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Summary. Necessary and sufficient conditions are given, for a process to be
the excursion process of some strong Markov process. These are modifica-
tions of necessary conditions of Itd, which are here shown by example not
to be sufficient.

1. Introduction

In his classic paper “Poisson Point Processes attached to Markov Processes”,
K. Itd6 constructs the excursion point process of a given standard process at a
recurrent point. He shows that the characteristic measure of the excursion
process satisfies certain conditions, and then indicates how to reverse his
construction provided those conditions hold. That is, given a PPP whose
characteristic measure obeys these conditions, it should be possible to con-
struct a process whose excursion process is that PPP. 1t6 doesn’t state this
converse result as a formal theorem, and hence doesn’t write out a proof. This
paper will attempt to make his argument rigorous.

This is perhaps more interesting in that the converse is not true as stated
above. In Sect. 4, examples will be given showing that unless we strengthen two
of his conditions, the process constructed from the PPP may fail to be strong
Markov or right continuous. This strengthening gives us necessary and suf-
ficient conditions for the process obtained to be a right process.

The argument for sufficiency is presented in Sect. 3, and that for necessity
in Sect.5. The following paper [18] will show how some of these results may
be simplified and extended, provided the original process is a Ray process or a
right process. Section 6 is an Appendix, giving some other results that may be
obtained from the proof of the main lemma (Lemma 7).

2. Notation and results

E will be a separable metric space, and &° the o-field of its Borel subsets. &
will be the universal completion of §°. U will be the set of right-continuous E-
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valued paths, and, for aeE, U® will be the set of all such paths u, satisfying u(0)
=a. (W,),» o will be the coordinate process on U; W,(u)=u(r). For t=0, % will
be the smallest o-field such that for every se[0, 1], W, is a measurable function
from (U, %) to (E, &°). %, will be the universal completion of %2, and % that
of %?.

(I1, #) will be the measurable space of (U, #)-valued point functions. That
is, we adjoin a point 6 to U, and let IT be the set of functions
p: [0, 0}~ Uu {5} such that p(t)=7 except for countably many t. # is the o-
field on IT generated by the functions pt— N (A, p), where N(A, p) is the number
of times ¢ such that (¢, p(t))e A< [0, co)x U. Here A belongs to the product
#Q% of the Borel field # on [0, co), and of %. (y,),», Will be the coordinate
process on IT; y,(p)=p(t). -

For Ac#® U, we define the restriction of pell to 4 to be:

_Jp@, it @ p()ed
P lA([)—{é, otherwise.

Special cases of this will be the killing operators:

OCs(p)zpl[o, sjxU»
ks(p)=p|[o, XU

For 120, 2, will be the sub o-field a; ! (), of 2. We define the shift operators
of I1 to be:
O,)(®)=p(t+s), for 120,

@so(p)z @S(P),(o, w)x U

The same notation will be used for the corresponding shift operators on U.
For ueU we define the hitting time and début of {a} < E to be

o, (u)=inf {t>0; u(t)=a},
1,(u)=1nf {r20; u(t)=a}.

It is well known that both ¢, and 7, are (%,, ) stopping times.

A Poisson point process on a probability space (2, % P), with values in
(U, %) is a measurable function Y:(Q, #)— (I, &), together with a filtration
(Fizo of (Q, F) (F,c F,=F for t<5), such that:

(@) o, (Y)eZ, for t20.

(b) @(Y) is independent of %, and has the same law as Y|, o) v 0T £20.

(c) There exist sets A, e#, A,TU such that N([0,t]xA4,, Y)<owo as. for
each k, r.

The special role of time t=0 in (b) will be useful when we consider the
point process of excursions away from a point acE, of a Markov process
taking values in E. Time £=0 corresponds to the first excursion, which is
exceptional in that we will want to allow it to start in any initial distribution.
In contrast, the other excursions will start in a manner dictated by the
transition probabilities of the given Markov process.
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Under conditions (a), (b), (¢} above, there exists a o-finite measure n on U
(the characteristic measure of Y) such that

E[N(©,1)x A, Y)]=t-n(4) for Ae¥, t=0.

This measure determines the law of Y|, ., . In fact, if (s;, ) x 4; are
disjoint and 0<s;<t;, for i=1, ..., k, then the N((s;, t;) X 4;, Y) are independent
Poisson random variables, of means (¢;—s;) - n(4,).

In the theory of right processes, it is customary to equip a right continuous,
E-valued process X based on (Q, %), with laws P? on (Q, %), one for each beE.
We will reserve the notation P? for laws on the canonical space (U, %).

In general, on a fixed measurable space (Q, #), let (X,),», be a right
continuous process, based on €, with values in E. We will say that
(X,, Z,, u, P’) has the strong Markov property at T if the following situation
holds; (#),5, is a filtration of (2, #), X~ Y(#)<=Z,, u is a o-finite measure on
(Q, F), (P*),g is a family of probability measures on (U, %) such that b— P?(4)
is ¢-measurable for each Ae#, T is a stopping time for the filtration (%, ), and

WX, €A, T<w,B)= | P¥*(4)dy for Ae¥, BeF,,.
Bn{T < w}
Except in Lemma 6 below, we will always take u to be a probability measure.

For (X,) right continuous with values in E, we will say that (X,, #,, u, P%) is
strong Markov if (X,, %, u,P?) has the strong Markov property at each (%, 2)
stopping time. For a€E, (L,),», is a local time at a, if L is continuous,
nondecreasing, and adapted to (%), with set of increase exactly {r; X ,=da}, such
that for every (#,,) stopping time T with X,=a, (X.,,,L  ;—Lg) is inde-
pendent of &, , with the same law as (X._,_x,, L. ,.x)

Itd performed the following construction. (Actually, he considered only the
case of a standard process, but as pointed out to me by J. Pitman, his
arguments apply without change. Henceforth similar qualifications will be
omitied.) Let P be a probability measure on (@, %) under which & is com-
plete, and suppose the following conditions hold:

(2.1) (X)) is right continuous with values in E, (X,, %, P, P") is strong Mar-
kov, and each %, contains all the P-null sets of &

(2.2) X is recurrent at a point aeE. (P®(c,< c0)=1 for beE).

(2.3) If P*(o,=0)=1, then there is a local time (L) for X at a, which is
canonical in the sense that it is normalized to make

E[e‘““”“]:E[f e—de,].
0

(Condition (2.3) holds if X is a right process).
If P%o,=0)=1, let S(s) be the right continuous inverse local time:
S(s)=inf{t=0; L,>s}, S(0—)=0. Let
Y ()= X(Ss—)+n, if 0Zt<S(s)—8(s—)
S a, if t=S(5)—S(s—)>0
Y.=0, if S(s)—S(s—)=0.
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Then Itd shows that Y is a (U, %)-valued PPP with respect to P and the
filtration of Y.
If, on the contrary, P*(c,=0)=0, then X visits a at a discrete set of times.
In this case, let S(k) be the kth hitting time of a; S(0)=0, S(k+1)=inf {r> S(k);
X,=a}. Let
Yi(0)= X(Sk)+1), if 0=Zt<Sk+1)—S(k)
= a, if t=Sk+1)—S(k).

Then It6 shows that under P, the Y, k=1 are IID, (U, %)-valued, & -measur-
able random variables.

Let n be the characteristic measure of Y in the first case, and the common
distribution of the Y,, k=1 in the second. We call n the excursion measure of X
from a.

It6 is concerned with classifying all processes that agree up till the début of
a point aeE. Specifically, suppose that

(24) (PP is a family of probability measures on (U, #) such that for each
ceE, the coordinate process (W,, #,, B, PY) is strong Markov. (Note that here, ¢
is fixed, and b ranges over E.)

(2.5) PP{u;t,(u)<oo, and u(ty=a for t=1,(u)} =1 for each beE.

The problem is to classify all families (P?) of probability measures on (U, %)
for which there exists (X,, %, P, P’) on some probability space, which is a
recurrent extension of (PY) in the sense that (2.1), (2.2), (2.3) hold, and

(2.6) PP {u;u(- nt,(u)eA}=P(4) for each beE, Ac.

