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Abstract.  In this part we find out the 24 equations of secular perturbation equations for the 
subsystem J-S-U-N. The solution of these equations by the Lagrange-Laplace procedure and the 
Eigen value Eigen vector is analysed. Also we refer to Hurwitz theorem to test stability. 

1. The Lagrange-Laplace Procedure 

We have the following set of canonical third order secular perturbation equations 
for the J-S-U-N subsystem 

dLIs - O, 
dt 

dt aL~s 

dH~ 0 
dt - aK" (F( + F~ + F~), 

dKls 0 FI 
d ~ - -  cg~rf( l + f ; + F 3  )' 

dP~ (9 , 
- ( N  + + r ; ) ,  

dt OP~ 

where 

4 4 2 3 
Y ; =  E / c  frtofrtos/~ s 

s=1 2L~ , s = 1 , 2 , 3 , 4 ,  

(1) 
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and F[, F~, F~ are given in Part III. 
We see now that the secular perturbation equations for the case of the four 

major planets J-S-U-N could be written f o r / / I ,  /(I ,  P ' ,  Qts; s = 1, 2, 3, 4 in 
the following form after dropping the prime of H ' ,  K '  s, lZ~, QIs, for simplicity 
of writing, and after performing the partial differentiations of F 1 with respect to 
the new Poincare' canonical variables. 

di l l  

dt  
- aK1  + bK2 + cK3 + dK4 ,  

dH2 
= a 'K1 + b~K2 + c 'K3 + d K 4 ,  

d t  

dH3 _ a " K 1  + b ' K 2  + c"K3  + d'K4,  
dt 

dH4 = d ' K 1  + b " K 2  + c ' t K 3  + d '"K4;  (2) 
dt  

dK1 

dt  
- -  - a l l1  - bH2 - cH3 - dH4,  

d t  
- -  - .a' H1 - bI H2  - c' H3 - d' H4, 

dK3 
dt  

- -  - a" Ha - b" H2 - c" H3 - d" H4,  

d...~. _ a '"H1 - b" 'H2 - c " H 3  - d" 'H4;  (3) 
dt  

and 

dP1 
dt  

= A Q a  + B Q 2  + C Q 3  + D Q 4 ,  

dP2 _ At  Q1 + B t  Q2 + C/Q3 + Dt  Q4 ' 
dt  

I!  dP3 = A ' Q 1  + B ' Q 2  + C ' Q 3  + D O,4, 
dt  

dP4 _ A'"Q1 + B ' " Q 2  + c" 'Q3 + ~ w4, 
dt 

(4) 

dQ1 
- AP~ - B P 2  - CP 3  - D P 4 ,  

d t  
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d@2 
dt 

- A'P1 - B 'P2 - C'P3 - D'P4, 

dQ3 
dt 

- A"P1 - Bt 'p2 - C"P3 - D"P4,  

dQ4 
clt 

- A"IP1 - Bt"p2 - C"tp3 - D'"P4, 

where a, b, c , . . . ,  d"' and A, B,  C , . . . ,  D ' "  are constants and are given by 

a = 2 ( 1 9 2 - - 1 9 3 7 + 9 1 3 o ) ,  

1 1 1 l ~  
b = ~910 - ~945 + 9134 + 7(2930999 - 9329100) - ~ 2970932, 

(5) 

(6) 

(7) 

C = 
1 1 1{ (0922 _0922"~ 
~912+~ff47+9135+~ 981 \~-L-'- 3 Z~-~4/ + 

(0981 2 0981 
+922 \ - ~ 3  - ~ 4  J + 4924985 -- 2926986 - -  

--2932999 + 49319100 + 957922 \OL3 Z ~ 4 J  + 

(09957 AG9957"~ + V1957 >( +v~922 \ ~  z~4 ) 
(0922 2o922) I X \ OL3 - ~ 4 J  + 4V2g70931 j (8) 

1 1 1 {  (20923 00923) 
d = ~920 - ~951 +9136 + ~ 981 \ ~ 4  OL3 

/ 

(0981 20981"~ 2926985 } -923 \ ~  -0-~4J + 4925986-  

1 {923957 (OV1 OV1 ", (0957 
4 \ ~ - 3  - 2 ~ 4 )  + V1923 \ -~3  

(o923 _o923 
+ ~/] ._q57 \~-33 Z - ~ 4  ) } ' 

a r = b, 

- -  - 2 09957 "] 
~724/+ 

(9) 

(10) 

1 2 22) b ~ = 2 194 + ~{V2(4930 + 93_ - 938} + 9131 + 

1 V2, 4 ] 
+ ~(49309102 - 9329103) - --~-I, 968930 + 932971) 

J 
(11) 
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c t 1 1 
~914 + ~(949 -- 4V2932(930 + 931)) + 9137 + 

1 (982 { 0922 - 0922 "~ ( 0982 2 0982 "~ + 
+-~ . t - - ~  z -~4  ) + 922 \-d-i7 -g~4 / 
+4924987 -- 2926988 + 49103(930 + 931) -- 4932(9104 + 9102)} + 

1/922958 ( or ,  _ or, ", ( 0958 2°958'~ + 
+4 ,. tot3 %-z-2~) + v,922 t ~ / - ;  ~-~4/ 

