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We consider a convex body K with interior points in d-dimensional Euclidean
space R? and n<d independent and identically distributed random hyper-
planes meeting K. About the distribution of the hyperplanes we merely assume
that it is induced from a translation invariant measure on the space of
hyperplanes in R?; if this measure is, moreover, rigid motion invariant, the
hyperplanes are said to be isotropic. Let p, denote the probability that the
hyperplanes intersect inside K. In case K is a ball, R.E. Miles [10] has
conjectured that p, is maximal precisely when the random hyperplanes are
isotropic. He has also conjectured that in general p, is maximal when K is a
ball and the hyperplanes are isotropic. In the following we show that the first
comnjecture is true, while the second holds for d=2, but not for n=d>2.

Finally we consider an arbitrary (fixed) number N of independent and
identically distributed hyperplanes meeting K and we ask for the expectation
of the number of k-dimensional cells in the cell-complex decomposition of the
interior of K which is induced by the hyperplanes. The explicit formula giving
the result involves the probabilities p, defined above, and in the isotropic case
it generalizes results obtained earlier by Santalo for the cases d=2 and d=3.

1. Preliminaries

By a random hyperplane meeting K we understand a “uniform random hyper-
plane in K” in the sense of Miles [107. For the reader’s convenience we repeat
the definition, but we choose a slightly different approach.

By #7 we denote the space of hyperplanes in R?, topologized as usual. On
#? the translation and rigid motion groups act in the obvious way. We
assume that we are given a measure p on the Borel sets of #? which is
invariant under translations and is locally finite, ie., finite on compact sets.
Such a measure can be represented in a convenient way. To see this, let §4-1
={uelR*: ||lul|=1} be the unit sphere of R¢ choose a vector eeS?~! and put
Sit={ueS*': (u,e)>0}; here ||-| and {-,-) are, respectively, the norm
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and the scalar product of R? We define a map y: $¢~ ! xR — #* by letting
7(u,7) be the hyperplane through te with normal vector u. Then y is a ho-
meomorphism onto its image #”, which consists precisely of those hyperplanes
which are not parallel to e. Let A=S?~! be a Borel set, and for any Borel set
BcR define #(B)=u(y(4 x B)). Clearly # is a translation invariant Borel mea-
sure on IR which is finite on compact sets, hence it is a constant multiple of
Lebesgue measure A. The constant factor, of course, depends on A, call it v(4).
Thus we have u(y(A xB))=v(4)A(B). If we now let A vary over the Borel
subsets of S¢-7, this clearly defines a finite measure v on S¢~!, and we may
write poy(AxB)=v® (A x B), which in turn implies poy=v®A. Thus the
restriction of u to J# is the image measure of v®d4 under y. Using the
translation invariance and the local finiteness of u, one can easily choose the
vector e such that u(#“\#')=0. Then for any integrable function f on #* it
follows that

[ fdu= [ | foy(u,t)di(t)dv(w).
#H4 S8R

It is convenient to write (u,e>t=1 in the inner integral, so that t is the
oriented distance of the hyperplane y(u,t) from the origin, and to define an
even measure ¢ on S~ by do(u)=dv(u)2<{u,e> for {u,e>>0 and do(—u)
=do(u). If we finally write

H, . ={xeR" (x,up=1},

we arrive at the formula

| fdu= | Tf(Hu,r)drdqo(u), (1.1)
Hd Sd-1 _ o

which gives a convenient normal form for the translation invariant, locally
finite measures u on #. In fact, Miles [10] assumes right from the beginning
that the measure defining his uniform random hyperplanes is of a form
equivalent to (1.1), but we felt that this assumption ought to be motivated by
the above simple reasoning. One could also have used an argument of Ma-
theron [8], p. 66, but the one given here is direct and more elementary,
avoiding conditional probabilities.

