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Summary. A generalization of the classical Law of the Iterated Logarithm
(LIL) is obtained for the weighted ii.d. case consisting of sequences {g, ¥}
where the weights {s,} are nonzero constants and {Y,} are iid. random
variables. If Y is symmetric but not necessarily square integrable and if the
weights satisfy a certain growth rate, conditions are given which guarantee
that {s, Y} obey a Generalized Law of the Iterated Logarithm (GLIL) in
the sense that limsup ) o;Y,/a,=1 almost certainly for some positive con-
n— 0 1
stants a,. Teicher has shown that such weights entail the classical LIL
when EY?< oo and Feller has treated the GLIL when ¢,=1 and EY?*=oc0.
The main finding here asserts that if {g,} satisfies ¢>=nG(g,)loglogg,
where G is a specified slowly varying function, asymptotically equivalent to
the truncated second moment of Y, and if a certain series converges, then

the GLIL obtains with a,=(2/n)*s, g, where s2=) a7
T

jr

1. Introduction

Independent random variables {X,}, each with mean zero and finite variance,
obey the Law of the Iterated Logarithm (LIL) if

limsup )’ X ;/(2d; log, d})* = (1)

n—w 1

almost certainly (a.c) where d;=Var) X, n=>1. (Throughout, in order to
1

avoid minor complications, it proves convenient to define for x>0

logx=log, x=logmax {e, x}; log,x=log,log, ,x, rz2
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352 A. Rosalsky

where logx (when x=e¢) denotes the natural logarithm.) The celebrated theo-
rem of Kolmogorov [6] asserts that (1) holds provided each X, has mean 0
and is bounded (say [X,|<B,, a.c.), d,— oo, and BZ=0(d?/log, d2).

Attention here is restricted to ihe so-called weighted i.i.d. case consisting of
X’s of the form o, Y, where {¥,} are independent, identically distributed {ii.d.)
random variables and {¢,} are nonzero constants. The {Y,} are referred to as
the underlying random variables and the {o,} as weights. Clearly the weighted
ii.d. case contains the iid. case via g,=1 and then by the theorem of Hartman
and Wintner [3] the conditions EY 0, 0<EY?< o0 entail (1) Setting s2

—Z ¢}, nz1, and noting EY=0 and EY?<o0 entail VarZ o, Y,=s}EY?
{(rn Y,} obeying the LIL (1) is tantamount to

hmsupZa Y/2EY?s] log,s))i =1, ac. 2)

Conditions which guarantee the LIL (2) in the weighted iid. case have
been obtained by Teicher [13, 14] when EY=0, EY?< 0. These conditions are

of a moment nature on Y and on the growth rate of ns2/s2. Moreover, Teicher
[13], generalizing the result of Strassen [12] in the iid. case, showed that

EY*=cw, ol=o0(s*llog,s}), si—w (3)
implies
lim sup |3 o, /(s log, s2)* =0, a.c. (4
H~ o0 1

The absolute value can of course be removed in (4) if Y is symmetric. It is
natural to search for “normalizing” constants a,>0 for which

lim supz 0;Y/a,=1, ac. Then, {¢,Y,} is said to obey a Generalized Law of

n— o0
the I te;ated Logarithm (GLIL).

Feller [2] considered the GLIL question for symmetric iid. random vari-
ables with infinite variance and obtained a sufficient condition in the form of
convergence of a certain integral. Despite the brilliance and originality of
Feller’s work, the specific assumptions being made and the proofs are not al-
ways clear. Kesten {57 has also questioned certain arguments.

Here, conditions are given for a GLIL to obtain in the weighted i.i.d. case
where Y is symmetric with infinite variance and the weights satisfy a certain

v
growth rate of Teicher [13]. The function G(y)=2 | tP{|Y|>1} dt is supposed
0

slowly varying at infinity. Under the latter supposition, Theorem 1 includes the
ii.d. case of Feller via ¢,=1. The proof (Lemmas 12, 13, 14) follows the general
pattern  outlined by Feller who, however, dealt exclusively with
H(y)=E {Yzl[mé ) rather than with G(y). The advantage of working with G
rather than H has been stressed by Professor Teicher.

According to Lemma 3, slow variation of G is equivalent to the distribu-
tion of Y belonging to the domain of attraction of the normal law. Heyde [4]
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has shown that for symmetric iid. random variables {Y,} to obey a GLIL it is
necessary that the distribution of Y belong to the domain of partial attraction
of the normal law and Kesten [5] has proved this to be sufficient (identifying
the normalizing sequence to within a constant). Heyde’s necessity result has
been generalized to the weighted ii.d. case by Rosalsky and Teicher [9].

2. Preliminaries

The main results of this paper, namely Theorem 1 and Corollary ! thereof,
establish a GLIL. Some preliminaries are needed before even stating these re-
sults.

Lemma 1. If L is positive and slowly varying (at infinity), then logL(y)
=o0(logy) as y— oo and hence L(y)=o0(y*), all «>0.

