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Summary. Let X, ieN, be iid. B-valued random variables where B is a

real separable Banach space, and @ a mapping B—IR. Under some con-

ditions an asymptotic evaluation of Z =E (exp (n(D (Z Xi/n>>) is possi-
i=1

ble, up to a factor (1+o(1)). This also leads to a limit theorem for the

n

appropriately normalized sums ) X; under the law transformed by the

n i=1
density exp (n(P ( Xi/n>) /Z”.
i=1

§ 1. Introduction

Let B a real separable Banach space with norm | | and X,, nelN, be a
sequence of 1.1.d. B-valued random variables with law p which satisfies:

(1.1) fexp(tIxhudx)<co forall teR
(1.2} fxu(dx)=0.

Let @ be a real-valued Borel-measurable continuous function on B. The aim of
this paper is to give an asymptotic evaluation of E(exp(n®(S,/n))) as n— oo

where S, =Y X,.
i=1
If there exist real constants C, D >0 with
(1.3) P(x)<C+Dlx|

then it has been proved by Donsker and Varadhan [5] that

(1.4) lim > log E (exp (ncp (—i—))) —sup(8(x) ~ h(x)

noac I
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where h is the entropy function of u:

(1.5) h(x)= sup (p(x) —log M(9)).

@eB*

B* being the topological dual of B and M(¢)={e?dpu (see [5] Theorem 5.3 and
Sect. 3 of [14] and §2 where some basic facts on the entropy are collected).
Furthermore, under these conditions there is at least one x* ¢ B with ®(x*)
—h(x*)=sup(@(x) —h(x)). This will be proved in §2. We need the stronger
xeB

condition
(1.6) There is a unique x* € B with &(x*) —h(x*)=sup (P(x) —h(x)).

We use x* exclusively for this point.
We also need that @ is smooth encugh, namely

(1.7) @ has three continuous Fréchet derivatives on B.

If beB, we write D*@(b) for the k-th Fréchet-derivative of & at b (when it
exists) which is a continuous k-linear form on B.

We write D*®(b)[x, ..., x,] for this form at x,, ..., x,€B and D*®(b)[x*]
instead of D*®(b)[x, ..., x].

Let dv=exp (D ®(x*))du/M (D &(x*)). v has moments of all orders and in §2
we shall prove that

(1.8) x*={xv(dx) holds.

Let v, be v centered at 0, i.e. vo=v0_' where 6,: BB is defined by 0, (x)=x
~—a.

We need an assumption stating that the maximum in x* is non-degenerated
in some sense. To formulate this we define the mapping *: B*—B by
¢ =[x@(x)vo(dx). If yeB* then y(¢) is the covariance of ¢ and ¥ under
vo: I, ¥)={ @(x)¥(x)vy(dx). Then we have

Lemma 1. For all peB* I'(p, ¢)= D*®(x*)[$2].
This will be proved in §2. We assume
(1.9} For all peB*, with ¢+0, I'(p, ¢) > D*D(x*)[$*] holds.

Remark 1. From Lemma 1 it clearly follows that in any case

{o: I' (@, p)=D*d(x*)[$*1}

is a linear subspace of B* and it will be shown in §2 that this subspace is finite
dimensional (see the remarks following the proof of Lemma 1). So (1.9) just
states that this subspace of degenerate directions has dimension 0.

Our main result is the following

Theorem 1. We assume that p and & satisfy
a) {1.1), {(1.2), (1.3, (1.6), (1.7}, {1.9) and
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b) v satisfies a central limit theorem, i.e. v, defined by vn(A)zv?)‘"(ﬂA)
converges weakly to a Gaussian measure 7.

(Here *" denotes n-fold convolution. )
Then

lim exp (—n(®(x*) —h(x*)) E (eXp (n(p (%)))

=Jexp (3D P(x*)[y*]) y(dy).

Remark 2. If u has bounded support then (1.3) can be replaced by the weaker
condition that @ is bounded above on bounded sets.

