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Summary. A natural model for a ‘self-avoiding” Brownian motion in IR,
when specialised and simplified to d=1, becomes the stochastic differential
t

equation X,=B,— | g(X,, L(s, X))ds, where {L(t,x): 120, xeR} is the local
0

time process of X. Though X is not Markovian, an analogue of the Ray-
Knight theorem holds for {L(c0,x): xeR}, which allows one to prove in
many cases of interest that lim X,/f exists almost surely, and to identify the
limit. e

1. Introduction

One of the most challenging problems of probability is to construct and
analyse models for self-avoiding random walks. The physics literature contains
numerous such models (we list some references at the end of this section),
which display considerable ingenuity and which, at the same time, underline
the difficulties in performing a rigorous analysis. Our interest here is in a
model which is specified by the stochastic differential equation

thBz—jlg(XsaL(Sv Xs))dS, (1)
0

where {L(t, x): t=0, xeR} is the local time process of X, and B is Brownian
motion.

The model one would most like to look at would be the three-dimensional
SDE

Xt=Bt+([i ((y) fX,—X,) du) ds,

where, say, f was the electrostatic potential, f(x)=x//x|>. It is not clear that
this SDE has a unique solution, let alone what its properties might be. Even in
the case when f is globally Lipschitz (when it is easy to show that there is a
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unique solution), the study of properties of the solution is extremely difficult,
so as a first step one looks at the one-dimensional analogue. This is still so
difficult in general that one looks for particular f for which more can be said,
and one such choice is to take f to be the Dirac d-function, in which case the
SDE becomes

t
X,=B,+ | L(s, X,)ds.
0

This one-dimensional SDE has the qualitative behaviour that X is pushed up
strongly from levels where it has already spent a lot of time; by mixing the
laws of X and — X one could get a process pushed away from levels where it
had already spent a lot of time.

The techniques by which this SDE are handled cope equally well with the
generalisation (1). We remark that, if g(x, [)=I, then the process X is a Brown-
ian motion with a downward drift equal to the (local) time spent at the present
position; it is known (see Barlow [3]) that the process (L(t, X))),5, is not a
semi-martingale if X is Brownian motion, so the drift is a potentially awkward
object. Nonetheless, the construction of a law P on the canonical path space Q
=C(R*,R) under which the canonical process X solves (1), via Cameron-
Martin-Girsanov change of measure, presents no problems. At least, it presents
no problems if g is bounded, but the unbounded drift case, which one en-
counters most commonly in practice, is encountered least commonly in theory,
and needs a little care.

In §2, using ideas of McGill [10] and Jeulin [8], we investigate the be-
haviour (as a process in the space variable a) of

T
N,=fudy ,dX,
4]

under Wiener measure P. Here, T=inf{s: X,= —K}, for some fixed KeN, and
u is a suitable previsible process. The main point is essentially that N is a
martingale in the excursion filtration (€,) provided u satisfies a measurability
condition forcing N to be adapted, and an integrability condition (see Theo-
rem 1). The classical Ray-Knight theorem is a corollary.

In §3, we assume we are in a position to use the Cameron-Martin-Girsanov
change of measure to convert the canonical process X into a solution of (1);
the key point then is that the Cameron-Martin-Girsanov density can also be
identified as a change of measure in the (&) filtration, converting the P-
martingale N into a P-martingale plus drift, which can be identified explicitly.

In §4, we specialise to g depending on L(s, X,) alone. Here we take the
trouble to prove the existence and properties of P, and we deduce that if g is
non-negative and increasing then the process {{_,=L(w, —x): x=0} is a

1 : .
stationary diffusion, and t=*X,— ——, where u is the mean of the stationary
distribution. As a special case, if

11
X,=B,— [ L(s, X)) ds,
0
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Xt a.s. *‘/7;
—_— > — —-.
t 4

The physics literature discusses numerous models for interacting random
walks, usually in discrete time. One common feature of such models is that if
Qy={functions x: {0, 1, ..., N} >Z%, one constructs a measure B, on 2, and
calculates the Py-expectation of some functional of the path (for example,
Ey(xyl?) and investigates the behaviour as N — oco. However, frequently the
measures B, are not consistent in the sense that Py, ony! +FB, where
Ty, 1. 2y, — 8y is the natural restriction, so there is no connection between
the problem for N and the problem for N +1. Likewise, ‘Markovian’ models,
where the jump probabilities depend on the times spent in the different states,
can result in the sample path entering a ‘cage’ and being unable to continue;
both of these features seem to us to be undesirable drawbacks. See the
references [ 1, 4, 5, 9, 14, 17] for more information.