Proof. The second statement is an immediate consequence of the first which, in
turn, follows directly from the following well-known representation of a posi-
tive slowly varying function:

L()=b(y) exp {f s(t)/tdt} s
where b(y)—b in (0, 00) and &(y)=o0(1) as y— co. (For a proof see [1, p.274] or
[10,p.2]) O

Lemma 2. Let Y be a nondegenerate random variable and define
y
GH)=2[tP{I¥|>1} di,  y=0, ©)
0

Hy)=E{Y?Iyy <y}, y2O0. (7)
Then G-is nondecreasing (strictly increasing if Y is unbounded ), continuous, and

G)=H)+y*P{lY|>y}, y=20, t)
G)/y*l0  as O<yfoo. ©)
Proof. Integration by parts yields (8), and the rest is straightforward. [J

Condition (14) of the next lemma is the assertion that Y belongs to the
domain of attraction of the normal law. Moreover, for all p in (0,2), (14) and
Lemma 1 entail that y?~'P{|Y|>y} is Lebesgue integrable over [0, cv) which
is tantamount to Ye.%,.

Lemma 3. The following are equivalent:

G is slowly varying, (10)

H is slowly varying, (11)

G(y)~H(y), (12)

lim y* P{|Y|>y}/G(y)=0, (13)
y— oo

lim y*P{|Y|>y}/H(y)=0. (14)

y— 00
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Proof. To show that (10) implies (11), note that for arbitrary o in (0, 1), via (8)
y

G()—G©y)=[ 2t P{Y|>t} dtz=(1-6%) y* P{|Y|>y} =(1-6*)(G(y)— H(y).
ay

Thus,

H(y) a1y GOV
Oél'?(ﬁé(l_é) (1 ——G(y))—o(l),

whence for arbitrary ¢ >0
H(ty)/Hy)=(1+0(1)) G(ty)/G(y)=1+o(1).

It is proved in [1] that (11) implies (14). (See the proof of Theorem 2,
p- 275)

That (14) implies (13) and (13) implies (12) follow directly from (8).

To show that (12) implies (10), note that for arbitrary ¢ in (0, 1)

0=G(y)-GOy)= ? 20P{|Y| >t} dt<(1-6%) y* P{IY|> 6y}

=(1-0% 3 *(G(3y)—~H(5y)
yielding
G(y) 2 _z( H(éy))
0 ———1=5(1-8%)6 " |1———=)=0(1),
Gy =0T Gy~
and it only need be shown that G(y)~G(ty) for t>1. Setting =t~ ', by the
portion already proved,

G(ty)/G()=Gy)/G@ty)=1+o(1). O

The function @ of the next lemma or more specifically, it’s inverse, plays a
crucial role in determining the normalizing constants for a GLIL. Thus it is
only the tail behavior of Q that is important and the definition of Q(y) for
small y is irrelevant.

Lemma 4. If G is slowly varying, then for some y,=e°

{yz/(G(y) log, y). YZ Yo

Q)=
Yo ¥(G(yo)log,yo),  0=y=y, (15)

is continuous and strictly increasing over [0, c0) with lim Q(y)= 0.

y— 0
Proof. The continuity of Q follows from that of G and since the denominator
of Q is slowly varying, Lemma 1 ensures that Q(y)— oo. It suffices to show that
there exists y,=e® such that y,<x<z=Zx+1 implies Q(z)>Q(x). Let >0 be
such that 1-26—4%>0. Now Lemma 3 ensures for e¢<y, sufficiently large
that

VEP{Y[>y}/G()=<6, log,y=(1+6)""log,(y+1),
(log, y—(2logy)~"/(log, y)* =(1—6)/log, v (16)
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for yzy,. Then for y,<x<zZ<x+1,

ZZ x2 xZ z
G(x) G(2)(Q(2)—Q(x)=GCG(x) (@“m) Tlog, x [2eP{Y|>1} de
2 2 2% x
z? x*  x*P{Y]>x}(z*—x?)
2G) (logzz Clog,x G(x)log, x ) a7

Consequently, via (17), (16), the choice of §, and the Mean Value Theorem, for
some 6 in (x?, z?)

1 [log,0*—Qlog6H~* , . x*P{Y|>x}(z*~x?
Q(Z)—Q(x)‘Z*G(z)( (log, 0%)? & =X === G log, x )
>22—x2 (1—(5 5(1+5))>0

= G(z) \logyz log, z

O

Let g,, y=0, denote the inverse function of Q where G is slowly varying.
Clearly 0=qg,7 0.

Lemma 5. The function q, satisfies

q;=yG(g,)1og,q,. all large y, (18)
log, g,~log, y. (19)
Proof. Assertion (18) follows by definition of inverse function, whence for all
large y
& logg?=1logy+logG(q,)+logsq,
implying
logg; ~logy (20)

via Lemma 1 and yielding (19). [

Lemma 6. If I(y) is the inverse of the continuous increasing function y’L(y),
y>0, where L is slowly varying and y>0, then y='71(y) is slowly varying.

Proof. If R(y)=y"L(y), then for any >0
R I(p)=tP () LI 1)~ () LU (y) =1y
Thus, for all é in (0, 1) and large y
(1=0)ty=RE " Iy) =1 +d)ty
or since ! is increasing
(1 =9ty =ty (L +0)1y).

