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1. Introduction

Since LeCam in a fundamental paper has established both global as well as local
asymptotic lower bounds for risk functions of estimates (L.eCam, 1953, Theo-
rems 10 and 14), the usual regularity conditions of estimation theory have been
weakened considerably. The local result of LeCam has been proved by Hajek
(1972, Theorem 4.1) under weak regularity conditions. The present paper tries to
do the same with LeCam’s global result.

There are several previous attempts in order to establish a result similar to
LeCam’s global theorem. In the present context the most important one is an
immediate consequence of Hajek’s convolution theorem (1970, Theorem). (There
is another approach due to Bahadur, 1964, which has been improved by
Pfanzagl, 1970.) The main difference (apart from regularity conditions) between
LeCam’s result and Hajek’s is that Hajek considers only such sequences of
estimates whose distributions are asymptotically invariant in some sense, where-
as LeCam imposes no such restrictions at all.

One possibility of generalizing LeCam’s theorem could be giving weak
conditions such that a Bernstein-v. Mises result holds. This was the original idea
of the author. However, as it was pointed out to the author by Prof. L. LeCam, a
suitable combination of Hajek’s convolution theorem and of a general result of
LeCam on the invariance of limit distributions (LeCam, 1973a, Theorem 1)
leads to better results.

This method is used in the present paper. A direct application of Hajek’s
result is not possible since, roughly spoken, the invariance theorem of LeCam
deals with weak convergence in L, where Hajek’s result needs convergence a.e.
We provide a suitable (and in fact straightforward) generalization of Hajek’s
result in Corollary 1. It is based on a “strong” convolution theorem which does
not rely on invariance properties at all (Theorem 1). So we obtain global
asymptotic lower bounds for risk functions of estimates (Proposition 1).

A second application of the invariance theorem under certain conditions
yields a more handy version of the convolution theorem (Corollary 2). This
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version implies a characterization of those sequences of estimates whose risk
functions attain the lower bound (Proposition 2). This gives also a characteri-
zation of asymptotic Bayes estimates.

We assume that the L. AN-condition is satisfied in t-measure where 7 is a p-
measure on the parameter space. If ¢ is concentrated at a single point then our
condition reduces to the classical LAN-condition which was introduced by
LeCam, 1960, and is the central assumption of Hajek’s papers, 1970 and 1972,

2. Notations and Results

Let (Q,, o), neN, be a sequence of measurable spaces and let ® SIR* be open.
Assume that {F [¢,: $€@}, nelN, is a sequence of families of p-measures
(probability measures) such that $— Py (A4), Aes,, neN, are Borel measurable.

We use the following notations. If P|</, Q|«/ are p-measures on a measurable
space (2, /) then dP/dQ denotes the RN-derivative of the Q-continuous part of
. P with respect to Q. If X: Q— IR* is a measurable function then #(X|P) denotes
the image of P induced by X on %*- %,,(R" denotes the space of continuous
fanctions with compact support in R* and %, denotes the uniform hull of
%o A¥|#* denotes the Lebesgue measure, ¢,|%* the point measure at teR¥, and
v, 4|%* the normal distribution with mean acR* and covariance matrix A.
() denotes the family of substochastic measures on .

The following definition states the central assumption of the present paper. If
7|#* is concentrated at a single point then it reduces to the classical LAN-
condition. The classical L AN-condition is defined e.g. in Hajek, 1972.

Definition 1. Let 1|#* be a p-measure satisfying t(@)=1. The sequence
{P, ,: 9€0}, neN, satisfies LAN in t-measure if there are

(1) a sequence of positive numbers ,, nelN, decreasing to zero,

(2) a measurable function I' mapping @ to the set of symmetric k x k-matrices
satisfying ©{I'(9) is positive definite} =1,

(3) measurable functions 4,: @xQ,—»R¥ neN, satisfying

hmlff( 9)dL(4, ()P, )= (-, 8)dvo rg|=0

in t-measure for all measurable functions f: R*x®—IR, such that
T, 9eb,(RY), €0,

(4) measurable functions Z,: @ x R* x Q,— R, neN, satisfying l1mZ L, )=01n
[ P, ,1(d9)-measure for every teR¥, such that

o ton _ oy (4, (9) =30 T(9) £ +Z,(5, 1)
dP, ,
for 9O, teR¥, neN.