In a note submitted to Physics Letters [12], we have given some of the
heuristics which motivated this work, relating it to work of Edwards [5] and
Westwater [17]. :

then

2. Brownian Local Times and the Excursion Filtration

We collect here a number of definitions and well known results. Let
Q=C(R*,IR), with canonical process X and natural filtration {#°} made
right-continuous. Let P denote Wiener measure on (Q, #2). Now define for
acR

Alt, a)

1l

O ey O e,

Iy <qyd5, t(t,a)=inf {u: A(u,a)>t},

Xt a)=|ly . dX,, Et,a)=X(t(t, a), a),

Ft.a=c({l(sa: s<t}), X a=X(( a),
&,=F (0, a).
The times t(t,a) are finite P-a.s., and are {#.}-stopping times. Walsh [16]
shows that (&,),., is a right-continuous increasing family of o-fields. Tanaka’s

formula (which may be taken as the definition of semimartingale local times)
says that

t
X, na=Xona+ Iy  ,dX,—5L(t a)
0
=(XoAa)+ X(t, a)— 3 L(t, a); )

see Azéma-Yor [2] or Meyer [117, p. 365.
To prove the main result of this section, Theorem 1, we need to time
change stochastic integrals: the following result, quoted from Rogers-Williams
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[13], covers all the cases we need. The filtration {#} is assumed right con-
tinuous.

Theorem A. Let A be a continuous increasing process with right-continuous
inverse ©. Let ¢, =% (t,), and suppose A,=0. 5
() If T is an {F}-stopping time, then A, is an {%,}-stopping time.
(ii) If S is an {&,}-stopping time, then T is an {#,}-stopping time.
(i) If H is an {&,}-previsible process, then HeA is an {F,}-previsible pro-
cess, assuming H,=0.
(iv) Suppose M is an {&}-local martingale with the property that
3{F,}-stopping times S, T co such that
M™% is g uniformly integrable martingale.
Then M,=M(t,) is an {%,}-local martingale, and for any locally bounded (F)-
previsible process H, H,=0, '

[ HdM,= | H(A)dM,. (3)

(0.1] (0,7l

Using Theorem Af(iv) on the local martingales X(t, ) and X(,a)* — A(t, ),
with the stopping times

S, =inf{t: X(t,a)< —n, or L(z(t,a),a)>n},
we deduce that {é(f, a): £20) is an {Z(t(t, a))}-Brownian motion. In particular,
&, is generated by a Brownian motion, so every I*(&,) random variable has a
stochastic integral representation. This is the central idea behind the key lemma

of McGill [10].
Now let u be a {& }-previsible process, and for each a<lR, let

i(t, ay=ul(t(t, a).
Define

L{&)={previsible u such that {i(t, a) is {F(t, a)}-previsible Va}.

In our development, the analogue of McGill’s lemma is the following.

Theorem 1. Suppose that uel(&) satisfies the condition

Efully cgds<co  forall aeR. 4
9]

Then the process

is an {& Y-martingale with
als &
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Proof. Let C,= [ ul Iy _,ds. Firstly, we prove that N and C are {&,} adapted.
0

By Theorem A (iv), for each acRR,

N,= fudy ,dX,= [ (s, a)dE(s, a)
G 0
which is in &,. Likewise,

o
ull iy cqds= [ @i(s,a)*ds
0

C

a

i
ot 8

is in &, since ueL(&).