Now let K<R? be a given convex body (compact, convex subset) with
interior points, and let x4 be given and represented as above. Then the total
measure of the set of hyperplanes which meet K is

J xKnHyduH)= | [ x(KnH,)dvdp(w),

Ha §4-1 o
where y is the Euler characteristic, ie. x(L)=1 for any nonempty convex body
L and %(@)=0. The inner integral on the right is just the width w(K,u) of K in
direction u, that is, the distance between the two supporting hyperplanes of K
orthogonal to u. Writing

t(By=pn(Bn{He A" K H+0}) (1.2)
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for Borel sets f= #” and assuming that u+0, we see that

Hi (1.3)
f 1W(K’ u)ydo(u)

Sa-

is a probability measure on #*. Clearly we may assume, without loss of
generality, that ¢ is a probability measure. To conclude with a formal de-
finition, we now say that a random hyperplane meeting K is a measurable map
from some probability space into the space #* of hyperplanes such that the
distribution of the hyperplane (the image measure of the probability) is given
by (1.3), where ¢ is some even probability measure on the sphere S~ ! and uy
is defined by (1.1) and (1.2). We shall say that ¢ is the generating orientation
distribution of the random hyperplane.

We denote by w the unique rotation invariant probability measure on S¢ 1.
A random hyperplane with generating orientation distribution w will be called
isotropic.

2. The Probability of Intersection in K

We consider a given convex body K<RR? with interior points, a number
ne{2,...,d}, and n independent and identically distributed random hyper-
planes meeting K. By p,(K, ¢), where ¢ is the common generating orientation
distribution of the random hyperplanes, we denote the probability that these
hyperplanes have a common point in K. By the assumption of independence
we may write

§oof xKnHn...oH)du(H,)...du(H,)

K, — Hd ol
Pl 0) [ WK doGu

with p as in (1.1). For u,...,u,eS8?" ! let [u,,...,u,] denote the n-dimensional
volume of the parallelepiped spanned by u,,...,u,. Further, let n, .., denote
the orthogonal projection on to the linear subspace spanned by u;,...,u,, and

let 1, denote n-dimensional Lebesgue measure. Using (1.1) one easily shows
(see also Miles [10]) that

_f 5’1n(ﬂu1,...,u"K) (u,, ce ] d(p(ul) dgo(un)
Ko)= (WK, 4 dg (0T :

Here, and in the following, all integrations with respect to ¢ are over $¢-!.
In [10], p. 224, Miles conjectured that

p.(B, )< p,(B,w)

for the unit ball B of R% Up to now, only the two-dimensional case has been
decided. Miles [10] himself gave an argument for d=2 which shows the
following. If a measure ¢ for which p,(B, @) is maximal (the existence of such
measures can be shown by familiar compactness arguments) has a continuous

Pal 2.1)
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density with respect to Lebesgue measure (on the circle), then it must be
normalized Lebesgue measure. A complete (affirmative) answer for the two-
dimensional case is contained in the work of Rasson [12].

As we shall see in the following, a combination of known results in the
theory of convex bodies, in particular from the theory of mixed volumes, yields
an affirmative answer for the general case.

Theorem 1. The probability that n independent, identically distributed random
hyperplanes meeting a ball intersect inside that ball is maximal precisely when
the random hyperplanes are isotropic.

For the proof we observe first that for the case of the unit ball B formula
(2.1) reduces to

Pu(B.@) =27k, ... [ [y, ..., ] dp(uy) ... dg(u,) 2.2)

where x, is the volume of B.
Following Matheron [6, 8] in his work on Poisson hyperplanes, we consid-
er the auxiliary convex body Z, defined in the following way. Writing