Results of this type have been obtained in the case B=R by Martin-Lof
{117, for Banach spaces with Gaussian p by Schilder [13], Pincus [12] and Ellis
and Rosen [6] and for a Hilbert space in some special situations by Kusuoka
and Tamura [10].

Remark 3. The condition b) in Theorem 1 is automatically satisfied in so-called
type 2 spaces (as v has a second moment), especially in L, spaces for 2<p< oo
(see Hoffmann-Jergensen [7]). In other spaces there are useful sufficient con-
ditions for the central limit theorem. (See e.g. [8].) It is desirable to have
conditions which only depend on p and not on &. Some of conditions for the
validity of the central limit theorem nearly carry over from u to every possible
v. As an example, we look of the condition of Jain and Marcus for C(T)-
valued random variables, where T is compact metric space (see [8], Theo-
rem 3.5). If 4 on B= C(T) satisfies

w{ S LS () =fO1>V(f) p(s, t) for some s, 1})=0
where V: B—[0, c0) satisfies [V?*?dpu<oco for some 6>0 and p is a con-
1
tinuous metric on T which satisfies | H (e)*de<oo (H( ) the e-entropy of T

0
with respect to p) then an application of the Holder-inequality together with
Theorem 3.5 of [8] shows that any possible v of the form dv=e®du/M(p),
@ € B*, satisfies the central limit theorem (if (1.1) is true).

The Gaussian measure y is generated as an abstract Wiener measure (as all
Gauss measures). We sketch the construction. As Gaussian measures have
exponential and therefore second moments, there is a natural mapping
ji B¥*—>L,(B, 7). We denote by H the closure of j(B*) in L,(B, y) which is then
a Hilbert space. If @ e B* then the ¢ defined above may also be written as
| x@(x)y(dx) as it only depends on the covariance form. It is easy to see that ¢
depends only on j(¢) and the mapping j(¢)— ¢ is continuous in the L,-norm.

So we obtain a continuous mapping i: H—B which can be shown to be one
to one. j is one to one if and only if the support of y is B. i and j are compact
linear mappings. (H, B, i) then generates y as an abstract Wiener measure in the
sense of Gross (see [9]).

For proofs of these facts (in a more general setting) see [3].

We write { , >y for the inner product in H. We also identify H with the
subset i(H)< B and shall therefore not distinguish between xe H and i(x)e B. If
@ eB* then ¢ clearly is in H.
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Lemma 2. Z=exp(5D> & (x*)[y*1) v(dy) is <o and y defined by

(dy'/dy)(y)=2Z~" exp(GD* @(x*) [y*])

is a centered Gauss measure on B.
The proof will be given in §2.
We can then prove the following central limit theorem.

Theorem 2. Assume the same conditions as in Theorem 1. Let

e o ) £ oo o )

S
Then the P-law of ﬂ (j‘——x*) converge weakly to v'.

Similar results have been obtained by Ellis-Rosen for Gaussian laws u even
in degenerate cases, ie., if (1.9) does not hold and where non Gaussian (finite
dimensional) limit laws appear.

The condition b) in Theorem 1 can be reformulated in the following way:

(1.10) For any closed F < Blimsup v,(F)<y(F).

n-—> oo

The proofs of the Theorems 1 and 2 essentially depend on a Bernstein-type

inequality stating roughly that if ¢ is small compared with ﬁ, then v, (tF)
behaves as is reflected in (1.10). The H-norm governs the large deviations
behavior of y in the following sense ([2], Theorem II 1.6):

. 1 .

(1.11) hmsupt—z—y(tF)g—mf{%lxlf,: xeF}
t— 0

(we put |x|y=co if xe B\H). Let I'(F)=inf {1|x{%: xe F}. Therefore the follow-

ing result looks quite plausible.

Theorem 3. [f FcB is closed then

1
limsup sup {; logv, (t F): c§t§ﬂ/c}§ —I(F).

c— oo n,t

In case where B is a Hilbert space and F={x:|x|=1} the proposition follows
from results of Yurinskii ([15], Sect.4). He also obtained results for certain
Banach spaces but they are not sharp enough to give the Theorem 3 immediately.
But Yurinskii’s Theorem 2.1 is basic in the Proof given in § 3.