Now fix a<belR. For each Fel®(£), there is an {Z(t, a)}-previsible pro-

cess v such that E | v?ds< oo, and
¢
F=E(F)+ [v,d(s,a)
0
=E(F)+ [ (At ) I 1y, dX,,
0

by Theorem A (iii)-(iv). Thus

2]

E((N,,—Na)F)zE[ [t Ly, <Xy | 0(A(t @)y, <X,
0 0

=0.
Hence (N,, £,) is a martingale. Next, if
t
Mt‘:‘ gusl{a<xs§b}dXs’

we have by 1t&’s formula

ELN= N F1=E (2] Myt Ty g5 X, F) + B ([ 21 5 F)
0 0

=E (f ufl{a<Xs§b}ds-F),
b

the first term vanishing by a similar argument to that used to prove that N is a

martingale.

Hence N} — C, is an {&,}-martingale, and since C is plainly increasing and

continuous (since fully _,ds=0 for all a), C is {&,}-previsible, and C
0

=<(N). O

Remark. The hypothesis that ueL(&) was only used to prove that N and C are
adapted; without this assumption, the same argument proves that the {&,}-
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optional projection of N is an {&,}-martingale, with quadratic variation pro-
cess equal to the {&,}-dual previsible projection of C.

At first sight, Theorem 1 may have the appearance of a technical lemma;
but to convince you that it is not, we remark as a first consequence that we are
now only a few steps away from the celebrated Ray-Knight theorem on
Brownian local time.

Fix KeN, and let T=inf{t: X,< —K}. Defining now

Z,=L(Ta),

T
YaE jI{Xs§a}dXsEX(7: a))
0

we use Theorem 1 to deduce a result of Jeulin [8].

Lemma 1. The process {Y,: a= — K} is a continuous local ({&,}, P)-martingale,
with quadratic variation

Yy,= f Z_ dx.
“K

Proof. The process u, =1, _r, is in L(&), and satisfies (4). Indeed

ut,d)=Ie, e =lpsar,ay

and A(T,a)=inf{t: X(t,a)= —K} is an {Z(t, a)}-stopping time, since X(t,a) is

adapted to the filtration {#(t,a)} of £(t,a). Indeed, X(t,a)=aA0+E(t, a)

—1L(t(t,a),a) and (see, for example, Ikeda-Watanabe [6], Lemma II[-4.2)

1 L(t(t, a), a)=sup(&(s, @) —a*)*. The condition (4) is easy to check, so we apply
s=t

Theorem 1; Y is an {&,}-martingale, with

(Y),= _(I{ng)I{Xséa}dsz j Zdx
0 0

by the fact that local time is the occupation density. [

The Ray-Knight theorem now follows immediately.

Corollary (Ray-Knight). Under P, the process Z solves the stochastic differential
equation

Z,=2 5 (Z2 AW, +2(@r0)+K)  (a=—K)

where W is a Brownian motion.

Proof. Tanaka’s formula at time T says

1Z,=0ra)+K+Y,. 0O

3. Local Time Process of Drifting Brownian Motion

We continue to use the notation of §2, but now we suppose given some locally
bounded measurable g: R xIR* -IR, and a probability P on (2, #2) with the
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property that
P<P oneach #%T+), P(T,—o0)=1,

and .
dP
¥id =p(T)=exp(M(T,)—3{M)r) P-as, ()
FUT +)
where
T =nainf{t: |X,|>n, or L(t, X,)>n},
t
MtEfusts> plzexp(Mt’%<M>z)a
0
and where
u,=—g(X,, L(s, X))). 6)
As is well known,
t
B,=X,+ [ g(X,,L(s, X,))ds is a P-Brownian motion. (7)
0

(Since (M) is bounded, | p(T,)dP=1, and the only difficulty which (5) could
present is that there might be no measure P which projects down in this way.
For the rest of this section, though, we assume that such a P does exist.) Write
Q=3(P+ P), and let {Z,} be the usual Q-augmentation of {Z }.

We shall further assume that

P(H ,<ow)=1 for all neN, (8)

where H =inf{t: X,=x}.