Taking u=(1 — )t and then u=(1+9)¢, it follows that for all u>0

(1) st s (1) 10

Thus, l(uy)/I(y)~u'* which is tantamount to slow variation of y="71(y). [J
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Corollary. The function g, satisfies for all £>0
q,,~t*q, as y—~o0; u,~tv,— oo implies g, ~t*q, asn—oo.  (21)

Proof The first assertion of (21), which is tantamount to slow variation of
y~*q,, follows from Lemma 6. Moreover, this assertion and slow variation and
monotonicity of y~*q¢, (see (18)) entail

M" 2qu N(tU )‘zqtv un_%t%ql]n
yielding the second portion of (21). [

Lemma 7. If O<u(y)— o0, 0<v(y)— o0, and L is positive, nondecreasing, and
slowly varying, then

L(u(y) o)
o8 )

Proof. The lemma follows from the representation (5). [

=o(logv(y)) as y— 0. (22)

Corollary. The function q, satisfies for arbitrary 6, r>0 and all large n

G(Qn({(logzn)r]+ 1)) =(log, ny’ G(g,) (23)
where [y] denotes the greatest integer in y.
Proof. For all large n, (22) entails
G(g,(log, 4,)*"+?)/G(q,) =(log, 4,)*". (24)
Hence, by definition of Q, (19), (24), and (18), for all large n

0(q,(log, 4,)*" ") = n([(log, ny]+1),
whence

L(r+8)
Tnttoga -+ 1= 4 (1085 4,)*"

implying (23) via (24) and (19). O

hn
Lemma 8. If s}=) 62, nz1, where {0,} are constants satisfying 0<o?1 and

1
y,=nal/s?=0((log, n)’), some B in [0, 1), then

Sa~ S s (25)
log, s2~log,n, (26)
o2=o0(s2/log, s2). (7

Proof. Note that ¢2/s>=1y,/n=0(1) which is tantamount to (25). Hence, for all
large j,

S S
S S c1
-

1 S]fIJS]

S

Thus, for all large m and n>m,

m+1 m+1

si/ses [T (L+2y;5° <exp{ Y 2y }éexp{(logzn) logn}.  (28)
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Hence, for all large n, logs? <(log, n)* logn implying
log,s?<2logyn+log,n~log,n,

and (26) obtains since s?=na?. Assertion (27) is a direct consequence of (26)
and o¢?/s2=0((log, n)’)/n. [

Define monotone sequences {e,} and {c,} by

e,=0, e,=infy; 'G(q)log,i, n=1; ¢ ,=(ne)?, n=0.

izn

Lemma 9. If G is slowly varying and {c,} satisfies the assumptions of Lemma 8,
then {c,} satisfies

¢y 1=0(c,); cafnloo (29)
(1+0(1)) 4,/(K(log, q,)")
<c2<(1+o(l))g>  where K is such that y,<K(log, n)’, (30)
log, ¢, ~log, q,~log,n; o2c2<(1+o0(1))s?qi/n. (31)
Proof. When e,=e,, ,, clearly c,. ,<2c¢, Alternatively, if e¢,<e,, ,, then e,

=y, 1 G(g,) log,n and so

s (10260 g (D)
Cf N yn+lsn G(qn) IOgZ

by (25), . slow variation of G, and (21). Moreover, c¢Z/n=K~'G(q,)
(log,n)' #—>co and clearly c¢?/n?, establishing (29). Next, recalling (18)
and (19)

cr=(l+o(l)s; q7/(na) (1 +o(1) g,
yielding the last half of (31) and the second inequality of (30). On the other

hand, ¢Z=znK~'G(q,)(log,n)*~*, and (30) follows via (19) and (18). The first
half of (31) follows immediately from (30) and (19). [

Lemma 10. If 0<t /n*1 for some «>0 and if Y is any random variable, then

Y P{|Y|>at,} either converges for all >0 or else it diverges for all 1>0.
1

Proof. This result is well known. (See, for example, [11, p. 131]) O

Lemma 11. If C(y)=y*/c=(y), y>0, where c(y)=(ye(»))* for y=0 and e(y) is
the continuous extension of {e,} defined by linear interpolation between integers,
that is,

e(y)=(e,,,—e)y—n)+e, for 0=n=y=<n+1,
then

C(T; c(y) is a continuous strictly increasing extension of {c,} with c¢(y)— o0
(32)
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and moreover
I y¥C(yhdF(y)< oo (33)

ilyl>0]

(where F is the distribution of Y) iff

iP{|Y|>/1cn}<oo (34)

Jor some (and hence all) )>0.

Proof. The proof of (32) is straightforward. Next, convergence in (34) for some
A>0 is equivalent to convergence for all A>0 by Lemma 10. Moreover, con-

vergence in (34) with A=1 is tantamount to Y P{c~'(|Y[)>n}<co which is
equivalent to E{c~*(|[Y)}<co. [ 1

For 0su<wv<oo, define J(u, v]= | y*/C(y)dF(y).

[n<lyl=v]

3. Mainstream

With these preliminaries accounted for, it becomes possible to discuss and es-
tablish a GLIL for weighted sums of nondegenerate symmetric iid. random
variables with ¢2=EY? < o0. Recall Teicher’s theorem that (3) implies (4). Con-
sequently if 6% = oo, then under the proviso (3) a GLIL with normalizing con-
stants {a,} requires lim sup a,/(s? log, s2)* = co.

Note that if a,=(2/n)*s,q, and ¢*>= o0 where G is slowly varying and {q,}
satisfy the conditions of Lemma 8, then by Lemmas 8, 5, and 3, (3) holds and

at/(s} log, s2)=(2G(q,) log, q,)/log, s ~2H (g,) > 0.

