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Abstract. Doppler tracking data from the Lunar Orbiter series of spacecraft have been used in a 
more complete analysis of the spherical harmonic coefficients of the lunar gravitational field through 
thirteenth degree and order. The value obtained for the mass of the Moon, GM ~ 4902.84 km ~ s 2, is in 
good agreement with previous results and with results obtained by alternate procedures. Acceleration 
contour plots, derived from the gravitational coefficients, show correlations with surface features on 
the near side of the Moon, but are of questionable validity for the far side because of the lack of direct 
tracking data on the far side. Based on the most recent gravitational field data, the current estimate 

for the polar moment of inertia of the Moon is C/Ma2=0.4019 +0"004._ . This value indicates that the 

interior of the Moon can be homogeneous, but some results presented strongly suggest that the Moon 
is differentiated, with an excess of mass in the direction toward the Earth. 

1. Introduction 

A more  complete  analysis  o f  D o p p l e r  t rack ing  da ta  f rom the Lunar  Orbi ter  series o f  

artificial  lunar  satelli tes has been pe r fo rmed  in an effort to provide  an improved  

es t imate  o f  the grav i ta t iona l  field o f  the Moon .  The objective of  such an analysis is to 

de te rmine  the coefficients C,, m and Sn,,, o f  a finite number  o f  terms in the infinite series 

expans ion  of  the lunar  gravi ta t ional  potent ia l  funct ion as expressed in spherical  

harmonics  of  the form 
oo n 

U = Co, o + Pn, m sin q5 (C, ,  m COS m2 + S,,  m sin m2 , 

n = 2  m = 0  

In  this expression,  G M  is the p roduc t  of  the gravi ta t ional  cons tant  and  the mass of  the 

Moon ,  a is the mean  rad ius  of  the M o o n  ( taken here as 1738.09 km), r is the radia l  

dis tance f rom the lunar  center of  mass, P , ,~  are the associa ted Legendre  po lynomia ls  

of  degree n and order  m, ~b is se lenographic  lat i tude,  and  2 is selenographic longitude.  

Previous results in a series of  lunar  g rav i ta t iona l  field analyses pe r fo rmed  at  the 

Langley Research Center  have been summar ized  by Michael  et al. (1970). These 

authors  presented a so lu t ion  for  gravi ta t ional  coefficients th rough  th i r teenth  degree 

and order ,  based on  12600 Dopp le r  observat ions.  The results given here, also th rough  

th i r teenth  degree and order  in the coefficients, are based on considerable  add i t iona l  

da t a  compr is ing  some 20000 Dopp le r  observat ions.  

* Paper presented at the NATO Advanced Study Institute on Lunar Studies, Patras, Greece, Septem- 
ber, 1971. 
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There are three major obstacles which cause limitations in efforts to determine a 
precise definition of the lunar gravitational field. The first is that direct line-of-sight 
observation of a lunar orbiting spacecraft is interrupted as it moves behind the Moon, 
so that direct data coverage of the lunar far side is not obtainable from Earth-based 
tracking stations. The second is that the variety of orbital parameters covered by 
lunar satellites established thus far is still relatively limited. The third is that the Moon 
is a wonderfully complicated gravitational object, with many localized gravitational 
anomalies near its surface and perhaps in its interior, and these anomalies are difficult 
to represent in a finite mathematical formulation. 

There is very little that can be done about the third obstacle, except perhaps to 
enjoy the challenge. The first two, however, can be alleviated by establishing additional 
lunar satellites and by incorporating new data gathering techniques to provide far side 
data, such as satellite-to-satellite tracking and far side beacons or retroreflectors. In- 
deed, some of the data obtained in the Apollo 15 mission, including tracking data 
from the subsatellite left in lunar orbit, and the laser altimeter data, will contribute to 
the gravitational field analysis problem. 

Because of the complexity involved in determining the characteristics of the lunar 
gravitational field, a number of approaches have been attempted other than the one 
described here. Among the more interesting are the analysis by Muller and Sjogren 
(1968), and subsequent analyses, which have directly determined spacecraft accele- 
rations and correlations of these with lunar surface features, thus describing local 
gravitational anomalies in considerable detail. Several other approaches to the general 
problem of lunar gravitational field determination are summarized by Michael et al. 

(1970). 