As in §2, the aim is to find the law of {Z,: a2 —K}={L(T,a); az — K},
where T=H_,. We firstly show that P<P on %, with density p;. The
exponential martingale expression (5) for p, allows us to see how local mar-
tingales transform when P changes to P, but by expressing p; as the exponen-
tial of an {& }-local martingale, we can also see how {&,}-local martingales
(especially Y!) transform when P changes to P.

Lemma 2. Let T=H_y. Then P <P on F, and

dP
_ = . 9
apl, T ®
Proof. Continuity of L and the hypothesis (5) imply that
P(T, 1 o0)=P(T, 1 c0)=1. (10)

Take Ae %, P(A)=0. Then

As{T=w}usupT,<w}u(J (An{TZT)),

a union of P-null sets, by (8), (10), and (5), respectively. Thus P <P on %, and
(9) follows from the martingale convergence theorem and (5). [J

The key to expressing p, as the exponential of an {&,}-local martingale is
the following result.
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Lemma 3. The process {N,: aeR} defined by

T
]\]aE j‘ I{Xs§a} usts
0

is an ({&,}, P)-local martingale, and

(N, Y>,= ?I{Xséa}usds, (11)
= — faf(x,Zx)dx, (12)

where_ K
flx,2)= gg(x, y)dy. (13)

Proof. The process u,= —g(X,, L(t, X,)) is in L(¢&) because
ﬁ(t7 a) = g(X(t> a): L(T (t7 a)a X(ta a)))

and L(t(t, a), X(t, a)) is the local time of X at level X(t,a) at time ¢, which is
{Z(t, a)}-previsible.

Although ul, r may not satisfy (4), if we let u;=(—~k) v (u) Ak, and define
correspondingly

T
k_— k
Na = yl(xséa}usts,
0

then u*I, r, satisfies (4), and, by Theorem 1, each N* is an ({&,}, P)-martingale.
Since g is locally bounded, for each melN there is some keIN such that
xel —K, m], ze[0, m]=|g(x, z)| £k. Define the {&,}-stopping place

w=inl{x: Z >m} Am.

Then
U >a=>Iy o lg(X,, Lt, X )| £k for 0ZtsT

=1y, <, —u})=0 for 0Zt<T. (14)

Now the stochastic integrands Iy, <, u, and I ,uf can be approximated by
simple functions which (by (14)) may be assumed to agree on [0,T] when
a,,>a. Thus the stochastic integrals N, and NF are approximated by Riemann
sums which, on the event {o,>a}, agree. Hence o, >a=N,=N}, and N,,,
= NF and N is an {&,}-local martingale, reduced by the «,,.

AN Oyp?

Finally, it follows from Theorem 1 that
T
(NK YD, = gu’s‘ Ly, <nds,

from which (11) follows, and for (12), by (an extension of) the occupation
density formula for local time '
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[ 1y o 8(X, L(s, X,)ds= | dx ( [ g, L(s, x)), L{ds, x))

a

= | fix,Z)dx. O

~-K

We can now very easily easily obtain the analogue of the Ray-Knight
theorem for the law P.

Theorem 2. Under P the local time process (Z)es k=T, a),> _ satisfies the
stochastic differential equation

a a

Zo= [ 2Z7VdW,+2 [ (U0, —f(x, Z,)) dx. (15)
K

a
~-K

Proof. If we take a measure P on (2, #2) which is absolutely continuous with
respect to P, defined by (dP/dP)=pr, then under P,

tAT
B,=X,+ [ g(X,,L(s,X,))ds is Brownian motion,
0

and P agrees with P on #;. But (Z,) is #-measurable, so it suffices to obtain
the P-law of Z,. However,
dpP
5= Pr=exp(My =5 <My)
=exp(N, —3{ND.,)
so, by the Cameron-Martin theorem, under P, ¥,=Y,—(N,Y>, is a local

martingale, with quadratic variation {(Y),= | Z_dx. From (2) and (12),
“k
Z,=2Y,+2 | I codx
~K