h(wy=% [ Ku,vylde(v) for ueR*

one sees that h satisfies the conditions which are necessary and sufficient for a
function to be a support function (see, e.g., Bonnesen-Fenchel [2], Sect. 17, or
LeichtweiB [5], § 12), hence there exists a unique convex body Z, for which h
is the support function. We consider the Minkowski quermassintegrals W, of
Z, (for a definition, see Bonnesen-Fenchel [2], Sect. 32, or Matheron [8], pp.
76-78). They can be expressed explicitly my means of the generating measure
@. In special cases such formulas occur already in Blaschke [1], p. 156; for the
general case we refer to Matheron [8], Chap. 4.5, and W. Weil [17], formuia (9).
There one finds

k! Kk

{AVA )_ f _“:ulf"'7ud——k]d(/)(u1)"'dq)(ud,k) (2.3)

for k=0,...,d—1, which together with (2.2) yields

dlx,

B,g)=r— m
PulB )= S e

Wi_u(Z,).
We note also that
d—1)k
Lz =T e )

Now we make use of the Minkowski-Fenchel-Aleksandrov inequalities
between the quermassintegrals (see, e.g., Busemann [3], §7, Leichtweil [5],
§23). A particular case is ‘

I/Vd~ 1 (Z(p)n g Ksﬁ ! VVd—n(Z(p)’
with equality if and only if Z, is a ball. We deduce that

P.(B, 0) £p,(B,w)
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with equality only if Z, is a ball. The latter occurs only if ¢ is proportional
(and hence equal) to a) as follows from a known uniqueness result. (See
Theorem 1.4 in Schneider [16], where references (on p. 304) and a proof are
given. A different proof was presented by Matheron [7].) This proves Theorem
1.

We return to the case of a general convex body K with interior points.
Later in his paper [10] (see p. 232) Miles, after showing that p, (K, w)=p,(B, »),
conjectured further that

P, (K, )= p,(B, w).

We shall prove this for d=2, and we show that it is not true for n=d>2.

Without loss of generality we may assume that the generating orientation
distribution ¢ is not concentrated on a great sphere (otherwise the problem
reduces to one in a lower dimensional space). Again we construct an auxilary
convex body, starting from the measure ¢. Let M, be the solution of
Minkowski’s problem for the measure ¢ (see, e.g., Busemann [3], §8). Thus M,
is the convex body, unique up to a translation, for which

Se- 1My, )=0. 24

Here S,_,(L,*) is the area function of the convex body L, defined as
follows: for a Borel set f<=S?=1, S, (L, p) is the area of the set of boundary
points of L at which there exists an exterior unit normal vector belonging to f.
Since the measure ¢ is even and not concentrated on a great sphere, it satisfies
the conditions of Minkowski’s theorem, the latter taken in its generalized form
due to Aleksandrov and Fenchel and Jessen.

We use some results from the theory of mixed volumes, for which the
reader is referred to Busemann [3], pp. 62, 50, or LeichtweiBl [5], §§ 23, 24.
In particular, because of (2.4) we have

VIK,M ;jh (K, u)do(u) ———EW(K u)do(u),

47""’

where h(K,-) is the support function of K, and

V(M(p)z;—djw(Mw,u)dw(u). (2.5)
From the Fenchel-Aleksandrov inequality
VIK,M,,, ..M Y ZV(K)V(M ) ~! (2.6)
we deduce that

V(K) 1 I VM)
[ w(K, W) dw)]? = Qdy V(M )~ " [[wM,,u)dow)]"

Multiplying both sides by {...{[u,....,u;]do(u,)...dp(u,) we see from (2.1)
that

Pa(K, @) =py(M,, ¢). @.7)
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Equality in (2.6) and hence in (2.7) holds if and only if K and M o are
homothetic. Thus for every even probability measure ¢ which is not con-
centrated on a great sphere, the maximum

max pd (Ka q))
K

1s assumed for a convex body M, which is unique up to a homothety. Now the
question of Miles for n=d reduces to the question whether p,(M,, @), which
depends only on ¢, is maximal for ¢ =w.