(o922 _ o922"~ "~ 
+V1958 \ 0~3 Z-~-~-4 ) +4V2932(g68+g69)+4V2971(930+g31)j, (12) 

d I 1 1 1 {4925988- 7916 -- ~953 + 9138 + 

( o r ,  _ ov, ~ 
--2g26987 + 49309105 -- 29329106 -- 958923 \OL3 -- Z-O-~4) + 

( 2  0923 0923 "] ( 0982 _ 0982 "~ 
+982\ ~ -g-~ / - 923 ~ ~ ~ - ~  ) - 

(0958 2 0958 ~ - V1958 ( 0923 - 0923 "~ "~ 
-V1923 \ ~33 - ~ 4 / /  \ OL3 "Z-'~4) f '  

a II = c~ 

(13) 

(14) 

(15) 

C tl 2 [½96 + ~ \ ~ 0L3 
(OV1 ~OVI"~ 2 2)  } 

x k 0L3 - ~-g-~) + 4V,9~4 + V,926 + 2V2(492, + 93~ - 2939 + 

+9,32 + ~ ~ ~ / +  922 \ ~ 5-/74 / 

1 {922959 ( 071 _ OV1 "~ 
- - 2 9 2 6 9 9 0 + 8 9 3 1 9 1 0 4  - -  2ff329103} A-~ ~,~33-- Z'~4) "1" 

( 0959 - 0959 "~ ( 0922 - 0922 "~ 
+V1922 \ ~ 3  z - ~ 4 ) + V l g 5 9 \ a L 3  2~-4-4 ) + 

}' 
+V1(4924961 -- 926963) - 2V2(4931969 + 932971) + 48 X 

1 X {_8Vlff22 (Tff23ff26.4. g22ff24) (OV1 0V1' k, OL3 - 2 ~ 4 )  - 
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{ 0922 2 0922 ~ -- 3V7922926 × -V?(12922924 + 3923926) \0~3 -0L-44 ) 

( 0923 _ 0923 "~ _ 6V2922 ( 0924 2 0924 "] 
× , , ~  ~-D-E) <-5-£~ -G-E/- 

( 0926 2 0926 "~ ~] 
-- 3 V12922923 t,,. ~ ~ j j j ,  

101 

(16) 

d" ~918 + 5 922923 OL 3 Z~44) + V1923 \ ~33 -~4J  + 

¢ 0923 2 0923 ~ } 
+71922 \ ~33 - ~ 4 J  -- 2V1926(924 + 925) - 955. + 9139 + 

1{984(0922 20922~ (0923 20923 ~ +~ -- 983 + ,,-a-z7 -o--E/ ,,-D77 -GE/ % 
( 0984 0984~ ( 0983 - 0983 

+4990(924 + 925) -- 4926(991 + 989) + 
1 

+49319106 -- 29329105} + ~ {(923959 + 922960)× 

(2 0v~ OVl (0959 _ 0959 ~ 
x \ 0L4 - ~ 3 )  - V1923 \-~3 2-0~4) - 

( 0960 2 096o"] _ V1960 ( 0922 2 0922 "~ 
-v~922 , -DZ7 -5-E / t a-g~ --D--E~ / - 

( 0923 2 0923 ~ -- 2V1926(961 + 962) + -v1959 \ ~3  -om4J 

+ 2V1963(924 + 925)} + ~8 {(871922923 )< 

( ov1 
)<(924 + 925) + 4V1926(922 + 923)) \~33 

( 0922 
+6V?(922926 + 923(924 + 925)) \ - ~ 3  

( 0923 
+6V?(923926 + 922(924 + 925)) \ ~ 3  

+6V? {922923 ¢ 0924 ~ 0924 0925 
\ ~L3 zTE4 + OL----; - 

+~(923 + 922) OL3 z-g-E] ' 

___2OVl) 
OL4 J + 

_ _  _ 20923 ~ + 
~ 4 /  
20m5'~ 
~ 4 )  + 

I l l  

b lit : d t, 

(17) 

(18) 

(19) 
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(20) 

[ d "  = 2 198 + ~ 923 Z~44  OL3 - 294o+ 

( 0923 0923 "] V1(4925 + 926)}+  +2171923 20L4  ~ / + 

1 { (2 0923 0923 
+9133+~ 984 \ ~ - ~ 3 J  +8925991-  

0984 ^ 0984 "~ 
--923 OL3 2 - ~ 4 )  - 2926990 + 923960 x 

(" 0171 _ 2 0171 ~ + 171923 /" 0960 ^ 096o "~ 
X \or3 OL4.] \--~3 2-0~4J + 

+Vlff60( 0923 20q923 "~ 926963)} OL3 --~4 J + 1/](4925962 -- 

1{ 48v, (4922923926 +89 3925)(or1 20v1"  
- - - -  \ OL3 OL4 J + 

¢0922 20922~ + + 12171923925 ) +3V1923926 \ -~3  OL4 .] (3V1922926 x 

¢ 0923 - 0923 ~ + 6V1923 ¢ 0925 .0925 "~ 
x t L7 toL3 + 

¢ 0926 2 0926 "~ 
+3r~ 922923 \ - ~ 3  " ~ 4  J }] 