1td6 achieves this classification in terms of the excursion measure n of X
from a. He shows that the P} and n determine the P’, and then derives the
following list of conditions that n obeys

Theorem 1 (Itd). Let (X,, #,, P, P%) satisfy (2.1), (2.2), (2.3). Let n be the excur-
sion measure of X from a, and define PY(A) to be P*{u;u(- nt,(u)€A}. Then the
following conditions are satisfied:

(i) n is concentrated on {u; 0<o (u)< o0, u(t)=a for t2o,(u)}.

(i) n{u;u(0)¢V} < oo for every open neighborhood V of a.

(iii) [(1—e " dn=1.

(iv) n{u;o,(u)>t, ued, OweM}= | PFOM)n(du) for t>0, Ac¥,
Meq. Anfea>1}

(v) n{u;u(0eB, ueM}= | B'OM)n(du) for Me¥, and Be& such
that a¢B. (w:u(O)eB}

(vi) Either (a) n is a probability measure concentrated on U®={u;u(0)=a}
(discrete visiting case);
or (b) n is finite, n(U%)=0, and [(1—exp(—o,))dn<1 (exponential holding
case);
or (¢} n is infinite and n(U%)=0 or oo (instantaneous case).

The main result of this paper is that if conditions (ii) and (vi) are strength-
ened, we obtain conditions that are necessary and sufficient for a o-finite
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positive measure n to arise as the excursion measure of a recurrent extension of
a family (P?) satisfying (2.4) and (2.5).

The conditions are:

1"y n{u; u leaves V} < co for every open neighbourhood V of a.

(vi') Either (a) n is a probability measure concentrated on U* If nzn'20
and n’ satisfies (iv), then n’ is a multiple of n;
or (b) as in (vi)(b);
or (c) n is infinite. If =1 20 and #’ satisfies (iv), then #'(U*)=0 or oo.

The statement of necessity 1s:

Proposition 1. Under the conditions of Theorem 1, condition (i) and (vi') also
hold.

A strong form of sufficiency is:

Theorem 2. Assume that (Q, #, P) is complete, and that (F?) satisfies (2.4) and
(2.5).

(@) If (Y,, #) is a PPP with values in (U, %) and with characteristic measure
n, such that:

(F,) is right continuous, and each &, contains all the P-null sets of F ;

P(Y,eM)=[ B/°O(M)dP for Me%;

(1), (i), (1), (iv), (v) and either (b) or (c) of (vi') hold.

Then there is a right continuous strong Markov process (X,, %,, P, P') such
that:

Y is the PPP constructed from X as above, P-a.s.;

(X,,%,, P, P") is a recurrent extension of (FY);

Ysw=F0

(%,) is right continuous, and each 4, contains all the P-null sets of #.

(0) If (%), is an increasing family of sub o-fields of &, each containing all
the P-null sets of %, and for each k=0, Y, is a measurable function from (Q, %)
to (U, U) such that:

For k=1 the Y, have a common distribution n;

P(YoeM)= | PrO(M)P(Yyedu)+n(M)P(Y,eU% for Me¥,
U\Ue

o(Y;; i>k) is independent of &, for k=0;
(1), (i), (iv) and (a) of (vi') hold.

Then there is a strong Markov right continuous process (X,,%,, P, P’} such
that:

The Y, are the excursion random variables constructed from X as above
(discrete visiting case), P-a.s.;

(X,,%,, P, P") is a recurrent extension of (FY);

str1)- FT sy 1y, Jor k=05

(%)) is right continuous, and each %, contains all the P-null sets of #.

This result can be used to give a rigorous construction of processes such as
skew Brownian motion (see [18]).
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The key to the proof of Theorem 2 is to find an expression for conditioning
Y, on the strict past #,._, for T an (&%) stopping time. This is done in
Lemma 7; the relationship with similar results of M. Weil is spelled out in
Sect. 6.

In the following paper [18], we will see how the Ray property or the ‘hypothéses
droites’ may be obtained for (P?), assuming they hold for (FY). In fact, under
these additional conditions the proofs of Theorem 2 and Proposition 1 may be
shortened. Since under mild conditions (E locally compact, Borel measurable
semigroup) every right continuous strong Markov process is a ‘right process’
(see Getoor [6]), this streamlined proof may meet the needs of nonspecialists.
It will be given in [18]. Nonetheless, the present approach has its own merits.
First of all, it is elementary, requiring none of the analytical apparatus of
resolvents, or the deep results of the theory of right processes (for example, it
applies in a general separable metric space, without assuming completeness or
Borel embedding in a compact space). Secondly, it is the approach that
generalizes to considerations of excursions away from a set (rather than a
single point).

This generalization will be carried out in [19]; though the same ‘elementa-
ry’ techniques are used, the powerful machinery comes into play as well
(Maisonneuve’s ‘Exit systems’; [12]). Needless to say, in the present situation,
the answers we obtain are simpler and more complete.

As to related work, the idea of constructing processes via excursions has a
long history, in the Markov chain setting (e.g., Lamb [11]). (See Rogers [16]
for other references), for diffusion (Motoo [14], Sato-Ueno [20]) and for
symmetric processes (Fukushima [5], Silverstein [21], [22]). Closer to the
present work are Blumenthal [1], and results of S. Watanabe [24] (see also
[81).

It has been pointed out to me that, in addition to the above, parts of the
present work have appeared elsewhere; Rogers [16] obtains results similar to
some of those of Salisbury [18]; see the latter for a comparison.

In his thesis [10], S. Kabbaj obtained a result similar to Theorem 2. He
shows that under It&’s conditions, and with (%) the minimal filtration with
respect to which the reconstructed process (X, is adapted, (X,) is strong
Markov at all (%?) stopping times. His proof uses a weaker form of Lemma 7
and relies heavily on the theory of right processes. The proof presented here
works for T a (9?,) stopping time, is more elementary, and applies in greater
generality (we assume no compactness conditions on E).

Finally, when we are given a right process (X,), and let (Y) be its excursion
process, Lemma 7 is still of interest. In this context, it is closely related to
Getoor and Sharpe’s last exit decompositions, and a very similar result has
appeared in Getoor and Sharpe [7] (see also Pitman [15]). In fact, their
methods will be used in Salisbury [19] to give a different proof of a generaliza-
tion of Lemma 7.

This work forms part of the author’s Ph.D. thesis, Salisbury [17]. I am
grateful to John Walsh for posing me the problem in the first place, and for his
support and helpful comments throughout. Also I would like to thank Yves
LeJan for bringing [10] to my attention.
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3. Proof of Theorem 2

The arguments used in parts (a) and (b) are similar. The author feels that it is
important to give the more complicated arguments of part (a) in detail. Thus
those of part (b) are only sketched, with a description of the modifications
needed to obtain them from those of part (a). Thus we deal with part (a) first.
On a first reading however, the reader is urged to reverse this order, first
absorbing the simpler, less detailed version. The reader may even wish to first
look at Sect. 6, in which the arguments of the key lemma are presented in an
even simpler form (Proposition 3, or the even shorter discrete time version;
Proposition 4).

In part (a), conditions (i} and (iil) are used in the construction; the latter so
that the normalization of local time agrees with (2.3). Condition (ii") appears in
Lemma 3, in the proof of the right continuity of paths. Condition (vi')(b) also
appears in this lemma, and is used to make the “inverse local time” strictly
increasing, so that local time will be continuous. Conditions (iv) and (v) are put
in a more convenient form in Lemma 6, which, together with Lemma 7, yields
Corollary 2. Lemma 7 is also used with conditions (vi')(b) and (vi')(c) to give
Corollary 1. Note that these two corollaries essentially show the strong Markov
property. In part (b), the conditions are put to the same uses, except that we
use condition (vi')(a) instead of conditions (vi')(b) and (vi')(c).

We start the proof of part (a), by constructing X as an explicit measurable
function of Y.

Put
m=1-—{(1—e °%dn,

S(s,p)=ms+ Y o,(p(r), for s=0, pell

r<s

(with the convention that ¢,(6)=0), and

St (s, p)=lim S~ (r, p).
¥ls
Then $7(-, p), S* (-, p) are nondecreasing, and respectively left and right con-
tinuous, with values in [0, co]. If S*(s, p)< oo, then ST (s, p)=S" (s, p)+o,(p(s)).
S§7(s,)e&,_ since it is left continuous, and S (s, p)=S"(s, o,,(p)). Thus also
S*(s,)eZ,,
Put
l{p)=1nf{s=0; co>S" (s)=1t},

with the usual convention that inf(§)= -+ co. Then I, is a (£, ) stopping time,
and
S_(lt('), ')étés+(lt(')> .)

