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Abstract. In this paper it is shown that the differences of the moments of inertia of the Moon are, 
most likely, due to the surface irregularities, the over-all front side mare fillings and the backside 
topography. 

1. Introduction 

The evidence for the different moments of inertia of the Moon has been deduced from 
lunar physical libration (Koziel, 1967) and it has been confirmed later by the analysis of 
the lunar orbiter data (Lorell and Sjogren, 1968; Tolson and Gapcynski, 1968; Kaula, 
1969; Lorell, 1969; Michael et al., 1969; Liu and Laing, 1971; Michael and Blackshear, 
1972; Williams et al., 1975). For the formation and the duration of the moments of 
inertia differences, the following theories have been proposed: 

(1)-Heterogeneous accretion: Urey and MacDonald (1971) related the formation of 
the different moments of inertia to the lateral variations of density produced through the 
non-uniform accretion of the Moon. They suggested that the lunar interior has been 

strong enough to support differences of about 15-20 bars near its center throughout the 
lunar history. The strong radial dependence of the required lateral density variations led 
Kopal (1972, 1977) to suggest that the variations are mainly in the upper 200 km. The 
main difficulty with this theory is the geochemical evidence for a global differentiation 
of the upper several hundred km of the Moon within 0.1 b.y. of the lunar history (Fouad 
et al., 1973). This implies the partially molten state of the upper region of the Moon and, 
thus, the diminishing of the lateral variation of density which might be produced by the 
accretion process. 

( 2 ) -  Dynamical process: Jeffreys (1959) postulated that the moments of inertia dif- 
ferences are due to the tidal bulge produced during the capture of the Moon by the Earth. 
According to the capture theory, the close approach took place about 2.8-3.5 b.y. ago 
(Alfv6n and Arrhenius, 1972; Singer, 1972). If the thermal energy released during the 
capture was large enough to soften the lunar interior and to provide a suitable condition 
for the creation of a strong tidal bulge, the condition would remain suitable for diminish- 
ing the bulge long after the time of the close approach, because of the very slow thermal 
processes inside the Moon. Therefore, it is implausible to assume that the present lunar 
bulge is due to the tidal effect of the capture event. Runcorn (1967) proposed that pos- 
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The second and third harmonic coefficients of the spherical harmonic presentation of the 
volume density given by Equation (2). Po = 1 g cm- 3 and the units are in (gcm- 3). 

sible convection currents in the lunar interior produce the moments of inertia differ- 
ences. Such a convection current, however, requires a viscosity of less than 1024 poise for 

the lunar interior (Turcotte and Oxburg, 1969), which is much lower than the value re- 
quired (within the upper 600 km) for the prolonged existence of the mascons (Baldwin, 
1971; Arkani-Hamed, 1973; Kunze, 1974; Meissner, 1975). On the other hand, the 
strong criteria required for a proper Rayleigh number makes it implausible to confine the 

convection cells below 600 km depth. 
The present paper is concerned with the question that the moments of inertia dif- 

ferences are due to the irregularities of the lunar surface, formed by volcanic activity 
which occurred between 3.7 and 3.2 b.y. ago and by earlier processes. In the first section, 

the spherical harmonic analysis of the gravitational field of a spherical cap is determined 

and its effect on the moments of inertia differences of the Moon is discussed. In the second 
section, the surface irregularities are approximated by several spherical caps and the 
moments of inertia differences of the Moon subject to these surface irregularities are 
determined. The third section is devoted to the concluding remarks. 

2. Gravitational Potential of a Spherical Cap 

Let a thick and uniform spherical cap be limited by two spherical surfaces of radii R1 and 
R2 and by a conic surface with an angle a. Let its axis of symmetry, z',  be specified by 
the spherical angles 0o and ¢o and its volume density by/90. The purpose is to find the 
spherical harmonic coefficients of the gravitational field of such a mass distribution. The 
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Fig. 2. Spherical caps and the radial components  of  their gravitational force at 100k in  altitude as 
functions o f  colatitude with respect to the axis of  symmetry of  the caps. gr is the total value and gr is 
the reduced value. The parameters of  the caps are 0 o =  @o= 0, R~ = 1 7 3 7 k m ,  R 2 =  1 7 3 8 k m ,  p 0 =  

3.3 g cm -a . The values of  c~ are given in the figures. 

procedure is to expand the mass distribution in spherical harmonics and then determine 
the corresponding harmonic coefficients of the potential. 