2. Method of Analysis and Data Coverage 

The procedure used for the gravitational field determination results presented here is 
a weighted-least-squares, differential correction process with numerical integration of 
the spacecraft equations of motion, and the associated variational equations. The 
basic observable is the number of cycles in the Doppler frequency shift of a radio 
signal sent from an Earth-station to the spacecraft and received back at an Earth- 
station, averaged over a one-minute counting time. Other quantities required in the 
differential correction process are the calculated value of the observable and the 
partial derivatives of the observable with respect to the set of parameters to be 
corrected, evaluated at each of the times at which the Doppler frequency shift is 
measured. The calculated values of the observable are derived from the numerical 
integration of the (Cowell-type) equations of motion of the spacecraft, using a 
twelfth-order predictor-corrector technique, starting with initial estimates of the 
spacecraft state at the initial epoch of a series of orbits. The partial derivatives, of the 
observable with respect to the set of parameters to be corrected, are derived from a 
similar numerical integration of the variational equations which relate the change in 
the observable to changes in the initial estimates of the parameters to be corrected. 
Using the quantities thus defined the differential correction process yields, with 
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considerable manipula t ion  on a large-scale digital computer ,  a weighted-least-squares 

estimate of  the corrections to be applied to the initial values o f  the set o f  parameters  in 

the solution. Since this process is a l inearized approximat ion  to a non-l inear  problem,  

the solut ion must  be i terated until  the solution converges and the changes become 

acceptably small. 

TABLE I 

Orbital geometry and tracking data 

Lunar Orbiter 

1 2 3a 3b 4 5 

Semimajor axis, km 2670 2702 2688 1968 3751 2832 
Eccentricity 0.327 0.341 0.332 0.062 0.516 0.317 
Inclination, ~ deg 12 18 21 21 84 85 
Period, min 206 210 208 130 344 225 
Data arcs 2 3 3 5 2 8 
Total length of arcs, days 9.7 8.5 15.9 17.1 8.6 19.9 
Observations 2076 2662 2502 3322 3739 5847 

inclination to lunar equator. 
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Fig. la. Lunar near side - total data coverage. 
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Fig.  lb .  L u n a r  f a r  side - conc luded .  

The orbital geometry, data arcs (data representing a continuous spacecraft trajec- 
tory), number of data points (Doppler shift observables), and total length of arcs used 
in this current analysis are shown in Table I. Six separate orbital geometries from all 
five of the Lunar Orbiter missions, 20, 148 coherent two-way Doppler observations, 
and approximately 80 days of tracking coverage have been included. The set of 
parameters in this solution contains (with six state parameters for each of the 23 
different arcs and 193 gravitational coefficients) 331 quantities to be differentially 
corrected in the iteration process. 

It is of interest to illustrate how the data coverage of Table I is actually distributed 
over the surface of the Moon. This is shown in Figure 1, for the total data, indepen- 
dent of spacecraft altitude. Figure 2 shows the observations taken on the near side of 
the Moon when the spacecraft were below 200 km altitude; there is essentially no 
coverage on the far side at altitudes below 200 km altitude. As indicated, the best 
coverage is between - 2 0  ° and + 30 ° selenographic latitude on the front side, with 
considerably decreased coverage in the polar regions and on the far side. As a result 
of radial attenuation of gravitational effects, the data in the high latitude and far side 
regions are clearly less sensitive to localized gravitational anomalies than the mid- 
latitude region on the front side. 
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Fig .  2. L u n a r  n e a r  s ide  - o b s e r v a t i o n s  t a k e n  w h e n  the  s p a c e c r a f t  w a s  b e l o w  200  k m  a l t i t ude .  

Although areas are shown in Figures 1 and 2 in which no direct observations were 
made, these regions are indirectly represented in that the net effect of the gravitational 
forces in these regions is reflected in the continuous spacecraft orbits and hence in the 
data. The same comment applies in a more restricted manner to the lunar far side, 
where at least the integrated effects of the gravitational forces are represented in the 
directly-observed data. However, the lack of complete global coverage of direct data 
and/or low altitude data remains an important limitation in the effort to provide a 
rigorous mathematical description of the lunar gravitational field. 

3. Results for the Mass and Gravitational Field of the Moon 

The results of the present analysis of the lunar gravitational field harmonic coefficients 
through thirteenth degree and order are presented in Table II. The result given for 
Co, o implies a value of 4902.84 km 3 s-2 for GM, as compared with 4902.86 km 3 s-2 
for the previous thirteenth degree solution; and is in good agreement with the value of 
4902.75 km 3 s -2 obtained from a combination of analyses from deep space probes 
using a different technique. A comparison of some parameters from the present and 
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T A B L E  I I  

Coefficients  o f  the  t h i r t e e n t h  deg ree  a n d  o r d e r  so lu t ion  

for  l u n a r  g r a v i t a t i o n a l  field 

n m C•, m Sn ,  ,~ 
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0 1 . 0 0 0 0 5 3 8 8 2 7 4  

