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1. Introduction

The Poisson approximation for sums of independent Bernoulli random variables
has been of considerable interest in the literature [see Prohorov (1953), Hodges
and LeCam (1960), LeCam (1960), Kerstan (1964) and Vervaat (1969)]. The
problem was generalised by Chen (1975) to include certain classes of dependent
Bernoulli random variables. In this paper a similar approximation theorem is

proved for the distribution of Z X Where X, 1,j=1,2, ..., n, are independent

if*

Bernoulli random variables and (n(1), 7(2), ..., n(n)) a random permutation of
(1,2,...,n) mdependent of the X,’s. The nature of the dependence among
Xinqys -+ s Xpuim differs from that con51dered in [2].

A number of corollaries are derived from the main theorem. These include
results of LeCam (1960), but with larger absolute constants in the bounds. The
largeness of the absolute constants can be attributed to the greater generality of
the present problem. One of the corollaries is a Poisson counterpart of a theorem
of Wald and Wolfowitz (1944), where the latter is actually a limit theorem. [See
also Noether (1949), Hoeffding (1951) and Robinson (1972).] Another corollary is
an approximation theorem for the hypergeometric distribution.

Throughout this paper, all summations will be from 1 to n unless otherwise
stated.

2. The Main Theorem
We first state the theorem as follows:

Theorem 2.1. Let X, i,j=1,2, ..., n be independent Bernoulli random variables
with P(X;;=1)=1-P(X;;=0)=p;; and let (n(1), n(2), ..., n(n)) be a random per-

pemutation of (1,2, ..., n) independent of the X,;s. Then for nz5 and every real-
valued function h deflned on the non-negative mtegers such that |h| <1, we have

\Eh(z Xin)—2,h| <15.75 min (A%, 1){2 P +Z P2} (2.1)
i J
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and
[ER(Y Xinw)— 2 h| £45.2527 1 {L pE, + P2} (2.2)
where !

gblhze—l Z h(k) A*/k!,
k=0
pi+=zpij/n= I—)+j=zpij/n’
j i
A:Zﬁi+=2ﬁ+jzzzpij/n'
i j i j

The proof of the theorem is based on the derivation of an identity similar to that in
[2] and a few lemmas. (An interesting application of a special case of these identities
isin [1])

Letl, J, K, L, M berandom variables, each uniformly distributed on {1, 2, ..., n}
and let 7=(n(1), n(2), ..., n(n)), #=(F(1), #Q2), ..., #(n)) and 7=(7(1), 7(2), ..., #(n)
be random permutations of (1,2, ..., n) such that

{I,J,K,L, M, n,#, 7} is independent of {X;: i,j=1,2,...,n}, (2.3)
(I, K) and (L, M) are uniformly distributed on {(i, k): i+k; i,k=1,2,...,n},
(24)
J, U, K),(L, M) and % are mutually independent, 2.5)
J, (I, K) and # are mutually independent, (2.6)
I and = are independent, 2.7
flo), o=l K2 'L),7 (M)
L, a=1
()= M, a=K (2.8)
(), a=7"1(L)
HK), a=r"'(M)
and

fe), o+l 71J)
w()=4J, a=1I 2.9
"), a="'(J),
where #(7 ' (¢))=a and 77~ (1)) =«.
The consistency of the conditions (2.3)-(2.9) can easily be verified.

Now let (2, 48, P) be a common probability space on which all the above
random vectors are defined and let

F =the o-algebra generated by n and the X/s,
W=ZXin(i)7 W=ZXiﬁ(i)= W=2Xi%(i),

e __ Frkk
W= ZXiu(i)a W*= ZXiﬁ(i)’ W= Z Xiﬁ(i)'
i%l i+ i+I,K
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Also define the operator A4 by Af(w)=f(w+1)—f(w). Then, using the basic
properties of conditional expectations, the fact that each X;; takes on 0 and 1,
the conditional independence of X, and W* given (I, n) and the independence
of I and W, we obtain, for every real-valued function f defined on {0, 1,2, ...}.

E[Wf(W)]=nE{[E” XindfW) =nE[X ;) f(W)]=nE[prpq, [ (W*+1)]
=nE[(proay—Pr ) S W*+ DI +nE{p, [fW*+1)—f(W+1)]}
+AEf(W+1)
=nE[(pry;—p; ) fW*+ )] —nE[p,, py Af(W*+1)]
+AEf(W+1), (2.10)
where EZ denotes conditional expectation given the g-algebra & . Using again the

fact that each X;; takes on 0 and 1, the conditional independence of p;, and W
given I and the conditional independence of

(Xz-10y, 2y Xz-1(5),) and Z Xy
atI,7-1(J)

given (I, J, f), we obtain
nE[(pry =P ) f(W*+1)]

=nE{(p;— b ) [f(W*+1)— f(W*+ )]}
:”E{(PIJ_131+)(X1~:-1(J),&(1)—X,;Al(_,),])Af( Z Xai(a)+1)}

a* I, 1(J)
=nE{(pIJ—ﬁI+)(pﬁ“1(J),ﬁ(I)'_pi‘l(J),J) Af( #12 s Xui(a)+1)}
axl,#-1(J)
=n(n—1)E{prss— D1 ) 0k —Pra) X =M) A f(W** +1)} (2.11)

where y(A) is the indicator function of the set 4. Now, as in [2], we choose fsuch
that

wf(w)—Af(w+1)=h(w)—P,h (2.12)

where h is another real-valued and bounded function defined on {0,1,2,...},
and let S, h(w) denote the solution of the difference equation (2.12) for w>1 (the
solution is unique except at w=0). Then (2.10) and (2.11) yield

Eh(W)=2,h+n(n—1)EUpya—Pry ) Pxe—Pad) 2 =M) AS; h(W** + 1)
—nE[py, pryAS;R(W*+1)]. ' (2.13)

In order to bound the error terms on the right hand side of (2.13), we need a few
lemmas.

