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Summary. Let M =(M,, &, be a continuous BMO-martingale. Then the asso-
ciated exponential martingale & (M) satisfies the reverse Holder inequality

(Ry) ELE (MY, | §r]1=Cp 6 (M)T

for some p>1, where T is an arbitrary stopping time (see [3, 5]). Our claim
is, in a word, that the (R,) condition bears upon the distance between M
and L, in BMO. Especially, we shall prove that M belongs to the BMO-
closure of L, if and only if §(AM) satisfies all (R,) for every real number
A. Some related problems are also considered.

1. Introduction

Throughout this paper, let (2, &, P) be a complete probability space with a
filtration (§&;,) satisfying the usual conditions, and we suppose that any martingale
adapted to this filtration is continuous.

Let now M be a local martingale with M ,=0. Then the associated exponen-
tial local martingale &(M) is given by the formula

(1) & (M), =exp(M,—<M>,/2) (0=t<0),

where (M) denotes the continuous increasing process such that M?*—{(M)
is a local martingale. Note that (M) is not always a uniformly integrable
martingale.

The fundamentally important result in performing our investigation is that
the following are equivalent (see [2, 3, 12, 13]).

(a) MeBMO.
(b) £(M) is a uniformly integrable martingale which satisfies the reverse
Hélder inequality (R,) for some p> 1.
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(c) & (M) satisfies the condition
(4,) sup IET{& (M)7/& (M)} P~V | §1] ]l oo < 00

for some p>1, where the supremum is taken over all stopping times T.

Originally, these three conditions were introduced in the classical analysis,
and the duality between the space of BMO-functions and the Hardy space
H, is especially known (see [6]). The condition (4,) is a probabilistic version
of the one introduced in [19] by Muckenhoupt. The former is a necessary
and sufficient condition for the validity of some weighted norm inequalities
for martingales (see [10, 21] for example) as the latter plays an essential role
in the problems of weighted norm inequalities for many operators, such as
the Hardy-Littlewood maximal operator and the singular integral operators.
However, the relation between BMO and the (4,) condition in the classical
analysis does not go on smoothly as in the probability setting. In fact, for
any function w(x) satisfying the classical (4,) condition, log w(x) is a BMO-
function, but the converse fails. For example, the function log 1/]x| is in BMO,
but 1/|x| satisfies no (4,). The great advantage of the investigation from the
point of view of martingales consists in settling this trouble.

On the other hand, there exist two important subclasses of BMO, namely,
the class L, of all bounded martingales and the class H,, of all martingales
M such that (M) is bounded. As is easily seen, BMO is neither L_ nor
H,, in general, and further there is not an inclusion relation between L, and
H_ . However, it has recently been verified in [16] that the BMO-closure of
L, contains H, in general.

We now explain the contents of this paper. Roughly speaking, our purpose
is to establish new relationships between these classes and the conditions (4,)
and (R,). Section 3 contains a necessary and sufficient condition for a martingale
M to be in the BMO-closure of L. Furthermore, in Sect. 4 we show that
the reverse Holder inequality for & (M) is closely connected with the distance
in BMO between M and L,,. By contrast, the (4,) condition does not bear
upon the distance to L,,. In Sect. 5 we give a necessary and sufficient condition
for that both &(M) and &(— M) have all (4,).

2. Preliminaries

Here we collect several remarks and lemmas which are used in later sections.

First of all, let us assume that the exponential process & (M) given by (1)
is a uniformly integrable martingale. This implies that d P =& (M), d P is a proba-
bility measure on Q. But the martingale property is not invariant under such
a change of law. Fortunately, a nice key of settling this trouble was given in
[9] by Girsanov. It comes to this that under the absolutely continuous change
in probability measure a Brownian motion is transformed into the sum of a
Brownian motion and a second process with sample functions which are abso-
Iutely continuous with respect to the Lebesgue measure. The following lemma
given in [22] by Van Schuppen and Wong is a natural generalization of this
result.
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Lemma 1. For any local martingale X, the process X ={(X, M)—X is a local
martingale with respect to dP, where (X, M>=({X + M) —<{X — M)/4. Further-
more, we have (X »=<{X) under either probability measure.

