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In the recent upswing of ergodic theory, symbolic dynamics has come to play an
increasingly important role, both in proving general theorems and in providing
concrete cxamples of dynamical systems with desired properties. The earliest
examples of this type (Morse [21], 1921) are constructed by the use of sub-
stitutions, and the idea of substitution dynamical systems was formalized by
Gottschalk and Hedlund ([5], 1955). Their topological properties have been
studied extensively by Gottschalk ([4], 1963), Kamae ([9], 1972) and Martin
([15], 1971). On the other hand, measure —theoretic properties of substitution
dynamical systems have only recently been investigated (Kakutani [7], 1967,
Keane [10], 1968; Jacobs-Keane [6], 1969; Neveu [23], 1969; Coven-Keane
[17, 1971; Keane [11], 1972; Klein [14], 1972).

These results all deal with metric properties of substitution dynamical
systems generated by substitutions of constant length.

In general, metric properties of dynamical systems are of more interest for
ergodic theory as well as more difficult to establish. In particular, the interesting
case of substitutions of non-constant length has (with the exception of the
classical special cases considered by Morse and Hedlund [22], 1940, and
Kakutani [8], 1972) scarcely been touched.

In [17, 18], it was shown that any substitution minimal set possesses a
unique invariant probability measure, thus providing a canonical dynamical
system associated with the substitution. In the author’s thesis [19] ergodic
properties of certain classes of substitutions of non-constant length were devel-
oped, and this article contains essentially these results.

A substitution 6 over a finite alphabet I is a map from I to U I". Here we
nz2

shall principally be interested in the case I={0,1}, and 8 can be represented as

0,0 0
0- 0—agaj...ap_,

" l—>agai...a_
If =0 and af =1, then two one-sided infinite 0— 1 sequences

w19 e 140 14,0 14,0
00=w"=wgwiw;...
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and
O1=wl=wiwiwi...

can be generated in an obvious manner by successive replacement of a symbol i
by the block 6i.

In the first paragraph, we study the coincidence density d(6) of such a
substitution, defined as the density of the set of integers k for which wl=w}. A
method is developed for calculating d(f), and this method suffices to calculate
d(6) for the classes of substitutions which are studied in the sequel. It is a rather
surprising fact that the coincidence density does not always exist.

In the second paragraph, we study the class of substitutions defined by

0 0rTiory o

0:
1—-10", nzp=0.

It is shown by using a modified continued fraction expansion developed in [12,
13] that the associated dynamical systems have discrete spectrum and that all
eigenfunctions are continuous. The proof is rather complicated, but we have not
succeeded in finding a simpler one.

In the last section, an example is given of a substitution dynamical system
with partly continuous spectrum. The methods here have been used sub-
sequently by M. Dekking and he has been able to extend this result to a much
larger class of substitutions.

Many questions remain to be answered, and in [3] a systematic study of
substitution dynamical systems and their topological and metric properties will
be published.

The author is grateful to M. Keane for valuable advice in the writing of this paper.

I. Coincidence Values

A substitution 6 over a finite alphabet I is a map 6 from I to ) I".
nz2

The substitution 0 associates to each letter il a block Oi=a}d} ...al_,. We
say that 6 is of constant length if I,=1; for all i, jeI; otherwise 6 is of non-constant
length.

If # is a substitution, then for any block b=byb, ... b, ,cI" we define 6b
=0by0b,...0, .

In particular, we may define the substitution € for s=1 inductively by
setting °*1i=0(0°1) (s=1).

The k'™ element of 6°i will be denoted by 6°i(k).

Now let iel such that for some s=1, the block i begins with the letter i.
Then the block 62%i begins with the block &°i, the block #3%i begins with 62%i,
etc., and we can define an infinite sequence 6% i as the “limit” of 6"*i. This
sequence will be denoted by

i

1% i — i
W=0%i=wywiw,....
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In this paragraph, we shall assume that I=1{0, 1} and that 80 and 61 begin
with 0 and 1 respectively. Our goal is to study the subset of IN defined by
{neN: w?=w!} and in particular we shall calculate the relative density of this
set in certain cases. We call

d(6)= lim card {neIN: n<AJ]\] and wo =w'}
N-owo

whenever this limit exists, the coincidence density of 8.

1.1. Balanced Blocks and Balanced Substitutions

Definition 1. The blocks b=byb,...b, , and c=cqyc,...c,_, are said to be
equivalent (b~c) iff m=n and card {k: b, =0} =card {k: ¢, =0}.