=2Y,42 [ (o —S(x. Z,))dx,
—K

from which (15) follows immediately. [

As a first application, we consider the diffusion given by the solution of the

SDE
dY,=o(Y)dB, +b(Y)d1,

where ¢ is C' and everywhere positive, and ¢, b are such that ¥,— — oo a.s. as

- 1 .
t— 0. Defining he C? by h’=g, h(0)=0, and letting X,=h(Y)), then

) dX,=dB,—g(X,)dt,
whnere

)= (o'~ 2 ) o),
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If {L(¢t,a): 20, aeR} is the (semimartingale) local time of Y (related to the
occupation density {L(t,a): =0, acR} by L(t, a)=(a)? L{t, @), then

L(t, a)= A(t, h(a)) o(a)* W' (a)= A(t, h(a)) o (a),

where A is the (semimartingale) local time of X. We can apply Theorem 2 to
deduce the law of (A(T, X)), 5 ,_x)» and by the familiar techniques of scale and
speed we can translate this back into a statement about the law of
(L(T; x)),» _x- We find that, if Z,=L(T, a),

Z,= | 2ZdW, +2 jK[I{xg,}—}-b o™ 2(x)Z Jdx.

-K

4. Homogeneous Drift: Asymptotic Behavioar

We now specialise by assuming that g does not depend on X, and that g is
2 0. Thus we suppose given some continuous g: R* —=R*, and define

fl)= ;fg(y)dy.

Theorem 3. Suppose lim f(x)=1+2¢>1. Then there exists a probability P on
(Q, F2) such that ~ *~=

thBt_ jtg(L(s,Xs))ds, (16)

where B is a P-Brownian motion, and
P(X,» -0 as tow)=1. 17

If { ,=L(w0,x), then {{_,: x=0} is a stationary diffusion on R* with
generator

d2 d v
and invariant density
—cooxn| = T
m@=c-op| - 10| (19)

Proof. The existence of P is no problem if g is bounded; this is a simple
application of the Cameron-Martin-Girsanov change of measure (see, for ex-
ample, Ikeda-Watanabe [6], IV.4).

To handle the case of unbounded g, let g,(x)=1}, ,(x)g(x), where we only
consider n so large that f(n)>1+¢. Then, since g, is bounded, there exists a
measure B, on (Q, #2) defined by

dP,
G| =P M 5 M), (20)
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t

where M= — [ g,(L(s, X,))dX,, and under which
0

t
BP =X+ [ g,(L(s, X,))ds (21)
0
is a Brownian motion. Now if T, =n A S,, where S, =inf{t: L(t, X,)>n}, then on
[0.7.],

1o

t
B"=X,+ [g(L(s, X,))ds, M"=M
0

t
where M,= — | g(L(s, X,))ds, and 1?1+1 agrees with B on #°(T).

0
The following result (see Stroock-Varadhan [15], Theorem 1.3.5) applies to
the present situation.

Theorem B. Let Q= C(R*,R) be the canonical path space with its canonical
filtration {F}, and let (T,) be an increasing sequence of stopping times. Suppose
there is a sequence (E) of probabilities on (2, &) such that

(i) B, , agrees with B, on #°(T,);
(i1) for each te(0, o),
B(T,<t)-»0 as n—ow.

Then there exists a probability P on (Q, F) such that for each n,
P=P on ZF°T).

_ Thus we have only to verify the second condition to prove the existence of
P satisfying (5). This will follow immediately from the two statements:

for each K, PB(S,<H_g)—0 as n—oo; (22)
for each t€(0, o0) and &> 0, there is some K such that (23)

BP(H_y<t)<e foralln.