At a given radius r(R~ <<. r <~R2) the spherical harmonic representation ofp  is 

p(o' )  y,  o , = pnP~,(O ), (1) 
r /=O 

where 
1 0 p.  = ~ p o [ e . - l ( ~ ) - P ° + l ( ~ ) ] ;  (2) 

/~n ° being an associated Legendre function of degree n and order zero, and O' is the latitude 
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TABLE I 

Gravitational Potential of the Moon 

The low degree spherical harmonic coefficients of the lunar gravitational potential presented by dif- 
ferent authors. JPLl=Lorell and Sjogren (1968); JPL2 and JPL3=Lorell (1969); MBl=Michael et al. 
(1969); MB2=Michael and Blackshear (1972); ODP=Orbit determination program used for the reduc- 

tion of the S-band transponder data. 

Coefficients JPL-1 JPL-2 JPL-3 MB 1 MB2 ODP 
× 104 

C2o --0.9062 --0.8582 --0.8749 --0.9260 --0.9114 --0.9262 
S~1 0.0116 0.0171 0.0999 --0.0354 0.1008 0 
C21 -- 0.0680 0.0333 -- 0.0990 -- 0.0034 0.0856 0 
$2~ 0.2030 -- 0.0923 0.1571 0.0033 -- 0.00015 0 
C22 0.3394 0.1739 0.2458 0.3437 0.3850 0.3209 

C3o -- 0.0840 -- 0.0560 -- 0.0491 -- 0.0238 0.1075 0.0794 
S~1 0.0685 0.0959 0.0877 0.0213 0.1927 0 
Ca, 0.3366 0.3193 0.3233 0.2256 0.2236 0.3418 
$3~ -- 0.0585 0.0810 0.0829 0.0594 0.0665 0 
C32 -- 0.0753 0.0008 0.0221 0.1470 0.2234 0 
S~ -- 0.3558 -- 0.2209 -- 0.3205 0.0488 -- 0.0222 0 
C33 --0.1899 0.2533 0.2040 0.1190 0.1011 0.1852 

n MB2 ODP 

degree power 
X 10-" 

2 0.9965 0.9605 
3 0.1637 0.1397 

degree correlation 

2 0.989 
3 0.646 

wi th  respect to z ' .  A very strong non-linear dependence  o f  On on a is displayed in Figure 1 

for n values o f  2 and 3 and Oo = 1. Not ice  that  the m a x i m u m  value o f  p2 corresponds to 

a ~ 55° ;  this means that  for ot > 55 ° the p~ value is tess despite the larger mass o f  the cap. 

Similar characteristics are t rue in the  case o f  P3 and others.  
Using the  addi t ion theorem,  the gravitational potent ia l  at a given poin t  (r ,  0, ~b) is 

n~Orn~O 1 
cb(r, 0, ~b) = = = ~ [ ~ , e  COS m ~  + q)~,o sin m~]  Pnm(O), (3) 

where 

~ =  - ~ Jo,, P 2 ( O o ) .  ( 4 )  
[q~nm,oJ (2n  + 1)(n + 3) [sin mq~0J 

Bearing in mind  the linear relat ionship o f  ~n  m and on, figure 1 implies that  the small 

spherical caps, such as those proposed for the lunar mascons,  cont r ibute  very l i t t le to the  

second-degree  harmonics ,  while a broad  cap has significant second-degree  coeff ic ient ,  

even i f  it is relatively thin.  
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Fig. 3. Radial compofient of the gravitational force of the Moon at 100 km height produced by the 
second and third degree harmonic. Units are in (m gal). 

Figures 2a-c illustrate the spherical caps and the spherical harmonic representations of 
the radial components of their gravitational forces, gr  = --~/~r  ~, at 100km altitude. 

The expansions include harmonics up to n = 50. 

3. Moments of Inertia Differences of the M o o n  

The moments of inertia differences of the Noon are related to the coefficients of the 
second degree spherical harmonics of its gravitational potential, C ° and C~, through the 
relationships 

C - - A  = M/SMa2(3 -1/2C~ - -  C ° )  (,5) 
and 

C - -  B = - -  x / 5 M a ~ ( 3 - 1 / 2 C ~  + c O ) ,  (6) 

where C, A and B are moments of inertia about the polar axis, the Earth-Moon line, and 
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the third principal axis, respectively. M is the mass and a is the radius of the Moon. C ° and 
C~ are the fully normalized spherical harmonic coefficients. Table I gives their values 
which are obtained by different authors through independent procedures, and it implies a 
good agreement among the values of C ° and some differences among the values of C~. 