Moreover, 621 entails a,1oo0. It will be demonstrated that, under appropriate
conditions, {a,} is a proper choice of normalizing constants for a GLIL.
An alternative approach is to define

a,=2%sup {yze"': yz/(Z a7 G(y/lo;)) 10g2y> = 1}
V1

and this is closer in spirit to that of Feller [2] (in the special case ¢,=1) and
to condition (4) of Theorem 1 of [8]. When y,=0(1), the author has shown
that a,~a,. Another contrast with [2] is the emphasis now on G rather then
H, the former having advantages such as continuity, (9), etc.

Of course, if 62< oo, then slow variation of H and G is automatic and
under the assumptions of Lemma 8,

al =2s} q2/n=2s2G(q,) log, q,~2a%s; log, s,

yields the normalization for the classical LIL (2) (Theorem 3 of [137).
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n
Theorem 1. Let 57=) o7, n21, where {5,} are constants satisfying 0<q.1 and

1
y,=no?/st=0(log,n)’) for some B in [0,1). If {Y,Y,} are nondegenerate, sym-
metric iid. random variables with EY?>< oo such that the function G of (6) is
slowly varying and if the series of (34) converges for some A>0, then

; 0, Y;
li A NE 17
TP @y s,

Proof. Let p>1 and 0<#<(1— p)/8. Define for n=1,

a.c. (35

Xo= Y iy ccntogaenrr Zn= Yl s cofttogs e W=Y-X,-2,
Then, it suffices to show

> 0, Z;

lim 2——=0, ac (36)
o0 S, q,/1>
Y. oW

lim = =0, ac (37)
n-— o0 Sn qn/n2
21: O-J'XJ

lim —=2%* ac. 38

T g -

and this will be done in the ensuing three lemmas.
Lemma 12. (36) holds.

Proof. Set b,=c, /(log,c,)", n=1. It will first be shown that there exists a con-
stant C < oo such that if 0<d<1 and

n
[ FA— 7
Y=Y 1y qvizeer  Sh=L0Y,  nzl
1

then
S/
lim sup | "/I <CH, ac (39)

n-o  8,4,/R%

)

Set n,=0. Recalling (29), a constant M >1 and an integer n, may be chosen
such that n=n, implies
cn+ l/cn <M :<__(10g2 Cn+ l)n' (40)

Given n,_, for some k=2, let n,=max{n: b,<c, }. Then {n, k=0} is strictly
increasing and
b, <c, <b (41)

Rpe—1— " NMie+1

for k=2. If
A= U [¥/#+0and Y/+0], k=1

1<, jSng
ij
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then
P{A =( Y P{Y/+0)~ (42)

B~ 1 <NSN

Now, for all large k, using Lemma 11, (41), and (31)

2 P{Y, 0} = 2 b;zE{YZI[bn<|Y|§cH]}

< [ v dFy) 3)
b\ By, <13l Sen
n
§bZk C(an)‘](bnk_17 cnk]
=0(1) (log, 4, )*"J (¢, ;5 Cri)- (44)

Next, (30) and slow variation of G ensure for all large n that H(c,)=(1
+0(1)) G(g,). Hence, from (43), (18), (30), (41), and (31), for all large k

2
S P 0S2mGla, )b =0 [pr )

1=
Me-1<nzng -1 (lng an) g

log, ¢ )*"c?
(o2 s =0tz a7 )
[ 2 4np

Thus, from (42), (44), (45), the choice of 5, (34), and Lemma 11

§ P{4,) <. (46)

Define the random integer x by k=min{k=2: (n,. ,,n,] contains at most
one nonzero term ¢,Y, for all k* =k} (= oo, otherwise). According to (46) and
the Borel-Cantelli Lemma, x < oo, a.c. Thus, with probability one, each block
(ny_,, m.] with k=« contains at most one nonzero term ¢,Y, whose absolute
value is at most |g,|6c, <60, |c, . Then, with probability one, for all
nEn,_,<nsn,

k-1 k—1
IS, 118, _1+6 Y o, lc, +dla,lc,ZIS, . |+dla,l (Z c,,y+c"). 47)
r=K 1

Rx—1 Hac— 1

But

k-1
Y. €. =2(c,, ,+c, +...tc, orc, (48)
1

according to whether k is even or odd. Now (41) and (40) entail
¢, =M lc k=2, and applying this repeatedly j times to ¢, ., in (48)
k-1

g -1 = A+ 1°
yields ¢ <M~ Coo =M ~Jc, and consequently Y ¢, S2Mc, (M —1).

B ~(2j+1)
1

Hence, from (47) and (31), with probability one for all large k and all n in

(e 1. 1]

ISI<IS, _ [+6le,lc,BM —1)/(M-1)ZIS, |+ Cés,q,/n*

Ry~ 1 Hic— 1

where C=(6 M —2)/(M —1), and (39) follows.
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Next, by (34) and the Borel-Cantelli Lemma for all 6>0, with probability
one,

Z O-j}?I[]Yj|>5c]']:0(1)‘ (49)
1
Thus, from (39) and (49), limsup|> 0,Z; / (s,9,/m*) = C$, a.c. and (36) then
n—ow 1

follows from the arbitrariness of 6. [
Lemma 13. (37) holds.

Proof. Set ny=0 and define n, to be the smallest integer n such that s?>eé
kz1. Then, via (25), s?~e€* and m<n,, , for all large k. Since o1,
3, =352 >€*! implying

ne<m, S3n (50)

for all large k. Thus, via (18), (21), and slow variation of G

2 2 2 2y .o
nk Snk+ 1 an+ 1/(nk+ 1 Snk an) e.