The mapping ¢: X — X is often called the Girsanov transformation. We
remark in passing that the generalization to the right continuous local mar-
tingales is established by Lenglart in [17]. We deal entirely with continuous
BMO-martingales. Recall that a uniformly integrable martingale M is said to
be in the class BMO if

”M”BMOPZSI;P IEQIM o — M7l | §11 Plo<oo (1£p<o0),

where the supremum is taken over all stopping times 1. Note that the norms
| llmo, are all equivalent. As the case may be, we denote it by | M{pmo, )
to specify the underlying probability measure dP.

Lemma 2. Let MeBMO and dP=¢& (M), dP. Then the Girsanov transformation
¢: X — X is an isomorphism of BMO onto BMO(P).

For the proof, see [14]. The first important result on BMO-functions was
the John-Nirenberg Theorem ([11]), which we recall here in the probabilistic
setting. It was given in [8] by Garsia for discrete parameter martingales and
by Déleans-Dade and Meyer [2] for general martingales.

Lemma 3. If | M|lgmo, < 1/4, then for every stopping time T we have

2) Efexp {IM ,—Mzl}| §r]=(1—4]Mllpyo,) "
Furthermore, if | M |lgmo, <1, then
3) Elexp {{M), — <MD} Fr1=(1— [ Mlfmo,) ™"

These inequalities are the main tools to deal with various questions about
BMO-martingales.

Let d,(,) be the distance on BMO deduced from the norm | [lgmo, by the
usual procedure, and let a(M) be the supremum of the set of a for which

sup [ Eexp {alM o — Mz} Frlllo < 0.

There is a very beautiful relation between d, (M, L) and a(M) as follows:

Lemma 4. For M eBMO we have

4

1
) a0 Ly ="M=g 00y

This result had originally been obtained by Garnett and Jones [ 7] in classical
analysis. Its probabilistic analogue was first established by Varopoulos [23]
for Brownian martingales and then by Emery [4] for continuous martingales.

For simplicity, we denote by L, the closure of L, in BMO. Then from
(4) if follows at once that MeL,, if and only if a(M)=oco. In this connection,
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it should be noted that L, is neither closed nor dense in BMO whenever BMO
L, (see [1]). Quite recently, it was verified in [15] that the assumption
“BMO=L,,” is none other than the reasonable condition “ &, =+ &, for some ¢”.

The reader is assumed to be familiar with martingale theory as expounded
in [18]. We denote by C a positive constant and by C, a positive constant
depending only on indexed parameter f. Note that the letters C and Cj are
not necessarily the same from line to line.

3. A Characterization of the BMO-Closure of L

Garnett and Jones [7] proved implicitly that a locally integrable function f
on R? belongs to the BMO-closure of L, if and only if both ¢/ and e~/ satisfy
the Muckenhoupt (4,) condition for all p>1. We can easily establish the proba-
bilistic analogue of this result: a uniformly integrable martingale M belongs
to L,, if and only if both E[exp(M,)|&.] and E[exp(—M,)|&.] satisfy the
probabilistic (4,) condition for all p> 1. But it seems to me that this equivalence
is not so interesting for two reasons. First, it is exponential martingales which
play an essential role in various questions concerning the absolute continuity
of probability laws of stochastic processes, and neither E[exp(M,)|.] nor
Elexp(—M )| &.] are exponential martingales. The aim of this section is to
give a new characterization of L, in the framework of exponential martingales.

Theorem 1. MeL if and only if &(AM) satisfies all (R,) for every real number J.

Proof. We first show the “only if” part. For that, suppose MeL,. Then a(M)
=o by Lemma 4. On the other hand, for every 4 and every stopping time
T

E(AM) /8 AM)p Sexp {|A| Mo, — Mz}
by the definition of & (4 M). Therefore, recalling the definition of a(M), we find
E[6 (MY, | §r]=E[{6 (AM)./6 AM)r}? | §r] 6 (M
SE[exp{iAl pIM,—Mol} | 7] £(AM);
=G, (UM
for every A and every p> 1, with a constant C, ,>0 independent of T.