Unlike the ~gh frequency variations of the surface irregularities, such as mascons, 
mountains and the unfilled craters, which affect the S-band transponder data strongly, 
the low frequency variations show little effect on these data, which lead to a general 
agreement that the extensive irregular mare type fillings of the front side are isostatically 
compensated and thus have little contribution to the moment of inertia differences of the 
Moon. Here some evidences are given which argue for the existence of an extra mass 
associated with these fillings and then a possible reason for the lack of their effect on the 
S-band transponder is pointed out. 

Figure 3 illustrates the radial component of the gravitational force of the Moon at 
100 km altitude, which is constructed by using the second and the third degree spherical 
harmonic coefficients of the lunar gravitational potential presented by Michael and 
Blackshear (1972). It is clear from the figure that there is a good correlation between the 
front side mare filling and the broad positive gravity anomaly. Bearing in mind that this 
broad positive anomaly on the front side is not due to the known mascons, figure 3 indi- 
cates the existence of a broad excess mass distribution there. For further clarification, 
no te  from figure 2 that if a part of the radial component of the gravitational force of a 
spherical cap is constructed by using the second- and the third-degree coefficients of its 
spherical harmonic expansion, a maximum positive gravity would occur above the cap 
and its amplitude would decay at greater distances. This indicates that it is implausible to 
think that the strong and broad positive gravity of the front side is due to a mass distri- 
buted anywhere other than the front side. 

The Apollo laser altimetry data show an overall depression of about 1 km of the front 
side besides the strong depressions of the surfaces of the circular maria (Kaula et  al., 1972, 

Brown e t  al., 1974). The latter depressions have been interpreted as the manifestation of 
the an-elastic deformation of the lunar interior (Arkani-Hamed, 1973). Such depressions, 

however, cannot produce the broad depression of the front side since their ranges of 
influence are limited. Therefore, bearing in mind the interpretation proposed for the 
mascons, it is plausible to assume that the present-day positive gravity anomaly over the 
front side (figure 3) is the remainder of the larger anomaly which existed at the termin. 
ation of the filling process. The relaxation time of any surface load as large as the overall 
front side filling does not differ from that of a mascon-size load by a factor of more than 
about 2 for the case of a uniform viscous lunar interior (Arkani-Hamed, 1973), or a 
layered lunar model with a lithosphere overlying a soft asthenosphere (Shimazu, 1966). 
This is to say, any significant departure from isostatic compensation at the termination 
of the filling process would be noticeable at the present time. Using a relaxation time of 
about 3 b.y. (Arkani-Hamed, 1973) and Figure 3 as the present-day gravity anomaly, the 
present-day surface depression of the front side, due to the viscous deformation of the 
lunar interior since the mare filling, is found to be about 1 km which is in agreement with 
the Apollo laser altimetry results. 
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The lack of any prominent positive gravity anomaly associated with the front side mare 

Idling in the S-band transponder results is most likely due tol the reduction of the data on 
the basis of a non-spherical lunar model, through using the JPL orbit determination program 
(ODP). In the case of Apollo data, the non-sphericity was due to the inclusion of pertur- 
bations, to the otherwise spherically symmetric lunar model, which were specified by the 

second-degree spherical harmonics (Muller and Sjogren, 1968; Sjogren, 1971; Sjogren e t  

al., 1971, 1972, 1974a, 1974b; Muller et  al., 1974), while in the case of Apollos 15 and 
16 subsatellite data, the perturbations were specified by the second and the third-degree 
harmonics (Sjogren and Wollenhaupt, 1973; Sjogren e t  al., 1974c). The last column of 
Table I displays the coefficients of the latter perturbations. Included in the table are, also, 
the degree powers and the degree correlations of these coefficients and the observed values 
of Michael and Blackshear (1972). The close agreement of the corresponding degree 

powers and the high degree correlation coefficients imply that the triaxial lunar model 
contains a significant part of the second- and the third-degree harmonics of the lateral 
variations of the actual lunar gravity. Therefore, there remains a minute portion of the 

variations to be detected by the S-band transponder method, which cannot, however, be 
resolved due to local topographic variations. To clarify this point, the radial component 

of the gravitational forces excluding the harmonics up to the third degrees is displayed in 
figure 2. It is clear that such an exclusion does not affect the gravity of small caps signifi- 
cantly, while it reduces the gravity of a larger cap considerably, and it even changes the 
feature of the gravity from an outstanding positive to an oscillatory one with a small 

amplitude. Figure 2 indicates that a small local variation of the thickness of filling, for 
example, due to the topography of the surface of the sites before the filling, would make 
the reduced gravity of the front side indistinguishable. 

The foregoing evidence implies that there is an extra mass distribution on the front 
side of the Moon associated with the extensive mare filling. 