(with the convention that S (oo, p)= ). Put

x. = ylt(t_s_(lt: ')): if ylt:*:é
' a, otherwise.

We will show next that x, is measurable from &, to &° Since (u, —u(r) is
measurable from #®4% to &° and S~ (I(*),")eP, since S~ is predictable, we
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need only show that y, €2, . We state this in a more general form, to be useful
later, as;

Lemma 1. Let (%) be a filtration of a measurable space (Q,F), and let Y be a
Sunction which is measurable from (Q, #) to (II, &), for every t=0. Let R be an
() stopping time such that for each >0,

{R<ow}c{c,(Y)>¢ for only finitely many times t in any compact time set}.

Then YpeFp.
Remark. In the present situation, we apply the lemma with Y the identity map,
and with #,=%,

t4+

Proof. Let Ae9, s=0. Then

21

1
{YpeA, R<s}={YzeA, R<s,0,(Y)=0}u | ) {YREA, R<s, aa(YR);}}.
i

Let B;, i=1,2, ... be an open base in the space [0, s]. We can write

{o,(Yg)=0,R<s}= () ) [{ReBi}m{N (Bix{oag%}, Y)=0}]

jz1i21

and

1
{YREAa R ésa O-a(YR)g_.}
J

-0 [{Rg}m ({RéBi}u{N (Bi X [A“{Gag‘}}]’ Y) . 1})]

Thus {YzeA, R<s}e#,, as required. [

Put O={p; S~ (s, p)< o for each s=0,
S~ (s, p)— o as s— w0,
S~ (-, p) is strictly increasing, and for each open neighbourhood V
of a,

p(s) leaves V for only finitely many times s in any compact set of
times}.

Thus on 0, I, < w0 for every t, t—1, is continuous, and

_[R=87(s) i S7(5)S1<8* )
*a if t=S*(s, ).

Lemma 2. t—x, is right continuous on O.

Proof. Fix some element p of O. By definition of U, x.(p) is right continuous on
each interval [S™ (s, p), ST (s, p)). If ¢ lies in no such interval, then it must equal
S* (s, p) for some s, and hence x,(p)=a. Let V be an open neighbourhood of a.
Since pe0, there is an s'>s such that y,(p) remains in V for any re(s, s'). Thus
x,.(p)eV for any ¥ e(S* (s, p), S™ (s, p)). But by definition of O, S~ (s, p) is strictly
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greater than S (s, p), so that as V was arbitrary, x.(p) must be right continuous
att. [

(The same argument would show that if we had taken U to be the space of
cadlag paths, then on O, x. would be cadlag as well.)

For convenience, we separate out the contribution of p(0); we have shown
that there is a measurable function

Fi(UxIT, 4Q@P)~(U, %)

such that x,=F(y,, V|0, () on O.
Put
S=(8)=S"(7)
ST(5)=87%(s,Y)
L,=1(Y)
X, =x,(Y).
Since Y is, by the hypotheses of Theorem 2, a measurable function from (Q, %)
to (I1, 2,.), for each s, the above results imply that S~ and S* are adapted to

(#), and that for each t=0, L, is an (%) stopping time and X, is measurable
from %, to & (as #;, is complete).

Lemma 3. P(Ye0)=1.
Proof. For fe# with f(0)=0,

Y fle¥)= | f(IN(O,s) x{o,edr}, Y)

0<t<s (0, w)

is #-measurable, and has expectation

s | f(n(o,edr)=s{foa,dn.
(0, 0)
In particular,

EL Y o ¥)l=s | o,dn

O<t<s {oa=1}

ga(Ye)£1
< [(—e)d
= —e “%)an
Tl-e!

N

Also, there are only finitely many times te{0, s] with ¢,(Y;)>1, as

nlo,>1)=

o1 f(l—e °)dn<co,
so that §~(s)< oo as, for each s.

If n(U)=0 (so that a is a trap), then m=1 so that S~ (s)=s as. If n(U)=+0,
then by (i) there is an £>0 such that n(s,>¢)>0. Thus, there are a.s. infinitely
many times s such that ¢,(Y)>¢, so that in either case, S~ (s)— o0 as s— 00, as.
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If m>0, it is clear that S~ is strictly increasing. If m=0, then by (vi')}(b) it
follows that n(U)= oo, and hence that {s; o,(Y,)>0} is dense in [0, w), a.s.

The last condition is obtained from (ii"), letting V run through a countable
base of open neighborhoods of a. []

Appealing to the completeness of %, we will without loss of generality
assume that YeO surely, hence that X is right continuous and by Lemma 1,
that Yye % for every (%) stopping time R.

If we are given a filtration (7)., a o-field ¥;_c7;, and a random
variable R with values in [0, o7, recall that ¥;_ is defined to be the filtration
generated by ¥;_ and by sets of the form An{R>s}, for Ae#, and s=0. In
our case, let #,_ be generated by all the P-null sets of % For R a random
time, and r =0, put

HE =F
HR=Fy v o(Yg(s);0<s<r).
Put
G =i s -
gtzg&
b =%, =F,_.
Lemma 4. (a) (%)) is right continuous, increasing, and each %, contains all the P-
null sets of #. X,€%, for each t=0.
(b) If Tis a (4,) stopping time then Ly is an (#,) stopping time, and

Fp % Yo T,

(©) S*(s) is a (9,) stopping time, for s=0. If T is any (¥,) stopping time such
that S*(Ly)=T then 4, =% _.
(d) If R is an (%) stopping time, and T is a (4,) stopping time such that
T<S*(Ly) on {T<o0}, put
Ve T-S"(R), if Ly=R<w
"], otherwise.
Then V is an (A% ) stopping time.
Proof. (a) We know that each L, is an (%) stopping time. Thus, if t <t' then
GIn{L,<L,cH=n{L,<L,)}
Cg:Ltm{Lt<Lt’} (aS YLteggL,)
c 9‘1«, I gtq,
and 9)n{L,=L,} is, by monotone class arguments, and Proposition 18 of [3],
generated by
‘yfoLi N{L,= L.} %L—t’ N{L,=L.}

ng
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and by
Hrn{t—S~(L)>rn{L=L,}c " ~n{t-S~(L,)>r}n{L,=L,}
S H sy~ S Go-
Thus, ) =%
For s>t we can write X, as a measurable function of L, k; (Y), and
ky_s-ry(Yy) (let

ky (Y)(), if r<L,
re ks—S'(Ls)(YLs)’ if r=L,
J, if r>L.

Then X,=x,(Y).)

As in [3] Proposition 25, the first two are &, _ measurable and the latter
lies in AL g 1)

(b) For r>t>0 we have that

T, <4, cGlcH T, .
By definition, L, ] L, as t|r, hence

77— 7774
F.=( 71,
r>t

so that 4, c %, .
If now T is a (%4,) stopping time, then by the right continuity of L,

{(Ly<i}=U{T<q}n{L,<A}.
qeQ

But {T<q}e€4qchq, so that since L, is an (%) stopping time,

{Lr<i}eZ,.
Further, if A€%,, then
An{T<q}e¥,c %,
so that
An{T<g}n{L,<A}eZ,.