0 - - 2 . 0 3 7 8 7 6 1 8 2 0  x 10 -a  0 

1 1 . 1 0 5 1 5 4 2 5 1 2  × 10 -s  1 . 3 0 0 6 1 4 8 2 8 7  × 10 -6 

2 2 . 4 8 4 5 2 1 1 4 9 0  x 10 5 - -  1 . 0 4 4 2 6 6 1 2 4 4  × 10 -6 

0 2 . 8 4 3 9 9 1 2 9 8 6  x 10 -5 0 

1 2 . 4 1 5 2 6 9 8 9 3 9  × 10 -5 2 . 0 8 0 5 9 3 1 2 9 9  x 10 5 

2 7 . 6 3 2 2 6 5 2 4 5 1  × 10 -6 2 . 2 7 1 0 8 0 4 7 8 4  x 10 -6 

3 1 . 4 1 1 1 9 6 7 2 6 8  x 10 6 - - 3 . 1 1 2 6 4 1 4 9 7 7  x 10 -7 

0 3 . 4 6 8 8 3 3 0 2 5 4  x 10 -5 0 

1 - - 1 . 9 8 9 1 9 3 3 2 7 3  x 10 - s  - - 8 . 5 1 0 0 4 4 9 5 4 5  × 10 -9 

2 - - 2 . 5 4 4 3 6 l  4074  × 10 -6 - - 4 . 1 6 5 6 1 7 0 6 0 4  x 10 -6 

3 - - 5 . 6 3 2 1 0 3 6 2 8 4  x 10 7 - - 2 . 7 6 8 2 6 4 1 5 2 9  x 10 -7 

4 - - 5 . 3 9 8 1 7 3 6 9 7 6  f 10 -8 1 . 1 4 1 1 2 5 6 4 6 0  x 10 7 

0 - - 2 . 6 6 2 3 4 8 3 0 2 2  x 10 - s  0 

1 - - 7 . 4 9 3 9 7 2 0 6 1 9  × 10 -8 - - 9 . 2 5 3 5 8 2 6 5 7 6  x 10 -6 

2 3 . 4 6 0 3 5 0 6 7 5 6  x 10 -7 3 . 8 7 6 2 3 9 9 7 9 3  × 10 -7 

3 4 . 0 0 4 0 0 1 5 9 3 4  x 10 -7 8 . 8 7 7 3 9 8 8 8 2 2  x 10 7 

4 9 . 3 9 2 4 9 2 5 0 0 3  × 10 8 - -  1 . 4794482739  x 10 -7 

5 1 . 8 7 7 1 8 2 3 9 6 6  x 10 -8 - - 2 . 1 0 0 1 3 6 6 9 3 9  x 10 -8 

0 4 . 9 6 7 3 1 9 5 6 2 6  x 10 -5 0 

1 - - 1 . 8 5 4 3 3 1 8 2 5 7  x 10 - s  - - 9 . 5 6 7 3 0 1 0 6 5 8  x 10 -6 

2 - - 5 . 5 0 9 1 0 3 1 9 3 3  N 10 -7 1 .8138036159  × l 0  -7 

3 1 .1678358571  x 10 -7 - -  1 . 1 8 4 1 1 7 4 0 2 4  x 10 -7 

4 - - 3 . 3 9 5 6 3 1 3 1 9 8  × 10 -s  - - 9 . 7 0 2 1 3 8 9 1 2 7  X l 0  -8 

5 - - 9 . 6 8 4 7 6 9 1 9 2 0  X 10 9 8 . 1 2 3 7 7 4 4 5 9 9  X 10 -9 

6 - - 4 . 0 7 9 0 0 2 3 0 9 3  x 10 9 2 . 9 7 3 9 5 6 6 9 7 3  X 10 -9 

0 - -  7 . 2 7 8 1 8 5 0 9 7 0  x 10 -5 0 

1 4 . 1 8 1 0 2 6 3 5 2 7  × 10 -6 --  2 . 8 4 0 8 0 9 4 7 9 0  x 10 -s  

2 - - 8 . 3 3 7 8 2 4 7 6 8 4  x 10 -7 - - 7 . 4 1 6 6 1 8 6 1 2 9  x 10 -7 
3 - -  1 . 2 7 3 7 5 3 5 1 2 4  x 10 -7 - -  1 . 7 5 0 9 7 5 4 9 5 6  x 10 7 