Lemma2. Each pair b, ¢ of equivalent blocks of length n admits a unique
decomposition into a sequence of pairs of minimal equivalent blocks, in the
Jollowing sense:

1) There exist integers r=1 and ng=0<n,<n,<---<n,=n such that for
each 0t <v, the blocks
b, b b

ne“np+1Ypey 1

and

C, C C

ne “ng+ 1Y —1
are equivalent, and
2) The sequence ny, ..., n, is maximal with respect to the property 1).

Proof. Define n, as the minimal number for which by, ...,b, _; and ¢, ...,¢, _,
are equivalent, etc.

Lemma 3. If b~c, then 0b~0c.

Proof. Let k and n—k be respectively the number of zeros and ones in b (and in
¢). If u, and v, are the number of zeros in 60 and 91 respectively, then the
number of zeros in @b (and in ¢) is uy k+vo(n—k).

A similar calculation holds for the number of ones.

Definition4. Let 8 be a substitution over I=1{0,1} such that 00 and 01 begin
with 0 and 1 respectively. We set n,=0 and define #, inductively for t>1 by

_: i 0,0 0 11 1
ne=inf{n:nzn,_ 1w,  We i Wp ~Wu  Wa i Wh_ 1)

We distinguish two cases:

Casel. ny=oo0.

In this case, we say that 6 does not possess balanced blocks.

Case2. n, < oo.

In this case, Lemmas 2 and 3 imply that n,<co for all ¢, and we say that 0
possesses balanced blocks.
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In case 2, we set

R 0 0 0
I:{(W;lt—1 W?“1+1'..W;“"1>Zt;1
Wnt41 Wn:-1+1"'wnr—1
and we call the elements of I balanced blocks for 6. It can happen that I is finite
or infinite. In case 1, we set simply I=.
b\ -

LemmaSS. If (C)EI’ then 0b~0c.

Any pair of minimal equivalent blocks b’, ¢’ of 6b and Oc¢ given by Lemma?2 are

such that (l;,) el

b\ .
Proof. If (C) el, then by definition b~ ¢ and hence 8 b~ 0 ¢ by Lemma 3. Now let

b” and ¢” be 0—1-blocks such that w® begins with b b and w* begins with ¢”c.
Since #w°=w’ and Ow'=w!, w® and w! begin respectively with 0(b”b) and
0(c" c). Moreover, by the definition of I, we may choose b” and c¢” such that
b"~c". Then b"b~c"c and

B(b” b)=0(b") 6(b)
~B(c")0(c)=06(c" ¢).

If ny=0<n,... <n, is the minimal equivalent decomposition of #(b"b) and
8(c" ¢), then since 8(b"")~0(c"), the construction of Lemma 2 shows that for some
t,n, is the beginning index of 0(b) in O(b"”b), and hence n,< ... <n, yields the
minimal decomposition for 6(b) and 6{(c).

It follows from Definition4 that if b, ¢’ is a pair of minimal equivalent

blocks of 8(b) and 68(c) (given by Lemma 2), then (lc),)ef.

Corollary 6. If T+, then 0 induces a map
0. I— U I
nz1
5 (b\ . . . 6b
where 0 (c) is the minimal decomposition of (Gc)'
If [ is finite, @ will be called the balanced substitution associated with 6.

Remark. 0 does not satisfy strictly our definition of “substitution”, since §1 can
be of length one for some iel.
1.2. Coincidence Density

In this paragraph, we shall assume that 6 is a substitution over I={0,1} such
that 80 and 81 begin with 0 and 1 respectively, and also that I is non-empty and
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finite. If i,e[ is the first balanced block of the minimal decomposition of w° and
w! (as described in Definition 4), then it is obvious that 81, begins with i,.
Thus 0% i,=Ww=wW,W, ... exists, where w,el for each nelN. For any icl, we
set
~ .. card{nelN:n<N and W,=i}
d(i)= lim .
N-ow N

A simple application of the Pefron-Frobenius theorem (see e.g. [18]) shows that
this limit exists for each iel and that the convergence rate is exponential.
Obviously d())=0 and ) d(i)=1.

iel
In order to formulate our next theorem, we shall need the following notation.

~ o~ ~ (b A
Let ie] with i= (C) and b=by...b,_{, c=¢y...c;_{. We then set [(i)=1 and

c(iy=card{n: 0sn<l and b,=c,}.