In view of the Almost Sure Stability Criterion [7, p.252], setting U
= Y oW, k=1, it suffices to show that lim U/(s,, q,,/nf)=0, a.c. and so
ne-1<jE=n k— o0

it suffices to verify that
nZ E{U M} /(sw. q;‘{k)<.oo. (51)

»—AME}

Set Vi=Var{U}= Y E{o;W/}, k=21. By the multinomial expansion,
M1 <jEme

independence, and symmetry, for some positive integer A and all large k

E{UBSE{ Y oW +AV2=Z(o] c2 (log,c,) " +AV) V.. (52)

M- <JSn
Now, employing (30}, (12), (18), and (19)
VoS s2, Hg,)=(1+0(1)) 52,42 /(n, log, ny).
whence from (52) and (31) for all large k
E{U#} <252, 42, Vif(m(log; 1)) (53)

An alternative upper bound for V, is obtained as follows: Now
1<y,£K(log, n) yields K~ *G(g,) (log, n)' ~#<e,<G(qg,) log,n and so by mo-
notonicity and the definition of ¢, and employing (50), (21), slow variation of
G, and (31), it follows for all large k and n, _, <j<n, that

2 2p+1 2
Cj . (logz cnk) > an_ 1 logZ cnk
2 2 = 2
oz, ) 2 <

an~ 1G(q,, ) (og, n, _ )t *log, Cme ©
B Kn, G(g,,) log, n,
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implying for u=p+% and n, | <j<n, that ¢;/(log, ¢} z ¢, log, c, ). Thus, for
all large k
V.Ssi, ) y*dF (y). (54)
[en/(og2 ey ) < 1yl S ey ]

Hence, to prove (51), it suffices to show, in view of (53) and (54), that

.

2
y*dF(y)<oo. (55)
1 Qﬁk (10g2 )" [y, /(1082 €, ) < 19 S ey )

For given k=1, let j(k) be the smallest integer j=1 for which

an/(logl cnk)u —é cnj' (56)

For given j= 1, let k(j) be the largest integer k=1 for which j=j(k) or, equiva-
lently, for which (56) holds. Via (32), (18), and (19), the series of (55) is domi-
nated by

© k

Y gz (logy m)*™) Y f y2dF(y)
k=1 J=jlk) [an,1<IY]§an]
* k{j)

=3 § y*AF(y) Y m/qz (log, n)™)

jzl[cnj_1<lYI§Cn,] k=j

o (k) —j+1

Claim. For all 6>0, if j is sufficiently large
k() <j+2+[G(g,) (log, n)' *fe,1=x(j, d)=x. (58)
Proof of Claim. Via (26),

(57)

log, n;~log, s ~log, ¢’=logj.
Thus, using the definition of x and e,, logj~logk implying
log, n,~log, n;. (59)

To substantiate (58), it suffices by the definition of k(j) and the monotonicity of

c,/(log, ¢,)* to show that
cn,c/(logfl cnK)u > cnj

for all large j. Now, by (29), (31), and (59)
ez fllog, ¢, )* ey ) =(L+o()n,/(n;(log, n)*)
and thus it suffices to show that
ne>n([log, n)*]+1) =N,

for all large j. Recalling the definition of n,, it is enough to verify for all large j
that sﬁjge" and this will be true if it can be shown that

sn,/sn; 2exp{G(q,,) (log, n) /e, }. (60)
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To this end, note that by (23) eventually

G(qy,) = G(q,,) (logy n)*°. (61)

Let v(j) be the largest value of v, n,+1<v=<N,, which maximizes y, in that
interval. Then, noting that log, N;~log, n; and employing (61)

e, = G(g,;) (log, VU))/VVU) =(1+o(1) G(qnj) (log, ”j)l +%6/Vv(j)’ (62)

Then, recalling (28), for all large j

N;
SN;/Smy S €XP {2%0) Zl v 1} Sexp{Tuy,g) logs n}
ni+

and (60) follows via (62) establishing the claim.
Now 7y, =1 ensures that e, <G(g,) log, n and so, in view of (58),

k=it 3 1
Glg,,) log; n) =71 ~{log, m?" " (log,n)>"

as j— oo provided 0<§<2x. Thus, from (57) the series of (55) is dominated by
o)}, J(c,, - c,] which converges by (34) and Lemma 11. [
1

Lemma 14. (38) holds.

Proof. Let § be an arbitrary number in (0, 1). Now 1<y, <K (log, n)’ entails
K~'G(g,(log,n)' #<e,<G(q,) log,n and so by definition of c,, (21), slow
variation of G, and (31)

c? - KnG(g,)log, n

n

<~ er = 0(1)(log, c),
&2, =[6m] Glag, (log, [om)y #0082

whence ¢, /¢, S1og, ¢, for all large n. Setting D, =Var ) o;X;, n21, it follows
that for all large n 1

n n

D,z Y o H(cp/log,c))z Y, af Hc,fllog, e, )P ).
B [on]+1 [6n]+ 1
ut

sg/ Y =(1-0)"

[on]+1

Thus via Lemmas 3 and 9, for all large n
D,z(1-d)s: Hc,Mlog, ¢, )" )2 (1—9)*s; G(q,/(log, 4,/ ). (63)
On the other hand, by Lemmas 9 and 2, for all large n
D,<syH(q,) <5, G(q,) (64)
Next, recalling Lemma 7,