The proofs of the Theorems 1 and 2 are given in §4.

§2. Properties of the Entropy and Proofs of the Lemmas

Let 4 be any probability measure on B and define h by (1.5). & obviously is =0
and as a supremum of continuous affine function it is lower semicontinuous
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with values in [0, 0] (even in the weak*-topology) and convex. The strong
condition (1.1) guarantees that & may be obtained as a contraction of the so-
called Kullback-Leibler information (or I-divergence).

If 1 is a probability measure on B then the Kullback-Leibler information of
A with respect to u is defined by

i )

o #) di if 2<u and log“2eL,

k(2 ) = j( Edu g 8qu St
0 else.

It is well known (and easy to see) that as a function of /2 (with u fixed) k is
convex, strongly convex on {1: k(i|u)< oo} and lower semicontinuous in the
weak topology (see e.g. [4]).

Lemma 3. Let (1.1) be satisfied (not necessarily (1.2)) then

a) h(x)=inf {k(2{): {1yl A(dy)< oo, [y2(dy)=x}.

b) If h(x)<oo then there is a unique probability measure A, with k(4 |u)
=h(x) and [yl (dy)=x.

¢) h(x)=0 if and only if x={yu(dy).

d) For all re[0, o) {x: h(x)<r} is compact in B.
Proof. The facts follow from the considerations in §5 of [5]:

Donsker and Varadhan define h(x) as inf{k(2|p): [yA(dy)=x} (k(Alp)
=1,(4) in their notation, see (5.3) in [5]) a), ¢),d) of our lemma then follow
from (iv), (ii) and (iii) of Theorem 5.2 in [5]. To prove b) we look at a sequence
1, of probability measures with k(4,|p)| h(x), [yA,(dy)=x. By Lemma 5.1 of
[5] (4,) is tight and a straightforward argument shows that any limit point
satisfies [yl (dy)=x and h(x)=k(4|p) (see the proof of Lemma 5.1 in [5]).
Unicity of 4, follows from the strong convexity of k. [

Lemma 4. If (1.1) is satisfied, then h(x)/|x|— oo uniformly as |x|— 0.

Proof. If A>0, we choose ¢>0 with

[ exp((1+A)lx)u@dx)=1.

x| ze
If xe B, let g € B* satisfy |¢p|,=1 and ¢(x)=|x|. Then
h(x)z(1+74) p(x) —log M((1+ 1) p)
Z(1+4) x| ~log [ exp (1 +4) |x]) u(dx)
2(1+2)|x|—log{exp(l+A)c+ [ e M pu(dx)}
>(1+2) x| —(1+He—log2. =
Therefore, if |x] = (1 + ) c+1log?2 then A(x)/|x|>A. U

Using d) of Lemma3 and Lemmad4, one immediately sces that under
condition (1.3) sup (®(x) —h(x)) is attained, as is claimed in §1.
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In the case where u has bounded support s is oo outside a bounded set and
if @ is bounded on bounded sets, the same conclusion holds true.

Proof of (1.8). By the convexity of h one obtains h(x*)—i—D(D(x YIx] Eh(x*
+x) for all xeB and therefore /i the entropy function of v i.e. h=h—D®(x*)
+logM(D @(x*)) is minimal at x* and so equals zero there From c¢) of
Lemma 3 one has {yv(dy)=x*. O

Proof of Lemma I. Let ¢ € B¥ and the probability v, on B (¢>0) be defined by
dv,=exp(DP(x*)+tp)du/M(D P(x*)+t@). An easy calculation gives

2
(2.1) M(D®(x*)+1¢)=e"*>) M(D &(x*)) (l—i-%F((p, qo)+0(t3)) as t—0.