We are now going to prove the “if” part. By (3) in Lemma 3 there is some
positive a, such that for every stopping time T

Efexp {0 ((MD o, — (M )1/2)} | §1]1= Co,

where C, is independent of T. Next, let A>0, and choose a such that O<a
<min {24, ap/(24)}. If we set p=22/a, then 1 <p<o,/o” and so

eXp {ZA(MOO _MT)'“OCO(<M>.00 - <M>T)/2}
=exp {24 (aM ., —aMp)/a—(op/a*)({aM D , — {aM > 1)/2}
<{&(@M)/E (@M)r}*.
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Combining this with the Schwarz inequality, we obtain

E[exp{i(M,, — M)} | &r]=E[exp {AM , —M )~ (KMD o, — {M>r)/4}
-exp {ag({M) o, — (M} 1)/4}| §1]
S E[exp {&(@M)./& @M)r}?| F1'? E[exp {ao((MD o, — <M >1)/2} | §1]'2

Since &(xM) satisfies (R,) by the assumption, the first conditional expectation
in the last expression is dominated by some constant. Furthermore, the second
term is smaller than C}? as previously stated. Therefore, we have
Elexp {A(M,—M)}| Fr1< C, for every stopping time T, with a constant C; >0
depending only on A. The same argument works if M is replaced by —M,
so that for every A>0

E[exp {AIM,— M} | Fr]1=Cy,

where T is an arbitrary stopping time. This implies a(M)=co. Then MeL,,
by Lemma 4. Thus the theorem is established.

From the above proof it follows that if & (1 M) satisfies all (R,) for sufficiently
small A, then M belongs to L. It is natural to ask if &(aM) has (R,) for
<0 and s>1 whenever &(AM) has all (R)) for every 2>0. But the answer
in general is no. We give below an example.

Example 1. Let B=(B,- &, be a one dimensional Brownian motion with B;=0
defined on a probability space (2, §, Q) and let t=inf{¢: |B,|=1}. Then B® is
clearly a bounded martingale with respect to Q, so that dP=exp(B,—1/2)dQ
is a probability measure on Q. Consider now the process M =2B°—2 (B*), which
is a BMO-martingale with respect to dP by Lemma 2. Noticing {M>,=4(t A 1),
we find that

E[{8(AM),/6 UM)1}| Fr]
=Ey[exp{(B,—Br,)—(t—TA1)/2}
exXp {pAM — M7) = (KM —{M>7) p2%/2} | §1]
=Ep[exp{(1+2pA)(B.— By, .)}
rexp {—(@4pA°+4pA+ 1)t —TA1)/2} §rl,

where E,[ ] denotes expectation with respect to dQ.

Thus, if 4pA%2+4pi+1=0 (that is, ])L+1/2!gl/(2]/c}) where p~l14+g71=1),
then we have

E[{6(AM)o,/E(AM)7}" | Fr] sexp {2(1+2p|AD}.

This implies that &(AM) has all (R,) whenever A>0 or 1< —1. Particularly,
both &£(M) and &(— M) have all (R,).

On the other hand, if —1<A<0, then £(AM) does not satisfies (R,) for
p=(1 +7%/4)/{1—(2A+1)*}. To verify it, recall that E,[exp (a1)] = co for o0 = n?/8
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(see Proposition 8.4 in [20]). Since —(@4pi*>+4pi+1)=n>/4 for such A and
p, we have

E[6(M)BEIzexp{—(1+2p)} Eglexp{—(@dpi*>+4pi+1)1/2}]=00,

which implies that & (A M) has not the (R,) property.
We can estimate d,(M, L., as follows. Let A=1/4+7*/16. Then 21—1/2
>n?/8 clearly, so that

E[exp{~AM,}1=Ey[exp{B,—1/2} exp{—~21B,+2A1}]
— Eqllexp {(1-2/) B} exp {22 —1/2)1}]
>exp { —(1+24)} Eglexp {(24—1/2)1}]= 0.