4 - - 4 . 1 6 8 2 6 4 7 6 5 3  x 10 8 - - 2 . 5 4 0 7 1 1 5 4 7 5  x 10 -9 

5 1 .8658206027  x 10 9 1 . 0 9 1 0 3 4 0 0 4 7  x 10 -8 

6 4 . 6 2 6 1 4 0 4 5 7 4  × 10 - l °  - - 7 . 1 0 4 6 0 9 4 3 9 3  x 10 lo 

7 3 . 4 3 3 4 5 1 9 1 5 3  x 10 lo - - 1 . 2 4 0 1 7 8 1 1 2 4  x 10 - l °  

0 - -  1 . 7 4 1 1 7 4 2 6 2 7  x 10 -5 0 

I 1 . 3 7 0 1 8 5 8 0 6 7  x I 0  - s  3 . 6 7 1 6 6 4 2 1 3 3  x 10 -6 

2 4 . 0 7 9 5 7 9 6 6 6 1  x 10 7 9 .1385019071  x 10 -7 

3 9 . 3 9 1 0 1 6 1 9 6 4  x 10 9 - - 1 . 9 3 5 9 1 5 4 6 9 7  x 10 7 

4 - - 6 . 4 5 2 3 0 7 4 3 7 3  x 10 -9 2 .5059489581  x 10 s 

5 4 . 5 0 2 4 5 1 7 9 2 7  x 10 -9 - - 9 . 1 7 2 3 9 5 2 8 0 4  x 10 -1° 

6 3 .6434678341  x 10 - lo - - 1 . 0 4 3 0 9 1  7747 x 10 -9 

7 - -  1 . 4 8 5 8 6 1 2 4 7 7  × 10 -11 2 . 1 5 2 5 5 6 4 9 8 0  × 10 -11 

8 - - 3 . 6 0 1 2 6 7 5 6 9 9  x 10 -11 1 .1935027479  x 10 -11 
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Table  I I  (Cont inued)  