To further study this question, we rewrite (2.7) by using the body Z,
defined earlier. By (2.1), (2.3) (observing W, =V, the volume), and (2.5) we have

VM) (... [Tuy,...,uddo(uy)... do(u,)
[fw(M,,u)dow)]

_VM)dv(z,) dl V(Z,)
T RAVIM) 2 VM)V

M, 0)=
(2.8)

By the definitions of Z, and M, we have
WZ,,uy=5[Ku,v)|dS, (M, v) for ueS* 1,

and this is precisely the (d—1)-dimensional volume of the orthogonal pro-
jection of M, on to a hyperplane orthogonal to u. Thus Z is what is usually
called the projection body of M, (see Bonnesen-Fenchel [2], Sect. 30). In the
plane we obviously have Z,=2R ,M  (up to a translation), where R, de-
notes a rotation by the angle n/2. Thus for d=2, the quotient V(Z_)/V(M )*~*
=4 and thus the probability p,(M,,¢)=1/2 is independent of ¢. Hence in-
equality (2.7) together with the equality condition yields the following.

Theorem 2. Let K be a convex body with interior points in the plane. The
probability that two independent and identically distributed random lines meeting
K intersect in K is at most 1/2, and it is equal to 1/2 precisely when the
generating orientation distribution of the random lines is proportional to the area
Sunction S, (K,-) of K.

It should be noted that here the case of a generating orientation distribu-
tion concentrated on a pair of antipodal points need not be excluded, this case
being trivial, as it gives rise to two random lines which almost surely do not
intersect at all.

Collecting our results for general d, we have arrived at

! V{iM )
Pu(K, @)épa(MW(P):WW»
where ITL denotes the projection body of the convex body L. Unfortunately,
for d>2 it is an open problem to determine all centrally symmetric convex
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bodies L (with interior points) for which the affine invariant V(IIL) V(L)' *
attains its maximum. We conjecture that

VUIL) V(L)t—4 <24

for any such L, with equality precisely when L is a direct sum of convex bodies
of dimensions <2. A proof of this conjecture would give the exact upper
bound of the probability p,(K,@). At least, it is not difficult to show that
VIILYV(L)*~4=2%if L is as described above, whereas for the ball B we have

d+2yt2
zF( > )

V(IIB)V(B)'~¢=n2 r(d—;l)d

The latter inequality is immediately verified for small dimensions. As this
already establishes a counterexample, it does not seem worthwhile to repro-
duce the proof for all d=3 (I owe an elegant proof to Peter McMullen).

Thus, choosing L as above and ¢ as its normalized area function, we have
poL,@)=py(M,,0)>p,(B,w) (observe that M is a ball). This establishes a
negative answer to the second conjecture of Miles for n=d.

<24 for d=3.

3. The Decomposition of K by Random Hyperplanes

In this section we consider an arbitrary (but fixed) number N of independent
and identically distributed random hyperplanes meeting the convex body K
(which has interior points). Almost every realization of these random hyper-
planes determines, in the obvious way, a decomposition of the interior of K
into relatively open convex cells of dimensions 0,1,...,d (namely, the in-
tersections of the interior of K with the relative interiors of the faces of the
hyperplane arrangement). For k=0,...,d, the random variable v, is defined as
the number of k-dimensional cells of such a subdivision. In the following we
will determine the expected value E(v,) of v,. For d=2,3 and isotropic hyper-
planes this has been done by Santald [13, 14], see also Santalé [15], Sects.
1.4.4, p. 54, and 111.16.4, Note 7. His method is not restricted to convex bodies,
but apparently it does not extend to higher dimensions., Our treatment of the
d-dimensional case uses a combinatorial lemma due to Miles [9], [11]. (For
the case k=d of this lemma, see also Janson [4].)