Theorem 7. Let 0 be a substitution over I ={0,1} such that 60 begins with O and
01 begins with 1. If I is non-empty and finite, then the coincidence density d(6)
exists and is given by the formula:

Ye(d()
d(0) = .
© 210 d()
iel
Proof. Let (n,) be the sequence of Definition4. Since I is finite, My, —H, 18
bounded, and thus

card {neN:n<n, and w?=w?}

d(6)=lim

t— 0 nt

if the right-hand limit exists. Now

card {nelN: n<n, and w?=w’}

=Y c(i)card {meN: m<t and W, =i}
fef

and

n,=Y I({card {meN: m<t and W, =1}.

iel

Thus

card {neN: n<n, and wl=wl}

card{meN: m<t and W, =1}
t

2 c()

_iel _
~card{meIN: m<t and W, =1}
l m
>.10) "

iel
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and the latter expression tends to

Y. c(ha)

fel

210 d0)

iel
as t tends to infinity.
Theorem 8. Let 0 be a substitution over I={0,1} such that 80 begins with 0 and
~ ~ {0\
81 begins with 1. If I is non empty, finite, and if O= (O) el, then d(8)=1.
Proof. Suppose O appears at place s, in w. The block in w, beginning at place

501% and of length I¥ is the block #%(0), and thus:

card {nelN: 5,0 <n<(so+ 1) ¥ and wl=w!}

® =1(keN).
0
But:
card {nelN: 5, 1% <n<(so+1)I® and wl=w!}
15
card{(neN: n<(so+1)I¥ and w?=w!}
=(So+ 1) T
(so+ 1)1
card {nelN: n<s,l¥ and w?=w?}
o0 s [®
0°0

and the latter expression tends to
(so+1)d(0)—sod(0)=d(0)

as k tends to infinity and thus d(8)=1.
Remark. We have Oel iff 1eT.

1.3. Examples and Counterexamples

In this section we shall determine [ and d(6) for some cases of substitutions on I
={0,1}. In general, this seems to be a difficult problem, and it would be
interesting in view of our applications in II and III to have a method for
determining d(6) for any substitution 6.

The first case to be considered is when 0 is of constant length I. According to
[1], we separate substitutions into two classes, discrete and continuous.

If

0—apay...a_,

’ 1‘—>b0b1 “'bl—l
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then 0 is continuous iff a, b, for all 0=k </, and discrete if for some k,a,=b,.
We recall that only the case a,=0 and b,=1 is being considered. (This is not
really a restriction, since using the normal form of [1] we may always find
another 6 satisfying this condition with the same orbit closure.)

Proposition 9. If 0 is of constant length =2 and if 800(1)=0 and 01(1)=1, then

1) d(6)=0 if 0 is continuous
ii) d(6)=1 if 8 is discrete.

Proof. If 0 is continuous, then w?#w! for all n, so d(6)=0. If 0 is discrete, then
card {n<lF: wlwl} <(I—1)

and this implies d(#)=1. (See also [1].)

In the case of constant length, the relation between 8 on I and d(6) is not as
essential as in the case of non-constant length. It is not hard to see that if 8 is of
constant length [ with #0(1)=0 and 01(1)=1, then I is finite and non-empty iff
the number of ones in 60 is the same as the number of ones in #1.

We now investigate the more interesting and difficult case of non-constant
length. Let 8 be a substitution over the finite alphabet I.
If i,jel, we set

l; ;=card{k: 0sk<l, and 0i(k)=j}.

The matrix M =M(0)=(l;)); ;.; is called the §-matrix. For any s> 1, if

M =[1§)]

then I =card {k: 0Sk <[ and 6°i(k)=j} where [ =" I denotes the length of
the block 6. et

If we take I={0,1}, then the matrix M(0) has positive integral entries.
Thercfore its cigenvalues 1; and 1, are recal and distinct, and the larger
eigenvalue A, is larger than 1. By replacing 6 by 02 if necessary, we may assume
that 4,>0. (This changes neither I nor d(6), since w® and w' remain the same.)

We distinguish four cases:

1. 4, >1>21,=0. This means det(M)=0 and tr(M)=4,.

In this case, we can see that d(f) always exists, is rational, and there is a
method for calculating d(6). Since we shall only need to calculate d(6) for the 6
of Section 111, we adopt a simpler technique which may not work for the general
case. Suppose that

uf, 5}

Then there are three possibilities for 6:

' 0—01 . 0—-01 _ 0—01
" 151001 2" 11010 1 1100.
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In the case of §,, we have

=600
- 10’01’(0’1'
Thus by Theorem 8, d(0,)=1 since 0= (g) el

In the case of 8,, I remain the same and d(8,)=1. For 0,, the situation is
different. We have

f=(011)(1 0)(0 1)100)
110’01’10’(001’
(110)(001)(1100)(0101)
0110 001010100
={4,6,¢,d,¢,f,8,h) with i,=a.

The calculation of d(Q3) can be simplified (also in the other cases) by identifying
the pairs (4, ), (b, &),(d, f) and (g, A). This yields

S
[y O
<
=2

S
w
0 Ry Ty &

VLl
D 0

T oo

o

Q>

(where we have modified 8, and I according to our identification). The matrix of
B, is

[ e T
— O O N
—_ O R e
—_ N O O

The corresponding frequencies, lengths and coincidences are:

d@)=db)=d(d)=d(g)=%
c(@)=c(d)=1 (@)=I(d)=3
c(b)=0 1(h)=2
c(g)=2 1(8)=4.

