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Existence of Proper Conditional Probabilities 

K. MUSIA:g 

Introduction 

Let (X, d ,  P) be a probability space and let ~ be a sub-a-algebra of d .  It is well 
known that even if there exists a regular conditional probability (r. c. p.) on d ,  given 
N, it is not necessarily proper (Blackwell and Ryll-Nardzewski [2]). 

It is shown in this paper that under some assumptions on P-null sets in N 
there exist a-algebras do  ~ d  and N O C do  ~ N such that do ~ d  (P/d) and 
No ~ N (P/d) and there exists a proper r. c.p. on do ,  given ~o. 

The theorems proved here generalize the ones of PfanzagFs paper [7] and 
the proofs seem to be simpler. 

Moreover under some assumptions about separability of a-algebras under 
consideration there is given a full condition for the existence of a r.c.p, and a 
proper r. c. p. 

Besides, there is given a simple characterisation of Blackwell spaces (Rao) 
which employs the proper r.c.p.-ies. 

1. Definitions and Basic Lemmas 

Let (X, d ,  P) be a probability space. For given two subsystems N c d and 
~ f ~ d  we shall write Nccg(P/d) if for any B e N  there exists CeCg such that 
P (B A C) = 0. We shall write N ~ (g (P/d) if N ~ cg (P/d) and (g c N (P/d).  In this 
paper by an algebra we shall always understand a a-algebra and by a measure the 
probability measure. If N c d  is an algebra then a set D e N  with P(D)>0 is a 
P/N-atom if B e N  and B c D  together imply P(B)=0 or P(B)=P(D). PIN is 
purely atomic if the union of all P/N-atoms has measure 1, PIN is nonatomic if 
P/N-atoms do not exist. 

Let d o  ~ d and N c d be arbitrary algebras. A regular conditional probability 
(r.c.p.) on do ,  given N, is a function P(" , . /N):  do  x X ~ [0, 1] such that 

(i) P(., x/N) is a measure on do  for all xeX,  
(ii) P(A,'/N) is N-measurable for all A e d o ,  

(iii) S P (A, x/~) P (dx) = P (A c~ B) for all A ~ do  and B e ~.  
B 

A r.c.p. P(-,  ' /~ )  on do  is proper if P(B,x/N)=X~(x) for all BeNc~do, 
x~X. 

For any A c X  let A 1 --A and A ~ = X - A .  If {A~}~r is a family of subsets of X, 
then we shall call them a-independent if for any sequence {6,}2=1e {0, 1} ~~ and 

for any sequence {A~}~.~r we have (~ e, A~."#O. 
n = l  
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Lemma 1. Let {A~}r+ r be a family of a-independent sets which belong to d .  For 
any Fo c F  there exists a proper r.c.p, on do =a({Ar}~r),  given ~=a({A~}r~ro ). 

Proof For Fo = F this is obvious. If Fo # F we may assume that the set F -  Fo is 
ordered by ordinals ? <7o. 

We put Po(B, x/N) = X~(x) for B e N ;  clearly Po is a proper r.c.p, on N, given N. 
Let us make inductive assumption that for a certain ? ,  <7o a family of con- 

sistent proper r.c.p.-ies P~(',-/N) on d~=a({A~}r< ~, N), for all e < ? ,  is already 
constructed (consistency is used here in the meaning that for every x s X  the 
measures {P~(., x/~)}~<v, are consistent in the sense of Kolmogorov). 

It is our aim now to define a proper r.c.p. P~, (-, "/N) on dr , ,  being an extension 
of all P~ for e < ? , .  

Case 1.7, i sa  limit ordinal. Then we take as P~, the common extension of all 
P~ for e < 7,- It is easy to see, that P~, has all required properties. 

Case 2. 7 ,=7~+1.  We have already built a proper r.c.p. P~I(",-/N) on d ~ .  
Let f ( x )  be any conditional probability of the set Ar~, given dr1 (let us observe, that 
Ar~r ). We can choose f (x )  such that O< f (x )  < 1. 

In view of the independence of algebras d ~  and a(An), the function l~( �9 , "/d~,) 
defined on dr ,  x X by 

fi (E ~ A n w F c~ A~ x/M) = X e (x) f (x) + X v (X)(1 --U(x)) 

for Eed~,  and Fed~, ,  is a proper r.c.p, on dr , ,  given d~,. 

Now, the function P~, ( . ,  ./N) defined for arbitrary A e d~ ,  by 

P~. (A, x /N)=~ P(A, u/d,~) Pn (du, x/N) 

is a proper r. c. p. on d~., given N. It is easy to see that P~. is an extension of pn. 

