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On Prabhu’s Factorization of Lévy Generators

Priscilla Greenwood

I. Introduction

Let X(t) be a Lévy process, i.e. a Hunt process with stationary, independent
increments. Let A denote the infinitesimal generator of X(t), with domain taken
as C%, the class of infinitely differentiable functions u(x) such that u and all its
derivatives are bounded. Prabhu showed [2] that for each >0, 61— A4 can be
factored in terms of the generators of a subordinator and the negative of a sub-
ordinator, with the same domain,

01— A=(B, I—A°*)(0,1—A"), ()

where f=0, 8,. The factorization is unique. To obtain (1) Prabhu factored the
resolvent of A and inverted the resulting equation. The operators 4°*, A°~ he
identified in terms of processes associated with the maximum and minimum
processes of X(1).

In this note a direct statement about the structure of X (t) is obtained from
Eq.(1). For background, terminology, and examples we refer the reader to
Fristedt’s recent monograph [1] and to Prabhu’s paper [2].

IL. Notation and Constructions

If X(r) is a Lévy process, its infinitesimal generator A takes the form

Au(x)={ [u(x+y)—ux)—x () w ()] v(dy)+yu (x)+Tu"(x),

where
-1, y<-1
=y [yl
1, y>1.

The measure v, called the Lévy measure, together with the constants y and I’
determine X (f) up to equivalence. At 0, v is defined to be 0.

Let $%(t) denote the Lévy process with Lévy measure e~?*t~*dt, t>0, and no
drift, i.e. y={ x(y) v(dy), for each 0>0. This family of processes has the useful
property that the transition measure F(t,dt) at t=1 is 0 e~ % dt. If the semigroup

of X(t) is denoted by T;, the resolvent at 6 is R,= [ e=% T, dt, and OR, is the

0
semigroup at t=1 of the process X (S°(t)). Prabhu used this property of the process
§°(¢) in his proof of (1).
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The process X (S°(¢)) has generator A° of the form

Au= | [l ) —ullw(dy), @
where )
vﬂ(dy)=je_Ott—lF(tadY)dta y=f=0,
0

and F(t, dy) is the transition measure of X{(t). From (2) we see that
X(S@)=X(S"0) " +X(8°(x))~ (3)

where the processes on the right are independent with generators given by (2)
with the integral restricted to (0, c0) and {— o0, 0) respectively. We note that for
each of these processes, I'=0and y is | x (y) v¢(dy) with integral over the appropriate
interval.

Two-dimensional Lévy processes Z* (1) and Z~(t) were constructed from the
maximum and minimum processes of X (¢} by Fristedt in [1]. Let

M+(t)=os<usth(s), M“(t):oigiqu(s).

Let L(z) be the local time at zero of M (f)— X (t), and ¢* (t) =inf {s: L(s)=1}. Then
Z¥(t)=(t*(z), MT(t*(r)) is a 2-dimensional Lévy process, and so is Z~(1)=
(t~(x), —M~(t (1)), constructed similarly.

IIL Relation of a Lévy Process to Its Maximum and Minimum Processes

Theorem. Let X (t) be a Lévy process and 68>0. There exist 0,,0,>0 such that
#=0,0, and
X(S°(0)=Y°r ($™(0)+ Y*~ (S™(1)), @)
where
(i) the terms on the right in (2) are independent processes and each S%(t) is
independent of each Y*',

(i) Y?*(¢) is a Lévy process with Lévy measure Fe"“”v.(dt, dx), and v.(dt, dx)
is the Lévy measure of the process Z" defined above;o' is + or —.

The processes Y?*(S%(1)) and Y°~(S%()) are equivalent to X(S°(f))* and
X (S°(t)~, respectively.

Proof. The Eq. (1) is equivalent to the resolvent equation

Ry=Upy Ug,
where U+, Uy, are the resolvents at 8, , 0, of the processes with generators A%t A%
These processes are identified [2] as Y°*, Y?~ as given in (ii). Since =0,6,,
O Ry=0, UoT 6, Uat ©)

As noted in Section II, R, is the Laplace transform of the semigroup at t=1
associated with the process X(S°(r)), where S°(s) is defined above. Similarly,
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0, Uyt and 6, UsF are the semigroups at t=1 associated with Y°*(S%(r)) and
Y?-(8%(r)). A Lévy process is determined by its semigroup at one positive value
of t. Using the semigroup property, commutativity, and continuity, we see that
the semigroup of X(S%(1)) is the product of those of Y®*(S%(z)) and Y°~(S%(t)).
Relation (4) follows.

From the known properties of subordinated processes (see [1]) it is easily
seen that the constant y for each process on the right in (4), as was noted above for
each process on the right in (3), is | x(y) v(dy) where v(dy) is the Lévy measure of
the process in question. In each case I'=0. The two independent processes on
the right in (4) have Lévy measures with support in (0, c0), (— 00, 0) respectively,
and these measures are the restrictions to (0, o0), (— 0, 0) of v4. The processes
X (S°(t))* and X (S°(1))~, have, respectively, the same identifying v, y, I" as Y *(S% (1))
and Y’~(5%(1)), and so are equivalent processes.
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