This yields according to Theorem 7, d(65)=4.
We note that these examples show that d(8) does not depend only on the 0-
matrix, but also on the distribution of zeros and ones in #0 and 61.

2. A;>1>1,>0. This means 0 <det(M)<tr(M)—1.

In this case, we do not know whether I is finite, infinite or empty, or whether
d(0) exists for a general substitution 8. We shall restrict our attention to the case
where
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M(B):[”+1 1], n>1.

1

Then the possibilities for 0 are

0— 0" +1-2 107
1107

Osp=n.

where 0°=0... 0.
[

and
d—a0r10
g: 0010
110
Thus Oel and d(6)=1.
If p=n—1,
PN . {00 1y . {01
I={a,5,0,1} with a—(l 0 0)-10, 5—(1 0)
and
G- 40" EOP FOn
5, B atr= 1o
002100
110

This yields again Ol and d(6)=1.
Finally, if 0<p<n—2, we have

. A 0n+1~p 1 N
{4,6,6,0,1}  with d=< . On+1_p>=io,

I:
0 1 o1
5-—(1 0), and c-(l 0"“")’
a— o by-rore0r
b—alrelr
0: ¢— a0 by—2-10° 207
00 +1-2707
1-10~

Here again, Oc and d(f)=1. Thus we conclude for any 0 with matrix M that
d9)=1.
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If M is any matrix with positive integral entries and det(M)=1, then we can
find at least one substitution 6 such that M(f)=M and d(6)=1. We omit the
proof since we shall not use this fact.

3. A, >2,=1. This means det(M)=tr(M)—1.

In this case, we conjecture that I is empty or infinite. A calculation due to M.
Dekking shows that if

0001
1511001
and
0010
21511010,

then d(0,)=% and d(6,) does not exist. Note that M(0,)=M(#,). We also
conjecture in this case that d(9) cannot be equal to 1.

4. A;>2,>1. This means det(M)>tr(M)—1.
We conjecture here that d(0) does not exist. The only thing we can prove is
that if

loo=lo1+2
and
Lii21,+2,

then I is empty or infinite. We have not succeeded in calculating d(6) for any 6
satisfying this condition.

II. A Class of Substitutions with Discrete Spectrum

In this paragraph, we consider the substitutions

0O iorLQr
PP1o107

for 0<p<n. As we have seen in 1.3, d(0,) = 1. This will enable us to prove that 6,
has discrete spectrum.

In general, if 6 is a substitution over I={0, 1} and if 80 and 61 both contain
0 and 1, then the subset

X(0)={xel”: forall p<q,x,%x,,;...x,,,appears in some 6°0}

of IZ is compact, invariant under the shift T (defined by (Tx),=x,, ), and for
each xeX(0), the orbit Orb(x)={T*x: seZ} is dense in X(0) (see e.g. [5]).

By [17, 18], there is a unique probability measure p, such that u,(X(6))=1
and Tu,= ,. The spectrum of 8 is the spectrum of the unitary operator (which
we shall also denote by T) induced by T on the space IL*(X(0),u,). The
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substitution 6 has discrete spectrum iff IL*(X(6), ) is spanned by the eigenfunc-
tions of 7. We shall prove the following result:

Theorem 10. For any 0<p=n, 0, has discrete spectrum.

The proof is rather long and we shall separate it into several parts.

I11.1. The Sturmian Case

If p=n, that is,

L 0—-010"

Ou: 1—100°

it is not hard to see that the substitution

) O—> 0n+1 1
T Lo
satisfies X(0,)=X(n) and py = p,. (In general, if the two blocks 60 and 01 of a
substitution end with the same symbol, we may “transfer” this symbol to the

beginning of the blocks without changing X () or y,.)
Let

w5 )

Then the characteristic polynomial A*—(m+2)A+1 of M admits roots
A >1>2,>0, with 2., 4, irrational and

We consider now the compact space Y=IR/Z, provided with normalized Haar
measure v. The transformation

S: Y-»Y
defined by
Sy=y+/,(mod 1),

satisfies Sv=v, and the spectrum of the dynamical system (Y, v, S) is discrete with
eigenvalues exp(2nik 4,), keZ ([8]).

Proposition 11. There is a continuous map ¢: X(n)— Y such that go T=So@ and
such that ¢p,=v. Moreover, {yeY:carde~'(y)>1} is countable, and
card o~ 1(y) <2 for each yeY.