n m Cn,  m Sn,  m 

0 - - 6 . 5 0 1 1 3 2 6 2 5 3  x 10 -5 0 

1 5 . 3 7 7 0 9 0 4 5 3 2  × 10 -7 - - 5 . 2 2 7 3 4 8 0 3 6 8  × 10 -n 

2 - - 4 . 4 2 0 6 5 4 1 4 9 6  x 10 -7 - - 3 . 1 7 2 7 2 4 6 4 8 6  × 10 -7 

3 - - 1 . 2 9 1 0 9 1 2 3 1 5  x 10 -7 - - 5 . 4 9 0 0 4 1 3 9 0 0  × 10 8 

4 - - 8 . 3 5 9 1 9 8 8 8 6 1  × 10 -9 2 . 1 2 4 0 8 7 3 8 8 0  x 10 -8 

5 8 . 7 2 5 9 3 9 2 7 6 8  x 10 -1° - - 2 . 5 1 2 4 2 8 8 1 5 8  x 10 -8 

6 - - 5 . 1 5 0 5 3 9 8 1 1 6  x 10 - lo 1 .2516041989  × 10 lo 

7 - - 8 . 0 6 9 0 2 4 2 5 2 9  x 10 11 8 . 0 7 5 4 0 2 6 7 6 4  x 10 -11 

8 - - 1 . 2 6 4 9 4 7 9 5 7 8  x 10 -~2 2 . 6 6 8 1 2 2 7 3 4 5  × 10 -11 

9 1 .7805101055  x 10 12 - - 5 . 4 3 7 6 2 0 9 9 9 7  × 10 -:t8 

10 

11 

12 

0 - -  1 .953403071 1 x 10 -5 0 

1 3 . 5 6 4 0 4 7 2 5 3 8  x 10 -5 4 . 5 1 2 3 3 0 9 4 0 7 7  x 10 -7 

2 4 .9196310871  × 10 -9 5 . 7 1 6 9 6 8 5 6 3 7  × 10 7 

3 - - 2 . 2 3 5 8 7 8 4 0 3 8  x 10 -9 - - 3 . 6 4 3 7 5 8 5 5 7 5  × 10 -8 

4 3 . 9 1 4 1 6 5 3 0 4 9  x 10 -9 1 .1269567323  / 10 -8 

5 3 . 8 0 8 7 6 6 6 3 6 4  x 10 - lo - - 2 . 1 3 0 8 9 3 8 6 5 3  × 10 -8 

6 - - 4 . 6 2 5 5 1 3 5 1 8 9  × 10 -11 1 .5652458548  × 10 -1-9 

7 2 . 7 6 1 4 9 6 2 5 0 3  × 10 -1I - - 1 . 5 5 4 0 3 7 6 6 8 2  x 10 -11 

8 5 . 4 8 9 6 7 4 3 8 3 0  × 10 -12 - - 4 . 0 5 0 5 0 4 2 0 4 0  × 10 -J-2 

9 9 . 2 4 0 7 5 3 5 2 5 2  / 10 -1'~ - - 3 . 6 1 3 6 3 2 6 5 9 6  × 10 -I8 

10 - - 7 . 5 2 2 3 4 8 8 6 8 3  x 10 - 1 8 !  3 . 3 1 3 5 9 2 7 0 6 4  × 10 -14 

0 5 . 1 0 3 7 4 5 2 5 3 0  x 10 -5 

1 - - 7 . 7 2 9 1 7 8 1 8 1 4 × 1 0  6 

2 - - 3 . 2 2 7 3 6 5 8 0 8 6  x 10 -7 

3 2 . 3 3 6 0 8 5 3 5 0 5  × 10 -8 

4 1 .0287849331  × 10 -8 

5 - - 3 . 1 8 7 7 0 0 4 8 2 1  × 10 - l °  
6 . 2 5 3 5 6 6 8 2 5 9  × 10 -11 

7 - -  1 . 3948668302  × 10 -12 

8 - - 9 . 6 8 0 0 1 6 5 0 9 8  x 10 -18 

9 - - 2 . 8 5 2 4 7 9 7 9 6 3  × 10 18 
10 - -  1 .4876779292  × 10 14 

11 7 . 2 9 6 3 9 8 7 0 9 0  × 10 -16 

0 

2 . 8 4 7 9 4 4 6 4 3 4  x 10 -~ 

7 . 2 4 9 7 7 7 4 4 2 8  x 10 -7 

5 . 5 9 6 6 6 8 2 3 2 9  × 10 -8 

1 .3205804852  × 10 -8 

- - 8 . 8 6 0 3 0 1 4 6 9 5  × 10 -1° 

1 .2557575513  x 10 -1° 

- -  1 .6191981587  x 10 - I1  

2 . 8 5 1 2 3 9 0 2 8 2  × 10 -18 

2 . 5 6 7 9 5 5 8 0 3 9  × 10 lS 

2 . 0 4 6 6 5 6 9 2 5 7  x 10 -14 

- -  1 .1859856626  × 10 -15 

0 9 . 7 6 1 7 1 6 4 6 4 0  x 10 -6 0 

1 1 .2778274406  x 10 -5 1 .4438415728  x 10 -8 

2 - -  1 . 5405505424  x 10 -7 5 . 3 5 5 1 6 3 8 7 3 2  x 10 -7 

3 5 . 4 0 0 2 0 5 1 6 4 0  x 10 -9 8 . 7 8 6 8 5 8 5 7 4 6  x 10 -9 

4 4 . 0 0 7 8 2 9 3 2 5 5  × 10 9 1 .2737288951  x 10 -9 
5 9 . 5 0 3 0 4 2 9 2 6 9  × 10 -11 - - 4 . 8 3 7 6 4 7 7 9 0 8  × 10 lO 

6 1 .7093579633  x 10 11 6 . 0 1 3 4 0 9 3 3 3 8  × 10 - l z  

7 --  7 . 2 2 6 3 1 9 8 8 2 0  x 10 - l s  --  5 . 5 6 7 7 0 5 9 4 9 4  × 10 -12 

8 1 .2421199266  x 10 -13 9 . 7 5 1 0 3 8 7 4 4 9  × 10 -13 

9 - - 3 . 7 2 8 5 7 7 6 0 8 2  x 10 -14 - - 2 . 4 3 6 8 9 2 8 8 3 4  x 10 -14 

10 9 .931284  3321 × 10 -15 - -  1,061 879 5919 × 10 -14 

11 5.203 3681565  × 10 -16 --  4.287 0 2 5 0 9 6 7  x 10 -16 

12 - - 2 . 3 8 5 5 4 5 9 6 8 2  × 10 -18 4 . 5 5 4 3 3 4 0 1 9 4  × 10 -18 

13 0 7 . 5 7 8 2 2 7 4 2 4 4  × 10 -6 0 
1 - - 5 . 7 6 3 7 3 7 9 7 1 3  x 10 -6 2.361061 3996  x 10 5 
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Table II (Continued) 

n m Cn, m a n ,  ra 

13 2 -- 1.5991666946 × 10 .7 3.4297075982 × 10 7 
3 2.7190638195 × 10 .8 9.6757608497 × 10 9 
4 7.6732684554 × 10 10 3.0028913747 × 10 -9 
5 --2.1117612255 × 10 10 --1.1279989530 × 10 -1° 
6 1.8106651096 × 10 -11 1.9737118563 × 10 -11 
7 -- 1.6221201052 × 10 ,2 -- 1.1582995210 × 10 -12 
8 --8.7167027819 × 10 -14 8.6768075576 × 10 14 
9 1.0705140705 × 10 -I4 --2.7869365761 × 10 -14 

10 --7.5223488683 × 10 -14 3.3135927064 × 10 -14 
11 --2.8387572286 × 10 -16 2.0316367811 x 10 16 
12 --9.0639928622 × 10 -18 -- 1.2565366439 × 10 -17 
13 1.1380844737 × 10 -18 --2.6006569878 × 10 19 
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TABLE III 

Comparison of gravitational parameters from thirteenth 
degree and order solution 

Solution 1969 1971 

Number of 
observations 12 600 20148 

GM, km a s 2 4902.86 4902.84 
C2,0 --2.071 × 10 -4 --2.038 × 10 -a 
C2,2 2.242 × 10 -a 2.485 × 10 .5 
C2.1 --0.044 × 10 -5 1.105 × 10 -5 
$2,1 --0.457 × 10 .5 1.301 × 10 .5 
S2,z 0.021 × 10 5 --0.001 × 10 -5 

p r e v i o u s  s o l u t i o n s ,  w h i c h  a re  o f  p a r t i c u l a r  i n t e r e s t  fo r  s u b s e q u e n t  d i s cus s ion ,  is g i v e n  

i n  T a b l e  I I I .  