Having the described procedure accomplished we obtain a proper r.c.p. 
on do ,  given N. 

Proposition 1 (Tarski). i f  N is a set of cardinality m, such that ms~ m then 
there exist 2" of a-independent subsets of N. 

This is a particular case of Hilfssatz 3.16 from [10]. 

Proposition 2. Let (N, cg) be any measurable space, such that c# contains m >= c dis- 
joint sets. I f  the spaces (N, cd) and ( N, cd)~r (the product symbol has the usual meaning) 
are isomorphic, then there exists in (N, cg) a family of cardinality m of a-independent 
and measurable subsets. 

The idea of the proof is analogous to that from [5]. 

2. Main Theorems 

Theorem 1. Let P / d  be a measure on an algebra d .  Let us assume that m >= b~ o 
is the smallest cardinality of a dense subset of d in Frechet-Nikodym's metric. 
Let n be the smallest cardinal number such that n ~~ = n and m <= 2", and let N be any 
subalgebra of d .  I f  P /N  is either purely atomic, or N contains a P-null set N of 
cardinality n, such that all its subsets belong to N then for some algebra d o  c d 
with do ~ d ( P / d )  and for some algebra No ~ N  n do with No ~ N ( P / d )  there 
exists a proper r. c.p. on do,  given N o . 
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Proof If P/~  is purely atomic, this is trivial; the function P ( ' , - / ~ )  defined by 

P(A, x/N) = ~ P(A c~ E.) 
.= 1 P ( E , )  X~. (x) ,  

where E,, n = 1, 2, . . .  are P/N-atoms and U E, = X, is a proper r. c. p. on d ,  given 
o- ({E,} ~= 1) ~ ~(P/d) .  ,=1 

The rest of the proof is devoted to the case, when ~ contains a P-null set N 
such that card N = n, and all subsets of N are in ~.  

Suppose the family {A~}~r with card F = m  is dense in d .  We may assume 
that there exists Fo~F  such that A ~  for ?eFo, and {A~}~ro is dense in ~ .  

By Proposition 1 there is a family {N~}~r of a-independent subsets of N. 

For  any ? e F let 
C~= A~c~ N~ w N~n N. 

Of course for every 7 e F  we have C~ed~ and C~'~N#O, where 6~=0 or 1. 
Moreover, for 7eFo we have C~eN. 

From this remark and the a-independence of N~, 7sF ,  it follows that all 
C~, ? e F  are a-independent. 

Let us notice that because of P(N)= 0, we have 

a( { A~I~ro)~a( { C~}~ro)(P/d). 

The last relation together with the assumed fact that 

gives us the equivalence 

a( {A~}~ro )~ (P /d )  

a({C~I,~ro)"~(P/d). 

In the similar way we can prove that 

a({C,)~or)~d(P/d). 

Putting do=a({C~}~r )  and Mo=a({C~}~t6), we have, by Lemma l, the 
desired result. 

Theorem 2. Let P / d  be a measure on an algebra d .  Let us assume that m > No 
is the smallest cardinality of a dense subset of d in Frechet-Nikodym's metric. 
Let n >= m be the smallest cardinal number such that n~~ n, and let ~ be any sub- 
algebra of d .  I f  P /~  is either purely atomic or ~ contains a P-null set N of cardinality 
n and there is a subalgebra ~ c ~  such that the measurable spaces (N, ~c~ N) and 
(N, ~ c~ N) ~~ are isomorphic and ~ c~ N contains n disjoint sets then for some algebra 
do ~ d with do ~ d (P/d) and for some algebra No c ~ n d o with No ~ ~ ( P / d )  
there exists a proper r. c.p. on do, given No. 

Proof. Using Proposition 2 we can prove this theorem in the same manner 
as the first one. 
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3. The Separable Case 

In this section by a separable algebra we shall mean an algebra which is 
a-generated and contains points. If d is a separable algebra, then A ~ d  is an 
d - a tom  if A l e d  and A 1 c A  implies A1---0 or A I = A .  

As a special case of Theorem 1 we obtain the theorem proved by Pfanzagl in [7]. 

Theorem 3. Let P / d  be a measure on an algebra d ,  which is the completion of 
a separable algebra. Let N be a subalgebra of  s t  contining all P-null sets from d .  
I f  PIN is either purely atomic or d contains a P-null set of the cardinality c then 
for some algebra d o c d with do  ~ d  P / d  and for some algebra No ~ d o  c~ N 
with No ~ N P / d  there exists a proper r. c.p. on do ,  given No. 