A = 93 + 941 + 29140, 

1 1 
/~ = ~911 + ~946 + 9144 + 9339110 -- 9359111 -- 2V2935975, 

(21) 

(22) 

(23) 

C = 
1 1 
~913 + ~948 + 9145 + 927992 -- 929993 + 

+9349111 -- 9359110 + 2172934975, 

1 1 
D = x921 + xff52 + 9146 + 928993 - 929992, z z 

A I  ~ B ,  

(24) 

(25) 

(26) 

B '  = -95  + 41/)(9323 + 9325) + 942 + 2(9141 + 29339108 -- 

--9359112 + 2V2(933973 + 935976)), (27) 



THIRD ORDER SECULAR ANALYTICAL J-S-U-N THEORY BY HORI-LIE TECHNIQUE 103 

Cl 
1 1 

+ ~ ( 9 5 0 - 8 V 2 9 3 5 ( 9 3 4  + 935)) + 9147 + 927994- -  ~915 

--929995 + 9112(933 + 934)--2935(9109 + 9108) + 

+2½{93s(974 - 973) - 976(933 + 934)}, 

1 1 
D ~ = ~917 + ~954 + 9148 + 928995 - 929994 + 9339113 - 9359114, 

A t! = C ,  

B 11 ~ C ! , 

(28) 

(29) 

(30) 

(31) 

Ctt  = --97 + 943 + 2Vl(ff27 + 929) + 41/2(924 + 925) + 

+2(9142 + 2927996 --  929997 + 29349109 --  9359112 + 

+V1 (927964 + 929966) --  2V2(934974 - 935976)), (32) 

D I! ..~ 
1 1 
~919 + ~(956 - -  4V1929(927 + 928)) + 9149 + 997(927 + 928) --  

--2929(996 + 998) + 9349114 --  9359113 --  Vi {929(964 + 965) + 

+966(927 + 928)}, 

A lit = D, 

B m = D I, 

C m = D ' ,  

(33) 

(34) 

(35) 

(36) 

Dt t '  = - 9 9  + 944 + 21/1(928 + 929) + 2(9143 + 2928998 - 929997 + 

+V1 (928965 + 929966)), 

where the values of  9's and V's  are given in Part III. 
Let a particular solution for Equations (2) and (3) be 

Hs = Ms sin(~t + u) 

Ks = Ms cos(~t + u) 
s = 1 , 2 , 3 , 4 ,  

(37) 

(38) 
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Substituting the particular solution in both sides of Equations (2) we get 

(~ - a )M1 - bM2 - eM3 - d M 4  = O, 

- a ' M 1  + (~ - b ' )M2 - c'M3 - r i M 4  = 0, 

- a "  M1 - b" m 2  + (~ - c " ) M 3  - d" m 4  = O, 

- a " M 1  - b " M 2  - c " 'M3  + (~ - d " ) M 4  = O. (39) 

Since Mr,  M2, M3, M4 are not identically equal to zero, hence the condition 
that these simultaneous, homogeneous linear equations have a common solution 
other than M1 = M2 = M3 = M4 = 0 is 

~ - a  - b  - c  - d  
- a  I ~ - b t _ c  / _ d  / 
- a "  - b "  ~ - c "  - d "  = 0 ,  (40) 

- a "  - b "  - c "  ~ - d "  

which is a well known theorem in the theory of equations. 
By Laplace expansion we can find that the condition is 

i.e. 

- a b b ~ - c" - d "  
- a '  ~ -  , x - c ' "  ~ - d ' "  - 

- a - b  - c '  - d '  
- - a "  - b "  x _ c j .  ~ _ d m  + 

- a - b  - c '  - d '  
+ - a m  - b m  × ~ - c "  - d "  + 

+ _ a r t  × _Grit ~ ttt - -  

- a '  ( - b I - c  - d  

- - a  "~ - b  "~ × ~ - c "  - d "  + 

- a "  - b "  - c  - d  
+ _a.~ _b.~ × - c  r _ d  ~ = 0 ,  

~4 _ d.,~3 _ Ch'~3 + c .dm~2 _ b,~3+ 

+btd"~  2 + b ' c ' ~  2 - b ' c ' d " ~  - a~ 3 + adm~2+ 

(41) 
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+ a c ' ~  2 -- a c ' d m ~  + ab'~ 2 _ ab td ' t~  _ ab tc '~+ 

+abtc" d m _ a'b~ 2 + a 'bdm ~ + a lbJ '  ~ -  

_ d bc" d m _ ( b " J ~ 2 - b "c~ dm ~ _ b "c~a~ + b " c ~ a d ' %  

+ b ' d c m ~  - b ' d c m a  + ba ' c l~  _ b a ' c t d m  + 

+ b a ' d ' c " )  + ( - b m c l d ' ~  + b'Ic" c~l a - brad'S2+ 

+ b m d c ' ~  + b m d a ~  - bmdl ac"  _ bamc~d" _ b a m d ~ +  

+bamd~c ") + ( - d b "  c~ + d b ' c d  m - d b ' d J ' -  

- a "  c~ 2 + a ' c d ' ~  + a ' c b ' ~  - a 'cb~d m - a ' d c " ~  + 

+a" dcmb ~) _ ( d b m c d "  + a~bm d~ - d b m  dc" + 

+ a m c d ' ~  - a "  c d ' b  ~ + amd~ 2 - a " d c ' ~  - amdb'~+ 

+ a " d b ' J ' )  + ( a ' b m c d  ~ - a ' b " d c '  - b ' a m  c d %  

+b" amdc  ~ - c m d ' ~  2 + a c m d ' ~  + b~ c m d ~  - ab~ cmd" + d b J ' d "  