Proof. Let we X (n) be the point for which wy=0, w_, =1, and w=#nw. A simple
calculation using () for k=2 shows that w,=0 if $(0)e[0,(1 —2,)[and w,=1 if



216 P. Michel

S'(0)e[1—2,,1[. Since the orbit of w is dense in X (i), for any xcX(y), we may
find a sequence of integers f, such that x=lim T% w.

k— o0
Then lim ¢, 4,(mod 1) exists, and if we set ¢(x) = lim t, 1,(mod 1), then ¢ has
k— o k— o0
the desired properties.
Corollary 12. If p=n, then 0, has discrete spectrum.

This result is essentially contained in the results of Hedlund and Morse on

Sturmian sequences (see [22]).
See also [7,8].

I11.2. Martin’s Result

In the case 0<p <n, we shall need a result given in [16]. Let Y=R/Z, let A=1,
be the smaller root of A>—(n+2) 1+ 1=0, and denote by S the rotation

Sy=y+Aimodl (yeY).

Theorem 13 (Martin [16]). There exists a continuous map h from X(0,) to Y such
that

WTx)=Sh(x) (xeX(0,)).

Our procedure in the following will be to show that h is one-to-one on a set
of measure one, so that h actually represents an (almost-continuous) isomor-
phism between (X(0,), T) and (Y,S). It then follows immediately that 0, has
discrete spectrum.

We define w=w"eX(6,) by setting

w=(...,W_{,Wg, Wy,...)
with

(Wo Wi, Wy, ...) = Lim 65(0) =07+ 17 107 ..

55— 0

and
(.cow_p,w_)="lim” 6,(0)= LLQrtl=r 0,

By composition of & with a rotation of IR/Z, we may obviously assume that the
h of Theorem 13 satisfies

h(w)=0eR/Z.

We remark that the result of Martin applies to a much more general situation,
but that his methods yield little information concerning non-continuous
eigenvalues.
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11.3. Continued Fraction Expansion
In this section we define a symbolic system (2, 1) and relate this system to the

rotation (Y, S), where Sy=y+/ and A is the smaller root of 2> —(n+2)i+1=0.

Details of the proofs can be found in [13]. Since

1
l=
n+2-—2

we have the following continued fraction expansion for:

Consider a sequence
(W, @y, ...,0,)€{0,1,...,n+ 1}~

Such a sequence will be called admissible if it contains no block of the form
n+inn+l=n+lLnn ... nn+1j=0.
(AR Ry A

Jjtimes

We set
Q={w=(0,,0,;,...): 02w, Sn+1,

(@4, ...,0,) admissible for all k=1}

Obviously, 2 is a compact subset of {0, 1,...,n+ 1},
A map 1: Q— Q is defined by setting

’C(C()):(Cl)l +1: CUZ,CO3, )

if (wy+1,w,,w;,...) is admissible, and by setting t(w) be the first admissible
element of @ following w in the lexicographical ordering otherwise. This defines
the pair (€,7). We remark that 7 is injective, 7(2)=0~(0,0,0,...), and 7 is
continuous except at @=(n,n,n,...) (see [13]).

Now define n: @ — R/Z by

m(w)= Y o,
k=1

Theorem 14 [13]. a) = is continuous, onto, and mwot=_Som,
b) 7 is one-to-one on n~'(R/Z —7Z ),
c) If [oy, ..., ] ={we: w,=q; for 1=5i<k},

then n([o,...,0]) is an interval in R/Z and

V(TL’([OCl, AR o‘k]))

takes one of the two values J*or J¥(1—A).
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Next we consider the orbit of the point @=(0,0,0,...). By the definition of
7,7 @ (k=0) are points of the form (w1,03,...,0;,0,0,0,...), and all points of
this nature belong to the forward orbit of @. In particular, the point

@(j)=(0,0,0,...,0,1,0,0,...)
{(j— 1)times
corresponds to an integer which we shall call C;. That is, % @=ad(j). It is easy
to see that
Cl = 17
C,=n+2

and
Civ1=(+2)C;=C;_, (j=1).

Lemma 15. The sequence C; A is bounded.

|
Proof. Obviously, C;=a ¥’/ +bﬁ for some constants ¢ and b.

Thus C; X/ =aA*' +b<la|+]b|.
It foliows also from the construction in [13] that lelzi" mod 1. Hence
C;A—0mod1 and

mw)=Y o;¥=3 w;C;A
i j=1

j=1 i

For w of the form (wy, ...,®;,0,0,0,...) this just means

k i w,C;
n(w)= ) w;C;A=8="(0),
j=1
which also follows from the definition of the Cjs. We shall need also the
following notation. Let feR/Z —Z A. By Theorem 14b), there exists a unique w
=(wy,®,,...)6Q such that n(w)=p. We set

Then f,, is a non-negative integer and
lim §7=(0) = 8.

m-» o0

I14. A Null Set in Q

In this section we shall prove a technical lemma necessary for the proof of
Theorem 10.
Let N={weQ:{k:w,=w, ., =0} is finite}.
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Lemma 16. v(n(N))=0.
Proof. If we set

No={weQ: 00 does not appear in w},
then by the definition of 7, N < UOTS(NO).