Assuming the separability of d in the sense of Frechet-Nikodym, we obtain 
such a theorem: 

Theorem 4. Let P / d  be a measure on a separable in the sense of  Frechet-Nikodym 
algebra d .  Let N be any subalgebra of d .  I f  P /N is either purely atomic or N 
contains a P-null set N of the cardinality c and an algebra cg such that the measurable 
space (N, cg c~ N) is standard (cf. Parthasarathy [6]) then for some algebra d o ~ d 
with d o , v d P / ~  and for some algebra No C d o  c~N with No, , ,N P / d  there 
exists a proper r.e.p, on do ,  given No. 

Of course, this theorem holds for any d containing a dense subfamily of 
cardinality not greater than continuum. 

Now we shall generalize another theorem of the paper [7] (Proposition 3 
in [7]). 

We begin with an easy observation: 

Proposition 3. Let P/~r be a measure on an algebra d .  I f  there exists a r.c.p. 
P(" , "IN) on ~o,  then for every a-generated algebra c g c d  0 c~ N there exists a set 
N ~ e N  such that P ( N ) = 0  and P(C, x /N)=Xc(x)  for every CeCg and x e X - N ~ .  

Theorem 5. Let d be arbitrary algebra and let d o  ~ d and N c d be such that 
there exists a a-generated algebra cgCdoc~N such that every set from s]  o is a 
union of atoms of cg. Then a r.c.p, on do ,  given N exists iff there exists a set N e N  
such that P(N) =0, and do  c~ N O c N  c~ N ~ 

Proof Suppose P ( . , - / N )  is a r.c.p, on ~r In virtue of Proposition 3 there 
exists a set N e N  such that P ( N ) = 0  and P ( C , x / N ) = X c ( X  ) for all Cec~ and 
x e X - N. Thus, for every Cg-at om ex we have P(ex, y/N) = Xex (Y) for every x e X -- N. 

It means that 
p(A ,x /N)={ lo  if x e A ~ N  ~ 

if x e A  ~ c~ N ~ 

But from the property of a r.c.p, we have {x: P ( A , x / N ) = I } , - N ,  so that 
A - N = {x: P(A, x/N) = 1 } - N ~ N. And so we have proved that d o  c~ N ~ c N c~ N ~ 

The converse implication is almost trivial. In fact the function P( - ,  "/N) 
defined for any A e ~r by 

P'At , x/'N'~ = ~[XA-N(X) if x ~ X - N  
[ P  (A) if x E N 

is a r.c.p, on W0, given N. 
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Coro l l a ry  1. Suppose d o C ~  contains a separable algebra. Then a r.c.p, on 
do ,  given ~ ,  exists iff there exists a set N ~ J  such that P ( N ) = 0  and 

d 0  r~ N ~  c ~  c~ N ~ . 

I f  do  q~ ~ then N is an uncountable set. 

Coro l l a ry  2. Let d be arbitrary algebra and let ~ c d  contains a separable 
algebra. Then a r.c.p, on d ,  given ~,  exists iff there exists a set N ~  such that 
P ( N ) = 0  and d c ~ N ~  ~ I f  d 4 :~  then N is an uncountable set. 

W e  shall  c o m e  b a c k  n o w  to p r o p e r  r .c .p.- ies.  

T h e o r e m  6. Let ~ be arbitrary algebra and let do  c d and ~ ~ d be such that 
every set from ~o is a union of sets from d o C ~ .  Then a proper r.c.p, on do ,  given 
~,  exists iff ~ o  ~ ~.  

Proof. S u p p o s e  P ( ' ,  " /~ )  is a p r o p e r  r .c .p ,  o n  d o .  F o r  every C ~ d o  c ~  a n d  
each x ~ X  we have  P(C, x /~)=Xc(x) .  T h u s  for every  A e d o  we have  P(A, x /~)  
= X A (x). So it m u s t  be  d o  c ~' .  

T h e  conve r se  i m p l i c a t i o n  is obv ious .  

Coro l la ry  3. I f  d o ~ ~ contains all points then a proper r. c.p. on do ,  given ~ ,  
exists iff ~/o c ~.  

If ~r is s epa rab le  ~ ' o - - - d  a n d  ~ is a r b i t r a r y  separab le  s u b a l g e b r a  of ~r t h e n  
we o b t a i n  a c h a r a c t e r i s a t i o n  of  Blackwel l  spaces (for de f in i t ion  see Rao) .  

Coro l la ry  4. I f  ~r is a separable algebra, then (X, ~r is Blackwell space iff for 
every separable algebra ~ ~ ~r there exists a proper r. c.p. on ~r given ~.  
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