- a ' b d c  m) =- O, (42) 

(Ferrar, 1953), which could be written in the form 

0 ~ ~4 + ( _ d . t  _ ct! _ b' - a ) ~  3 + 

+ ( c ' d  m + b~d m + b~c" + ad  m + ac"  + ab ~ - 

- r i b  - b ' c  I - brad I - a"  c - a m d  - c m d ' ) ~  2 + 

+ ( _ b ~ c ' d  m _ a c ' d  m _ abed m _ ab~c" + a~bd m + 

+ d b c "  + b" c~d m + b 'c t  a - b 'd l  c m - 

_ b a "  c ~ _ bm crd" + b m d c "  + b'~d~a - 

- b a r e d  ~ - d b ' c  + a" cd m + a"  cb ~ - 

_ a ' d c  m _ d b m d  _ amcd"  + amdc"  + 

+amdb ~ + a J ' d "  + b ' c ' " d ) ~  + ( a b ' c ' d  m - a ' b c ' d  m - 

- b ' c l  ad  m + b" d~cm a + ba'c~ d m + 

+bmcl d ' a  _ bm d ac"  _ bam cl d" + bam d~c" + 

+a~b" cd m _ d b ' d c  m _ a" cb~d m + a ' d c m b  ~ _ 

- d b m  cd" + a~bmdc" + a m c d ' b  ~ _ amdb%" + 

+ a ' b m  cd ~ _ a ' b m d c  ~ _ b ' a m c d  + b" a mdc  ~ _ 

- a b l  cm d" + albcm d" _ a 'bdI  J ' ) .  (43) 
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An equivalent form to Equation (43) is 

~4 + D ~ 3  + D , ~ 2  + D " ~  + D "  =_ O, (44) 

Equation (44) is a biquadratic equation where D, D ~, D", D m are functions of 
the Poincare' linear variables Lu; u = 1, 2, 3, 4; and by definition, they are 
constants. The solution of this quartic equation of the fourth degree gives us the 
values of ~1, ~2, ~3, ~4. There are two methods for the solution of the quartic 
Equation (44). The first by the procedure of the Italian algebraists Ferrari and 
Cardan in the first half of the sixteenth century. The quartic equation splits into 
the two quadratic equations 

0 _ ~ 2 +  _ _ 

(45) 

(Uspensky, 1948), y is any root of the resolvent of the quartic equation namely 

0 - -  y3  _ D t y 2  + ( D D "  - 4 D ' " ) f l  + ( 4 D ' D "  - D 2 D  m - D"2) .  (46) 

Let the root be that one which is free from imaginary quantities, namely 

Yl = ~ + v/-B, (47) 

where 

qV p 3 
A = - ~ +  + 2---7 

B _ q + _ _  
2 27 

and 

p = D D "  - 4 D  m - } D  I2 

1 2 
q = 4 D ' D "  - D 2 D  m - D "2 + - z D ' ( D D "  - 4 D " )  - - - D  t3. 

27 3 

(48) 

(49) 
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So we can assign the value of Yl which is expressed in terms of coefficients 
D, D',  D", D"'  appearing in the quartic Equation (44), and we are capable of 
solving the two quadratic Equations (45), which yield the four required roots {~; 
u = 1, 2, 3, 4 of the quartic Equation (44). 

The second method to find the values of {u; u = 1, 2, 3, 4 is by Jacobi's 
procedure to solve determinant equations indicated in (Brouwer & Clemence, 
1965, p. 521. 

Since we have four non-zero values of {, we then have correspondingly 
four sets of equations, each is composed of four linear homogeneous equations. 
According to Equation (39), the first set is the following 

- (1) - (1) (~1 - -  a)JV/1 - -  bM½ - c M ~  1 ) - r i m  (1) =0~ 

- a ' M [  l) + (~1 - bl) M(1)  -- c.IM~ 1) - d l a ( 1 )  = O, 

- o f " M ~  1) - bllM(21) + (~1 - cl l )M~ 1) -- d l lM(1)  = O, 

~/11 71//(1) hil t  )1//(1) __ clllM~ 1) + ( ~ l  - din) M(1) = 0. ( 5 0 )  

Similarly we can write the second, third and fourth set. 
Evidently there is sixteen unknowns MrS; r = 1, 2, 3, 4; S = 1, 2, 3, 4. 