We firstly prove (22). For each n, the measure P, satisfies (5) by construction,
and (8) since g,=0, so we can apply Theorem 2. Letting Z denote the solution
of the SDE

Za: J. 2(2;)%dWx+2 .[ (I{x§0}_f(zx))dxa (ag —K) (24)
"k “k
and letting Z® denote the solution of
ZE,”’: j 2(Z§C")+)%dWx—|—2 j (I{x_S_O}—f(nAZx))dxa
—-K -K

then Z=Z" on the event {sup {Z,: a= —K} <n}, and under P,
{L(H_y, a): a= —K} has, by Theorem 2, the law of Z®. Thus
B(sup L(H_,a)zn)=P(sup Z,Zn)

-0 as n—oo,
proving (22).
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To prove (23), we use a stochastic comparison theorem (see, for example,
Ikeda-Watanabe [6], VL.1) to see that (for any n)

P(ZW =7, for all a)=1.
Now

H K= j. L(H\Kvx)dx9
so for any n, F
P(H_y<t)EP ( | Zada<t>
-K
-0

as K—o0, proving (23), and the existence of P. The property (16) is immediate,
and P(H_g<o)=1 for all KeN, since g is non-negative.
To prove that P(X,— — o) =1, we shall prove that for all a<belR,

P(sup sup L(H

n a=<x=b

x)<oo)=1. (25)

—n>

The result follows from this, because if we define t,=inf{t>H_,: X,=0}, and
if every 7, were finite, then for infinitely many k, |X(r,+ 1) £1 for all te[0, 1],
since X is a Brownian motion with a drift which (when X is in [ —1,1]) is
bounded, by (16) and (25). This contradicts (25), because (25) implies

H-»n

sup | I, (X)ds<oo P-as..
0

To prove (25), let (W=L(H_,,a), and let U be a random variable 1nde-
pendent of X with law 7. Now (™ solves the SDE

(o = fz(gw AW, +2 j (pcop— ) dx

and if ™ is the (pathwise unique) solution to
=U+ [ 20 dW 42 [ (I <o —fCW)dx

then by the stochastic comparison theorem,
P{W=(" for all az -n)=1.

But {{": —n<a<0} is a stationary diffusion with generator ¥, so for each
4>0,

P(sup sup L(H_,,x)>A)=1lim P( sup L(H_,,x)>1)

n asx<h n— 00 asx=bh

<PB( sup ("> 1), which is the same for all n> —a,

a<x=<h

and which tends to 0 as A—oo. This proves (25), from which follows (17).
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Consequently, { =11im (% is a continuous process, and for fixed KeN,
n—=> Q0

{,: x= —K} solves the same SDE (24) as {*, with different initial conditions
(each {{™:x= —K} solves the same martingale problem, and dominated con-
vergence implies the same is true in the limit). Now the law of (" is the law
at time n—K of a diffusion with generator %, started at 0. Since % has an
invariant distribution 7, this invariant measure is the limit (in norm) of the
laws B0, ) (where P, is the transition semigroup of the diffusion with generator
9), so {{,: —K=<x=0} is a stationary diffusion with generator ¥. Since B is
reversible with respect to =, (see, for example, It6-McKean [7]), the final
statement of the Theorem is proved. [J

The final result is an ergodic theorem which gives the speed at which X
tends to — co.

Theorem 4. Suppose that g is increasing. Then P-a.s.,
= (26)

where p is the mean of the invariant density © (19).

Remarks. The condition that g is increasing implies that lim f(f)= oo, and

t— 0
hence the invariant distribution has a mean. The proof of Theorem 4 rests on
the following lemma, of interest in its own right.

Lemma 4. For each Ai>0, and each K >0
P(sup {X(H_,+1)— X(H_)}> )< P(sup X,> ). (27)
t=0 t

Proof. Fixing K >0, abbreviating H_, to H, and defining the process X by

X, =X(H~+1)+K (120), (28)
we see that

Xt:Bt— g(Xsﬂ i(S, X~s)) dS,

[ I———

where

B,=B(H+1t)—B(H), L(s,x)=L(H+s, —K+x)—L(H, ~K+Xx),
and
g(x,)=g(L(H, —K+x)+1])
zg(),
since g is increasing, and (x,)=g(}) if x<0. Thus X satisfies an SDE of the

type considered in §3. Letting { = L(o0, x), by Theorem 2 and the comparison

theorem R .
P(sup{X(H+t)— X(H)}>)=P((,>0)

t=0 .
<P, >0),
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since the drift in the SDE for { is dominated b~y the drift in the SDE for {, and
equal to it in (— 00,0} (and hence the law of {, is the law of {,, the invariant
distribution). [