Thus it suffices to show that v(r(N,))=0.
Consider now a cylinder set

[01, ..., 0] ={we: w,=0a,for | Ki<k}.

Let N, denote the union of all such cylinders of length k with the property that

no two successive zeros occur in oy, ..., o, and ay,...,o, is admissible. Then for
each k,

NoEN,,
and hence
V((Np)) S infv(n(N)-
k
We shall calculate the number of cylinders in N,. Let p.,q.,n,s. denote

respectively the number of cylinders [«4,...,,] in N, such that o, is 0,i,n,n+1
(where i denotes any symbol with 1<i<n—1). Then

p1:1$ qlzn_la 1’1:1, 51:1
and
p,=n+1, q,=m+2)mn—-1), r,=n+2, s,=n+l.

Moreover, for k=1,

Dr+1 0 1 1 1 D
Gv1| _(n—1 n—1 n—1 n—1||g
et | |1 1 1 1 F
Skt1 1 1 0 1 Sk

The first three lines of this matrix are obvious; the fourth line is obtained by
noting that

-1
See1 =Dt a+n— ), Sj,
j=1

and by the corresponding matrix for k—1, one gets
he=Pr_ 1t Q1T H_1+S_4,
Se=Px—1tdx_1TS_1

and

rk—Sk=T'k_1.



220 P. Michel

Hence
k—1
Fk— Z szsk
j=1

by induction.
If we now calculate the characteristic polynomial of the above matrix, we get

PE)=L(E =+ 1) —nl+1).

If% is the larger root of A12—(n+2)A+1=0, then one finds that P G) =%>0;
since P(0)>0 and P(1)<O0, this implies that the largest root &, of P(£)=0
(positive by the Perron-Frobenius theorem) satisfies &, <%.
By Theorem 14c, each cylinder [«,,...,a;] of N, satisfies
vm([og, ..., 0 )< AR

Since there are asymptotically K- & such cylinders, we obtain

V(N K- &8 )“kki;) 0.

I1.5. Subsets of N Related to 0,,n and Q

We recall that # is the substitution defined by

. 0H0n+11
TS o,

If we consider #*(0)=n(n*(0))=vqv, v, ..., then we see that #°(0) is made
up of a sequence of blocks of the form #°(0) and #*(1), for any fixed integer s=1.
Suppose that 0=k, <k, <k,<ks<... is the sequence of integers such that for
each j,

Uty Ukt o Vkyy a1 -
is either #*(0) or #°(1). We then set
RE={ky, ki, ky, ...}

In the same fashion we define %f for s=1 and for the substitution
0,(0<p=n), by decomposing 0;°(0) into its blocks &,(0) and &;(1).

Our purpose in this paragraph is to relate the sets #2 and #7 with the sets %,
defined by

y;:{ke]N: k=Y o,C

ivp
j=s+1

w=(w)e, {j: w;+0} finite} (s=0).
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Lemma 17. For any s=2, we have ¥, < R¥_ .

Proof. 1. &, = #Z.
We recall that [§) denotes the length of the block #%(0), and ¥ the length of
7*(1). Since

7 Q) =" )~ (0" )=r"""(0) n°(1)

and
P O)=[r* (0)]" " (1),
we have
=141,
D =(n+1)1§ +1{.
This yields the recurrence relation
STD=(n+2) 1 —15"1),
with
=1, W=n+2.

Thus we see that for each s=0, I§'=C,_ ,, where C,_ ; is the number Defined in
I1.3 (by the same recurrence relation).
Any element in % is of the form

t

k= > w,C,.

J 7T
J=s+1
If t=s+1, that is if k=w,,, C,,,, then since Cy,=I§ and w,,,<n+1, and
since #*(0) begins with n+1 blocks #°(0) followed by one block #°(1) we see that
keRE.

Moreover, ke Z¥ corresponds to the beginning of a block #°(1) if and only if
s, =n+1. Now suppose that t=s+2, that is, k=w,,, C . +w,,,C,,;
=ws, Cp k. Then KeZ¥, | and is the beginning of a block #°*1(0) or
n**1(1) in n*(0), the latter occurring only if w,, , =n+1.