Multiply the four equations of the first set Equations (50) by M~ 2), M2 (2), M~ 2), 
M4 (2) respectively; the second set by M~ 1), M2 (1), M~I), " (1) .M), respectively. Hence 
from the first equation of set 1, 2 by subtraction, i.e. eliminating (a), we get 

_ [ 71//(2) 71//(1) 71//(1) 11//(2)~,q , ~/r(2) By( l )  _ M ~ I ) M ~ 2 ) ) c  + (~2  ~I)M~I)M~ 2) + v* '* l  ~ ' 2  - -  *~"1 ~ 2  "~' + k'~Wl Iv13 

[ ]1//(2) 71//(1) 1//(1) 11//(2)~,./ (51) 

Similarly from the second, third and fourth equations of set (1), (2), we get 
by subtraction, i.e. by the elimination of b', c n, d "  

1//(2) 11/1-(1)- M ~ I ) M ~ 2 ) )  a '  + ( ~ 2  ~ I ) M ~ I ) M ~  2 ) +  t~ ' - '2  ~ ' 3  ~- '2  ~ ' 1  _ {71//(2) ~//(1) _ M2(1)M~2))c% 

/11/[(2) 11//(1) M(21)M(42))d , ~ O, 
k~v12 ~ 4  (52) 

and 

11//(1) 11//-(2) __ M ~ 2 ) M ~ I ) ) a , ,  + ~,~v*3 *~'2 ~v-~3 ~-~1 (11//(1) 11///-(2) _ M~2)~i(21))bn + 

z ~ r ( 1 ) ~ / r ( 2 )  M ~ 2 ) M I 1 ) ) d  tt ~ O, -t-(~ 1 - ~ 2 ) ( M ~ 2 ) M ~  1) -t- ~,lvl 3 lVl 4 - -  (53) 

and 

+ 
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11//(2) 11//(1)-~/,,' + (c c __ { 2 ) M I 2 ) M I 1 )  ~ O, (54) 

(~1 --  ~ 2 ) M ~ I ) M ~  2) = b ( M ~ 2 ) M ~  1 ) -  M ~ 1 ) / 2 ( 2 ) ) +  c ( M ~ 2 ) M ~  1) -- 

11//-(1) 71//-(2),~ / ( B A r (  11//-(1) 11//(2),~ -- + d t m l 2 )  lvl41) ~ 1  ~'~4 ], "~'11 "~3 ,' (55) 

(El - g'~2) M,(1)j~(2)2 2 = a ' (M~l)M(22)  _ 11//-(2) 11//(1)~ ct(M~(2)M~(1)2 3 

- m ' ( 1 ) j ~ ( 2 ) ) 2  3 + dr( M(2)M(1)2 4 - m ( 1 ) M i 2 ) ) ,  (56) 

--  = 11/r(2) 11/r(1)~ b t t (_M~I )M2(2 )  + (~1 ~ 2 ) M ~ 2 ) M ~  1) a t t ( - M ~ i ) M ~  2) + ~ '3  ~ 1  J +  

+M~2)M~I)) + d"(-M~l)M(42)+ 11//(2) 11/t'(1)'~ 

and 

(57) 

r x .~(2 )M(1)  = a t t t ( _ _ m i l ) m i 2 ) + ~ w 4  ~Wl , - v  k-.,v., 4 ~12 + (El - q2)ivl4 4 /i//(2) 11//(1)h .a_ httt[ ]1//-(1) ~//(2) 

+11//-(2) 11//-(1).~ c r t l ( _ m ( 1 ) m ~ 2  ) 11//-(2) 11/r(a)h 
"~14 -~-'2 J +  +~v~  4 .v l  3 j .  ( 5 8 )  

After addition of  L.H.S. and R.H.S. of  Equations (55), (56), (57) and (58), 
we find that 

(~1 -- ~ 2 ) M ~ I ) M ~  2) + (~1 - ~2)M2(1)M~ 2) + (~1 - ~ 2 ) M ~ l ) M ~ 2 ) +  

+({1 - ~2)M4(1)M4 (2) ~ O, (59) 

i.e. 

11//(1) 11//(2) a,r(1) ~/r(2) 11//(1) 11//(2)1 (El - ~ 2 ) [ m ~ l ) m ~  2) + ~v~2 ~ ' 2  + lvl3 iv13 + ~v-~4 ~14 J ~ 0. ( 60 )  

Since ~1 5 ~ ~2, whence 

M(1)  11//(2) ~ ( 1 )  a/t-(2) 11//-(1) 11d-(2) ~/[(1) 11//(2) 
1 ~'~1 + ~v't2 ~ " 2  + ~'~3 ~13  + ~v'~4 ~ 1 4  = 0 .  (61) 

Repeating this process for (~1 - ~3); (~1 - ~4); (~2 - ~3); (~2 - ~4); (~3 - ~4), 
i.e. for sets (1, 3), (1, 4); (2, 3); (2, 4); (3, 4) we get-assuming that there is no 
pairs of  equal roots 

. . . .  2 ~12 + lvl3 ~ 3  + O~ 
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m ( 1 )  71//,(4) 71//.(1) 11//-(4) 71//.(1) 71//.(4) 71//.(1) 71//.(4) 
1 "~'~1 + ~ 2  ~'~2 + ~ " 3  ~ 3  +~"~4 ~14 ~ O~ 

M(2) a//(3) M~2)M~3) + M~2)M~3) + <2)M4(3) _ O, 
1 ~*1 + 

4-(2) 71/i-(4) 71//-(2) 71//(4) 71//-(2) 71//(4) M~2)M~ 4) + Lw2 ~v*2 + ~13 ~v*3 + ~"~4 ~14 ~ 0, 