G(9,)/G(q,/(10g, 4, ) =(log, q,)°". (65)
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Now for all large n, Lemma 1 ensures G(n)<n* and so Q(n)=n implying g, <n
whence employing (64) and ng? <s?,

log, D, =log,(s; G(g,) Slog, (s7 G(m) Slog, (s; n¥) Slog,(s;/lo ) ~log, 53

On the other hand from (63), log, D, Z (1 +0(1)) log, s2. Thus, recalling (26) and
(19)

log, D, ~log, s? ~log, n~log, g,. (66)
Now, via (31), (63), (18), (65), and (66)
oz cxf(log, c,)*?=o(D,/log, D,) (67)
and so by the Kolmogorov LIL [6]

; Gij 21: UjX}
TP (D, log, D,F  mew’ (D, log, D)t ¢ 9

But from (66), (64), and (18), D, log, D, <(1+o(1))s2g%/n whence (68) entails
(38) with equality replaced by =< and it remains to prove that (38) holds with
equality replaced by =.

Let & be an arbitrary number in (0, 5) and choose y>0 so that (1+7)
(1—=8)=1. Select C>1 large enough so that (1 ~§)(1—C~?)¥ —2C~1>1-4. Let
n,=0 and let n, be the smallest integer n such that D,> C?*, k=1. Now (67)
entails E(e, X,)>=0(D,) or, equivalently, D,~D, _, implying

D, ~C* (69)
Suppose, initially, that
Y (kG(g, ) ! § y*dF(y)< 0. (70)
1 [eny Mlogzen )P+ L < |yl Sap,]

Then for k' sufficiently large recalling (12)

. H(e, (log,c, ™1
k;)k : (1_ T )<oo. (71)

A=A (0)={k: H(c,/log,c, )" ") <(1-0) H(g,)}.

Let

Thus (71) ensures ), k~' < oo and consequently

ket
Y k=0 (72)

keA”

where 2 denotes the complement of . Define

A4=[ Y oX>0-8ghl kzl,

Me—1<jEm
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where recalling (69)

g?=Var Y o,X,=D, -D, ,~(1—C~%D,, (73)
-1 <jSAk
hl=2log,gi~2log,D, . (74)

Thus, via (69), iZ <2(1 +7) logk for all large k.
Now, recalling (67), by the Exponential Bounds Lemma [11, p. 262], for all
large k
P{A}zexp{—5(1+y)(1-8)hi}zk".

Thus, via (72) and the Borel-Cantelli Lemma

P{d, io. (ke")}=1. (75)
Set

Hi—1

B |
1

) 0, X;|=

Now, via (73), (74), (69), and the choice of C

2(2an_l1og21)nkq)%], k=2.

(1-08) g/, —2(2D,,_,log, D, )¥>(1-5)(2D, log,D,,)*

for all large k. Consequently
P{A,B, io. (keA")} <P {2 o; X;>(1-9)(2D,, log, D,) io. (ke%/)}. (76)
1

Now, via (68), P{B, occurs for all large ke #”} =1 and so, recalling (75), both
sides of (76) are equal to 1. Thus,

Y 0, X;
limsup —————>(1—9) 2% a.c. 77
TP B, oz, 0 o

However, for all large k in ¢, recalling (63), (66), and Lemmas 3 and 5

D, log,D, z(1-9)*s2 H(c, flog, c ¢,V Hlog,q,,
2>(1—-06)°s2 H(g,) log, 4, = (1~ o)* 2 ap /n,

whence (77) entails

g“ij 20, X;
lim su = lim sup ————;:(1 —0P 2% ac
n—>00pann/n i;’}o Snk nk/ k

and (38), with equality replaced by =, follows from the arbitrariness of .
The prior argument was predicated on (70) which will now be verified. By
(30) and (31) letting v=p+2, for all large n, c,/(log, c,)’"* =q,/log, q,)" and so
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the series of (70) is dominated by

0<1>§(k6<qm))* | y2dF (). (78)

(ap, /(log2 4y, )" < [vi £ ay,]

Now for all large y, choosing n such that n—1<3Q(y)<n, by (21) and (30)

y=dypz(1+0(1) 2% g, 21 +0(1) 2% ¢, 2 c(GQ)),

whence
Q(=2c '(y)=2y*/C). (79)
For given k=1, let j(k) be the smallest integer j=1 for which
4,,/(108,4,,) =4, (80)

For given j=1, let k(j) be the largest integer k=1 for which j=j(k) or, equiva-
lently, for which (80) holds. Then by (78), the definition of @, (79), (66), and (69),
the series of (70) is dominated by
© k()
o . ) y*dF(y) . (kG(g,)™"
=

J=1Tlap; <yl San;l =J

i k(j)—j+1
<01 G 1 dF(y) ——————
SOWY [ oWGllos: blarn) S
<OW)Y Jay, . 41~ k()i + 1) logJ. 81)

Claim. For all ¢ in (0, 1), if j is sufficiently large

k()<j+2+01=x(, e)=x. (82)
Proof of Claim. Using (66), (69), and the definition of

log, n,~logx~logj~log,n;. (83)