Taking the union over geQ, we get that An{L <A}e%,, hence that Ae %, .
We will prove (c) before showing the remainder of (b); that %, . <%,
(c) Since S~ and S* are strictly increasing, and S (L)<t=<S*(L,), we see
that
{S+(S)<t} = {S<Lt}€=g}l¢_ Cgt:

hence S*(s) is a (%4,) stopping time.
Similarly, if S*(L;)=T, then

{Lr<L}={T<t},
and hence if Ae#; , then by [3] Proposition 16
An{T<t}y=An{L,<L}eF; <%,

That is, Ae9 . Since #,_>%, by the part of (b) already shown, we get that
Yo=Fp,.
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To finish the proof of (b), let Ae # =%. ,- Then
An{Ly>s}=An{T>8"(s)}e%,_
by [3], Proposition 16 again.
(d) {(V<h}={T<S (R)+h,L,SR<oo}\{L; <R}
={T<(S~(R)+h) AST (RN {Ly <R},
as T<S*(Ly) on {T<oo}. Because T'is a (%, ) stopping time,

{Ly<R}eFy_cHX
and
{T<(S~(R)y+h) A S+(R)}eg[o(s—(RHh)Asz)k .
We must therefore show that the latter field lies in #X. It is generated by %] _
=%, cHF and by
G2 {S~(R)+MAS*(r)>1t}, for t=0.
By monotone class arguments, the latter is generated by
A n{(ST(R)+h) AST(R)>1t}
and by
AL {t=8(L)>1}n{(S"(R)+MAST(R)>t}, for r20.
0,(Yy) is an (#2) stopping time, since o, is a (%, ) stopping time, each o-field

AR is complete, and Yy ' (U )= AR (t—S~(R)vO is also an (#%) stopping
time, since S™(R)e % _ as S~ is predictable. Thus

{(S"R)+ M ASTR)>1}={0,(Yo) Ah> ([ —S™(R) VOYe AL (10 m— = I

Also,
gth_ (‘\{LtéR} CﬁR_ﬂ{LtéR}

by [3] Proposition 18. Therefore
HLA{STR)+MASTHR) >t} Ty n{(S (R)+h)ASTH(R)>tF < A,

as {ST(R)+MAST(R)>t} < {L,=R}.
We argue as in part (a) to see that
Hn{t—S(L)>r}n{(ST(R)+h) AST(R)>t}n{L,<R}
= Fp- ST (R)+h) AST(R) >t} = AT,
and
AN {t—S~(L)>r}n{(S"(R)+h) AST(R)>t}n{L,=R}
cHEn{c,(Y)) Ah>t—S (R)>r}
S Hgvwrn- <A O
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Lemma 5. Let (Q,, %), (Q,, %) be right continuous filtered spaces. Let
Z:Q,—Q, be such that Z~* F*>F,* for every t. Then for every (#,') stopping
time T, there is an (F,%) stopping time T, such that T,o Z=T,.

Proof. For re@, let B,={T, <r}, and find 4,6 #? such that B,=Z~"4,. Set

1,=4,.

r<t

re®
Thus, putting T,{w)=1nf {t; weA,}, we have that

(T,<t}=A4,eF?.
Also,
Z7 YA, =\Z " A,={T, <1}, forevery 120,

r<t

re@)
so that T,oZ=T,. []

The following lemma would be much simplified if instead of the conditions
of Theorem 2, we had assumed that the coordinate process (W) was a right
process under (F?).

Lemma 6. Let (P?) satisfy (2.4) and (2.5), and suppose that n is a o-finite positive
measure on (U, %) satisfying (i), (iv) and (v). Let R be a (%,,) stopping time such
that n(U% R=0)=0. Then the coordinate process (W,, ,, n, P}) is strong Markov
at R.

Proof. By replacing R by the (%,, ) stopping times

R—R on B
B 1w off B

for Be¥

=.» We see that it suffices to show that for Ae%,

n(@z 4, R<oo)= [ PYRO(4)n(du).
{R< o0}

Let h>0. By (iv),

(3.1 j fu, @,u)n(du)= | [jf(u v) P“"”(dv)] n(du),

{6a>h} {oa>h}
for f of the form 1, . where Be%,, Ce%. Thus, this holds for every fe%,®%,
fz0.

Put .
U=UQU,.

Since n is o-finite, it follows as in Theorem 7.3 of Blumenthal and Getoor
[2], that there is a (%;,) stopping time R such that n(R#+R)=0. Define
Z:U—-UxU by Zw)=(u, @,u). Then Z~"(#)>U. . (Note that this might
fail for the universal completion %, ) Thus by Lemma 5, there is a (%,,)
stopping time R with

R h, if Rw>h
Riw, ©,1)— { () — i (M).
otherwise.
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Let

J= L o3s R vy < 0, OR(, n) (WA}

Since R is a (%, ) stopping time, it is immediate that R(u,-)is a (%,,) stopping
time, for each ueU. Since also (W, %,, P, B}) was assumed to be strong
Markov for ceE, we can use (3.1) twice to get that

n(o,>h,h<R<o0, O ' A)= | f(u, ©,u)n(du)
{oa>h}
( § h}[j Py RED(A) L ooy, ) B3P (d0)] n(du)
i RS () g, Oy nld)

= | PRGN 1, o o) n(du).

{Ga>h}

Letting 7|0, we get that

n0<R<o0,@x*A)= [ B ndu).
{0<R< o}
From (v), we see that

(3.2) | f@O)gw)ndw= [ f(u(0)E;"(g)n(du)

U\Ue U\Ua

for nonnegative feé&, ge.
Let the set of branch points be

E, ={beE; PP(W,+b)>0}eé.

The strong Markov property of (W, P, PP) shows that Py(W,€E,,)=0 for

every ceE. Thus,

t’

n(R=0, U\U® 4)
= | PYO(R=0, 4)n(du)
v\ye
= | [ | ROWRKRDUAv]In@du) (SMP)
U\Ue {R=0}
= | BOM) RO (R=0)n(du)

U\U~

= | BOA) 1g_gndu) (by 32).

U\Ua
Since n({R=0}~U*=0 by hypothesis, we are done. []

The heart of the proof of Theorem 2 lies in the next result, whose proof we
defer until later.

Lemma 7. Let T be a (4,) stopping time such that Ly>0 and T<S*(L;) on
{T<oo}. Let H#, be the o-field 7 _ ®% on QxU. Then there is an ()
stopping time R such that

3.3) P{w;n{u; R(w,u)y< o} <w}=1,
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(34) R(w, Y (0)=(T-S"(Ly))w), if T(w)<o,
(3.5) R{w,u)=00  for every ueU, if T(w)= o0,
(3.6) P(Y €A, T—S (Lp)eB, T<wo| %, )(w)
_n{u;ued, R(o,u)eB, R(w, u)< oo}
n{u; R(w, u)< oo}

for P-a.e. w,

0
where AcU, Be B, and we take the convention that 6:0:2'

Corollary 1. Let T be a (9,) stopping time such that X ,=a. Then T=8"(Ly) a.s.

Proof. By the strong Markov property of (W, %,, Bs, PY) for c€E, and the
hypothesis that Bj(z,< oo, W,=a for every t=1,)=1, we get that B (c,=0)=1,
and hence that P5(W,=a, 0,>0)=0 for every ceE. Since also P(Y,eM)
= [ BYoO(M)dP, it follows that S*(0)=0 as. on {X,=a}, hence that T
=8%(L;) as. on {L,=0}. Thus putting

B={L,>0and T<S" (L)},

we may replace T by T, to get that L, >0 and T<S*(L;) on {T<oo}. We
need to show that T=co as.

Apply Lemma 7 to T, to get an (s, ) stopping time R. For we®, let
H(w)={u; u(0)=a, R(w, u)=0}.

Since R is an () stopping time, it is immediate that R(w,*) is a (%,,)
stopping time, hence that H(w)e%,  for each weQ. Since also H(w)=U"* we
have that

n;an(w)goa

and that njy,, satisfies (iv). If n(U)<co, then n(H(w))=n(U?)=0 by (vi)(b).
If n(U)=oco, then n(H(w))=0 or o for each w, by (vi'}(c) (this is the only
place we use this condition!). But n(H(w)) £n{u; R(w,u)< o}, which is itself
finite for P-a.e. w. Thus in either case, n(H)=0 a.s., so

P(T< )—E[ n(#H) ]—0
)= n(R<owo)l
by (3.6) (recall that 0/0=0). [
Using these three results, we will show

Corollary 2. Let T be a (9,) stopping time, and Ac%. Then
PLY, (- + T—S~(Lp)eA, T< o] =E[RX*(4), T < ].

Proof. Replacing T by various (9,) stopping times T}, it suffices to treat several
distinct cases, namely that X,=a on {T<oco}, that X, #+a and L,;>0 on
{T <}, and that X, +a and L;=0 on {T<wo}.