Sufficient conditions for LAN in A*-measure are given in LeCam, 1970. In
those cases §,=n""2, neN.
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Definition 2. Let 1|#* be a p-measure satisfying t(@)=1 and assume that the
sequence {P, ,: 8O}, neN, satisfies LAN in t-measure. A sequence (@,),.n of
estimates satisfies LIK in 7-measure if for every ¢>0

1
5@ =9-T7' () 4,0)

liijg,n{ >8}T(d9)=0.

nelN

The name LIK has been chosen because a sequence satisfying this condition
behaves similar to logarithms of likelihood ratios.

Sufficient conditions for the existence of sequences of estimates satisfying
LIK in z-measure can be obtained combining Doob’s martingale method for
consistency of posterior distributions with conditions of LeCam, 1973b, being
sufficient for square root consistency of posterior distributions.

Remark 1. Tt follows from contiguity (cf. the second step of the proof of Lemma
2) that LIK in 7-measure implies

1
(0, =9 —T"19) 4,09)

lil]gfpwant,n{ >s}r(d9)=0

for every ¢>0.
Definition 3. A function W: R*— [0, 1] is called loss function if 1 — We%,(IR"). A
loss function satisfies condition (A) if

(A) for every centered normal distribution Vo, 4 and every p-measure P|%*

[Wdvg (<[ Wd(vg 4*P).

A loss function satisfies condition (B) if
(B) for every centered normal distribution v, _, and every p-measure P|#*, P+¢,,

[Wdvy <[ Wd(vy, _4*P).

Example 1. 1t is easy to see that loss functions W=Lo .|| satisfy conditions (A)
and (B) if L is increasing and not identically zero.

Throughout the following we denote N(8)=v, -1y, 3€6. Proofs of Pro-
positions 1 and 2 are found in Paragraph 3.

Proposition 1. Assume that ©|%* is a p-measure satisfying ©(@)=1, 1< ¥, and that
the sequence {F; ,: 3@}, neN, satisfies LAN in t-measure. Then for every
sequence of estimates (Y,),en

lim [{ W (-3~ 4B, () w92 [ WaN() ) (d5)

if W satisfies (A) and geL¥ (7).

Remark 2. Let the assumptions of Proposition 1 be satisfied. Assume that (¥,),.x
|
S

n

is a sequence of estimates such that .& ( (l//n—S)lPs!n) converges vaguely t-a.e.
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Then Proposition 1 implies
lim | (51(9—1//,,)) dP,,Z[WIN(9) t-ac.

If T~ A* and if the limit distributions are continuous in 36, then
lim 7 (5%(9—‘//,,)) dP, = [WIN(9), 9€6.

Remark 3. Let P)%B*, neN, and P|%* be p-measures. The family % of functions
W: R~ R* such that

Q%j WdP,z [ WdP
satisfies the following conditions:
(1) & contains the constants.
(2) & is a positive convex cone.
(3) If W,e& nelN, W1IW, then We #Z.
This implies that the class of loss functions W for which Proposition 1 is true

can be extended considerably. It contains all functions W=Lo|.||, where L:
R*—R" is nondecreasing and lower semicontinuous.

Proposition 2. Assume that t{#* is a p-measure satisfying ©(0)=1, 1 <J*, and that
the sequence {F, ,: 3€©}, neNN, satisfies LAN in t-measure. Assume in addition
that there exists a sequence of estimates satisfying LIK in t-measure. Then a
sequence of estimates (Y1,),.n Satisfies

lim [ W (51 (9— %)) AP, ,1(d9)= | WAN(9) ¢(d9)
nelN n

for some loss function W satisfying (B) iff (), satisfies LIK in t-measure.

Remark 4. Let the assumptions of Proposition 2 be satisfied and let W be a,loss
function satisfying (B). Propositions 1 and 2 imply that every sequence of Bayes
estimates for the prior distribution 7 satisfies LIK in 7-measure.

3. The Convolution Theorem and its Consequences

We begin with a version of the convolution theorem which is independent of
invariance properties of limit distributions. Assume that t|%* is a p-measure
satisfying ©(@)=1 and that the sequence {F; ,: 93¢0}, nelN, satisfies LAN in t-
measure. Let (¥,),. be an arbitrary sequence of estimates.

We introduce some notations:

1
RS, )= (t—é—(‘//n—s;)spmnm), 946,10,

1
5,0.0=2 (10 4,0~ (= NPros). 945,160,
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Both R, and S, can trivially be extended to kernels on @ xR¥x %* Let
D,={teR*: |t Sa}, 220, and define

R, .(9)=

(
1

Sn, a(‘g) /lk(D )

[ 8,8, 0)dt.