Let a,= [ xv,(dx). Applying (2.1), one obtains
a,=x*+1 [ x(p(x) — @ (x*)) v(dx)+ R(t)

where |R(1)|=0(t?) for ¢ near 0. [x(p(x)—@(x*))v(dx) equals .
By applying the Taylor formula, one obtains for ¢ near O

22) B(a) — B(x*) = D B(x*) [a, — x*] +52— D? (x*)[¢2] +0(12).

On the other hand, applying (2.1), one obtains
h@) S K(v,|1) =D P(x*) [, x*] + DD (x*) [x*]+1*(9)

2
~log M(D D(x*) —5 I, 9)+0(t?)

2

=D ()[4, ~x*1+h(x*)+5 (9, ) +0(t?).

Comparing this with (2.2), one obtains I'(¢, @)= D> ®(x*)[$?] for all ¢ € B* as
is claimed in Lemma 1.

Remarks. a) We have I'(p,9)=|¢l3 and by continuity, we see that
|y|72D?@(x*)[y*] holds true for all ye H.

b) S={yeH: |y|}=D*D(x*)[y*]} is easily seen to be a closed linear sub-
space of H. We claim that it is finite dimensional. Indeed, D? &(x*) defines a
bounded operator B—B*. Taking compositions with the compact operators
it H->B, j: B¥*—>H, we see that D ®(x*) defines a compact self-adjoint opera-
tor H—H. If (e ), 15 any countable orthonormal family of vectors in H then
lim D? ®(x*}[e2]=0. This proves the claim.

c) If (1.9) is satisfied, then dim(S)=0.

To prove this, assume dim(S)>0. Then there is a yeH with [=|y|}
=D>@(x*)[y*]. Let zeH satisly D*®(x*)[y,z]=0. Then y,=(y+t2)/(1
+1*D* P(x*)[2*])%, teR, is well defined (at least if |¢| is small enough) and
satisfies D*®(x*)[y?]=1. From Lemma 1 one therefore has |y,/3=1 and so
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ly)5 is minimal at ¢=0. This implies <(y,z),=0. If we put ¥
=D?®(x*)[y,. ] B*, we therefore have i =y for some oe R\ {0}.
But this contradicts (1.9).

Proof of Lemma 2. By the consideration in the Remark b) above, D*®(x*)
defines a compact self-adjoint operator H— H.

We choose an orthonormal base (e,) of H with D> ®(x*)[e,, e;1=1;9;;. 4,—0
as i— oo and from Remark c) we see that 1, <1 for all i.

Let £,, neN, be a sequence of ii.d. standard normally distributed random
variables, defined on some probability space. Then ) e, converges a.s. and in

L, to a B-valued random vector with law y (see [9], p. 157). Then Zeifi/]/ =2

converges a.s. and in L,, too (see Theorem 5.8 of [7]). We denote by 7' the law
of this limit which is clearly centered Gaussian. We claim that y' <7y and dy'/dy
has the desired form.
Dz@(x*) [(Z fiei)z]zzlifizz Z ;Liéiz_ Z (—4) fiz-
i i i:A;>0 itd;< 0
As these two summands are independent, and E|D*®(x*)[(}¢;e)*]| <0, we
see that ) |4, < 0. ‘

We can now apply the Kakutani-criterium (see [9], p. 116) to conclude that

the law of (&,/)/1—4,, &/)/1—2,,...) on RM is absolutely continuous with
respect to that of (£,, &,, ...) with a density

const.exp($ Y A:x7), (%, %,,..)eRN.
i

From this one derives in a standard way that

(dy'/dy)(y)=const. exp (3 D* P(x*) [y*]).

§ 3. Proof of Theorem 3

Let p be a probability measure on B which satisfies {1.1), (1.2) and let g, be
defined by p,(A)=p*"(}/nA).
Lemma 5. If p satisfies the central limit theorem then there is linear subset B,
< B with a norm | |, on B, such that

(@) (By, | |p) is @ Banach space;

(b) {xeB,: |x|o<1} is compact in B;

© p(Bo)=1;

(d) Jexp(lxlo) p(dx)< c0;

(e) sgpflxlopn(dXK 0.