To substantiate (82), it suffices by the definition of k(j) and the monotonicity of
q,/(log,q,)" to show that g, /(log, 4,) >4, for all large j. Since y! q;
=G(q,) log, g, is increasing, by (66) and (83)

gz /(log, 4, )" a5) = (1 +o(1)) n/(n,(log, n)*")
and thus it suffices to show that
n.>n[(log, nj)3D] +1)=N;

for all Jarge j. Recalling the definition of #,, it is enough to verify for all large j
that Dy < C?** and this will be true if it can be shown that
DNj/Dnj é C2j£~ (84)

To this end, via (9), (66), and (69)

G(4,,)/G(q,,/(log, 4, )P ") =(log, 4,)*7+* = (1 +0(1)) (log j)** **. (85)
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Moreover by (23), (66), and (69) for all large j

G(qy,)/Glg,) =(logj)" (86)
Invoking (28), (66), and (69), for all large j

N;
$3,/s2 <exp {2K(log2 NP Y 1/:}§j. (87)
ni+ 1

Now (63), (64), (85), (86), and (87) entail (84) for all large j, establishing the
claim.
Finally, in view of (82), j~'(k(j)—j+1) logj—0 as j— oo provided 0<e<1.

Thus, from (81) the series of (70) is dominated by 0(1)> J (4y,_,» 4,,] which
converges by (34) and Lemma 11. [] 1
The series of (34) can be replaced by an integral according to

Corollary 1. Under the hypotheses of the theorem, if (34) is replaced by

[ v /Gyl (og, |y)' ~#) dF (y) < oo, (88)

Iyl z el

then (35) holds.
- Proof.  Let  Qu(y)=(log, V2O Iy, y20.  Then by  hypothesis
E{Q4(Y])} < oo implying

ip{zgﬂqm)m} < 0. (89)

Now via (19), (18), slow variation of G, and Q,(y)=y*/(G(y)(log, y)' )

Q,((n(log, n)' ~# G(g,))H) ~0,(q,/log, q,)*") =n

and it follows for all large n that
{IY|>(n(log,n)' ~# G(g))*} = {2Q,( Y ) >n}. (90)

Next, noting that Ke¢2=n(log,n)'~#G(g,), it follows from (90) and (89) that
(34) holds with A=K?. []

Remark 1. Since H(y)~G(y), G may be replaced by H in (88) (where e° is
replaced by any constant a=e® such that H(a)>0).

Remark 2. When o, =1, f may be taken as 0 and Corollary 1 is essentially the
theorem of Feller [2].

Remark 3. Convergence of the integral of (88) is not necessary for convergence
of the series of (34) as will be seen via an example.

Remark 4. As already noted when ¢?>=EY?< o0, slow variation of G is auto-
matic and s?g2/n~a?s? log,s2. Since EY?< o ensures (88), {c,Y,} obeys the
classical LIL (2). This is a special case of Theorem 3 of Teicher [13].
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Corollary 2. Under the hypotheses of the theorem (or Corollary 1)

ZO'-Y.

11m1nf———~——1, ac. and limsup-—————=1,
now (2/0)%5,q, nwp@/ ) 5,4,

Corollary 3. Under the hypotheses of the theorem (or Corollary 1)
Yo, o,

1 P . .
——————0 and liminf —=0, a.c
Sn qn/n2 n=co Sn qn/n—‘y

a.c.

n

Proof. Since (25) is tantamount to o2=o0(s2), the first statement follows from
the GLIL of Theorem 1 (or Corollary 1) and Theorem 2 of [9]. The second
statement is then a consequence of the fact that convergence in probability
implies some subsequence converges almost certainly. [

Remark. The first half of Corollary 3 also follows readily from Theorem 1 with-
out reference to [9]. For by (64) and (18),

nD,/(s; ;) <nGq,)/q; =(log, 4,)~ " =o(1),
so by Cebysev’s inequality
z O-]XJ/(ann/n%)“_)O
1
The Corollary is evident in view of (36) and (37).
Theorem 2. Under the hypotheses of Theorem 1, if (34) is replaced by

iP{IY|>iqn/ﬁ}=oo, all >0 91)
or by '
‘f y/(G(lyl) log, ly)) dF(y)= (92)
then fivizec]

XY
lim sup =

i
3
n— oo S” n/

=00, a.c. (93)

Proof. Since (91) entails lim sup n*le, Y |/(s,q,)=0, ac., (93) follows via

la, Y|<\Za Y,
Next, (92) is tantamount to E{Q(lY])} =0 and so

+ Z ; ]), the monotonicity of s,g,/n*, and symmetry.

iP{lYl>qn}=§P{Q(IY|)>n}=oo.

However, g,/n*1, whence for all A>0, recalling that y,=1, (91) holds via
Lemma 10. [J
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4. An Interesting Example

Let 0Za(l) <1, a(3)—1=a(2)=0,
o =(log, n)*V(log, n)*® plogany®logsnr® ~1
—n~"(log, n)*(log; n)*? exp {(log n)(log, n)*V(log; ny*}
for n>N=[exp{e?}]+1 and let s2=1 for 1 <n<N. Let Y have density

) =c2lyP*(log [y (log, [y (logs [y)**)

- exp {(log, [y))' ~*/logs Iy} Iy 2 m () (%4)
where ¢ is some constant. It can easily be verified that
s2~exp {(log n)(log, )" (log, nf®)}. 95)