M ( 3 )  71//(4) ~4-(3) }1//-(4). 71//-(3) 71//-(4) + 71//-(3) 71//-(4) 
1 LV"l + lw2 ~ 2  -- ~ 3  ~ 3  ~ ' 4  ~v"t4 ~ 0~ (62) 

or generally for any number  n of  planets 

M ( r )  n//(s) 71//(r) 71//(s) ± • • + - /] /[(r)M(s)  =- O, (63) 

with r = 1, 2 . . . . .  n; s = 1, 2 . . . . .  n; r 7( s, (Brouwer and Clemence, 1965). 
For instance for n = 4, we have for r, s the combinations (1, 2); (1, 3); (1, 

4); (2, 3); (2, 4); (3, 4). 
The general solution of  Equations (2) and (3) is the following 

4 

Hs = ~ M} j) sin(~jt + uS) , 
j= l  

4 

= M J) cos( ,t 
j = l  

(64) 

To evaluate the constants of  integrations, we put t = 0 in Equations (64), then 

4 

(Hs)o = ~ M} j) sin uj ,  
j=l  

4 

(Ks)0 = My)  cos 
j=l  

(65) 

where (Hs)o, (Ks)0 are the Poincare'  canonical variables known from the orbital 
dements  at t = 0. For instance for (Hs)0 

. (2) sin U2 + M~ 3) sin U3 + M-~ 4) sin u4, (H1)o = M~ 1) s inul  + M 1 

(H2)o  = M2 (1) sin u 1 -I- n//2 (2) sin u2 + M~ 3) sin u3 + M~ 4) sin u4, 

( 9 3 )  0 = M~ 1) sin Ul + M~ 2) sin u2 + M~ 3) sin u3 + M~ 4) sin u4, 
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(H4)o = M4 O) sinux + M4 (2) sinu2 + M4 O) sinu3 + M4 (4) sin u4. (66) 

Multiply Equations (66) by M~ r), M2 (~), 3/3(r), M4 (~) respectively, we obtain 
after the addition of all R.H.S. and L.H.S. 

71//(r) 71//(1) 71//(r) 71//(1) 71//(r) 71//(1) 71//(r) 71//(1)~ 
~ 1  ~ 1  + ~ 2  -~¢-~2 +~-~3 "~~3 " b ~ 4  ~ '4 , , s i nu l+  

(71//(r) 71//(2) ~ar(r) 71//(2) a. h//(r) 71//(2) M(r)M (2)) sin 

t" ]l//(r) 71//(3) ~/r(r) 71//(3) + M~r)M~3) + M(r)M4(4))sin u3+ ~ 1  ~ 1  +~w2 ~ 2  

(a//(r) 71//(4) a/r(r) a//(4) .a. ~l//(r) 71//(4) 71//(r) 71//(4)-~ 

- (H1)oM~ ~) + (H2)oM2 (~) + (H3)oM~ ~) + (H4)oM4 (~). (67) 

Substituting r = 1, 2, 3, 4 in the L.H.S. of Equations (67) and using the 
relations (63), we can obtain 

[ { M ? }  2 + {M~I)} 2 + {M~I)} 2 + {M(1)}2] sin Ul + 

+[{M~2)} 2 + {M2(2)} 2 + {M~2)} 2 + {M(2)}2] s inu2 + 

+[{M~3)} 2 + {M2(3)} 2 + {M~3)} 2 + {M4(3)}2] sinu3+ 

+[{M~4)} 2 + {M2(4)} 2 + {M~4)} 2 + {M4(4)}2] sinu4 = 

_ (M~I) + M~2) +/~/~3) + M~4))(H1)0+ 

+ ( v 2  (') + 3) + 

+ ( a ~ l )  + M~ 2, + M~3)+ M~4')(H3)o + 

+(M4(1) + < 2 ) +  M ( 3 ) +  M(4))(H4)o . (68) 

Equation (68) could be written in the general form 

.r 71//(r)12 [{M~r)} 2 + {M~r)} 2 + t ~  3 j + {M(4r)}2]sinur 

-- M~r)(H1)o + M(r)(H2)o + M~r)(H3)o + M(ar)(H4)o, (69) 

where r = 1, 2,  3, 4 .  
Divide both sides by {M~r)} 2, then we get 

{M~r),2 {M~r)'~ 2 (M(4r)'~ 2] 
1+ t'~-~l(r)) + ~M~r) ) + t'-~-1-177) . sinur = ] 
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(r) (S-Sl)O + t (He)0+ t'~l(r))(H3)o+ tM~r)) (U4)o , (70) 

i.e. 

/ us(") 'x / M(,~) x (v~,-) ,~ 
(HI)o + t ~ ) ( H 2 ) °  + t ~ ) ( H 3 ) °  + tM-----(BI )(H4)o 

M~ r) sin u~ = (7 l) 
M!~)5 27 

The same procedure is repeated for the Poincare' variables (Ks)0, and we 
obtain 

(KDo + \ v~) ) \ Vl~, ) (K3)0 + \~.--~-(,.)) (K4)0 
M~ r) cos u~ -- (72) 

L 

From Equations (71), (72) we can easily deduce that 

(ul)O+ t, C)(U2)o+ 

/M(r), ~ ] 2 [  (m~r)~ 2 (M~r)~2 eMir) ~ 2 ] 

(Hi)° + t~)( /2 /2)0+ t~ ) ( / - /3 )0+  \~TYl(r)J (H4)° 
tanu~ = (73) 

whence we can find the values of M~ r) and the phase constants u~ where r = 
1, 2, 3, 4, namely a ~  1), a ~  2), a ~  3), a~4); Ul, u2, u3, ~;4 which are the eight 
constants of integration. The ratios M(21)/M~ 1), M~I)/M~ 1), M(41)/M~ l) are known 
since they are the ratios of the appropriate minors of the determinant Equation 
(40) for { = &. 