W i t h  t h e  e x c e p t i o n  o f  s o m e  o f  t h e  l o w - d e g r e e  coeff ic ients  in  T a b l e  II ,  a t e r m - b y -  

t e r m  c o m p a r i s o n  o f  coef f ic ien ts  f r o m  v a r i o u s  s o l u t i o n s  is n o t  c o n s i d e r e d  p a r t i c u l a r l y  

m e a n i n g f u l ,  m a i n l y  b e c a u s e  o f  h i g h  c o r r e l a t i o n s  b e t w e e n  a n u m b e r  o f  t h e  v a r i o u s  

coeff ic ients .  T h u s  g e n e r a l  c o m p a r i s o n s  s h o u l d  b e  m a d e  o n l y  o n  t h e  bas i s  o f  t h e  c o m -  

p l e t e  set  o f  coef f ic ien ts  f o r  a s o l u t i o n .  

T h e  ove ra l l  c h a r a c t e r i s t i c s  o f  t h e  p r e s e n t  s o l u t i o n  a re  be s t  r e p r e s e n t e d  by  c o n t o u r  

m a p s  o f  t he  r a d i a l  c o m p o n e n t  o f  g r a v i t a t i o n a l  a c c e l e r a t i o n ,  as s h o w n  in  F i g u r e  3. T h e  

c o n t o u r s  a r e  in  t e r m s  o f  mi l l iga l s  (10 . 3  c m  s - 2 )  a n d  r e p r e s e n t  t h e  d e v i a t i o n s  in  t h e  

r a d i a l  a c c e l e r a t i o n  f r o m  t h a t  o f  a s p h e r i c a l l y  s y m m e t r i c  field, f o r  w h i c h  G M  = 4902 .84  

k m  3 s -2 ,  p l o t t e d  fo r  a n  a l t i t u d e  o f  100 k m  a b o v e  t h e  m e a n  l u n a r  sur face .  T h e  t h r e e  

l a rge  n o r t h e r n  h e m i s p h e r e  p o s i t i v e  a n o m a l i e s  o c c u r r i n g  b e l o w  40 ° l a t i t u d e  in  F i g u r e  

3a  c o r r e s p o n d  c lose ly  to  t h e  l u n a r  m a r i a  I m b r i u m ,  Se r en i t a t i s ,  a n d  C r i s i u m ,  as  wel l  

as  a r e a s  o f  h i g h  d a t a  cove rage .  T h e  re l a t ive ly  l a rge  p o s i t i v e  a n d  n e g a t i v e  a n o m a l i e s  
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Fig. 3a. 
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Lunar near side - estimate of variations in gravitational acceleration (milligals). 

in the polar regions on the front side and throughout the far side exhibit a strong 
correlation with the regions of  less dense data coverage of Figures 1 and 2. I t  is thus 
considered that the gravitational field representation in the central latitude region on 

the front side of the Moon is much more valid than that in other regions. 
One advantage of a general representation of the gravitational field is that the field 

can be evaluated at any desired altitude, and the variation with altitude can be used 
for analysis of gravitational anomalies. A rough estimate of the density distribution 
of the Imbrium and Serenitatis gravitational anomalies can be obtained by assuming 
a point-source model for the mass producing the anomaly. The gravitational field of 
point sources for these regions was expanded in spherical harmonics to the same 
degree and order as the current estimate of  the gravitational field. By the method of 
least squares, this expansion was then fitted to the gravitational field estimate over 
regions around the anomaly varying from 50 to 150 km in altitude and 10 ° in seleno- 
centric angle from the axis of the anomaly. The resulting solutions for the sizes and 
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Fig. 3b. 
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Lunar far side - concluded. 
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TABLE IV 

Point source approximations 

Mass/Lunar mass Radius, km Latitude, deg Longitude, deg 

Imbrium 7.68 × 10 -5 1450 33.8 16.3 
Serenitatis 4.17 × 10 -5 1546 29.0 - 20.5 

locations of the po in t  masses are given in Table IV, indicat ing large mass concentra-  

t ions at the depths of 200 to 300 km below the surface. Figure 4 shows the degree of 

agreement  between the po in t  source solut ion and  the spherical harmonic  estimate of 

the Serenitatis anomaly.  This exercise illustrates the type of investigation that can be 

conducted with a more refined gravi tat ional  field estimate and more elaborate source 
models. 
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Point source and spherical harmonic estimates of the Serenitatis gravitational anomaly as 
function of latitude and longitude. 1 milligal = 1 × 10 .3 cm s -~. 