Now

71 0)=1*(0)°(0) ... Q) (1),

{r+1) times

so that if k' is the beginning of a block #***(0), then k is the beginning of a block
#*(0) or »*(1) (the latter only if w,, , =n+1) and keZ*. If on the other hand k' is
the beginning of a block #°**(1) then w,, ; <n (since w must be admissible) and

7 (1) =17(0)...1°(0) n°(1).

ntimes
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Therefore k=k'+w,, ; Cy,; is the beginning of a block #°(0) or #*(1) (the latter
only if w,,., =n+1), and ke Z¥.

Continuing in this fashion, we have &, < %%,

2. RBX AR

s+1—“%s

We use here a method similar to that of I) to compare the sequences #*(0)
and 0;°(0). As in I), we defined a balanced substitution #* associated with # and
6, by setting

- )
=0 = b
(0 -6 o)
()-E )

{(Note that a, b, ¢ and d consist of pairs of equivalent blocks of the same length,

*(0
but for this purpose we have not decomposed (Z‘”EO;
14

blocks.) Now set I*={a,b,c,d} and define #* on I* by

) into minimal balanced

a—a* i Pher1d
b—bc"d
c—a"fbhctd
d—a" PhcP~1d.

n*:

A
Then for each i*= (B)el*, we have

)= (gie)

Therefore

n*(0)
07 (0)

: ):(xoxlxz...)=x

= (a)=
with

X;= (yi), x;el*.
Z.

13
Since for any s=1, we have

WS(J’O)) (ns(y1)>

“%Fﬁ%wm o)
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and since y; is either #(0) or 5n(1), we see that this decomposition of #**(x)
corresponds to the set %#F ;. On the other hand, the elements z; are finite
sequences of zeros and ones, so that 0)(z;) is a sequence of blocks of the form
83(0) or #(1). Thus the same decomposition corresponds also to a subset of the

set #7, and hence #F, , S %L,

I11.6. A Null Setin'Y

The last preparation for the proof of Theorem 10 is a technical result. We recall
that w® and w' were defined in I) for 6, as

w®=07(0),
wh=02(1).
It was proved there that the coincidence density d(6,)=1 for each of the
substitutions 0,, 0 <p<n, and that the convergence to d(0,) is exponentially fast.
Let feY=IR/Z and consider the sequence of positive integers f, cor-

responding to f as defined in I1.3. For each m, let k,, be chosen with |k, |
minimal such that

0 1
Wﬁm‘!'km :*: Wﬁm +hm'
Now set

Yo={feY: liminf|k,| < co}.

m— o

Lemma 18. v(Y;)=0.

Proof. By 113 and [13], the points 0, 4, 24,....(C,—1)4 divide Y into C,
intervals I; of measures A" or A™(1—1). Let r be a positive integer. Then

Y, — Qo{ﬁeY: lim inf |k, | <7}.

If we consider now for fixed r and m the set
{peY: |k, <1},

by the definition of k,, and because f5,, is constant on each interval I ;» we obtain

s:0Ss<C,, w2, Fw!,, N
for some 0=t <5

car {
W{BeY: [yl Sr) <A™ =
<Ay

card{s: 0<s<C,, w2 Fwl}+r
= : C ’

m

Since C,,— oo exponentially and since

card{s: 0<5<C,,, wd+w!}
C

—1—d(6,)=0

m

exponentially (by 1.), we conclude that v(Yy)=0.
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11.7. Proof of Theorem 10

We first show that if feY is such that f¢Y, (see IL6), f¢n(N) (see 1L4), f¢ZA
(mod 1), and if lim n, A= p, then lim T™w exists, where w=w%% as in IL.2. Let r

k— o0 k—
and s be fixed integers =2. Then lim n 4= f implies that for sufficiently large «,
k— oo

n,—B.e¥. By Lemma 17, we have n,— f,e % . If we write n, = (n, — f,) + B, we
see that the symbol w,_occupies a place in the sequence w which is f; to the
right of the place n,—f,, and, in w, the place n, — f, is the beginning of a block
(Zf the form 6~ 1(0) or 9;‘1(1) (since n, — f,e AP ). Since f¢Z A mod 1, we have

p,— oo as s— c0. Moreover, if s is such that w,_, o,_ =00, then

-1 3

Es: wici:iwici<cs—2’

i=0 i=0

and it follows easily that
6-Y_f >0 and I§V—f—c0 ass— 0.

Now choose a subsequence s,— oo such that o, _,w,, _; =00. This is possible

because f= Y w,A°¢n(N). Then choose u such the number k, defined in I1.6
5=0

corresponding to f satisfies |k, |=r. This is pogsible because f¢Y,. Finally,

choose K=K(u,s) such that if k=K, then n,—f, € . It follows now for u

and k= K that the blocks

w w

=1 Whie—r+ 15 s Wi pr— 15 Wi e

do not depend on k. Therefore any two accumulation points of the sequence

T™w agree in the coordinates —r, ..., +r. Since r was arbitrary, lim T™w exists.
k— o0

Now let h: X(0,)— Y be the homomorphism of 11.2, with h(w)=0, and set
Y=Y~ (Your(NYUZA).