In the first case, Corollary 1 shows that the conclusion is trivial.
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In the second case, also T<S*(L;) on {T< oo}, so that we can apply
Lemma7 to obtain R as in that result. It follows that if fe#, Q% is
bounded, then

(3.7)
1
E[f(-, Yp.(*)), T<oo]=] [m {R(w’j)m}f(w, u) n(du)] Pdw).
Take

. f:]'{(co, u); R{w, #) < 00, OR (w, ) UEA}?
to obtain that

n(@gl(A),R<oo)]

P(Y, (- +T—S"(Lp)ed, T< oo)=E[ o)

Since R is an (A#,) stopping time, it is immediate that R(w,*) is a (%,,)
stopping time, for each wef. Also, since X,;+a on {T<oo} we get that
n(U% R(w, *}=0)=0 for P-a.e. . Thus, by Lemma 6,

n(@ﬁ(i), -)(A)’ R(w, )< o0)= j‘ P(;l(R(w’ u))(A) n{du)

{R(w, +) < o0}

for P-a.e. @. Therefore by (3.7) again,

P(Y,, (- + T—S™ (Ly)ed, T<o0)=E[P/ra®RC:YLrN(4), T< 0]
— E[PX7(4), T< w].

In the third case, that Lp,=0 and X 4a on {T< o}, then also T<S*(L,)
on {T<oco}. Thus Lemma 4, part (d) applies, to show that T is an (#%)
stopping time. Since (#,%) is a completion of the natural right continuous
filtration of the process X.,,, ), it is easy to use the hypotheses that P(Y,e4)
=[P O(A)P(Yyedu) for Ae, and that for ceE the coordinate process
(W, u,, F§, P is strong Markov, to conclude that the process

(Xt/\aa(XP %ptoa P: Pob)

is strong Markov. This suffices. []

The remainder of Theorem 2 part {a) now follows easily. For Ae% and
beE put
PP(4)=[[ 1 ,(F(u, 0)) P(Y]p, wyedv) P (du).

Since b P(A) is &-measurable for Ae%, the same holds for b Pb(A4). If T is

any (%, stopping time, then by the strong Markov property of PPP’s (see Ito

[9], Theorem 5.1), @7 _(Y) is independent of %, , with the same law as Y| .
By replacing T with the (%4,) stopping times

T on B
T =
B {oo off B,
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where Be%,, it follows from Corollary 2 that for Ae%,
P(Y, (-+T—S (Ly)ed|9)=FR"(4) on {T<oo}.
Since also 9, <%, Y, (++T—S"(Ly)eF,,, and
X, =F(Y, (-+T—-S"(Ly), 67 7),

this yields the strong Markov property of (X,, ¥,, P, PhatT

By definition of (P?), (X,,%,, P, P") is a recurrent extension of (Fy). The
remaining points have already been dealt with, except for showing that Y is the
PPP constructed from X as in It6 [9]. Since P%(g,=0)=1, this will follow
provided (L,) satisfies (2.3).

The set of increase of (L) is exactly {t; X,=a}, since X,=a only if t=S57(s)
for some s. The normalization

E[e*"a(x)]=E[j e-‘dL,]
0

follows easily from the PPP nature of Y, and Theorem 4.5 of 1td [9]. Finally,
we can write

(X L= L) =(F (Y, (- + TS (L)), 01, Y), 1(OL,. Y)),

so that by Corollary 1, if T is any (¥,) stopping time with X, =a, then
(X., 7, L., 7—Ly) is independent of %, with a law not depending on the choice
of T, as required. Thus, except for the proof of Lemma 7, the proof of part (a)
is complete.

Proof of Lemma 7. Choose 8,0 with n(c,>8,)>0 for each k. For ge@, g=0,
let
Sk=inf{s>gq; 0,(Y)>3}.

The Sk are (%) stopping times. By completeness of %, we may assume without
loss of generality that N({c,>4,} x [0, 5], Y(w))< oo for every w, k and s, and
that N({o,>,} x [0, ), Y(w))= oo for every w and k. Thus, each S} is surely
finite, and (writing [ V] for the graph {(z, w); 0=t <0, t=V(w)})

[t urr a0l © U IS;]-

qeQ +

Also, for any k, k', g, ¢ we have that
SE<SE, if k2k' and ¢=¢, {S’;zS’;:}efss_ if k<k'.
Put
REZ(T_S*(LT))(LT:SL;}
A=A
ﬁrk’q=9—’sg, U,
By Lemma 4(d), R% is an (% 9) stopping time. Use Lemma 5 with
Q=0 ! =L, 0,=Qx U, TP = AL

k]

Z(w)=(w, Ygs(w)),
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to obtain an (#%9) stopping time R¥ with

R(w, Yg(w)=Ri(w) for cach weQ.
Let N
Ri(w,u), if K2k qeQ, Si(w)=S%(w),
and for every k' =k, ¢'€ @, such that S5’ (w)=S%(w),
also R (w, u)=RE (w, u)

00, if for every k' =k, ¢'e @ this fails to hold.

Ri(w, u)=

Thus, for every k, k'eZ . and g, ¢'eQ_ we have that

o~

Ri=RY on {Si=Si}xU,
and -
Ri(w, Yg(0))=(T—S " (Lp))(@) for we{L;=S.

We now show that li"; is an (,%A’j’ﬁ;q) stopping time. Let ¢>0, and choose an
open base B, B,, ... of the space [0, ). Then

{Ri<t}= kgk k”@k, [({SK 54} x U)

q'eQ+ g7eQ+

U] URE eBIn{S =S} x U)

iz1 jZi

m({ﬁgiij} N{SL. =S5 x U))].
Since {S’;Z=S’;}eﬁsz_ whenever k' =k, it will thus suffice to show that
HEC (S =S x Uy A
for every k'=k, ¢'eQ, . This holds, since by monotone class arguments,
(Fay. ®UYN({S =S5} x U)=(F3y_n (S5 =510,
=(Fg_ NSy =SHOU = Ty, U,

Put ~
R:k/\ (R’;){LT=S,$ s
s 4

Then Rzﬁ’; on {L,=S8% x U. We will show that R is an () stopping time.
Let t>0, keZ . Then

{(R<t}n{o, (Y, )>03x U= | [{RE<t}n{Sk=Ls} x Ul

qeQ +
As before, .
AN {Sk=L} x U=A#,n{S;=L,;} x U.
Since also
{SZ =L;}={q<L;= S’;} Nio, (YLT) >0},
we get that for each k,

{R<t}n{o, (Y, )>0,} xU=H,n{o,(Y,,)>6}xU,
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for some set H e #,. Using that ¢,(Y; )>0 on {T<oco}, it is easy to see that in
fact

{R<ty=[() JHN{T=00}xUeH#,
jz1 kEj
as required.
Properties (3.4) and (3.5) are now immediate. (3.3) will follow from (3.5),

(3.6), and the convention that co/co =0. Thus all that remains is to show (3.6).
Let Ae#,. By the Markov property of Y at r, and Theorem 4.4A of 1t [9],

P(YgeB, Sy>71, Ay=P(A, S;>1) P(Yg _ ,,€B)
n(B, o,>9,)
=P(4,S>r) ——2= K
(4, 5,>7) n(o,>6;)
for Be#. That is, for f=1,, 5, AeF,_, BeU we have
1
ELfC Ysu (D] = JO T flo,wn(du) Pdo).

nle,>6) {60 > 8}

Therefore this holds for fe g, ®%, f 0. Take

f((U, U) = 1C(CO) lA(u) IB(RZ(wa u)) 1{R’(§<oo}(a)’ u):
where Ce?’s,‘%, Ae%U, BeZ. Then
P(C, Y, €4, T—S"(Ly)eB, Ly =S)=E[f(, Ys(*))]

g n(A4, Ri(w, *)eB, R¥{w, -)< 00, 6,>6,)

C n(o-a>5k)
n(4, R&(w, *)eB, Ri(w, ") < 0, 6,>0,)

Pdw)

=(P(L.=8 % Pdow
VP =8l 20 O e <m0y )
k . k .
_ f n(4, R (o, k)eB, R (@,)<00,0,>0,) Po)
Cr{Ly=5% n(Ri(w, )< 0,0,>0,)
Enumerate Q. as q,, 4,, ..., and let Ce# . Then there are C’;e?"sz_ such
that
Cn{L;=S8i}= C’;m{LT=S’,;}.
Thus

P(C, Y, €A, TS~ (Ly)eB, 6,(Y,,)>0,, T<x)
=Y P(C, Y, €4, T—S~(Ly)eB, Ly=S%, Sk +8% for i<})
J