Proof of Theorem 4. For each K >0, let o_,=sup{t: X,= ~K}. For each ¢>0,

P(Hﬁ(1+s)K<0'hK)§P(SuPXz>8K) (29)
t
by the inequality (27).
Now
o_x={L(o_g,a)da
© -K
= | {,da+ | L(o_g.a)da
—-K — 0
4] —K ©
= { {,da+ | Lo_g,a)da+ | {,da,
so that K - °

1 1
liminf — 6_x= lim — jC da
K—+ K K—»oo

U= }0 xm(x)d (30

by the well known ergodic theorem for positive recurrent one-dimensional
diffusions (see, for example, Itd-McKean [7], § 6.8). Similarly

K0

— | LH_y,q)das | {,da
K K

SO
1
li < 31
im Sup - H g=p. (31)
We shall show that
E[sup X,]< oo, (32)
t

from which, by the first Borel-Cantelli lemma and (29) it follows that for each
€>0, P-as. H_, ,x20_g for all large enough K. Together with (30) and (31),
this implies that P-a.s.
1 1

lim — =i H 33

KIII; K I-x Kl—r»r:o K % —H (33)
To prove (32), notice that sup X,=inf{x>0: Z =0}=< is the first hitting time

t
2

of zero of a diffusion with generator 2x >—2f (x)— Familiar scale and

speed calculations reveal that for a>0

°° d
Ei(7)= s(a A x)—«%,
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. . - dt ¢
where s is the scale function, s'{(x)=exp (j f 7):ﬁ’ and E” denotes ex-
3 n(x
pectation with starting point a for the diffusion {Z : x=0}. But the law of Z,
is the invariant distribution with density 7, so

E(sup X)) = Oj? dan(a) E*(1)

el (oo (- 1£2%) ) (55

y

and since lim f(¢)>2 by hypothesis, the integral is finite.

t— w0

Finally, we prove (26). For each ¢>0, a.s. for all large enough K
O_kiae)<H_x<O_x<H_ gy,

so for te(H_g, o_g) {for large enough K)

K1+8<X —K
T

and hence for te(H_x,H_g_,)

—K(1+£)<X,<m.

Thus for te(H_,, H_x_,)
X, ~K X, :g_(iii)

‘<—— .
t (Q+eH  t H_, ,
from which (26) follows, by {33). [

Example. Take g(x)=ax* where a and « are positive constants. Then, writing f
for 1 +a

6
ax
Jx)y=—-
B
and the invariant density = solves the adjoint differential equation
d? d

Grn=—[2zn(@)] - - 20~/ (@) n(2)]=0.

dz
This can be solved easily: we find

n(z)=c-exp(—az®/p?).
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Hence we can calculate moments of the invariant distribution in this instance:

;fozkn(z)dz=(£§>kmf(%l) /F (%\)

In particular, if a=o =1, the first moment is ]/(4/77:). Hence from Theorem 4

5. Computer Simulation

Rather to our surprise, a very rough-and-ready computer simulation by Peter
Townsend and one of us (D.W.) gave results in very close agreement with our
theorems,

To simulate the equation

dX=dB—L(t, X,)dt (34)

a first-order Euler method was used, with time-increment of size k. The X-values
were restricted to multiples of Kh*, where K is a constant not much bigger
than 1. The value of L(t, x), where ¢ is a multiple of h and x a multiple of K k%,

was taken to be .
Nh/(K h?)

where N is the number of multiples of & less than or equal to t at which X is
at x. The following equation was taken as the discretized form of (34):

X, —X,=4,

t+h

where A takes one of the values —Kh?, 0, Kh*, and it is arranged that

E(4)=—L(t, X)h, Var(4)=h.

Acknowledgements. Our thanks to Peter Townsend for his part in the simulation; and to Ian
Davies and Aubrey Truman for many interesting discussions.
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