem 6 of [1]. Considering again
the case of the central limit theorem, the assumption u €S as. reduces in this
case to the requirement that p has a finite variance for almost every w; this
guarantees that the r.v. X(w)=Ep,, is a.s. finite. Then (3.8) becomes

(X, + o+ X, kX)) kB v

where v* is the mixed normal distribution whose characteristic function is

| exp(—ct?/2)dH(c) where H is the distribution function of the r.v. D*p,.

0 As we shall see below, Theorem 3 is an easy consequence of Theorem 2. To
simplify the writing, let f,(x) denote, for any ueS, the distribution of the r.v.
LY, Y, ..., ) where Y,,Y,,... are independent r.v.’s with common distribu-
tion u. (Clearly, this distribution depends only on f, and w.) Then (3.5) can be

written as
fiw5 G, for any peS. (3.9)

Assume for the sake of simplicity that f,(x,,, .., x,,, #) does not depend on
u. Let ¢, tend to zero monotonically and so rapidly that

& 1=kt k=12, (3.10)

where p,, ¢,, @ are the quantities appearing in (3.6). From Theorem 2 it follows
that there exists a subsequence {X,,} and a sequence {Y,} of r.v’s such that
{Y,} is strongly exchangeable at infinity with speed ¢, and X, =Y, +1, where

Y |7 [*< + o0 as. Hence there is no loss of generality in assuming that {X,}
k=1

itself is strongly exchangeable at infinity with speed ¢,. Similarly, on the basis
of Lemma 8 we can assume without loss of generality that (3.4) holds for the
sequence {X,}. We show that {X,} satisfies the conclusion of Theorem 3 i.e.

fiX s X,) 3G, dP(@) as k—oo. (3.11)

The heuristic reason of (3.11) is the following. Let % =o{X, _;} and
denote Iy, I, the two classes of atoms of &, guaranteed by the definition of
strong exchangeability at infinity for the index p,. Then for Ael, ie. on
“almost all” atoms of #, the sequence X, ..., X, can be approximated by an
iid. sequence Y4, ..., Y with common distribution 4 such that the order of
magnitude of X, — Y(A) is <e,, for all j; more precisely,

PA(lXj—IG(A)|§3pk)§8Pk j=bw ptl, ... (3.12)

By (3.10), (3. 12) and the Lipschitz condition (3.6), the (conditional) distribution

of fi(X,,....,X,) on A is almost equal to the distribution of f,(Y\?, ..., Y¥)
ie to fi(u A) and thus distribution of f(X,,, ..., X,) on the whole probab111ty
space is

~Z Flu) P(A) =] fi(u&= 1) dP(w)
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where the last equality follows from the fact that for we A4, p#<~Y =y,. (See the
remark preceding Lemma 7.) Thus the distribution of f(X,,, ..., ¥,) is close to
the first of the following three distributions:

Vfeu@=D)dP(w), | filk,)dP(@), 1[G, dP(w). (3.13)

On the other hand, the integrals in (3.13) are close to each other for large k.
For the first two integrals this follows from (3.4) while the closeness of the
second and third integral follows from the fact that f,(u,)-% G, for almost all
o by (39) and p,eS as. Hence for large k the distribution of f,(X,,, ..., X ) is
also close to the third integral in (3.13) i.e. {3.11) holds.

The above heuristic argument can be made precise without any difficulty,
we only have to estimate the closeness of the considered distributions. We shall
do this in the Prohorov metric by using the following simple remarks:

A) The Prohorov distance of two measures u and v is <e¢ if and only if on
some probability space there exist r.v.’s X and Y with distribution g and v such
that P(X —Y|>¢g)<s.

B) If p(u, v)<e then p(f,(w), f,(v))=e*q, where « and g, are the quantities
appearing in (3.6).