Recall that N(§)=v, -1, 3€6.

Theorem 1. Assume that t|%* is a p-measure satisfying ©1(@)=1, and that the
sequence {P, ,: 3O}, neN, satisfies LAN in t-measure. Then for every sequence

(W )nen Of estimates

lim lim j IR, (%)~ N(9)%S, (9] 2(d9=0.

The proof of Theorem 1 is given in Paragraph 4.

Let (T, 77) be a locally compact space with countable base and Borel algebra
% and let (Q, o/, u) be a o-finite measure space. Consider (substochastic) kernels
P: Q— #,(#B). Let €, be the space of continuous functions on T vanishing
outside compacts. We define the %,,® L, (u)-topology of the set of all kernels P
to be the coarsest topology such that all functions

P [ f(2) P(w) d1) g(w) pldw),  [ebyo, geLy(0),

are continuous. It is well known that the set of all kernels endowed with this
topology is metrizable and compact.

The following result is a generalized version of LeCam’s invariance theorem
for limit distributions (LeCam, 1973a).

Theorem 2. Assume that @ <RR* is a measurable subset and let t|%* be a p-
measure satisfying 1(0)=1, 1<~ Let (F), . be a sequence of kernels F,: @ x R*
— .M (B*) being €,,(RY)® L, (t® A")-convergent to a kernel F. If there is a
sequence &, 0 such that

FE(3+0d,r,t)=F(9,r+1), 9€0, r,teR¥, neN,
then for t-almost all 3@

JFS, O h(e)dt =] F(S,t+r)h(e)dt
for all reR* and he L,(7%).

Proof. The proof is similar to the proof of Theorem 1 in LeCam, 1973a.

Throughout the following we assume that t|%#* is a p-measure satisfying t(®)
=1, 1< i*. We combine the convolution theorem with the invariance theorem.

Corollary 1. Let the assumptions of Theorem 1 be satisfied and assume in addition
that ©<A*. Then for every sequence (Y,),.y of estimates and every subsequence
N, &N such that (R,),.x, and (S,),en, are €oo(R¥) ® L, (t ® 2¥)-convergent
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lim lim (R,(.,0)— N*5, )=0  (Goo(RY®L,(r).

a— o0 nelNg

Proof. In view of Theorem 1 we have only to show that

lim (R, (., 0)~R, )=0 (%o (RH® L, (7))

nelNg

for every a>0. Let R be the %, ® L, (t ® 4*)-limit of (R,),.y,- Then Theorem 2
and Lemma 4 (of paragraph 4) imply that

JR(3,00g(9) 1(dH=JR(S, 1) g(9) t(d9)
for all geL,(r) and teR* This proves the assertion.

Corollary 2. Let the assumptions of Theorem 2 be satisfied. Assume that T <* and
that there exists a sequence of estimates satisfying LIK in t-measure. Then for
every sequence (Y,),.n Of estimates and every subsequence WN,<SIN such that
(Rnen, @ (S,)uen, are €oo(R*) @ Ly (t ® A¥)-convergent

lim (R,(.,0)=N#5,(,0)=0  (€,(R")®L,(7).

nENo

Proof. Let (¢,),.x b€ a sequence of estimates satisfying LIK in t-measure. Define
1
TS, =% (—6— (¢, — ¥ )IB(S, t)) , 9+0,te@.

Condition LIK implies that

lm(S,—T)=0 (%0®Ly(t®1).

nelN
Since T,, neN, satisfy the functional equation of Theorem 2 the %, ® L, (t ® 4*)-
limit of (S,),.n, is invariant in the sense of Theorem 2. Now the proof is finished
similar to the proof of Corollary 1.

Proof of Proposition 1. We may assume g=1. It is sufficient to prove

lim ff WdR (9, 0) 7(d9) Z |f WAN(8) 1(d9)

nelNg
for every subsequence N,=N such that (R,),., and (S),., are %,,®
L,(t®4%-convergent. For such a sequence N, condition (A) and Corollary 1
imply

[fWAN(9) t(d9) < lim lim [ Wd(N %S, )(9)z(d9)

~» o0 nelNg

= lim {{ WdR,(8,0)7(d9).

nelNg

Proof of Proposition 2. The assertion is proved if we show that lim S,(.,0)=¢, in

ne
t-measure. It is sufficient to prove it for every subsequence N, =N such that

(R)nero a0 (Suen, are %oo®L,(r®49-convergent. Define D,={zeR*:
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Izl <o}, 220, and

M, (%)= inf [W(y+2) N@®)(dy), 9€O,
¢

Do

4,,={90:5,8,0(D)ze), >0, nelN.

