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Approximation Theorems for Markov Operators *

CHoo-wHAN KM

1. Introduction and Preliminaries

Let (X, %, p) be the unit interval, the Lebesgue measurable sets, and Lebesgue
measure, respectively. All functions (maps) on X are & -measurable real functions
and will always be considered up to p-equivalence. All sets that are referred to
are elements of # We shall omit the phrase almost everywhere, it being under-
stood where applicable.

By a Markov operator P on L*(X, % u) we shall mean a positive linear
operator P from [*(X, &, p) into I°(X, &, p) such that P1=1 and g,| 0 implies
Pg,l0. A positive linear operator T from L (X, %, p) into I}(X, %, ) such that
{Tfdu= | fduforeach fe L(X, Z, p) is called a Markov operator on L' (X, &, ).
X X

It is well known that each Markov operator P on [°(X, & ) is the adjoint of a

uniquely determined Markov operator T on I} (X, &, p), that is, P= T*. A Markov

operator P on I*(X, &, ) satisfying the condition that [ Pgdu= | gdu for each
X X

gel®(X,# ) is called a doubly stochastic operator. Every doubly stochastic
operator P is uniquely extended to a positive linear operator from (X, %, u)
into itself with ||P||,=1, 1=<p<oco. Doob [3, p.293] showed that each Markov
operator P on I* (X, %, p) induces a doubly stochastic operator P’ in the sense
of [3, p.288]. We will briefly outline Doob’s argument. Let P and T be, respec-
tively, a Markov operator on I°(X, %, u) and a Markov operator on I} (X, %, )
such that P=T* Letdy'=Tldpandlet Y =(x: T 1(x)>0). Then | Pgdu= [gdy
X X

for each geI*(X, % u). Note that Pg=0 if g=0 on Y. Define a positive linear
operator P’ from I°(X, % u') into [°(X, &, u) by P'g=Pg. Define T'f=Tf/T1
on Y and T'f =0 elsewhere, fe (X, % u). Then T’ is a positive linear operator
from I} (X, &, p) into I}(X, %, i) such that T'1=1 and T"*=P’. Both P’ and T"
are doubly stochastic in the sense of Doob. As corollaries of Brown’s approxima-
tion theorems [1, Theorems 1 and 2] (see also [7, Theorem 2.2]) we have that

(M) I};f(P'“T¢,,)gdﬂ|=u(T'~T¢;1)f'gdu’[—>0 as n— oo

where feI}(X, &%, p) and ge L* (X, &, i). Here ¢, are bijective (invertible) measure
preserving maps from (X, % p) onto (X, &, i), and T, g(x)=g(¢,(x)).

(i) [IPg—0Q,gldu—0 and [|T'f-S,fldy—0 asn—-oo
X X

where ge 1(X, &%, i) and fe}(X, # w). Q, and S, denote, respectively, convex
combinations ) ¢, T;, and Y ¢, T+ where ¢, are as in (i).
t t
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For brevity, we will denote (X, &, ) by X, and I?(X, %, 1) by (X)), 1 £p=ZL 0.
Let [IZ(X)] be the vector space of all bounded linear operators from I?(X) into
itself. Throughout this paper, by a Markov operator we shall always mean a
Markov operator on L (X). Then the set .# of all Markov operators is a convex
subset of [ I* (X)]. Each non-singular map (u-nonsingular, measurable point map)
¢: X—X defines a Markov operator T, by the formula T;g(x)=g(¢(x)). The
set of such operators T, is denoted by ¥. Let ¥ be the set of those Tye ¥ such
that ¢ is an injection. A p-continuous Markov operator P is a Markov operator
for which there is 0<p(x, y)e L' (X x X) such that Pg(x)= | p(x, y) g() du(y) (see

X

Moy [9]). We call p(.,.) the kernel of P. A u-continuous Markov operator P
with kernel p(.,.) is called a Hilbert-Schmidt type if p(.,.)eI*(X x X). The
convex hull of a subset & of # is denoted by ch(&). Then ch(€)=.#. By the
weak* operator topology in .# we mean the topology inherited from the weak*
operator topology in [ (X)]. Similarly the strong operator topology in [L*(X)]
restricted to .4 is called the strong operator topology in .#. The uniform topology
in ./ is the topology of .# induced by the metric

1P—Qllc, 1 =sup {I(P—Q) gll,: llglle=1}.

The purpose of this paper is to prove that ¥ is dense in .# in the weak*
operator topology (Theorem 1), and ch (P} is dense in .# in the strong operator
topology (Theorem 2). We will also prove the uniform approximation theorem
(Theorem 3): for each p-continuous Markov operator P, there is a sequence in
ch(¥) converging to P in the uniform topology. If P is a Markov operator of
Hilbert-Schmidt type, there is a sequence in ch(¥) converging to P in the I (X)-
operator norm topology (Theorem 4). The results in this paper generalize approxi-
mation theorems of Brown [1, Theorems 1 and 2] and the author [7, Theorems 2.3
and 2.4].

We refer to Neveu [10] for the elementary concepts of probability theory and
others related to Markov operators used in the text.