457 T di
n{4, R* (w, *)eB, R* (0, )< 0, 0,>0
-y MARDIEBRG) 20020 pia)
i C’J‘.r\{Skj=LT) I’l(qu(CO, ')< oo, Ja>5k)
n(S’éi#S’gj for i < j}
as {S’;j#S’;l_}efs,éj_

n(4, R(w, *)eB, R(w, *)< 0, 0,>0
Jj Cn{S’;J,:LT} n(R(w, -)< @0, Ga>5k)
S, % 8§, fori<j}
n(A, R(w, *)eB, R(w, *)< w0, 6,> ;)

= P(dw).
Cn{a‘a(Yj.LT)>ék} n(R(w, *)< o0, 6,>38,)
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If A is chosen so that n(4)< oo, then the integrand converges boundedly to

n(A, R(w, *)eB, R(w, *) < o)
n(R(w, *) < o0)

Thus

A, R(w, *)eB, R(w,
P(C, Y, €4, T—S~(L)eB, T< )= | "R )EB Riw. 1)< 0)

T aR@<w) L)

whenever n{4)<co. Since n is o-finite, this holds for every Ae%, which yiclds
(36). O

Part (a) is proven. The proof of part (b) is similar. For u,, u,, u,’ ...€U, put
Splug, ug, ..)=Y o,(u), k=0,

t—S,(uy, uy,...)), if S (uy,u, .. )St<8§ TR
Flug, uy, ..) ()= , ( (g, Uy, ...)) 1 W, g, ) S ke 1Moy g, o)
a, if t=S, (ug,uy,...)
Put
X =F(Y,, Y, . )t), Sk=S.,Y,Y,...)

For Ae, put

5

| LiFw o0,

X

U x

. P(le, Y,,..)ed(w,,v,,...)) B’(du), if b*a
[ 1(Fuuv,v,,..)

UUxUx..

PV, Y, L)ed(,, vy, .. )ndw), if b=a.

P(4)=

We let #_, be the sct of P-null sets of & For R a random variable with values
in {~1,0,1,2,...}, % is defined to be the o-field generated by sets in # N {R
=r}, for —1<r=<o0. For R a non negative integer valued random time, we put

HE =Fr_1, HE=Fy_ | vo(Ye(s); 0<s<i)
For r=0, let L,=inf{k; S(k+1)>r}. We put
gt():';ﬁﬁswt))_a gt——_go Yo =9_=F_,.

t42 -
Since n{U\U%=0, we have that S{k)— o0, as., and that for each k=1,
S(k)< oo, S(k—~1)<S(k), and X4y=a, a.s. Delete a null set of Q to ensure that
these statements hold surely. The discrete-time analogue to Lemma 4 is;

Lemma 4'. (a) (%)) is right continuous, increasing, and each %, contains all the P-
null sets of #. X €%, for each t=0.

(b) If T is a (%,) stopping time, then L is an (F,) stopping time, and F,__,
cYrc Py If further Xp+a on {T<oo}, then <%, _.

(c) S(k) is a (¢,) stopping time, for k=0. If T is a (%4, stopping time such that
Xr=aon{T<oo},then F __ >%,_.
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(d) If R is an (%) stopping time, and T is a (%)) stopping time, put
V_{T—S(R) on {L;=R< 0}

0 otherwise.
Then V is an (#,}) stopping time.
Proof. The proofs of part (a), and that for T a (4,) stopping time, Ly is an (%)
stopping time and %, =%, _, are as in Lemma 4. Further,
I, 1 n{T<ty=F, _ n{Ly—1=L,~1}n{T<t}
ey, 1 {Ly—1SL—1}n{T<t}
=%, n{T<t}c¥,

so that #,_,<%,.
For k=20 we have that

Skzy={k=L}e7, <9,

so that S(k) is a (%,) stopping time. Applying the previous computation, we see
that
GG sger -

Let T be a (4, stopping time such that X,=+a on {T<oo}, and let AeZ,.
Then

An{Ly—12k}=An{L 2k+1}
=AN{T>S(k+1)}e%g,, ,n{T>Sk+1)}c%, .

Now let T be a (%4,) stopping time such that X,=a on {T<oo}. Then {T>r}
={L;> L,}. By monotone class arguments, %,_ is generated by

Go_ :y‘lchTﬁl’
and by
G {T>r}cF n{Le—12LicF
for r =20. Thus part (c) is shown. Part (d) follows as in Lemma 4. [
The discrete time version of Lemma 7 is

Lemma 7. Let T be a (%,) stopping time such that X y=a on {L;=0, T<o0}.
Let #,=% _,®%U,. Then there is an () stopping time R such that

(3.8) R(w, ¥y () =(T-SLp)(w) if T(w)<co.
(3.9 R(w,uw)=00  for every ueU if T(w)=co.

(3.10) P(Y,,€A4, T-S(LyeB, T<co|F ) (w)
_n{uued, R(w, weB, R{w, uj< o0}
B n{u; R(w, u)< oo}

for P-a.e. w,

where A€, Be %, and we take the convention that 0/0=0.
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Proof. For k=0, let
R*= (T— S(LT)){LTzk}:

J%k:gak‘1®%z'

By Lemma 4'(d), R* is an (" ) stopping time. Use Lemma 5 with

+

Q,=0, F'=xHt

4>

Q,=QxU, FI=H# and Z(w)=(o, Y (o),
to obtain an (9’?@’1) stopping time R* such that for every me®,

R, Y(@))=R*o).
Let -
R= /k\(Rk){LT=k} XU~

Thus for ¢ =20,
{R<t}=J {R*<t}n{L,=k}x U.
k

By monotone class arguments,
K {L, =k} x U=(F_;n{L; =k )@U,cFy, QU=

so that R is an (#_) stopping time. Properties (3.8) and (3.9) are immediate.
For k=1, Y, is independent of &, | with law n, so that

ELf(, % (N={] f(o, wyn(du) P(dw)

for f=1,,5, Ae%,_,, Be%. Thus this holds for fe# _,®%, f 20. As in the
proof of Lemma 7 it follows from this that for k=1, Ce%,_ |, Ae%, and Be %,
we have that

P(C,Y, €A, T-S(Ly)eB, L,.=k T<w)
A" Rk b ° B7 k M *
_ n( {w k)e R¥(w, *)< ) P(do)
CA{lr=k n(R*(w, *)< o0)

We will show this for k=0 as well, as then the argument of Lemma 7 will give
(3.10). Let
E, ={beE: P?(Wy=b)£1}.

Since (W,, %, B, P?) is strong Markov for each ceE, we get that
Pi(W,cE, )=0, for ever ceE.
By hypothesis,

P(YpeM)= | PYO(M)P(Yedu)+n(M)P(Y,eU%),

U\ve
so that as a¢E,, and n(U\U?% =0, we sece that

P(Y,(0)€E,,)=0.
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Thus,
P(Y,eMnU%= | PBrOMnU®P(Y,edu)+n(M)P(Y,eU%

U\U=
=n(M) P(Y,cU").
Since #_, consists of sets of P-measure 0, it follows that for fe#_, @%, f =0,
ELS(-, Yo(*)), Yoe U T=E[[ f(:, u) n(du)] P(Y,eU").

Taking f as before and using the hypothesis that X =a if L;=0, we see that
for Ce# |, Ac%, Be 4,

P(C, Y, €A, T—S(L;)eB, Ly =0, T< )
=E(C, n(4, R°B, R® < o0)] P(Y,c U?)
_ E(C,n(4,R%B, R®< 0)]

E[n(R° < )] P(L,=0)
n(4, R°(, -)eB, R°(®, ) < 00)
= P .
Cr\{Lj:T:O} n(RO(w) .)< OO) (dCO) D

Once the following result is established, the remainder of part (b) follows
immediately, as before.

Corollary 2. Let T be a (9)) stopping time, and Ae. Then

P(Y, (- + T—S(Ly)e4, T< )
= E[P¥"(A), Xp+a, T<o0]+n(4) P(X ,=a, T< ).