Lemma 2.1 [2]. For [l <1 and w=>1,
|4S,h(w)|<6min (1%, 1).

Lemma 2.2. [2] For |h| <1 and w=1,

|AS, h(w)| A~ {2+4|w—A| min (17%, 1)}.
Lemma 2.3. For Z=W or VzV,
E(Z—-2)?<A.
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Proof. Direct computations yield

E(Z—-A?=2+A*/n—-1)— anlJ_/(n 1)— anH/(n
+ZZp”/n(n 1)

This together with the inequalities /12<an 7. and Zpu_(z p;;)* proves the
lemma.

Lemma 2.4.

n(n—1) E|(pra—Pr ) Pxr —Prad) XU = M) =(3n—2) A*/n(n— 1)‘4‘21_’.2”-
i
Proof. By direct computations.

We now prove Theorem 2.1. In the following, we shall take 4 in (2.13) to be
such that |h| < 1. We first bound the second error term on the right hand side of
(2.13). By Lemma 2.1, we obtain

ME[P; . pryAS;h(W*+1)]|<6min (A~ * 1)ZPL+ (2.14)
Also, by Lemma 2.2, the inequality |W*+1—W|<2 and the independence of
I, J and W, we obtain

InE[P;, prsAS,A(W*+1)]|S A~ [MEP;, pr,][10+4 min(A~%, 1) E|W — 4[]
which by Jensen’s inequality and Lemma 2.3

<144~ 12P1+ (2.15)

Next we con51der the first error term on the right hand side of (2.13). By Lemmas 2.1
and 2.4, we obtain

In(n—1)E[(pra—Dr) Pr— P x(J =M) A S, h(W** +1)]]
<6min (2%, 1) {3n—2) /n(n—1)+ ¥ 72 ;}. (2.16)

Also, by Lemma22, the inequality |W** 41— V?fl <3, the independence of
J,(I,K),(L,M) and W, and Lemma 2.4, we obtain as in (2.15)

In(n—D)EL(pr—Pr Y Pxr—Pra) 2 (I =M) 4 Slh(W** + 1)
§18/1_1{(3n—2)iz/n(n—1)+Zﬁij}. (2.17)

Finally, noting that nx 5, that A*<n Zﬁf+ and that A><n Z p7 ;, we obtain (2.1)

i J
from (2.13), (2.14) and (2.16), and obtain (2.2) from (2.13), (2.15) and (2.17). This
completes the proof of Theorem 2.1.

3. Corollaries

Except for Corollary 3.2, all the corollaries in this section have already been
mentioned in the Introduction. Corollaries 3.3 and 3.4 are actually corollaries to
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Corollary 3.2. Unless otherwise stated, all notations are the same as in the preced-
ing sections.

Corollary 3.1 (LeCam). Let X,, X,, ..., X, be independent Bernoulli random
variables with P(X;=1)=1—P(X;=0)=p,. Then for n=5 and |h|<1, we have

IER(Y X))~ 2,k <315 min(A %, 1) Y p?
and i i
|ER(Y. X)) —2,h| <905, Y p?
where i i
ilepi.
Proof. Let p;;=p, for all i and j and observe that A><n pr

Corollary 3.2. Let a;, i,j=1,2,...,n, be an array of Os and Us and let
(m(1), (2), ..., w(n)) be a random permutation of (1,2,...,n). Then for n=z5 and
|h| £ 1, we have

|EB(Y i) — 2, S 1575 min (A%, 1) {3 pF + X 47}
and ’ l ’

\ER(Y i) — P, h| 4525771 (3, p? +3 47}
where l l ’

pi=;ai,»/n, 9=L djin.

izgpi::%:qj=;;aij/n.

Proof. Let p;;=aq; for every i and j.

Corollary 3.3. Let ay,...,a,, by,...,b, be O°s and 1U's and let (n(1),...,n(n))
be a random permutation of (1, ...,n). Then for n=5 and |h| <1, we have

|ER(Y a;by)— 2, h| <4525 +D)

where

522%/’1: B:Zbi/n, lzl’lai?.

Proof. This follows from Corollary 3.2 with a;;=a,b;.
Corollary 3.4. Let

h(r;n, a, b)= (j) (Z::)/(Z) if max{a+b~n,0)<r=a

0 otherwise.
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Then
Y |h(r;n, a,b)—e=*A7jr!| <45.25(a+b)/n
r=0

where
)u = (lb/n .

Proof. This follows from Corollary 3.2 with ¢;;=1if 1<i<qa, 1<j<band =0
otherwise, and with h(r)=1 or —1 according as h(r;n, a, b)= or <e~*A"/r!.
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