In the present section it is shown that the surface irregularities produce a gravitational 
potential whose second degree harmonics are similar to those given in Table I. A very 

simple model is adopted for the surface irregularities. Table II is a list of the spherical 
caps which are considered to present the main surface irregularities of the Moon. The first 
six caps represent the associated mascons. The thickness of these caps is assumed to be 
3 km and the radii of the caps are determined so that the total mass of each of them is 
about the value obtained from the S-band transponder data (Wong e t  al., 1971). The next 
three caps represent the overall mare filling of the front side, which includes Oceanus 
Procellarum, Mare Tranquillitatis and Mare Fecunditatis. * The actual thickness of the 
filling is not known, though the analysis of the seismic data indicates a thickness of about 
25 km for the mare material at the northeastern part of Oceanus Procellarum (Toks6z 
e t  al., 1972, 1973). The excess filling is assumed to be 1 km. The last three spherical caps 
shown in Table II are associated with the back-side topography. Bearing in mind that, 
unlike the front side, the back-side topography has a positive correlation with the undu- 

* Note that the second and third caps are located on the highlands, and therefore their density is 
assumed negative so as to exclude these areas from the f'trst cap. 
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TABLE II 
The parameters of the spherical caps and some of the spherical harmonic coefficients of 

their gravitational potentials. 

R1 R2 ~ Po 0o 4~o C ° C~ C~ 

X 10 4 

Z © 
r~  

Z ~ 

© 

Imbrium 1735 1738 10 3.3 54 344 0.003 0.081 0.048 
Serenitatis 1735 1738 9 3.3 62 19 -- 0.023 0.073 0.006 
Crisium 1735 1738 6 3.3 73 58 --0.023 --0.021 --0.009 
Nectaris 1735 1738 6 3.3 109 33 --0.021 0.019 --0.012 
Humorum 1735 1738 5 3.3 114 322 -- 0.011 0.008 -- 0.027 
Smythii 1736 1738 4 3.3 89 86 --0.009 --0.016 --0.001 

1737 1738 55 3.3 85 355 --0.357 0.618 --0.101 
1737 1738 10 --3.3 100 10 0.026 --0.044 0.023 
1737 1738 15 --3.3 125 10 0.001 --0.067 --0.031 

>, Back side 
1736 1738 20 --2.8 115 180 0.082 --0.252 --0.016 

~ depression 
~< Back side 1738 1740 30 2.8 95 225 --0.342 0 0.195 

~ ~ ~ High land I 
Back side O 1738 1739 20 2.8 105 120 --0.071 --0.072 0.027 
High land II 

Total . . . . .  0.745 0.327 0.102 

lations of the lunar gravity (Ferrari, 1975), the parameters of these caps are determined 

such that the caps represent a good approximation of the back-side topography, obtained 

by the Apollo laser altimetry data. 

Table II includes the coefficients C °,  (722, and C] of the spherical harmonics of the 

gravitational potentials associated with the spherical caps. It is clear that mare Imbrium 

has a small and negative effect on the equatorial bulge of the lunar potential, while mare 

Crisium, due to its location, has a positive and relatively larger contribution, despite its 

smaller excess mass. The total contribution of the front side mascons to the moments of 

inertia differences of the Moon is about an order of magnitude smaller than the observed 

differences, the conclusion which has already been reached by different authors (Booker 

et  al., 1970). The main contributions to the moments of inertia differences, however, 

are the back-side topography and the overall front-side mare Filling. 

Included in Table II are the total values of the coefficients. Bearing in mind that, for 

the sake of simplicity, the thickness of the caps are assumed as round values, the close 

approximation of the coefficients to those of the observed ones is very striking. By a 

slight change of thickness, one can obtain the observed values of the coefficients. There- 

fore, it is concluded that the moments of inertia differences of the Moon are, most likely, 

due to surface irregularities. 
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4. Conclusion 

The foregoing analysis leads to the following conclusions: 

(1) The gravitational field of  a spherical cap indicates that  the contr ibution o f  an 

excess mass to the moments  of  inertia differences of  the Moon depends strongly on the 

location of  the mass. 
(2) The overall mare filling o f  the front side of  the Moon is associated with a broad 

mass excess, and 
(3) The moments of  inertia differences of  the Moon are, most likely, due to the sur- 

face irregularities, main.ly the overall mare filling of  the front side and the topography of  

the back side. The known mascons have little effect on the differences. If  this is the case, 

one can deduce that a significant part of  the moments  of  inertia differences have been 

created much later than the accretion of  the Moon, i.e., during the mare formation and 

successive floodings. 
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