The author wishes to thank the referee for valuable suggestions which have
led to the improved versions of Theorems 1 and 2 presented in this paper.

2. Basic Lemmas

A finite collection n=(4, ..., 4,) of pairwise disjoint subsets of X such that
X =) A; and p(A4))>0 for all i is called a finite partition of X. In what follows,

by a partition = we shall mean a finite partition of X in the above sense of the
term. If we denote by II the family of all partitions =, then II is a directed set,
when ordered by the relation n <« iff #' refines =. The conditional expectation
operator U, relative to a partition n=(A4,, ..., 4,) is defined by

1
w(4)

Here 1,4, denotes the indicator function of the set A;. It is easily seen that U, is a
doubly stochastic operator such that U, U, =U,, F=U, and U, U, =U, U,=U,

Ungzz (Jlgd.u) lAin gELOO(X)
i A;
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for n<n’. We shall denote the net (U,: mell) briefly by (U,). It is well known
[4, p. 500] that the net (U,) converges to the identity operator I in the strong
operator topology for [L*(X)]. By the mean differentiation theorem of Helms
[6, p. 446], the net (U,) converges also to I in the strong operator topology for
[Z(X)], 1= p<oo. We define also the following sequence of conditional expecta-
tion operators. Let A be the subfamily of II consisting of all dyadic partitions

={[k—=1)2"" k2"); k=1,...,2", n=L12,....

Then A with relation < is a linearly ordered set and hence a directed set. Define
the sequence (U,)) by U,=U, , n=1,2,.... Note that the sequence (U,) is not a
subnet of the net (U,). It follows essentially from the martingale convergence
theorem of Doob [2, p. 319] that the sequence (U,) converges to I in the strong
operator topology for [I(X)], 1=p<wo. Let {f,g>= j"f gdu where fel}(X)
and ge L (X).

We shall state and prove two lemmas which generalize Lemmas 2.1 and 2.2
of [7], respectively.

Lemma 1. For each Pe.# and nell, there is Tye ¥, such that
U.PU=UT,U,.

Proof. Let m=(A4;, ..., 4,) and let a;=(l,, Pl (i,j=1,...,n). Let
(Bi1s ---» Biy) be a partition of 4;into disjoint sets such that u(B; ) =a;;(i,j=1, ..., n).
Let (Cyj, ..., C,;) be a partition of 4; into disjoint sets such that

u(Ci)>0 (,j=1,...,n).

Using the isomorphism theorems of Halmos and von Neumann [5, Theorems 1
and 2] we can show that there is a point map ¢ on X such that ¢: B;;— C;;

a non-singular bijection whenever u(B;;))>0 (i,j=1, ..., n). Clearly q,’>e¥’ Note
that ¢ is not necessarily a bijection on X . We now have

<1Ai’ T¢1AJ>=;M(Alm¢ Ck]) Z,u A mBk]) Iu(Bl}) <1A, P1A>

fori,j=1,...,n and hence U, 1, U, =U, PU,.

In particular, if P is doubly stochastic, we choose C;; such that u(C;)=a;;
(i,j=1,...,n). In this case we can choose a bijective (invertible) measure pre-
serving map ¢ satisfying U, PU, = U, T, U,. This completes the proof.

Lemma 2. For each Pe # and nell, there is Sech(¥) such that
U, PU.=USU,=SU,.

Proof. Given a partition n=(4,...,4,), let a;;=<1,, P1, > and p;;=a;;/u(A,)
(i,j=1,...,n). Set U=U,. Then we have

UPUl, =UPly=Yp;ls (=1, ...,n).
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Note that the nxn matrix p=(p;; is a row-stochastic matrix, that is, p;;=0
(i,j=1,...,n)and ) p;;=1 for each i. Hence the matrix p is a convex combination

J
p=). ¢ v, where v, are n x n row-stochastic matrices having exactly one entry 1
t
in each row (see [8, p.133]). Given such a matrix v,, there is a unique map &,

from the set (1, ..., n) into itself such that
V)i =0%ew.; (i=L....n)

where (v,);; are entries of v, and §, ; is the Kroneker delta. Then we have
pij=zct 5(1>t(i),j (,j=1,...,n).
t

Let ¢, be a point map on X such that ¢,: 4;— Ag,, is a non-singular bijection
for each i (i=1, ..., n). Such a map exists by an argument given in the proof of
Lemma 1. Clearly ¢, is a non-singular map on X. Since &, is not necessarily an
injection, the same is true for ¢,. Define the operator S by

S=Y¢T,,.
t

Then Sech(¥). Thus it remains to show that S satisfies UPU=SU = USU. Note
that for each ¢ and j,
T 14,= Z Oo.y,ila;

It follows that for each j (j=1, ..., n),

Sly,=Y ¢ Y 0o 1a=20, Pijla,=UPUl,,.
t i 7

We have at once the assertion.

The following version of Lemma 2 will be needed later. Let @ be the set of
those Tye¥ such that ¢ is a measure preserving map. Let @, denote the set of
those T,e® such that ¢ is a bijective (invertible) measure preserving map.