It follows from condition (B) that t{M_ > M} =1 if «>0. For every neN, >0,
o>0, we have

([ Wa(N(®=S,(9,0) t(d9)
=[{f W(y+2) N(9)(dy) 5,(3, 0)(dz) 1(d9)
2 [ [S,(3,00(D) M () +S,(3,00(D,) Mo($)] t(d3) + | My(9)(d9)

An, e A s
z | [eM(9)+(1—e) Mo(9]t(dN+ | My(9)(d9)
Ar e Ain e
=fMo(9)f(d9)+8A§ (M(9)— M () (d9).
Then "

lim [ WdR, (9, 0) 7(d9)=| M, dz

and Corollary 2 imply

lim | (M,—Mg)dz=0.

nelNg Aun, s

Since t{M,—M,>0}=1, we obtain lim 7(4, ,)=0 and therefore

nelNg

lim [ S,(9, 0)(D.) t(d%) =0

nelNg

which proves the assertion.

4. The Proof of the Convolution Theorem

Assume that 7|#* is a p-measure satisfying t(@)=1 and that the sequence
{B,,: 80}, neNN, satisfies LAN in t-measure.

The convolution theorem is known for the particular case when 7 is
concentrated at a single point. Our proof of the general version follows the
pattern of Hajek’s proof. In order to increase the readibility the main steps are
isolated.

Lemma 2. Assume that t|#* is a p-measure satisfying ©(@)=1 and that the
sequence {F, ,: 3@}, nelN, satisfies LAN in t-measure. Then there exist
(1) a sequence kT oo,
(2) measurable functions C,(.,1): @— R such that
lim | sup [C,(3,8)—1]1(d9)=0  for every a>0,

neN - (|t 2a
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such that the measures Q,(9, )|/, Q,(8,1) <P, ,, 30, defined by

dQ,(9, 1)

=C,(8, 1) exp[t 45(9)— 3t T(9) 1],
aky,,

and AF =41 4.1 2k, €O, telR¥, are p-measures and satisfy
hfgf 85 1 55,0 — LS, O] T(dH)=0

for every teRX.
Proof. For convenience we introduce the following notations:
4By s,tm
fn,t(wn"g):——d;—épt;(wnL COnEQn, '96@7
S n

4o (3, ¢t
g 00, 9)=22D () o c0,, 3cO,
’ ap,,

Rl=§P9,nT(d9)’
‘uI:j.g(expIv—%t’T(S)t,z’T(S)t) 7(d39),
for telR¥, neN,

1* step: We show that the truncation can be chosen in such a way that for every
a>0

lim | sup |C,(9, )~ 1]t(d9)=0.

nelN  |[t|| a
Note that the family of functions

exp(t's—3t'T(%)1) if s =i,

sH];(S, Ly g)z{exp(-—%t’[’(g) 1) ift fIslf>1,

Je@, |t] £i, is uniformly bounded and equicontinuous on {|s| <i} for every
ieN. This implies that

lim { sup || £(s, £, 9) L(4,(D B )(ds) — [ fi(5, 1, 9) Vo, r(s)(ds) 1(d9) =0

nelN - |it] =i

for every ielN. A standard argument yields a sequence (k,),.n. k,T00, such that

tmf sup If £, (s, 9) LA,OP, )dS) [ fo (51, 9) Vo, r(dS) £(d9) =0.

nelN - |lt]| Skn
Defining 45 = 4,1 4. <4,y W€ Obtain

lim | sup |fexp(t' 4 —3t'T6)dP ,~vp v, p{ls| Sk, }Hdr=0

neN " |t <a

for every a>0. Obviously, this implies

lim | sup [[exp(t'4¥ —5t'I't)dP ,—1]dt=0.

nelN - |jt|j =a
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Since
Cof8, 0)=1/f exp(t 43(8)~ 3£ T(9) 4R, .
the assertion is proved.

2°¢ step: We prove that
Hm 1B ., = Q,(8 Ol (d) <Flim ]I, —8,, ) 4F,.