This implies that a(M)<1/4+=?*/16. Thus d,(M, L,)=4/(4+n*) by Lemma 4.
Further, it is easy to see that d, (M, L)< 16.

4. The Distance to L_ in BMO

The purpose of this section is to establish a new relation between the reverse
Holder inequality and the distance in BMO to L. Roughly speaking, we show
that & (M) satisfies a stronger reverse Holder’s inequality as M approaches L.
For that, we set

(5) d(p)=[1+p *log{2p—1/2(p—D}1"*—1 (I<p<oo).

It is clearly a continuous decreasing function such that @(1+0)=co and &(w0)
=0. The reverse Holder inequality for & (M) was first obtained by Doléans-Dade
and Meyer [3]. Recently, Emery [5] has given another proof of this result.
The following is obtained by examining carefully the proof of Emery.

Lemma 5. Let 1 <p<co. If ||M|gmo,<P(p), then & (M) satisfies (R,).

Proof. We exclude the trivial case |M||gmo,=0, and let us set n(M)=2||M||gyo,
+ | M| 3u0, for convenience’ sake.
Suppose now || M {pyo, < P(p). Then we have

n(M)=(IM | gyo, +1)* ~1<p~? log {(2p—1)/2(p— 1)}

and s0 0<2(p—1)(2p—1)"* exp {p? n(M)} < 1. The main point in proving Lem-

ma 5 is to verify that

1= LN .
[1-2(p—D2p—1)"" exp {p* n(M)}]

(6) E[&(M)E,

For simplicity, let K, , denote the right hand side. For any stopping time
T we have n(MT)<n(M) and so K, yr<K, ». Therefore, in order to show
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(6), we may assume that &(M) is bounded. Next, let §=exp { —pn(M)}, which
is smaller than 1. A key to the proof of (6) is to use the following inequality:

7) E[&(M), éa(M)w>/1]< 2p4 [ Ple0n.>82  (>1)

We are now going to prove this inequality. For that, consider the stopping
time T=inf{t: £(M),> 1}. Noticing log 1/6 =pn(M), we find
P{&(M)o/E (M)r<d|§r}
=P{1/6<&(M)r/6 (M) | &1}
=P{pn(M)<Mr—M ,+ (M), —<M)7)/2]&r}

{2E[IM , —M|| Frl+E[{M),—{M>¢| Frl}

=% pn(M)
_onM) _ 1
=2pn(M) 2p’

so that P{&(M),/6(M);=0|&s}=1—1/2p). In addition to it, noticing
&(M)p=2 on {T< 0}, we can obtain

2p—1

P{EM), 281 Fr)2

Therefore, it follows that

E[6M),: E(M) > ]SE[E(M),: T< o]
SE[EM)y: T< o]

SAP(T< )
2pi

<
=2p—

T P{EM), 204}

Then, multiplying both sides of (7) by (p—1) A~ and integrating with respect
to 4 on the interval [1, oo[, we find

E[£(M),—&(M),, é"(M>w>1]<2(§ D gr{s o),/ —1: (M), >3],
that is,
20— 1) B 2p—1)
{1—m} ELS(MY: §(M), > 1151450 P

Obviously, this yields (6).
Secondly, let T be any fixed stopping time. For an arbitrary element A
of & such that P(4)>0, we set

dP'=1,dP/P(4), &=8r+», M=Mr,—M; 0=t<0)
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Clearly d P’ is a probability measure and the process M’ =(M;, &) is a martingale
with respect to dP'. Note that &(M’),=& (M)r+,/6 (M)r. An elementary calcula-
tion shows that |M'|ayo, )= M |smo,@ for every r>1. Thus [|M'|gmo, )
< @(p). Then, repeating the same argument as above, we get
El [(g(M/)go] é Kp, M’>
where E'[ ] denotes expectation over Q with respect to dP’ and K, ,. is the
constant corresponding to K, ,, in (6). Namely, we have
E[{6(M),,/6 (M)r}7: A]=K,, o P(A).
However, since | M'|igyo, @)= IM | gmo,@)» We have n(M)<n(M) and so K, 4.
<K, y- Thus the inequality
E[8(M),: A]JSK,, y & (M)} P(A4)
is valid for every Ae & . This yields the reverse Holder inequality (R,) for &(M).
Hence the lemma is established.