Proof. By the Banach-Mazur theorem, there exists an isometric imbedding of B
into C= C[0, 1], such that B becomes a closed linear subspace of C.
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Let {e;}, jeIN, be a normalized Schauder basis of C with associated
coordinate functionals fie C*,
e}

If xe C, let ;(x)= ), fi(x)e; and let F, be the subspace of C spanned by
€15 ens € j=k+1
It is easy to see that there is a constant M >0 such that

3.1) |m(x)<Md(x,F) forall k and xeC
where d(x, F)=min {|x —y|: yeF,}.

Indeed, by the Banach-Steinhaus theorem

b=sup{

k
To xeB we choose x¥eF, with |x—x®|<2d(x,F). Then Y f;(x®)e;=x®
j=1

K
X— 21 fix)e;

:keN, x with |x|§1}< 0.

Y S
j=k+1
As p, is tight (in B and therefore in C), it follows that for all ¢>0

lim sup p,({x: |z, (x)|>¢})=0. Therefore

k> n

and therefore e;|£2bd(x, F).

supjlnk(x lp.dx)Se+sup | |7, (%) p,(dx)

o {x:me(x) > &)

Se+Msup(fIx? p,(dx)E p,({x: |7, (x)|>e})%.

By a result of the Acosta and Giné (see [1]) [|x|* p,(dx) converges, so it

follows that
lim sup | |, (x)| p,(dx)=0.

k~w n
If keNN, let n) e N satisfy
(3.2 supjln )| pdx)<k=3  for mzny.

From (1.1) and (3.1) one obtains

lim {exp (t|m (X)) p(dx)=1 for all telR.
k= oo

We choose n, 2 ny increasing in k with
(3.3) {exp(2k2*|n, (X)) pdx)<2 for m=n,_,.
If xeC let x,=x—m, (x) and x, ==

= Z klx,|e [0, o]

Let Co={xeC:|x|,<0}. (Cy,| |o) clearly is a (separable) Banach space.
We put B,=BnC,. Then (B,,| |,) is a Banach space, too. So (a) is proved.

(x)—m, (x) for k=z2. We put |x|,

Re-1
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To prove (b) we remark that {xeC:|x|,<1} is compact in C, so its

intersection with B is also compact.
(c) clearly follows from (d). This follows by estimating as follows:

[ el p(dx) = fexp(z k|my, ()=, (x)]) p(dx)

IIA

||:|8 T:]s

{fexp(k?‘(l7I (X)] +17,, -, (X)) p(dx)} 7

A

{feXP (2k2%|m,, (x))) p(dx) fexp 2k 2% |m,, (X)) p(dx)}> ™"

which by (3.3) is < co.
To see (e) we use (3.2) to estimate

§1xlo puldx)= Z Tkl () =7, ()] puldX)

= Z § k(I (o) + 7, () £, (d),

which is bounded uniformly in n. O
The following lemma is a corollary of a result of Yurinskii:

Lemma 6. Under the conditions of Lemma 5

hmsupsup{ilogp ({x: x|y >t} c<t<]//c}

[ gve} n,t

Proof. If meNN, then
flxlg ptdx)=m [ 27~ p({x: |x|o>A})d.
Q0
<m{eop(dx) [ Am~te~*di<m! e p(dx).
0

Therefore p satisfies the condition (2.1) in [15] with H=1 and bf
=2{el p(dx). By Lemma 5(¢) one has [|x|, p*"(dx)=0(1/n).

The statement of our lemma now follows easily from Yurinskil's
Theorem 2.1. [

Proof of Theorem 3. We first assume that F is compact in B and satisfies

I'(F)<oo. For any r>0, {xeB: |x|y<r} is compact in B and therefore closed.

Given ¢>0 {xeB: %|x|;>I'(F)—¢} is open in B and contains F. Therefore,

there exists a finite covering of F with open balls U, ..., U, which satisfy

$ix[j>I(F)—¢, whenever xe|) U, (We assume I'(F)—e>0). Let C;
j=1

={x:ilxlZ<r (Up}, then C; is compact convex and disjoint from U;. So there
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exists a hyperplane separating C; and Uj, i.. there is a ¢,€ B* with
(3.4) U,c{x: @;(x)>1} = {x: 3Ix|5>T'(U)}.