C) Let py,...,u, and v,...,v, be probability distributions, let further

Py, ..., p, be nonnegative numbers with ) p,=1. Assume that the sum of those

r

p/’s such that p(u;,v)=e is at most & Then the Prohorov distance of )| p,u
3 i=1

and ) p;v;is <3
i=1

D) Let p, and v, be random measures (i.e. measurable maps from a
probability space (@, #, P) to .#) such that P{w: p(u,,v,)=¢} <e. Then the
Prohorov distance of | u,dP(w) and | v, dP(w) is <3e.

Statement A) is Strassen’s theorem (see [15]); statement B) follows im-
mediately from statement A) and the Lipschitz condition (3.6). Statements C)
and D) are almost evident; C) is of course a special case of D).

Now our heuristic argument can be made precise as follows. By (3.12) and
the Lipschitz condition on f, we have

Pl fX s s X)) —F(XS0, YN ze q) ¢, q, Ael,

and thus ) P(4)<Le,, (3.10) and statements A) and C) imply that the

Aely

Prohorov distance of the distributions of f,(X,,,...,X,) and ) f,(1,) P(4) ie.

A
the first integral in (3.13) is §3e;qu§3k‘1. On the other hand, (3.4), (3.10) and
statements B) and D) imply that the Prohorov distance of the first two
integrals in (3.13) is =<3e2 _,q,<3k~'. Finally, (3.9) and p,eS as. imply
p(filug), G, )—0 as. and thus there exists a numerical sequence 9, |0 such that

P{o: p(fi(u), G, )28 <5,  k=1,2, ...

Then by statement D) the Prohorov distance of the last two integrals in (3.13)
is =34,. Adding up our estimates, it follows that the Prohorov distance of the
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distribution of fi(X,,,...,X,) and [ G, dP(w) is £6k™'+36,—0 ie. (3.11) is
valid. Thus Theorem 3 is proved.

We turn now to a.s. limit theorems. Instead of treating this class generally
as weak limit theorems above, we illustrate the method on the case of the law
of the iterated logarithm (convered also by Aldous’ general theorems in [1]).
We prove

Theorem 4. Let {X,} be a determining sequence of r.w’s with limit random
distribution p . Assume that p, has finite variance for almost all o and set

X(w)=Ep,={xdu,(x), Y(w)=Dpu,={] x*du,(x)—(| xdu,(x)*}'"%

Then there exists a subsequence {X, } such that

N
lim 2N loglogN)~'? ¥ (X, —X)=Y as.

N-ow k=1
A sufficient condition for the a.s. finiteness of Dy, is sup EX?< + oo (cf.
n

part b) of Lemma6). This condition is not necessary: there exists e.g. an
exchangeable sequence {X,} with EX? = + oo such that Dy < + oo as.

Theorem 4 follows from Theorem 2 essentially in the same way as Theo-
rem 3, just we have to reformulate the law of the iterated logarithm in a
“regular” form. This is given by the following simple lemma where L(n)
denotes (2nlog logn)'/2

Lemma9. Let Y, Y,, ... be a sequence of r.v.’s satisfying sup E|Y,|< 4+ oo; put S,
=Y, +..+Y, S, =Y, +...+Y, (k<. Then lim S,/L(n)=1 a.s. if and only if

n— oo

for any £>0 there exists an increasing sequence {m.} of integers such that
m, = 5" and

P{ max S, /LG)>1+e}s27% (kzk,) (3.14)
me=jEmes
and

P{ max S, /LG)<l-g}£27% (kZk,). (3.15)

meSjEmesy

Proof. Assume first that (3.14) and (3.15) hold for some m,=5* By supE|Y,|<
+ o0 we have
P{S zym}2-®D kxk,. (3.16)

Using (3.14), (3.15), (3.16) and the Borel-Cantelli lemma we get

1-2¢<Tlim S, /L(n)<1+2¢ as.