Similarly the ratios M2 (2)/M~ 2), m~ 2)/a~ 2), <2)/a~2), M2(3)/a~3) a~3)/M~3) 
M4(3)/M~3), M~4)/M~ 4), M~4)/M~ 4), M4(4)/M~ 4) could be acquired as the ratios 
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of the appropriate minors of the determinant Equation (40) for ~ = (2; ~ = ~3; 
= (4 respectively. Whence the sixteen A//~ are known where r = 1, 2, 3, 4 and 

s =  1 , 2 , 3 , 4 .  
Similarly for the Poincare' variables P ,  Q the particular solution is 

Ps = Ns sin(~t + v) 

(74) 

Qs = Ns cos(~t + v) 

Evidently we have a corresponding determinant equation with eigenvalues ~ ,  
u = 1, 2, 3, 4. The general solution for the four major planets J-S-U-N is 

4 

Ps = N~ ') sin vl + ~ N(~ j) sin(Cjt + vj), 
j=2 

(75) 

4 

qs  = N~ ~) cos ~ + Z N ?  cos(¢j~ + ~j). 
j=2 

Both determinant equations for H,  K; P,  Q have all real roots. 
This fact was demonstrated by Sylvester. However the four values of ~ are 

positive and different and all four values of ¢ are negative and different except 
for the zero root. Similar corresponding expressions may be obtained for the 
evaluations of 2V~" sin v~, & N~ cos vT. (Brouwer and Clemence, 1965). 

From Equation (1) 

Lts = const. (76) 

and 

0/ 
0L, (F;+ F(+E~ + Fi) 

( L ' s ,  ' ' ' ' Hs(t), Ks(t), U~(t), Qs(t)) dt s : 1 ,2,3,4,  (77) 

where H~( t ) , . . . ,  QIs(t) are substituted from Equations (64), (75). 
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2. The Eigen Value-Eigen Vector Method 

A homogeneous linear system differential equations may be represented by 

dx 
- -  = A x ~  
dt 

where 

A .= 

a l l  ' ' '  a l n  

a n l  " ' "  a n n  

X = 

Xl 

x2 

X n  

There exists one and only one solution for this initial value problem 

F x0 
dX = A x  x(to) = x O= I xO 
dt I 

k x o 

Moreover, this solution exists for -oc  < t < +oc 
Equations (2), (3) could be represented by 

- dxl "] 

d J2/ 

_ - - ~ - -  . 

All A12 A13 A14 A15 A16 A17 A18 
A21 A22 A23 A24 A25 A26 A27 A28 
A31 A32 A33 A34 A35 A36 A37 A38 
A41 A42 A43 A44 A45 A46 A47 A48 
A51 A52 A53 A54 A55 A56 A57 A58 
A61 A62 A63 A64 A65 A66 A67 A68 
AT1 A72 A73 A74 A75 A76 A77 A78 
As1 A82 A83 A84 A85 A86 A87 A88 

Xl 

x2 

x3 

x4 

x5 

x6 

377 

_ x 8  

i.e. 

d x l  

dt 
= A15x5 + A16x6 + A17x7 + A18x8, 

dx2 
dt = A25x5 + A26x6 + A27x7 + A28x8, 

dx3 
dt - A35x5 + A36x6 + A37x7 + A38x8, 

d x  4 

dt .... = A45x5 + A46x6 + A47x7 + A48x8, 

(78) 

(79) 

(80) 
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dx5 
= A51xl + A52x2 + A53x3 + A54x4, 

dt 

dx6 
= A61x 1 + A62x2 + A63x3 + A64x4, 

dt 

dx7 
= A71xl + A72x2 + A73x3 + A74x4, 

dt 

dx8 
= A81xI + A82x2 + A83x3 + A84x4. (81) 

dt 

If  we put 

Al l  = A12 = A13 = A14 = 0, 

A21 = A22 = A23 = A24 = 0, 

A31 = A32 = A33 = A34 = 0, 

A41 = A42 = A43 = A44 = 0, 

A55 = A56 = A57 = A58 = 0, 

A65 = A66 = A67 = A68 = 0, 

A75 = A76 = A77 = A78 = 0, 

A85 = A86 = A87 = A88 = 0, (82) 

and 

Xl = H I  x 2 = H 2  x 3 = H 3  x 4 = H 4  
X5 = /~'1 X6 = K2 X7 = /£3 X8 ----- / (4  (83) 

where 

A15 = a; A16 = b; . . . .  d "  = A84. (84) 

Equation (78) has a unique solution X if det A 7~ 0. 
The secular perturbation Equations (2), (3) is of  the form 

X = A X ,  (85) 

since they are first order linear homogeneous system of  ordinary differential equa- 
tions with constant coefficients, this suggests that we have exponential functions 
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XI( t ) ,  X2(t) . . . . .  Xn( t )  as solution. We try X( t )  = e~tv where v is a constant 
v e c t o r .  