So we obtain

m

(3.5) V(tF)< ), v, 07 (£, 0)).

i=1

By using a standard argument in one dimensional large deviation theory, this

m

is easily seen to be < ) exp(—nhj(t/]/ﬁ)) where h; is the entropy function of

=1

vo@; , Le. i”z-(x):sup(ix —log{eM vy o7 dy))

As v, is centered h; 1s smooth near O except when v, ¢} '({0})=1 in which
case v, p; H(t, 0)=0 for all t>0. So this case doesn’t bother us.

In all other cases, one has h;(0)=h0)=0 and h{(0)=0;* where o}
=[x®vo0; (dx)=T(¢;, @)).

Therefore there exists a 6>0 such that for all j and r/ﬂéé one has
ey mz(1~8)2 /202 n.

From the second inclusion in (3.4) one obtains I'(U)=<1/2 af. Using this,
together with (3.5), one obtains

(3.6) vt F)Smexp(—t>(1—e)(I'(F)—g) for t/)/n<.

This proves Theorem 3 in this case. If I'(F)=co then the proof is similar.
Let now F be closed.
Let | |, be constructed according to Lemma 5 (for v). For D,={x: |x|,>1}

1 .
we have by Lemma 6 a=limsup sup—zlogv (D,) <0, the sup being over those
t,n with ¢ <t <7/nje. e
For any >0 one has

1 1
limsup sup —- 2 logv,(tF) £max (hmsup sup — " v, (t(F nD?)),

£ 0 [Sdiv s}

1
limsup sup — 3 vn(Dn))

[ o]

<max(—I'(F nD9), r*a)<max(—TI'(F),r*a).

Letting r— oo the theorem is proved. [

§4. Proof of the Theorem 1 and 2

If x=(x,, ..., x,) € B", we write 5,(x) or for short just s,= ) x;. Then
i=1

(41)  E(exp(n®(S,/n))=|exp(n (s, (x)/n) u"(dx)
=exp(n({log M(D ®(x*)) —D P(x*) [ x*]+ P(x*)))
- fexp (n(P(s,/n) — B(x*) — D D(x*) [s,/n —x*]) v"(dx).
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The factor before the integral is just exp(n(®(x*)—h(x*))). We split the integral
into three parts:

Let A (¢, nj={xeB" lsn/n—x*lgcl/ﬂ}
Ayley, ey my={x€B" ¢,/ n<lsfn—x*<c,}
Ajlcy, ny={xeB": ¢, <|s,/n—x*|}

and we write the integral in (4.1) as

= I + j + I =1I,(c;,n)+1,(cy, e, m)+15(cy, n).
Ay Az As

We shall prove:

42) I, (c;)=1lim I,(c,, n) exists for all but countably many ¢, >0.

(43)  lim Ij(c;)={exp((1/2)D* ®(x*)[y*]) 7(d).

1>

(44) lim supl,(c,, c,,n)=0 for small enough c,.

1+ ® n

(4.5} lim I;(c,, n)=0 for all ¢, >0.

From (4.2)-(4.5) the Theorem 1 clearly follows.

Proof of (4.2) and (4.3). If xe B then

(4.6) D (x +x*) — D(x*) =D ®(x*) [x]+(1/2) D* &(x*) [x*]
+(1/6) D @(x* +0x) [x*]

where 0 <0< 1. Therefore

n(@(x + x*) — G(x*) — DB (x*) [x]) = (1/2) D> B(x*) [(})/ nx)*] + O(1/}/n)

uniformly in x as long as ]xl§c1/ﬂ.
By the central limit theorem

imI;(c;,n= [ exp((1/2)D*D(x*)[y*])y(dy)

n> o [¥I<es
except for countably many c,. From this (4.2) and (4.3) follow.
Proof of (4.4). If ¢>0, let A,={xeB: (1/2)D* ®(x*)[x*] +¢[x|*=1}. We claim
that for sufficiently small ¢>0 one has I'(4)>1. To prove this, let B,
={xeB:|x|?2r} and A;={xeB:(1/2)D*®(x*)[x*]=1-06}. Then A,
<B,UA,, and so

@.7) I(A)zmin((B), I'(4,,).