To this end we have only to show that

im (P, (4)T@d%9=0 if lim P(4,)=0.
nelN nelN

Standard reasoning yields for every a< oo

By sl A) SR (A)+1— | sL(f, B ,)ds)

|sl<a

which implies

fim { Py 50l A) TENZ1~ | sp1(ds).
nelN

[s|l<a
Since [su,(ds)=1 the assertion is proved.
31 step: We prove that lim(f, ,—g, ,|=0 (B) for every teR*. Note that for every
nelN

£>0 there exists ¢, < w0 such that

im B {4, Zc )TV} Ze.
neN

Let d(e, §)=exp(c,|It| || -4 ¢ T(9) 7). Then
frim G d Sl —exp@ AF =3 To)| +lexp(d' A~ 51T~ g, |
<exp(t'd,~3t'Tt)lexp Z,(t,.) ~exp(t'4; —t'4,)|
+exp(t'd,—~31Tt)|C,(t,.)—1]
implies
Bl fo i~ 8ud > e} SR {exp(t'4,~ 31 T1)>d(s )}
+P{lexp Z,(t,.) —exp(t' 4¥ —t'4,)| >¢/2d(e,.)}
+BAIC, (1, )~ 1[>¢/2d(s, )}
This proves the assertion in view of 7{d(s,.) <0} =1.

4' gtep: We prove that (], ). is uniformly (B)-integrable for every teR*. To
this end we show that

lim g(fn, JB) =, vaguely
nelN

111;3fsg(ﬁ,tfpn)(dS)ﬂS/h(dS).
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The first equation is obvious. Moreover we know that {su(ds)=1. Then the
second assertion follows from

P,
lim | s#(f, ,|B)(ds)=lim | jd—“—‘*"’;"al}zg ,T(d9)
nelN ’ nelN dPg’n ’

for reasons of contiguity.

5™ step: We prove that (g, ),y is uniformly (P)-integrable for every teR*. We
do it in same way as in the 4™ step. In the present case this is almost immediate.

Lemma 3. Assume that t|#* is a p-measure satisfying ©(@)=1 and that the
sequence {P, ,: 9@}, nelN, satisfies LAN in t-measure. Then

Iirg J1LA NPy s 5,000 — Vo, rigy T(d9)=0

vaguely for every teR”.

Proof. The proof is completely analogous to the case when t is concentrated at a
single point.

Lemma 4. Assume that t|#* is a p-measure satisfying ©(@)=1 and that the
sequence {F, ,;: 3e@}, nelN, satisfies LAN in t-measure. Then for every teR¥,
&> 0, there exists y(e, t)>0 such that

i [P 50— Byl @9 6l st (e, ).
Proof. Lemma 2 and Lemma 3 imply that

lim { L(4510,(, s))dr=[ vy, rdr  vaguely
nelN

for every seR*. Fix telR¥, ¢>0. Since

lim { vy, (D) dr=0
b—

there exists some b >0 such that
£

j Vr Dy dr < 6

Since
s (v, p(Dp) dt,  seR¥,

is continuous there exists a>0 such that
& .
[yraDydi<s if [s—t]<a.

It follows that for |s—t]| <a
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lim [10,(9, 9)~Q,(8, ) v(d8) <him | $up 10,8, (4N {47(9)eD,))

2
~0,(9, (AN (459D, PIT(d9) + -

Furthermore we have

sup [Q,(9, NAN{47(3)eDy}) = 0,8, AN {47 (5)eDy))l

S i 51000
-1 EE‘; ;e XpL(s— 1) 45(8) — (T(8) s— ¢ T(9) 11140, (9, 1)
<[1- S e LT~ T3)0]

+ e XPL T 5= T0) )]

: Dibll —exp[(s— 8y ull L4523, D)(du).
This implies that
irgf 10,08, 5)— 0,9, 0l t@dH <[ |1 —exp[~3(s'T(§) s —'T(H) H)]|z(d9)
+Jexp[—3(T(®)s—t'T(9)1)]
: Djb 11 —expL(s =)' u)] Vs, res)du) T(d9).

Choosing #{e, t) sufficiently small proves the assertion.

The following lemmas are the key for proving the convolution theorem.
They provide the technical essence of Hajek’s method.

Lemma 5. Let P|%* be a p-measure and let D,={seR*: ||s| <o}, 2>0. Then

1
lim 7o 03 ) [ (Pe) (D) dt=0.