We find that X( t )  = e~tv is a solution if and only if ~, v satisfy 

Av = ~v, (86) 

v is called eigenvector of A with eigenvalue ~. To find the eigenvector we rewrite 

0 = Av - ~v = (A - ~I)v, (87) 

where I is the identity matrix. 
The condition that Equation (87) has a nonzero solution v is 

0 = d e t ( A -  {I) = det 

--{ 0 0 0 A15 A16 A17 A18 
0 - ~  0 0 A25 A26 A27 A28 
0 0 - ~  0 A35 A36 A37 A38 
0 0 0 --~ A45 A46 A47 A48 

A51 A52 A53 A54 - ~  0 0 0 
A61 A62 A63 A64 0 --~ 0 0 
A71 A72 A73 A74 0 0 --~ 0 
A81 A82 A83 A84 0 0 0 --~ 

a n d A s r = A r s ,  S =  1 , 2 , 3 , 4 ; r  = 1 , 2 , 3 , 4 .  

- p ( ~ ) , ( 8 8 )  

(A - ~I)V = Matrix of Eq. (88) . = 

V8 

(91) 

It is evident that the eigenvalues ~ of A are the roots of the determinant 
Equation (88). The eigenvectors of A are the non zero solutions of the equtaions 
(A - ~I) = 0; P(~) is the characteristic polynomial of A which is the determinant 
of the matrix A - ~[. It is a polynomial of degree n in ~ with leading term 
( -  1)n~n. 

We can prove that the general solution of the equation X = A X  is 

X(t )  = Cle{ltv 1 + C2e~2tv 2 + . . .  + - . .  + Cse{Stv 8, (89) 

where v is an eigenvector of A with eigenvalues ~ and 

7J 2 
V = , (90) 

C1, 6 '2 , . . . ,  Ca 7 ~ 0 and are constants. 
From P(~) = 0, we can find the eigenvalues of A : ~1, ~2, . . .  ~8. From each 

eigenvalue, we find a corresponding eigenvector of A and a corresponding solu- 
tion of the differential equation via (A - ~I)v = 0, i.e. 
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From the eigenvalues ~1 ,~2 , . . . ,  ~8, the non zero eigenvectors v 1, v2, . . .  ,v s 
and the constants C1, C2,. • •, C8, we find the general solution (Braun, 1983) 

X ( t )  = C 1 X I ( t )  + C2X2(t) + - - -  + C 8 X 8 ( t ) .  (92) 

3. Theorem of  Hurwi tz  

For the polynomial f(A) = An+ al A n-1 + a2 ln -2  + " '" + an, we define the matrix 

H = 

1 1 1 0 0 0 0 0 0 0 . . .  
a3 a2 al  1 0 0 0 0 0  
a5 a4 a3 a2 a l  1 0 0 0  

7 a6 a5 a4 a3 a2 a l  1 0 

, (93) 

al ,  a2, a 3 , . . ,  are the diagonal terms of this matrix, all ak = 0 for k > n. 
The principal minors J~ ;  v = 1, 2, 3 . . . . .  oo of H are 

al  1 0 
A1 = ax, A2 = al 1 ! A 3 = a3 a2 al . . .  An = a r i an -1 .  

a3 a2 [~ a5 a4 a3 
(94) 

If  AI > 0; A2 > 0; A 3 > 0 ; . . .  then we have a necessary and sufficient 
condition that f ( t )  is a Hurwitz polynomial and have only roots with negative 
real parts, and H is a Hurwitz matrix. 

In our J-S-U-N planetary theory 

f(~) = 44 + D (  3 + Dr(  2 + D"~  + D "  = 0, 

whence 

al = D a2 = D '  a3 = D "  a4 = D ' "  
a5 = 0 a6 = 0 a7 = 0 ' (95) 

H = V 
D 1 0 0 

D" D' D 1 

[ O0 D'" D" D' 
0 0 D'" 

(96) 

Then 

1 A I=D A2= D D' D' ' 
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D 1 0 
D" D l D 

A 3  = 0 D" D" ' 

117 

A 4 = 

D 1 0 0 
D "  D / D 1 
0 D m D "  D l 

0 0 0 D m 

(97) 

For stable motion,  we should have (Leipholz, 1987) 

A I > 0  A 2 > 0  A 3 > 0  A 4 > 0 ,  

D,  D ~, D ' ,  D m are functions of  Lrs; S = 1, 2, 3, 4; where L~8 = ~x/-ff~sas; # s  is 

given by 

#S = ]~2/7z0 /920 +/Tzl + " " " + Tr~S 

/Tz 0+/Tz 1 + . . . + / 7 ~ S _  1 

where k 2 is the Gaussian constant; m0 is the mass  of  sun and m s  is the mass  of  

planet S. 
We substitute for the numerical  values of  the a s ' s  (semi-majoraxes)  of  the 

four major  planets and for # s ' s ,  in order that we might  use the above condition 

of  stability. 
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