H— 00
proving the “if” part of Lemma9. To prove the converse part, assume

lim S,/L(n)=1 a.s. We construct a sequence {m,} of integers such that m, = 5

n— o0

and P{sup S/L()> 1482y 274D 3.17)

Jzmg
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P{ max S/L(j)<1—g2}y 27 &*D (3.18)
me S jEmec sy

for all k=1. Choose m, so large that m; =5 and (3.17) holds for k=1. Assume
that m, <m,<...<m, are already constructed such that m, =5 (1<kZN)
holds and (3.17) and (3.18) are valid for k<N and k<N —1, respectively. Then
choose my_ ; so large that my, , >max (5"**, my) and (3.17) and (3.18) hold for
k=N+1 and k=N, respectively. (This is possible since limS,/L(n)=1 as.)
Obviously, the so constructed sequence {m,} satisfies (3.17) and (3.18) for all
k=1 and thus, in view of (3.16), relations (3.14) and (3.15) are also valid. Hence
Lemma 9 is proved.

Obviously, the r.v.
max Sk, j/L(j)

meSjEmes1

is a function of the rv’s Y, ,,...,7, and thus (3.14) and (3.15) can be

written in the form e
P{fk(YkH,...,Y,nk+l)>1+s}§2‘k (kzkg) (3.19)
P{fk(YkH,...,Ymk+1)<1—s}§2"‘ (k=ky) (3.20)

with suitable (smooth) functions f,. Relations (3.19) and (3.20) are very similar
to (3.7), the only difference is that weak convergence in (3.7) is replaced by a
sequence of probability inequalities for the same r.v.’s. As one can easily check,
the argument proving Theorem 3 remains valid in this new situation with
inessential changes and Theorem 4 follows.

Closer examination shows that a large class of a.s. limit theorems can be
reformulated as a sequence of probability inequalities similar to (3.19), (3.20).
(As a matter of fact, the convergence relation (3.7) can also be written in such
a form.) Instead of elaborating on this point, however, we show that a similar
reformulation applies actually to many limit theorems lying outside of the class
of weak and as. limit theorems and thus the subsequence principle holds for
such limit theorems as well. As an example, we show the reformulation of two
“refined” distributional limit theorems, namely that of the central limit theo-
rem with remainder and Cramér’s large deviation theorem.

Example 1. Let {X,} be a sequence of r.v.s satisfying sup E|X, <+ oo for
some p>2. Then, as a trivial calculation shows, the relations
supIP{(XI+...+Xn)/ﬁ<t}—¢(t)|=(9(n‘“) (3.21)
t
and

SUp |P{(X joguy T - + X )Y/ n <t} —B(0) =0(n~*) (3.22)

are equivalent provided O<a<p/(2p+2) and thus for such « relation (3.21) can
be reformulated as a sequence of inequalities

B(8) — Kn™* SP{(Xogn + - + X))/ n<t} ®(t)+ Kn~* (3.23)

X

where the n-th inequality contains only the r.v.’s X, .1, ..., X,



412 I. Berkes and E. Péter

Since (3.23) is the same type as (3.19), (3.20), our method applies and yields
a version of the central limit theorem with remainder for subsequences of
norm-bounded sequences. Note that there is a loss of accuracy caused by the
regularization procedure (ie. discarding the r.v.’s X, ..., X0, from (3.21)):
the remainder term obtained in this way cannot be better than @O(n—?/(?P+2)
for r.v’s with uniformly bounded p-th moments. As the classical remainder
term in the iid. case is O(n~®~2/2) for 2<p<3, we do not lose anything for p
lying close to 2 but e.g. for p=3 we get only a remainder term @(n=%8+%)
instead of @(n~'?). For p—oo the remainder term approaches the optimal
value O(n='/%),

Example 2. Let {X,} be a sequence of r.v.’s satisfying sup E(exp|X,|") <+ oo for
some o> 1. Then the relations

P{X,+...+X)Y/n>x}~1=d(x) for x=o0(n"'5) (3.24)

and

P{(Xpogm + -+ X )Y/ n>x} ~1—B(x)  for x=0(n) (3.25)

are equivalent; (3.25) can again be written as a sequence of inequalities anal-
ogous to (3.19), (3.20) and our method applies. The same argument holds for
the more general form of the large deviation theorem valid for x =o0(n'/?) (see
e.g. [117, p. 520).
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