In the following theorem, L% denotes the class of all martingales bounded
by a positive constant K.

Theorem 2. Let 1 <p<oco. If d,(M, L) <e™ X ®(p), then & (M) has (R,).
Proof. By the assumption, |M— N |pyo,<e X @(p) for some NeL%}. Let now
dP=exp(N,, —<{N>,/2)dP, which is oAbviously a probability measure. We set
X=N-—M. According to Lenlma 1, X=M—-N-—-{M~—N, N> is a martingale
with respect to d P such that (X =<{X), and by the definition of the conditional
expectation we have
E[(XD o —<{X)r| 1l
=E[(KX) o —<{X>1) exp {(Noo = Np) = ({ND o, = <ND1)/2} | 7]
< e X|iFmo, < P(p)*.
That is, || X|lamo,@ < @(p)- Then, according to Lemma 5, the exponential mar-
tingale & (X) satisfies the reverse Holder inequality
E[6R) | Fr1=K,, x 6 XN
On the other hand, since (M>=(M —N>+2{(M—N, N>+ (N, we have
&(M)=exp {(M—N—(M—N, N})—{(M—N}/2} exp(N—<{N}/2)
=&(X)exp(N —<(N)/2).
Therefore, for every stopping time T, we find
E[&(MYs | 1] =E{E(M)y/E(M)r}? | §1] & (M),
<exp (2(p— 1)K} E[{E(X)oo/E(X)r}? | Fr] € (M)
sexp{2(p— 1)K} K, 3 £ (M),
which completes the proof.

Example 1 shows that the converse statement in the Theorem 2 fails. Now
we give a variant of Theorem 2.

Theorem 3. Let 1<p<oo. If there is NeL, such that (M —N,N>=0 and
| M — N | gpo, < §(p), then & (M) satisfies (R,).
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Proof. The function @ being continuous, |M —N|gye, <P (u) for some u>p.
Then the exponential martingale &(M —N) has (R,) by Lemma 5, and the
another exponential martingale & (N) satisfies (R,) for all r>1 by Theorem 1.
Furthermore, we have &(M)=&(M —N)&(N) since {M—N, N>=0. Hence,
applying the Holder inequality with the exponents a=u/p and f=a/(x—1), we
find
E[& (M), | 1]l =E[{&(M)/E(M)r}? | §1] & (M);
SE[{6(M—N),/6(M—N)r}" | §]1'"
- E[{&(N)o/€ (N)1}?? | §11'P 6 (M)
SCp o m, v (M.
This completes the proof.
As is well known, MTeL_ for some stopping time T. Let J (M) be the
class of these kind of martingales. Then we get the following.
Corollary. Let 1 <p<oo. If d,(M, T (M)) < @(p), then & (M) has (R,).

Proof. Since (M —M7*, MT) =0 for any stopping time T, the conclusion follows
at once from Theorem 3.

5. A Subclass of BMO Related to the (4,) Condition

Unlike the (R,) condition, the (4,) condition is remotely related to the distance
between M and L. We first give an example which substantiates this view.

Example 2. Let M =B where t=inf{¢: |B,/=1}. Then MeL, clearly, and so,
according to Theorem 1, the exponential martingale &(M) satisfies (R,,) for all
p>1. However, it does not satisfy (4,) for p with 1 <p<1+4/z* In fact, since
E[exp(at)]=o0 for a2n?/8 and 1/{2(p—1)} 2=?/8 for 1 <p=<1+4/rn?, we find

E[{1/&(M)} %~ V] zexp {—1/(p— 1)} E[exp(/{2(p—1)})] = co0.