Proof. As before, it suffices to treat three cases; that on {T< o0}, respectively
Xr=a, Xy#aand L >0, or X #a and L;=0. The second case is handled as
before, using Lemmas 7' and 6. In the third case, we use Lemma 4'(d) to see
that T is an (%) stopping time. Since (#9%) is a completion of the natural
right continuous filtration of the process X. . ), and

P(YoeM)= | BYOM)P(Yyedu), for MeWU,MnU*=}
viva

it is simple to use the strong Markov property of the processes (W, %,, 5, PY),
for ceE, to conclude that the process

(X, peair» 75 P, B)

is strong Markov. This suffices.
In the third case, we apply Lemma 7 to obtain an R satisfying the
conclusions of that result. Put H(w)= {u; R(w, u)=0}. Then for Ae%,

m{H{w)n A)

P(Y, €A, T<oo)=] (@)

Pldw),

as T—S(L;)=0 on {T<oo}. Since R is an (5, ) stopping time, also R(w,*) is a
(%,. ) stopping time for each wef, so that H(w)e¥, . Thus ny,, satisfies (iv),
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so that by (vi')(a), it must be a multiple of n. Since
n(H(w)) =n| g, (H(w)),
we must in fact have nly,,=n or 0, so that n(H(w))=1 or 0 for each w. Thus
P(Y, €A, T<xo)=n(A)P(T<oo,n(H)=1), for Ae¥.
Putting A=U, we have that n(H)=1 a.s. on {T < o0}, so that

P(Y,, €A, T<oo)=n(4) P(T< ),
as required. []

4. Insufficiency of Conditions (ii) and (vi)
First, we present some examples to show that the conditions (vi) and (ii) do not
suffice.

Example 1. (vi)(a) is not sufficient:
Let B, correspond to uniform motion as indicated, with absorption at a.

There are two excursion measures n,, n, corresponding to strong Markov

ny +n2

processes visiting a discretely. satisfies (vi)(a), and gives a Markov

process which visits a discretely, but is not strong Markov.

Example 2. (vi)(c) is not sufficient:

Consider a Bessel process on (0, ) (so that O is an entrance, non-exit
point), and make the point 1 absorbing. Wrap (0, 1] around to make a circle E,
and let B, correspond to the resulting process on E. Let a={1}. P, corresponds
to a continuous process that is absorbed at a, but which approaches a only
from the counter clockwise direction (say).

We have strong Markov continuous recurrent extensions with a instan-
taneous, corresponding to making the Bessel process (slowly) reflecting at 1,
with various delay coefficients. Let the excursion measure with delay coefficient
m be n,_, so that

m=1-—{(1—e )dn,,.



Excursions 343

There are also continuous ‘recurrent extensions’ which are not strong Markov,
corresponding to stopping the original process at a, holding it there an expo-
nential time, and then making it enter E\{a} in the counterclockwise direction
(this is possible, as 0 is an entrance point for the Bessel process). For me(0, 1),
this gives an ‘excursion measure’ n;, such that

m=1—[(1—e ") dn,.

(m determines the mean of the holding time at a).
Though condition (vi)(c) fails for the n,,, it will hold for any measure n,, +mn;,
for which m+g=1 and m, ge(0, 1). These measures are ruled out by (vi')(c).

Example 3. (i) does not suffice:
Let E be the subset of R? described in polar coordinates as

(J {(rcosf,rsind}; r=R cos6=0}.

Re(1, 2

Let a be the origin, and let (PY) correspond to uniform clockwise motion
around the circles r=R cos 6, at speed tR(R—1)"', with absorption at a. For
u any o-finite measure on E\{a}, n= P} satisfies (i), (iv), (v), and (vi){c). Let r,
be the excursion measure of one dimensional Brownian motion, from 0, and let
M(u)=max {|u(t)]; 0=t< o0}, ueU. Let f: E\{a} —(0, 1] x (0, n) be given by

r s
0, rsinf)= —1,——9).
f(rcos in0) (cos 7 5
Then for p{A)=n,((o,, M)ef(A)), we get properties (ii) and (iii) for free, but (ii)
fails, so that the resulting process is not right continuous.
We can replace (i) by the more appealing condition (i), provided we
assume some regularity of (FY);

Proposition 2. (a) Suppose that (PY) satisfies (2.4) and (2.5), and that n satisfies (i),
(iii), (iv) and (v). Suppose also that

(4.1)  for every open neighbourhood V of a, there is an open neighborhood V' of

a, V' <V, such that
P (W) leaves V)

v Eg(1—e™7)

(with the convention that g:O). Then (ii) holds if and only if (ii') does.
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(b) Conversely, suppose that for every initial measure u with puf{a}=0 and
Ef[1—exp(—o,)]<1, the measure B} is the excursion measure of a right con-
tinuous process. Then (4.1) holds.

Proof. (a) Let V, ¥’ be as above, and assume that (ii) holds. Then
n((W) leaves V)Sn(Wy¢ V') +n(W,¢ V', (W) leaves V).
The first term is finite by (ii), and the second term is

n(W,eV'\{a}, (W) leaves V)
+lim n(W,=a, W,e V' for te[0, 0], 0,> 0, (W) leaves V)

510
= | PRO(W,)leaves V) n(du)
WoeV'\{a}}
+lim | PO (W) leaves V) n(du)
010 (Wo=a, W,eV’ for1e[0, 8], ¢a>6)
P(W, v
<s ib')lﬁ#is__) [ f E’(‘)(O)(l—e“"“)n(du)
by Eo(l—e D e
+lim inf { EXO (1 —e~ %) n(duy]
610 {(Wo=a, WeeV’ for tel0, 6], 6a> 8}
PX(W) 1 V
=sup O((b t) ea‘_/is ) [ f (1 __e—ﬂ'a) dn
beV’ E0(1 —e a) {WoeV'\{a}}
b+a
+lim inf f (1—e =% dn]

610 (Wo—a, WeeV’ for1el0, 6, 64> 8)
P2((W) leaves V
Ssu 0(( z) )

< — (1—e 79 dn<co.
B

(b) Assume (4.1) fails for some open neighborhood V of a. Then there are
b,eE\{a}, b, —a such that

PP<((W,) leaves V)
R B
Ef(1—e™ %)
By passing to a subsequence, we may assume that g, =k for each k. Let
A=k Eg:(1—e ")~ 1,
u= Z }'k Sbk
k=2
(where ¢, is the point mass concentrated at b). Then

E4(1l—e =)= Z k—2<1,
k=2
while

PH(W)leaves V)= ) A a EX(1—e %)
k=2
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The corresponding condition on (FY) under which (vi') may be replaced by
(vi) is that the class of positive measures n satisfying (1), (iii), (iv) and n(U\U?)
=0, consists of either multiples of a single probability measure, or consists
completely of infinite measures. It is perhaps worth mentioning that though
this condition fails for Example 3, (4.1) is not in general a consequence of this
condition. As example we can replace the space E of Example 3 by

E'=En{(x,y); y<V/2x}.

In this case there are no measures satisfying (1) and (iv), and concentrated on
U? since no path r=Rcosf, Re(l,2] lies entirely within E’, whereas by
Proposition 2(b), there do exist n satisfying (1), (ii), (iii), (iv), (v), (vi') but not (ii').

5. Proof of Proposition 1

Condition (ii') is clearly necessary. Assume that g is instantaneous (n(U)= o0),
but (vi')(c) fails. We will find a set He%,, such that O0<n(H)<oo, and H
cU*n{o,>0}. Let He#), satisfy H° < H and n(H\H°)=0. By completeness
of each &, we obtain easily that for h>0, the (U, %)-valued process (X,, ) is
progressively measurable, for the filtration (#, ), . Thus,

T=inf{t>0; X, .€H°}

is an (#,,,, )20 Stopping time, for every h>0, so that it is in fact an (%)
stopping time. T is finite almost surely since n(H®)>0, and X, .€H° as., since
n(H®)< co. This contradicts the strong Markov property of (X,, %, P, P’), as a
is instantaneous, yet X, =a and ¢,(Y; )>0.

Similarly, in the case that X visits a discretely, but (vi)(a) fails, we will
obtain a contradiction to the strong Markov property of X by finding a set
He,. such that HcU*n{s,>0} and O0<n(H)<1.

In both cases, the argument would be simplified if we had assumed that X
was a right process, and we had the Ray-Knight compactification at our
disposal.

In the first case, let D be the set of dyadic rational numbers. For &, v>0 let

B, ,={beE;R)(s,2Vv)Z¢e}eé
H, =) {W,=a, WeB, , for teDn(0, 1), s,>0}.

n>0

We will show that for some ¢, v>0 we have
O<n(H, ,)<o,

so that H_ , satisfies the above conditions.
For ¢ and v fixed, let

t(u)=inf {t>0; teD and u(t)¢B, }.
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Then < is a (%,,) stopping time. For peDn(0, ), we have {t>p}e¥,, , so
that by Lemma 6.
n(0,2V)Zn(r>p, 0,2 p+)
= [ R®(,2v)n(du)

{t>p}
2en{t>p).