4. Moments of Inertia of the Moon 

The moments  o f  inertia of  the M o o n  are o f  particular interest in studies of  the geo- 

physics of  the Moon,  as an indication of  the overall distribution o f  mass and density 

in the lunar interior. Moments  of  inertia cannot  be derived solely on the basis o f  the 
lunar gravitational field coefficients. Other independent information,  particularly that  

f rom studies of  the physical librations o f  the Moon,  can be used in conjunction with 

the gravitational field data to provide the moment  of  inertia estimates. 
The second-degree coefficients in the lunar gravitational potential function can be 

related to moments  and products  of  inertia by the relations 

I 1 1 ( B - A ) ;  1 A + B  C " C2 2 = 4~a~a2 C2, o = ~ 2 ' ' 

E D F 
Cz, t - M a 2  ; $2, t = M a 2  ; Sz, 2 - 2Ma2"  
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In these expressions, A is the moment of inertia about an axis in the lunar equatorial 
plane directed along the mean Moon-Earth line (x-axis), C is the moment of inertia 
about the axis of rotation of the Moon (z-axis), and B is that about the axis in the 
equatorial plane perpendicular to x and z(y-axis). D, E, and F are the products of 
inertia related to the yz, xz, and xy  axes, respectively. Finally, M is the mass of the 
Moon, and a is the mean radius of the Moon taken here as the same value (1738.09 
km) used in the gravitational field analysis. 

As previously indicated, the five relations given above are not sufficient to deter- 
mine the six moments and products of inertia required for the inertia tensor from 
which the principal moments of inertia are calculated. Several options are available, 
from studies of the physical librations of the Moon and the inclination of the lunar 
equator to the ecliptic, for a sixth relation. Koziel (1967) has reduced several series of 
heliometer observations, of the distance from the crater M6sting A to the limb of the 
Moon, to obtain results for the quantities 

C -  A ~ ( C -  B)  B 
f l -  and f -  - 

B fl ( C - A )  A 

Jeffreys (1961) has developed a theory for the physical librations of the Moon and has 
presented results of calculations for fl, based on determinations of the inclination of 
the lunar equator to the ecliptic by various authors, and results for 7, where 

B - C  

C 

derived from the libration in longitude. Cook (1970) has presented a summary of the 
various data sources for libration constants and has obtained least squares solutions 
for the polar moment of inertia and libration constants using combined sets of data 
from a number of sources. Even more recently, Jeffreys (1971) has considered the 
effects of elasticity of the Moon on the libration constants and has derived revised 
values for fl and 7 including these effects. 

It seems that the determinations of fl provide the most reliable of the libration 
constant estimates, whereas the values of 7 and f (which can be related through the 
approximate expression f ~  1-7/f i )  differ significantly among some of the deter- 
minations noted above. Koziel (1967) and Jeffreys (1971) both give the value, f l= 
=6.29 × 10 -4. Adopting this value and using it in combination with the coefficients in 
Table [I, the results for the principal moments of inertia of the Moon are 

C B A 
= 0.403141 . . . . . .  0.402985 - 0.402886 

Ma 2 Ma z Ma 2 

The corresponding values from the 1969 solution, with fl as defined by Koziel (1967) 
are 0.400 663, 0.400 500, and 0.400410, respectively. The principal moments of inertia 
do not differ from the moments of inertia about the x, y, and z (body) axes to the 
number of places given. 
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The 1969 and 1971 results for C/Ma 2 are considered to be of approximately equal 
validity, which suggests that an average of the two results, C/Ma 2 =0.4019, be used as 
the current best estimate. The corresponding average value for f is 0.631, which is in 
very good agreement with the value of f=0 .633  derived by Koziel (1967). Cook (1970) 
presents results for which he finds a value of /~=6.25 × 10 -4 more consistent with 
other data than the value/~ =6.29 × 10 -4 used in this analysis. Using fl =6.25 × 10 -4 
yields C/Ma 2 of 0.4032 and 0.4057, respectively, for the 1969 and 1971 gravitational 
coefficients, which gives some indication of the variation of the results. With the above 
considerations, the current estimate of the polar moment of inertia of the Moon is 

C 
- -  ~ A G 1 Q  + 0 . 0 0 4  

Ma 2 v ' ~ " ~ -  o.o02 

where the uncertainties are somewhat arbitrary. 
It should be noted that Cook (1970) derives values for C/Ma 2 ranging from 0.3937 

to 0.3978 in his paper, but with a new (1970) value for ~ from Sir Harold Jeffreys, 
Cook obtains C/Ma 2 =0.4032 in a solution with the least residuals, in a note added in 
proof. 