Proof. Define E,={seIR": |s] §oc—1/&}. Then we have D z+E, <D, which
implies D ;S D,—t for every teE,. It follows that

1 1 ME,) IME,)
o) 4 | P(D, t)dt_.ik(D) [ P(D,—t)dt =~ D) PD )z D) P(D).

Hence

! , ME,)
lim 5,y | (Pred(P)di< lim P(D) + lim ( THD ))'

2

This proves the assertion.
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Before we state Lemma 6 we have to introduce some notations.

Notations. Let (Q, «, u) be a o-finite measure space. Let N|%* be a p-measure
with Lebesgue density h. If X: Q—R* is a random vector then define a
stochastic kernel Q: R*— (/) by

Q,(4)=C() £ h(t — X () pldw).

Let Y: @— R¥ be another random vector and let

Rzzg(t"Y‘Qz)’ tE]Rk:
S, =%(X—Y|0), teR~.

If D, ={seR": ||s| Za}, a>0, define

s _ 0
Ro=ip § Rty 220,
S = ! [ S.de >0
DY,

Lemma 6 gives an estimate of |R,— N=*S,||. The remarkable feature of the result
is that the estimate is independent of Y.

Lemma 6. Let (2, o, 1) be a measurable space, N < A* a p-measure on #* and X:
Q—R* a random variable. Then for every further random variable Y: Q— IR¥,
o>0,

IR, —N=S,| <min{1,2sup|C(t)— 1|}+ik(D)j(N*j(XlQ,))(D)dt

teDy

Proof. Let Q |/ ® #* be defined by

Q.(AxB)= { Q(4)dt, Aest, BeB".

)-k(D o DonB
Then for every Be#* we have

R,(B)=0,{(,1): t—Y(w)eB} =[ 0,(B + Y(0)|#)(w) 0, (d0).
This implies

IR (B)— [ (N xex(,)(B+ Y()) O, (dw)| < [ Q,(-] ) (@) —(N *ex,) || @ (dw).
Since

(N *2x()(B+ Y() Q,(dw) = [ N(B + Y(w) — X () Q,(dw) =(N *5,)(B),
it follows that

IR, = N#5,| Z[1Q.(| ) @)~ (N *exiu)l Q,(do).
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Now the problem is reduced to a Bernstein-v. Mises approximation. We use the
following inequality: For any two p-measures PlsZ, Q|</, Q <P and every Aeo/
such that Q(4) >0 we have

1Q(.14)—P| §2min{1, sup

wed

dQ
= 2P(A4).
dP 1[}+ ()

The particular form of Q, implies that

~ jD Ct)(N *EX(w))(dt)
Blof)(cw) =202
BN} f C(O)(N *ex(,)(dt)

Do

Applying the inequality mentioned just before we obtain
10, (1) (@) = N xe | <2 min {1, Sg)plC(t)~ 1]} 4+ 2(N #ex () (Dy)-
teDy

Now the assertion follows from
(N ey )(D)) Q(dw) = N(D, — X () Q(dw) = (N + L(X|Q,)(D).

Proof of Theorem 1. Let t|#* be a p-measure satisfying t(@)=1. We define:
1
Un(9,t)=$<t—5—(lpn-—9)|Qn(9,t)>, 9e6, teRt,
1
0.0 =2 (10 4,0) =50, ~91Q,8.0), 96, 1eR*

The kernels U, and V, correspond to R, and S, the only difference being that
Py 5.1, 1s replaced by Q,(8, 1). Similarly we define

1
Un,a(’g) =II;—(D‘Q)1‘)‘; Un('97 t) dt,

Vial9) [ V9, 0)dt.

“JND, 5,

Lemma 2 implies that for every o>0
lim R, (%)= U, /(9] 7(d8) =0,
lim fS,, ,(9) = V,,.(9) v(d9) =0.

Hence it is sufficient to show that

lim Tim [ U, ,(9) = N(9)*, (9)] 1(d9)=0.
N

x> o ne

Let 9eM, nelN be fixed and apply Lemma 6 to
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Q.= 0,031
X=I"49) 4,9

Y =509
N=N®)=vy r-1-
This yields
U, =N =V, (D <min{l, 2sup|C,(t, ) —1[}

teDy

1 -1 ’
+m z{,(N (9= L™ 7(9) 4,(9)|Q,(8, )(D7) dt.

From Lemma 2, (2), and Lemma 3 we obtain
— 1
ling S0, =N @)=V, (9] t(d9) émf [N« N(@8)xe)(D;) dt(d9).

Now Lemma 5 proves the assertion.
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