Let there be given N independent and identically distributed random
hyperplanes H,,..., Hy meeting K, with generating orientation distribution ¢.
Clearly with probability 1 these hyperplanes are in general position, which
means that the intersection of any m<d+1 of them has dimension at most d
—m. Then the lemma of Miles [11] says that

d n )
vV, = o,
k n:%:—k (d_k
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where «, is the number of n-tuples among the hyperplanes whose intersection
meets the interior of K. Thus we get

L), 5 po (k0 Py 0)

i1 <., <ip r=1

laZe) (1o

with p,(K, @) as defined in §2. This formula lends new interest to the ex-
tremum problems considered earlier and inequalities obtained there. In partic-
ular, Theorem 1 implies: If K is a ball, then the expected value of the number
of k-cells is maximal precisely when the random hyperplanes are isotropic.

Of course, in the isotropic case the probabilities p,(K,®) can be computed
by known methods of integral geometry, since the integral

n

E(v)= Z
—d—
d
= X
Zd—k

n

j...jx(KmHl N..nHYdu(H,)...du(H),

with u induced from ¢=w according to (2.1), can be computed recursively,
using the Crofton formula ([15], p. 233). One obtains

a n \ (N\n! x, (k,_,\"{d\ W,_.(K)
E — e n d—l) ( ) d—n .
o0=, % ) Gz, BT G
For d=2,3 this coincides with the formulas given by Santalo.

The formula simplifies if expressed in terms of the “intrinsic n-volumes”
V (K) defined by

o at0= (3) i, ),

which are independent of the dimension of the space in which K lies. We have

P AR IWE

References

. Blaschke, W.: Kreis und Kugel: Leipzig 1916. 2 ed., Berlin: de Gruyter 1956

. Bonnesen, T., Fenchel, W.: Theorie der konvexen Korper. Berlin: Springer 1934

. Busemann, H.: Convex surfaces. New York: Interscience Publ. 1958

. Janson, S.: On random divisions of a convex set. J. Appl. Probab. 15, 645-649 (1978)

. LeichtweiB, K.: Konvexe Mengen. Berlin: VEB Deutscher Verlag der Wissenschaften 1980

. Matheron, G.: Ensembles fermés aléatoires, ensembles semi-markoviens et polyédres pois-
soniens. Adv. Appl. Probab. 4, 508-541 (1972)

7. Matheron, G.: Un théoréme d’unicité pour les hyperplans poissoniens. J. Appl. Probab. 11,

184-189 (1974)

8. Matheron, G.: Random sets and integral geometry. New York: Wiley 1975

9. Miles, R.E.: Random polytopes: the generalisation to n dimensions of the intervals of a

Poisson process. Ph. D. Thesis, Cambridge University 1961

= R R R I S



Random Hyperplanes Meeting a Convex Body 387

10.

11.

12.

i3

14,

15.

16.

17

Miles, R.E.: Poisson flats in Euclidean spaces, Part I: A finite number of random uniform flats.
Adv. Appl. Probab. 1, 211-237 (1969)

Miles, R.E.: A generalization of a formula of Steiner [To appear in Z. Wahrscheinlich-
keitstheorie Verw. Gebiete]

Rasson, J.P.: L’entropie des processus de droites. Bull. Soc. Roy. Sci. Liége 45, 288-293 (1976)

. Santald, L.A.: Valor medio del nimero de partes en que una figura convexa es dividida por n

rectas arbitrarias. Rev. Unidén Mat. Argentina 7, 33-37 (1940-41)

Santal6, L.A.: Valor medio del nimero de regiones en que un cuerpo del espacio es dividido
por n planos arbitrarios, Rev. Unién Mat. Argentina 10, 101108 (1945)

Santal6, L.A.: Integral geometry and geometric probability. Reading, Mass.. Addison-Wesley
1976

Schneider, R.: Functional equations connected with rotations and their geometric applications.
L’Enseignement math. 16, 297-305 (1970)

. Weil, W.: Kontinuierliche Linearkombination von Strecken. Math. Z. 148, 71-84 (1976)

Received January 29, 1982; in revised form April 16, 1982