Hence,
= = _f[a@), 1), i «(2)=0
B={Be[0,1): y,=O0((log, n)")} —{(oc(l), D it a0

It is also easy to verify that

H(@y)~c(l—a(1)~" exp{(log, y)' ~*V/llogs y)*} (96)

and that H is slowly varying. Now H(g,)~ H(n?) by (20) and (96) and so recall-
ing (18), (12), (19), and (95)
252 g2 /n~2c(1—a(1))~ ! exp {(logn)(log, n)*V(logs n)*®
+(log, n) - *M(log, n#)~*} log, n
az. 97

il

Now for any § in B, it follows from (12), (96), and (94) that convergence of
the integral of (88) is equivalent to

[ (v(log y)(log, y) ~¥=*M(log, y)*@) ' dy < o0. (98)
N

Hence if «(2)>0, then 1 —(B—a(1))<1 for B in B and so the integral of (88)
diverges.

Nevertheless, it will now be shown that {s,Y,} obeys the GLIL of Theo-
rem1 if and only if (3)—1>wx(2) regardless of whether «(2)>0 or «(2)=0.
Now convergence of the series of (34) for some 1>0 is equivalent to that of the
series of (91) for some A>0 which, in turn, is equivalent to

[ ((log ) (log, y)(log, yF&-*®) 1 dy < co. ©9)
N

These equivalences are detailed in [8], but need not be reproduced here. Then
by Theorems 1 and 2

lim sup a;; 120 Y=

n— oo

1, ac if a(3)—1>a(2)
00, a.c. 1if a(3)—1=a(2)
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where {a,} is as in (97). Hence if «(3)—1>a(2)>0, then Theorem 1 yields a
GLIL while nothing can be concluded from Corollary 1.

Finally, if «(2)=0, then by choosing f=a(l) in B it follows from (98) and
(99) that the integral of (88) and the series of (34) converge or diverge together
according as a(3)>1 or a(3)=1.

5. Final Remarks

Remark 1. A version of Theorem 1 obtains without the proviso of symmetry

provided ) ¢;Y; is centered at a median. Specifically, if {Y, ¥, 0,} satisfy the
1

hypotheses of Theorem 1 (except for possibly the symmetry condition) then

Z%’G-med;%%

0 <lim sup -+ T
R~ 00 Sn qn/n2

<o, a.c. (100)

Proof. Only the case EY2=0o0 need be considered in view of Theorem 3 of
Teicher [13] and the elementary inequality (see, for example, [7, p. 244]) |[EX
—med X|<(2Var X)%. Let m be a median of Y and let {Y*=Y~-Y', Y*=Y,
—Y,} be a symmetrized version of {Y, Y }. Define for y>0

p— y —
G=2[tP{{Y—m|>t}dt, H)=E{Y-m)*Ijy_, <y}
0
y
G*(y)=2 [tP{lY*|>t} dt.
0
Since G is slowly varying, Lemma 3 and the observation just prior to it ensure
that E|Y|< oo and since
H(y)SE{Y? Iyy m<t SH(y)  for all large .,
it follows from Lemma 3 that
HY)=E{Y? Ijy <y +OM~H()
and so G is slowly varying and
G ~G). (101)
Then, the Weak Symmetrization Inequality [7, p. 245]
P{Y—m|>y} S2P{|Y*|> )} S4P{|Y—c|>1y}, all c (102)
yields (take c=m)
G()£2G*()£16G(y), y=0 (103)
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and
VP{Y*[>y) _2p*P{Y*|>y} 1639 P{Y-m|>4y}

G*y T G T G(y)
by slow variation of G and Lemma 3. Again by Lemma 3, G* is slowly vary-
ing.

0

Next, let Q*(y)=y*/(G*(y) log, y) and let g} denote the inverse function of
Q* Now by (101) and (103) for some finite nonzero constants 4 and B and all
large y, Q(y)=A4Q*(y)=BQ(y) implying for all large n that ¢,,<q},<q,.
Then, recalling (21),

0<liminfg}/g,<1lim sup g*/q, < co. (104)

n— oo =

It follows from (101), (103), (104), and slow variation of G* that G{gq,)
=0(G*(g})), whence (34) and (102) (with ¢ =0) ensure that for some A*>0

Y P{IY*|>i*(ninfy; ' G*(g7) log, i)} < 0.
1

izn

Applying Theorem 1 and Corollary 1 to {Y*} yields

n n
L Ed
go—ij ZIZ‘TJYJ
limsup =— = —liminf —— —-=2% ac
noowo S, q¥ /N nooo  S,q¥/n?

and then (100) follows from (104) and the argument of Kesten [5, Lemma 17.
(The only change needed in Kesten’s proof is that the Kolmogorov 0—1 Law
is used rather than the Hewitt-Savage 0—1 Law.) [

Remark 2. Some discussion about the significance of Theorem 2 vis-a-vis Theo-
rem 1 is in order. If

(va€)™" Glg,) log,n=0(1) (105)

(a fortiori if v, 1 G(q,) log, nt or y,=0(1)) then, recalling (18) and (19), for some
M < co and all large n
JeiSai/nsMc;

implying via Lemma 10 that the series in (34) and (91) converge (for some and
hence all >0} or diverge (for some and hence all 1>0) together. Therefore,
under the assumptions of Theorem 1 if (105) holds, then (34) is both necessary
and sufficient for (35). This leads to a question: Is (34) (or convergence of the
series in (91)) always necessary and sufficient for (35)?
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