This implies that for 1 <p<1+4/r” the (4,) condition fails.
To discuss the (4,) condition, we shall consider the class

H*={MeBMO: E[{M>,,|FJeL,)}

in place of L. It is easy to see that |E[<{M} | &.1lsmo, <2 M |fmo,- Clearly,
MeH, if and only if E[{M>,|&]eL,, so that H cH™¥. The aim of this

section is to claim that H* is closely connected with the (4,) condition. To
verify it, we need the following elementary result.

Lemma 6. If M eBMO, then for every >0 and every stopping time T we have
(1) Efexp {A(KM) o —<MD> 1)} §r]
Sexp (| Mli3mo,) E[exp {2 |{M) o —E[{M} | F1I} | &r]
(i) E[exp {A|[<M)q—E[KM) | &rll} | &1l
<exp (4| Mllgmo,) E[exp {A(KM ), — <MD 1)} Fol.
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Proof. This lemma follows immediately from the definition of the norm || M ||gyo, -
In fact, for every 1> 0 we have

Elexp {A(KM), —<M>7)}| &r]
SE[exp{A{{M) o, —E[{M | ]|} exp {AE[{M) o, — <MD+ | &1} ]
<exp (4 Mlgwo,) E[exp {AIKMD o —E[{MD o | §11} | &1l

Thus (i) holds. The proof of (ii) is similar, and so we omit it.
Theorem 4. For 1 <p< oo we have the following :

@) If dy (E[<CMD | 81, L) <(/p—1)%/2, then both &(M) and & (— M) satisfy

(4p)-
p(ii) Conversely, if both &WM) and &E(—M) satisfy (A,), then

di(E[XM,|§.], Lo)<8(p—1).

Proof. We first show (i). Suppose d (E[{M>,|&.] Lw)<(]/1;— 1)2/2. Then,
according to the left-hand side inequality in Lemma 4, we have

- <a(E[(M). |8,

1
2(/p—1)

so that by (i) in Lemma 6

Elexpd— 21— s —anvpb ||,
[0 it

2()/p—1y

Let now r=]/1;+1. The exponent conjugate to r is s=(]/1;+1)/]/1;. Since
{s(/p—1?} " =r(p—1)"2=(p—1)"*, we have

{g(M)T/éa(M)m}”‘f"1>=exp{—p%1 (M. = M) =50 (M., —<M>T)}

e L .- anf.

25()/p—1)?

We apply Holder’s inequality with the exponents r and s:

EL(6 M)/ (M)}~ §r) <E| 6~ 15 ) /g(_ T o) [m]”
Aoy ool

The first conditional expectation on the right hand side equals 1, since
&(—rM/(p—1)) is a uniformly integrable martingale. The second term is domi-
nated by some constant C, as stated above. In the same way we can verify
that & (— M) satisfies the (4,) condition.
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To show (ii), we use the inequality

E[exp {Zpl’—T) (M~ <M>T)} %T]éE[{«f(M)T/efuvf)m}”‘P' 0| g0

E[{6(—M)r/6(— M)}~ V| Fr]'2,

which follows from the Schwarz inequality. This inequality implies that

lexe {515 €~ anaf ] c,

whenever both & (M) and &(— M) have (4,). Then a(E[{M), | F=1/{2(p—1)}
by (ii) in Lemma 6. On the other hand, if &(M) has (4,), then it satisfies (4,_,)
for some ¢ with 0<e<p~—1(see [3, p. 323]). Thus a(E[{M >, |§.])>1/{2(p—1)}
in fact, and just then we have d, (E[{M )| &.], L,,)<8(p—1) by the right-hand
side inequality in Lemma 4. This completes the proof.

As a corollary, we can obtain the following.

Theorem 5. In order that both &(M) and &(—M) satisfy all (4,), a necessary
and sufficient condition is that M belongs to the class H*.