Then by Lemmas 16 and 18, v(Y)=1. If BeY and if xeh~'(f), then there
exists a sequence n, such that T™w-—x (because X(6,) is minimal) and the
corresponding sequence n,AcY tends to § (because h is a homomorphism). If
now feY, then h~!(B) must consist of a single point, since any sequence n, such
that n, A— § will make T™w converge. Therefore h is one-to-one on a set A~ YY)
of measure 1, and hence 0, has discrete spectrum.

III. A Substitation of Non-Constant Length with Partly Continuous Spectrum

We have seen in the preceding section that a class 0, of substitutions of non-
constant length have discrete spectrum. It is natural to ask whether any
substitution of non-constant length has discrete spectrum. In this paragraph, we
give an example of a substitution with partly continuous spectrum.
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We consider the matrix

weft ]

2 2

and its corresponding substitutions. Among them, only three do not yield
periodic orbits. They are:

001
1" 151001,

.0—>01
2151010,

_0—>01
> 1-51100.

The coincidence densities of these substitutions have been obtained in 1.3; they
are respectively d(0,)=d(0,)=1 and d(05)=3.

Again a result in [16] yields the continuous eigenfunctions for 6,, 8, and 85,
and gives the equicontinuous factor Z, xZ(3), Z, being the cyclic group of
order two and Z(3) the 3-adic integers. It is easy to see why this is so: the Z ,-
part is obtained because °0 and 6° 1 always appear in w=w'° at even places, so
that one can “recognize” by looking at a finite number of successive symbols of
a point xe X (0) whether it is a limit of even or odd translates of w. The Z(3)-part
arises from the fact that for s>2, the lengths I’ and I of €°0 and 0°1 are
multiples of 3*~?!, which allows the “recognition” of a point x as a limit of
translates n, of w with n, mod 3°~! fixed.

The proof of the following theorem is simple in comparison to Theorem 10
of 1L

Theorem 19. 0, and 0, have discrete spectrum.

Proof. Let a=01 and b=10. Then
8,a=011001=aba,
0:b=100101=baa,
#,a=011010=abb,
0,6=101001=bhba.

The substitutions

a—aba

e b—baa

and

a—abb
T bba
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obtained in this manner have discrete spectrum (see [1]) with equicontinuous
factor Z(3), and the homomorphism X(6,)— X(x,), i=1, 2, yields the additional
factor Z, in an obvious manner.

We turn now to the substitution 8;. As above, let a=01, b=11 and ¢=00.
Then

6,a=011100=abc,
0;6=11001100=bcbe,
0;¢=0101=aa.
This leads us to consider the substitution of constant length

a—abc
Nns:b—bch
c—caa.

Lemma 20. There exists a continuous map
7 X(05)— X(113)

such that aT*=Tn.

Proof. If x=(...,x_{,Xg,Xy,...)€X(05), the block 110 occurs at least once in x
at a place k. According to whether k is even or odd, we group symbols of x as

s (X 2X_q)y (XoX0), (X2 X3), .

or
(X1 X0) (X1 X2), (X3 X4), -,

and replace each group by its corresponding symbol a, b or c.

(Note that in this “canonical decomposition” of any point of X(65), the
block b=11 is always followed by ¢=00.)

This yields a well-defined continuous map n from X(0;) to X(n3) and it
follows immediately that n T?=Tr. ‘

Lemma 21. The substitution n5 has partly continuous spectrum.

Proof. The structure group of %3 1s Z(3) (see [15]).

Let o: X(n3)—Z(3) be the corresponding projection. Then the subspace H
={foo: felL2(Z(3))} of IL*(X(n,)) is the subspace spanned by the continuous
eigenfunctions of T. Moreover, since ¢ is almost everywhere 3 to 1, H' is not
{0}.

Let O+ heH* and suppose that for some complex ¢ with |¢|=1 we have Th
=¢h. By ergodicity of (X(%3), T), |h| is a non-zero counstant, and it follows that
h*eH and Th®=£313.

Thus &2 is a 3*root of unity for some k, and so is &. Therefore there exists
another eigenfunction hqoeH with eigenvalue &, and this contradicts the ergo-
dicity of T.
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Theorem 22. The substitution 85 has partly continuous spectrum.

Proof. If not, then by Lemma 20, n; would have discrete spectrum, and this
contradicts Lemma 21.

We remark that the article [2] of M. Dekking contains a systematic

development of substitutions of the type considered in this last paragraph.
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