5. Implications of Moment of Inertia Results 

The moment of inertia of a solid homogeneous sphere is 0.4, and C/Ma 2 for the Earth 
is about 0.33, indicating a considerable increase in density toward the center of the 
Earth. The estimate of C/Ma 2 of 0.4019 for the Moon implies a slight overall decrease 
of density toward its center, differentiation of the interior of the Moon with some 
concentration of higher than mean density material near the surface, or some other 
unusual density distribution. 

A chemically homogeneous moon could result in a moment of inertia value greater 
than 0.4. Levin (1966) presents models for density variations with depth in which he 
indicates that the increase of density toward the center of the Moon due to gravitatio- 
nal (pressure) effects and the decrease due to thermal expansion effects are almost 
equal. Using his smaller compressibility and larger thermal expansion coefficient 
effects, and scaling his density variations to obtain the proper value for the mean 
density of the moon (3.34 gm cm- 3), one can obtain values for C/Ma 2 in the range of 
0.401 to 0.402. Urey and MacDonald (1971) have used thermal expansion and com- 
pressibility coefficients for olivine in calculations which yield C/Ma z =0.4004. Naka- 
mura and Latham (t969) have considered 11 chemically homogeneous models for the 
Moon, for which the average value obtained for C/Ma 2 was 0.401_+0.001. These 
results, compared with the moment of inertia value given herein, indicate that the 
Moon can be a chemically homogeneous body. 

Within the uncertainties given for C/Ma z, however, a large variety of lunar interior 
characteristics can be derived. For example, from calculations using simple two-layer 
models, the moment of inertia can be reduced by about 0.002 with a 250 km radius 
core of density 8.0 gmcm -3 with outer-density of 3.32 gmcm -3. It can also be 
reduced by 0.002 with a 200 km thick crust of density 3.27 gm cm-3 with interior 
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density of 3.38 gm cm -3. It can be increased by about 0.004 with a 190 km deep crust 
of  density 3.5 gm/cm -3 with inner density of  3.27 gm cm -3, etc. 

Another quite interesting possibility is suggested from consideration of an apparent 

difference between the center of mass and center of  figure of  the Moon. Michael (1969) 
and Compton and Wells (1969) have pointed out, from limited lunar radii deter- 
minations, that the center of mass of  the Moon may be about 2 km closer to the 
Earth than the center of  figure of  the Moon. Although details are not available at this 
writing, the Apollo 15 laser altimeter results apparently also indicate such an asym- 
metry, of  perhaps larger magnitude. With the assumption of a 2-km difference between 
the center o f  figure and center of mass of the Moon, two-layer models have been 
generated which result in the given asymmetry, with a higher than mean density layer 
on the near side of  the Moon, between ___ 60 ° selenographic latitude and + 90 ° seleno- 
graphic longitude. The results are given in Table V. For slab thicknesses up to about 
50 kin, the resulting values of  C / M a  2 are 0.4013, which is in good agreement with the 
0.4019 value given here. This result strongly suggests that the Moon is somewhat 
differentiated, with an excess of mass in the direction toward the Earth. 

TABLE V 
Moment of inertia due to a higher density Earth-side slab 

Slab density, g cm 3 Density elsewhere, g cm -8 Slab depth, km C/Ma 2 

4.288 3.334 10 0.40128 
3.815 3.334 20 0.40127 
3.658 3.334 30 0.40126 
3.579 3.334 40 0.40126 
3.532 3.334 50 0.40125 
3.356 3.333 1000 0.40075 

In summary, the current results for the moment  of  inertia of  the Moon indicate that 
the interior of the Moon can be homogeneous, but some of the results presented here 
strongly suggest that the moon is differentiated, with an excess of  mass in the direction 
toward the earth. 

6J Concluding Remarks 

Further progress toward a precise definition of the lunar gravitational field, and the 
application of the results to problems in lunar geophysics, depends strongly on the 
obtaining of new data. Data  from Apollo 15 and later Apollo missions, particularly 
the laser altimeter data and the tracking data from the subsatellite left in orbit around 
the Moon, will contribute to the analyses. Nevertheless, there is a definite need for 
alternate data-gathering procedures, other than direct Earth-based tracking, to pro- 
vide geodesy-related data on the far side of  the Moon. Some of the possibilities have 
been mentioned in a previous section of this paper. In consideration of the resources 
required for developing and establishing such techniques, advanced lunar exploration 
projects are possible candidates for implementation through international coopera- 
tion by interested nations. 
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