We now remark that there exists a relation between H* and L. An applica-
tion of the Schwartz inequality yields that for every 1>0
Efexp {A(Mo—Mq)}|§1]
=E[{Q2AM)../8(22M)7}""? exp {A* (KMo — <MD 1)} | §1]
SE[EQAM)/E2AM) 1| Fr1? Elexp {242 (M) o — <MD 1)} | §r]'?
S E[exp {242 (KM, — <MD p)} | &2

The same argument works if M is replaced by — M. Then for all >0
Elexp {A1M o —Myl} | Fr] S2E[exp {222 (KMo — (MO0} §1]'2.

Therefore, from Lemmas 4 and 6 it follows that H* < L.
Finally, we give a remark on H .

Theorem 6. Let 1 <p<co and p~'4+q *=1. If d,(M, H,)<®(p), then &(M)
satisfies both (R,) and (A,).

Proof. By the assumption, |M — N |pyo, < ®(p) for some N €H,,. Consider now
the new probability measure dQ =& (M~ N), dP and set N=N—(M—N, N>.
Then NeBMO(Q) and <N>=<{N)> by Lemma 2. Further we have

@) EM)=6M—N) &),

where &(N) is the exponential martingale under dQ.
We first verify that &(M) satisfies (R,). By the definition of H,,, (N} is
bounded, so that NeH (dQ)< L, (dQ). Therefore, it follows from Theorem 1
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that &(N) satisfies all (R,) under dQ. Then, noticing (8) and applying Holder’s
inequality with exponents r and s=r/(r — 1), we find
E[{&(M)y/8 (M)7}"| §r]= E[{8(M —N)o,/6 (M —N)}P 1"
A{E(M —N)o/& (M —N)p} ' {& (R) oo/ (N)r}? | &r]
SE[{6(M —N),/8(M—N)g} @~ 15| F 11
- Eg[{&(N) /€ (N)r}? | §r 1"
<C,,, E[{6(M — N)o, /& (M — N)p o~ 10 | Fr 1,
where E,[ ] denotes expectation with respect to dQ.
Since p<(p—1/r)s=(pr—1)/(r—1) - p as r — oo, there is some > 1 such that
|M — Nlgmo, < P{(p—1/r)s). Then, according to Lemma 5, &(M — N) satisfies

the (R(, - 1,n) condition. Thus & (M) has (R).
We are now going to prove that &(M) satisfies (4,). An clementary calcula-

tion shows that <D(p)<]/21—1, so that HM—N]|BM02<1/q—1 for some NeH,.
Note that <M, — (M} L2{({M—N),—<{M—=N»)+(N),—<N>y)} for s<t.
Recalling the boundedness of (N and applying (3) in Lemma 3 we find

(<M>m—<M>T)}|%T]

g {zq/q_—

ngE[exp{ Vo e <M-N>T)}

1 -1
<Ci~— e M - Nl } .
(/a-17 °

Let now r=1/(§+1 and s=(]/a+1)/]/;1. Then, an application of the Holder
inequality yields

E[{&(M)g/& (M)} V| F1]

=E[exp{—#(Mm—MT)—
g—1

d

¥

2417
<<M>w—<M>T)}

(<M>m—<M>T)}

d

éE[g(_qil M>w/g(—qil M)T %T]m

[exp{z( Y (D =D

The first conditional expectation in the last expression equals to 1, and the
second one is bounded by some constant as remarked above. Thus the proof
is complete.
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Combining Theorems 5 and 6, it follows immediately that H < H*. How-
ever, it is probable that the class H* is nothing but H_. A key to verify it
is to establish the following inequality:

C
b(M)g‘dz(M, )

where b(M) denotes the supremum of the set of b for which

sup IELexp {b*({MD o — <MD 1)} Frllloo < 0.

But this remains to be proved. We remark in passing that the inequality

1
V2d>(M, H.,)
is valid for every M e BMO (see [16]).

<h(M)
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