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A Lemma on Regular Variation
of a Transient Renewal Function

H. Callaert and J.W. Cohen

Let F(x) be a defective, non lattice distribution with

F(0)=0, F(o)=a, O<a<l, 1)
and
Ulx)= ;F"*(X), 2
so that "
U(oo)=0o/(1 —a). 3)

Lemma. For p =0 and L(x) a slowly varying function at infinity

U(w)—-Ux)=
iff F(oo)—F(x)=o(l —a)x~* L{x).
Proof. From the renewal equation

Ux)=F(x)+ F(x)= U(x),

-y
=g ¥ L)

we have
1—a

1—
U<x>=<1—a){F(x)/oc}+oc{F(x>/a}*{ — U(x)}. @

1—
Obviously, F(x)/x and x

" U(x) are non-defective probability distributions. Let

x, and x, be non-negative, independent stochastic variables with distributions

H, (x)=F(x)/a=Pr {x, <x},
1—a )
Hz(x)=T Ux)=Pr{x,<x},
so that
Prix,<x}=(1-0)Pr{x, <x}+aPr{x; +x,<x},
and hence
i

1 —
Pr{x; +x, 2%} =— Pr{x, 2x} —— Pr{x, 2}. 6)

Since x, and x, are nonnegative, we have for £>0 (cf. Feller, p.271),
Pri{x; +x,2x}2Pr{x; 2x(1+¢)} Pr{x, <xe}

™
+Pr{x, 2x(1+¢)} Prix, <xé},
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Pr {x, +x,2x} <Pr{x, 2x(1—)} +Pr {x, 2x(1—2)}

+Pri{x; 2xe)Pri{x,=xe}. ®)
Consequently, from (5), (6), (7) and (8),
{1—H,(x(1+¢))} Hy(x&)+ {1 —H,(x(1+¢))} H,(xe)
1 1—
<— (1 Hy(0) = — (1 H, () ©)
S1—H(x(1—¢)+1—H,(x(1—¢)+{1—H (xe)} {1 - H,(xs)}.
Suppose
1—H (x)=Pr{x,2x}=x""S(x) for x— o0, (10)
with S(x) slowly varying at infinity. Then from (9),

1 . 1—H,(x(1 +¢)) 1. . 1-H,(x) 1-a
fﬁ—_g)?{l—}-hgionf((1+a)x)“"S(x(1+a))}§?h}£§onf S0 o (11)
1. 1-Hy(x) 1-a 1 . 1—H,(x(1—¢))

2 MU T é(l—e)ﬂ{“rllﬂ‘l?p ((l—s)x)"’S(x(l—s))}’ 12

since for e>0 and x — oo,

S(x(1+¢) ) 1—H,(xe)
S(x) o x~*S8(x)

From (11) and (12) it follows for £>0 that
1-H,(x) _ a+(1—a)(l+e)

{1-H,(xe)} —0.

lim inf =

oo x7PS(x) T (I4+ef—a

. 1-H,(x) _o+(1—a)(1—¢f . )
lll;cllsgilp 7 S() = 1—ef—a with (1—¢f>ua;

so that by letting ¢ 0,
.. . 1—H,(x) 1
< f—zoﬂsl 27 < )
| oy Sminf sy SIS =6y =1y

Hence

1
1-H,(x)= 1% x7*8(x) for x— oo,

or by applying (3) and (5),

x"?L(x) for x— o,

U(e0) =~ Ux) =5 x
with

1
L(DC)=T_—OC S(x),

so that the “if” part of the lemma has been proved.
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With

E 0, S
M=, w0,
it follows from (5) and (6),

E(x)— H, (x)=(1 — ) (E (x)— H,(x))+ o (E(x)— H; (x)) * (E(x) — H, (x)).
From this relation it is seen by iteration that

N
E(x)—H, (x)=(1~2) }_:la""l {E()—H, (x)}"*

(13)
+ oV (E(x)— Hy(x))* {E (x) — Hy ()} %,

for every integer N=1,2, ...

Since the last term in (13) is nonnegative for N even, and nonpositive for N odd
it follows from (13),

Ex)—H,(x) &'

N
Yo" HE(X) = Hy (x)}"* < - < Y o HERX) - Hy(x)})", (14)
n=1 n=1
for every N=2,4,6....
It is readily verified that for m=1,2, ...,
(B0 = Hy (0} = 3 (=177 () (E60 ~ H5* ) (15
k=

Suppose
1—H,(x)=x"*L(x) for x— 0,

so that (cf. Feller, p. 272),
1—H:*(x)=kx"*L(x) for x— 0. (16)
Hence from (15) and (16),

. AEX)—-H,(x)p"* & (m 1 for m=1,
I = Y (— 1Tk ):
cw x LX) 20 k) 710 for m=2,3, ...

17)

Dividing the terms in (14) by x~* L(x) and letting x —c0 we obtain by using (17),

lim infﬂ;l-a,
x—w X pL(X)
: 1-H,(x)
hanﬁ'so})lp x~? L(x) sl-a
ie.
1—H, (x)=(1—a)x"* L(x) for x— oo,
or from (5)

F(oo)—F(x)=a(l—o)x ?L(x) for x—co.

The proof is complete.
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