Letting pl0, peD we obtain that n(s,=v)Zen(H, ). Thus n(H,  )<oo for
every ¢, v>0.

Conversely, since (vi')(c) fails, there is some measure #’ satisfying (iv) and (v)
such that nzn'20, and 0<n' (U%) < co0. Fix ¢ v>0 such that n(H, )=0. Then
also n'(H, ,)=0. Thus, for n>0,

n'(Wy=a, W,eB, , for every te(0, ) such that t=j2~* for some j)]|0 as k— oo.

That is,

[2ky—1]
Y, W(Wy=a, W, «¢B, ,, W,,-«€B, , for 1Zi<j)tn'(U% as k- oo.
i=1

Thus, for ne(0, v)

n(Wy=a,0,22v)

[2kn—-1]
=lim ) n(Wy=a,0,22v,W,¢B,,, W, .€B, , for 1<i<))
k— o0 j=1
(2%n-11 .
=lim Y § P2 22v—j2 %) ' (du)

k- j=1 {(Wo=0,0a2j275 W, ,—x¢Be,v,
W,»Z—kGBa,v for1<i< j}
<en' (U9
Since n'(U%)e(0, o0), this cannot happen for every & v>0, so that indeed
n(H, ,)>0 for some ¢, v.

In the second case, suppose that » is a probability measure concentrated on
U?, yet (vi')(a) fails. Then we may find v, y,€(0, 1) and probability measures n,
and n,, each concentrated on U® and satisfying (i), (iv) and (v), such that
ny+n, and n=y n, +7y,n,. Since n, +n,, we obtain from Lemma 6 that there
is an open neighbourhood V of a, a set Ae& with A< E\V; and numbers 4,, 4,
such that

n(W,eA)>A >4, >n,(W,eA),

where t(u)=inf{t>0; u(t)¢ V}. Let ¥’ be an open neighborhood of a, with ¥’
V. Let
B={beV'; PP(Wed)=1,}.

Let D be the dyadic rationals, and put
H= ) {W,=a,0,>0, WeB for every teDn(0, n)}.

n>0
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Then as before we obtain that
Ay >, (WeA) 22, ny(H),
so that n,(H)<1,/2, <1, and hence
n(H)=y, n (H)+y,n,(H)<y; +7,=1.
Conversely, if n(H)=0 then also n,(H)=0, so that as before,
2y<n,(WeA)Li, n (UY=4,,

which is impossible. []

6. Variations on Lemma 7

We turn to the variations of Lemma 7 alluded to in Sect.2. Let E be a
topological space and & its Borel field. Recall that a function K(x, dy) is called
a kernel, if for each xeE, K(x,+) is a probability measure on (E, &), and if
K{(:, A)e& whenever A€é.

Proposition 3. Let (Q, &%, P) be a probability space. Let (Y,) be a cadlag process
with values in E and suppose it is adapted to a filtration (%) of (2, #). Let
K(x,dy) be a kernel on E. Let Q be a countable ordered set, and for each qeQ,
let S, be an (%)) stopping time. Suppose that the following conditions hold:

If q=q then S,<S, and {S,<S }eF5, .

P(Y; eA|F5, )=K(Y5, ,A)as., for qeQ, Aeé.
Let T be an (#,) stopping time such that
[T]< UQ[[Sq]], {T=SjeFs,_va(Ys), for qeQ.
ge

Then there is an %,_ measurable random subset H of E (that is, {(w,x);
xeH(w)}eF,_ ®&), such that
K(Y;_,HnA)
P(Y Fr )=———————  q.5.
(Yed|ZF;: ) K(Y, . H) a.s
for any Aeé.

Note. If (Y) is a standard process, (%) is its natural (right continuous) fil-
tration, @ =[0, c0), and S,=q+Sy°0,, where S, is a terminal time, then the
results of Weil [25], and Walsh and Weil [23] show that such a kernel K exists,
and may be expressed in terms of a Lévy system for (Y)).

Proof. Since
{T=S}eFs, vo(Ys),

there is a function fq: Q x E— {0, 1}, measurable with respect to #5,_ ®4&, with

{T=58,)={w; [ (0, ¥ (0)=1}.
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Put N
fq= V ILAA l{sq:s,}xE]-

Then fqeffsr ® &, since

{Fi A Lgyesyxe=1={/,=1}n{5,=5} x Ee(F5,_®&)n({S,=S,} x E)
=(F5,_n{5,=85,})®¢
=(F, N{8,=5)®F<F, @6,

as {Sq=S,}e,/“FSq_. Also, f,=f, on {§,=S,} x E, and
{T=8,} ={o; f{w, Y5 (0))=1}.

f= \q/ LfgA Lis,—my <)

Put

Because f,=f, on {S,=S,} xE, it follows that f=f, on {S, =T} x E. We will
show that fe#;_®4&. This follows as above, once we show that {S,=T}eF_.
To show this, let r<g. Since

{8,=8,=Tie%, ,
in fact
{8,=8,=TieF, n{S,sTicF_n{S5,sT}.

Thus there is a set A, in #;_ such that

{S,=8,=T}=4,n{S,£T}.
Set
A= ([{S,<TIu({S,£T}n4,)].
r<qg
Since 4 and {S, 2T} both lie in # , we need only show that A={S, <T}.
We obtain the inclusion “>” since if r<g and S ()< T(w), but S,(w)= T(w),
we must have that S,(w)=S,(w)=T(w), and hence weA,. Conversely, if
S (w)>T(w), then there is an r<gq with S.(w)=T(w). We cannot have weA,,
hence wé¢ A as required.
Let

H (0)={y; f (o, y)=1},
H(w)={y;f(o, y)=1}.
We have assumed that

E[g(, Y5,(- )= ] g(w, y) K(¥;, (o), dy)] P(d)

for g of the form 1,,,, AeFs, ., Bed. This therefore extends to general
geg'fsq_ ®E, g=20. Take

g:leB. q°
where AeZs , Beé. Then
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P(4, Y;€B, S,=T)=E(g(", Y5, (*))]
=£ []j;f,l(w, ») K(Ys, (@), dy)] P(dw)

K (Y, (o), BnH (@)
K (Y5, (w), Hy(w))
_ K(Ys, ,BnH,)

_An{qu T} K(qu, > Hq)

Enumerate Q as q,,q,, ..., and let Ae#_. Then there are 4, %, _ such that

=[P, =T|F, ) Pdo)
A

dP.

Am{T=Sq} =Aqm{T=Sq}.
Thus

P4, YTeB):Z P(qu, Y eB, S,=T S, *S, for i<}j)

J

_y i K(Y, .BAH,)K(Y;, ,H,)dP
J Ag;niSq;=T,Sq;+Sq; fori<j; - o
=y { K(Y,_,BAH)/K(Y,_, H)dP
Jj Am{SqJ.: T, Sqi¢qu; fori<j}
K(Y,
=E[A,————( T*’HmB)]
K(YTﬁaH)

A similar result holds in discrete time. For clarity, the proof will be given
with a discrete state space, but the general version can easily be obtained by
modifying the preceding proof.

Proposition 4. Let E be a countable set, and (Y,),», an E-valued Markov chain
with transition probabilities P(x; dy). Let T be a stopping time with respect to
the natural filtration of (Y"). Then there is an Fy_, measurable random subset H
of E such that

P(Y,_;BnH)

P(Y;eB|%;_,)= P, H)
T—1>

for B<E.

Proof. Atoms of #._, are of the form
A={T=nY, =y, ..., Y, =y, .}

Since T is a stopping time with respect to the natural filtration, it follows that
for yeE,

{T=nY, =y, .. Y, 1=y, 1}o{Y,=y}

=0 or {Yi=y,...Y% =y, Y=y}
Put

H(w)={y; An{Yy=y}+0],
where A is the atom of % _, containing w. Thus, for every atom A of #;_,

P(A, Yr=y)=P(Y,=y,...Y, =y, JgP(Yp_;Hn{y}), on A
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so that
P(A, Yr= y)_P(YT—ﬁHm{y}) A [
P(4) P(Y,_;H)
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