As {xeB: |x|5Zc} is compact in B, it follows from Remark ¢) following the
proof of Lemma 1 that I'(4,)> 1. If >0 then

I'(Ay)=inf {(1/2)|x[%: (1/2)D* @(x*)[x*] 21 -6} =(1 —=6) I (A,).

Therefore, I'(A;)> 1 for small enough 6> 0.
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As {xeB: |x|3=c} is bounded in B we have I'(B,)— oo for r—oo. So we
conclude from (4.7) that I'(4,)>1 for small enough ¢>0.
Using (4.6) one obtains for small enough ¢,

Iy(ey, €5, m)= § exp{(1/2)D* &(x*)[y(x)’]

cr< |y g2V
+(1/61/n) D3 @(x* + 0 y(x)/)/ ) [y(x)*]} v'(dx)
where y(x)=7/n(s,(x)/n—x*).

For given £¢>0 we can choose ¢, small enough in order that

1D? @ (x* -+ 0y(x)/)/ m) [y(x)°1/6 Y nl e |ly(x)1?

in the domain of integration. Therefore

Ls | exp((1/2D*@(xx*)[y*]+elyl*)v"(dx)

ci<ly|Se2vn

= T eviix: (17202 0(H) [y ]+ ey 2,
e <y e, Y/n})de
= | eviix: y@eVid e, <yl S, ndr.

According to Theorem 3, we find ¢ < oo and g> 1 such that

Vi({x: y(x)e)/tA,}) Sexp(—qt)

whenever ¢ §t§ﬁ/c. We choose ¢, small enough such that

V({yeY 14, ¢ <ysc,1/np)=0
if t>ﬂ/c. Therefore, if d> ¢ then

d ©
L | évi(y>c,)di+ | eedt.
— o0 d

So limsupsupI,(c,, c,, n)< [ e Vigy.

1> o0 n d
By letting d— oo, (4.4) follows.
Proof of (4.5). If c;>c, then
§ exp (n(@(s,/n) — @ (x*) —D @ (x*) [s,/n —x*1)) v'(d x)
c2< lspfn—x*| Ze3

converges to 0 exponentially fast as n—» oo by standard large deviation results
(see [2] and [5]). (Remark that the sum in the square brackets remains
bounded in the domain of integration.)
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So it remains to estimate I;(c;, n) for arbitrary large c¢;. There is an M >0
such that
I(ey,ms | exp(Ms,)v"(dx)
[sn/n—x*| Zc3

<(fexp2M [5,) V" (dx) v"(Is,/n —x*[Z c5))*
=(Jexp @M [x]) v{dx)72 v{js,/n —x*| 2 ¢5).

Using Lemma 4 and standard large deviation results, one sees that the second
factor goes to 0 exponentially fast with an arbitrary large exponential rate if ¢,
is chosen sufficiently large. So lim I5(c;, n)=0 follows and so (4.5).

n—r o

Therefore, Theorem 1 is proved. [

Proof of Theorem 2. We only sketch the proof as it is straightforward from the
method in the proof of Theorem 1.
First of all, it follows from the proof of (4.4) that

Sn
lim sup E (e"®>9~ 26 " Gy

t—> o0 n

(VaSan—xlozy) = O-

S - .
Therefore the sequence of laws of ﬂ (l—x*> under P, are tight. If peB¥, then
n

using the same method as in the proof of Theorem 1, one obtains for 1eIR

Sn
lHm E(eiiw(ﬁt(sn/n—x*)) en<I>(Sn/n))/E(e"q’ (77))
n

—Z [ Oy (g

with Z={e*?*®&9y(gx) and this, by Lemma 2, equals | e”*™y'(dx).
So Theorem 2 is proved. U
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