Lemma 3. Ler n be a fixed positive integer and let n=(4,,..., A,) be such
that u(A)=1/n,i=1,....n. Then for each Pe.#, there is Sech(P) with the follow-
ing properties:

(i) UPU=USU=S8U where U=U,.

(i) S extends uniquely to a positive element of [IF(X)] with

0<|[ISll,=[SIi?=n"? (1=p<o0).

In particular, if P is doubly stochastic, Sech(®,).

Proof. Notation is as in the proof of Lemma 2. Assertion (i) is obvious. To
prove Assertion (ii), the following maps ¢, will be used in the definition of S.
For a fixed ¢, we choose a map ¢, such that ¢,: A, > 4y, ; is a measure preserving
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bijection for each i (i=1, ..., n). Then we have for each set £ and j,
I T 1o mall = HZ O, (i), j 1¢,—1(EnA,»)nA,-“1 = Z O,a),j HIEN 4y,
IS lEnAj”l < Z G Z O, iy, j ME N Aj)# zpij MENA))
i i

IS15l: <Bu(E)  where f=max(Y ;).

J

and thus

It is straightforward to show that S is uniquely extended to a positive linear
operator on I} (X), denoted also by S, with

0<|Sly=p=n.

For example, if P is defined by Pg=n{1,,, g) for ge*(X), then f=n. By the
Riesz convexity theorem [4, p. 525] and ||S], =1, we have for 1 <p< oo,
0<[ISI,ZISITZ ISP < ISP <n'?.

Suppose P is doubly stochastic. Then the matrix p is doubly stochastic so
that it is a convex combination of permutation matrices v,. In this case the
maps ¢, defined above are measure preserving bijections and hence Sech(®,).

The following is a reformulation of [7, Lemma 2.57.

Lemma 4. Let U, be the conditional expectation operator relative to a dyadic
partition A,=(A,, ..., A;.). Then there exist measure preserving maps 0, and 0,
on X such that for each j=1,2, 0;(A;)<= A; for all A; in A, and if V=3T,+T,,),

V#0275 k=12,....

3. Approximations
We begin by proving

Theorem 1. For each Markov operator P, there is a net (P,: nell) in ¥, con-
verging to P in the weak* operator topology.

Proof. Tt suffices to prove that for each Markov operator P, there is a net
(P,: mell)in ¥ such that _
lim {f, P.g>=<{f,Pg>

where feL(X) and geL*(X). We may assume without loss of generality that
| fll;=1 and }g|, <1 Since the net (U,) converges to I in the strong operator
topology for [IZ(X)}], 1 Sp=< oo, there is wye Il such that

If=Uaflli<e/4 and [lg—Ugl,<e/4

for all nzn,. Here ¢>0 is arbitrary. Let ¢=¢, and U=U, be as in Lemma 1
where n=7,. It follows that

KAEP-T)I=KLP-UPU) )|+ KLU U-T,) g5l
SKf=ULPOI+KUL Plg=Ughl+ KU L T,(Ug—gDl+ KU f— £, T, )
L2 f=Ufll,+2lg—Ugl, <e.

By setting P, =T, we complete the proof.
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Remark. Let ., be the convex set of all Markov operators on I} (X). Let @
be the set of those Te.#, such that T*e ¥. An immediate corollary to Theorem 1
is that @ is dense in .#; in the weak operator topology for [I}(X)]. Since every
convex set in [I}(X)] has the same closure in the weak operator and the strong
operator topologies [4, p.477], the convex hull of @ is dense in .#, in the strong
operator topology. A result [7, Proposition 1.1] may be used to show that the
mapping T—T* of .#, onto .# is not continuous when .#; and .#, respectively,
endowed with the strong operator topology for [I}(X)] and the strong operator
topology for [L*(X)]. Hence the convex hull of ¥ is not dense in .# in the
strong operator topology.

We have the following strong approximation theorem for 4.

Theorem 2. For each Markov operator P, there is a net (S,: II) in ch(¥) con-
verging to P in the strong operator topology.

Proof. A subbase at a Markov operator P for the strong operator topology
is given by set of the form

N(P, g e)={Q: [(P—Q)gl, <&}
where ge [°(X) and ¢>0. Choose nye Il such that
1Pg—UPgllo<e/3 and [g—U,gl,<e/3

for all n=mn,. Let S=S, and U=U, be as in Lemma 2 where n=n,. We have
that Sech(¥) and

I(P=8) gl =I(P—UPU) gl o +[(SU-5) gl
=[Pg—UPgllo+IIUPE—Ugll,+[S(Ug—2g)ll,<e.

Thus the net (S, g) is eventually in N(P, g, ¢). This completes the proof.
For p-continuous Markov operator P, we prove the following uniform
approximation theorem.

Theorem 3. For each p-continuous Markov operator P, there is a sequence (Q,)
in ch(¥) such that
I1P—Qllw,1—0  as k—c0.

Proof. Recall that U, denotes the conditional expectation operator relative
to a dyadic partition 4,. Let p be the kernel for P and let (U,®U,) p be the kernel
for U, PU,. Since

[P=U,PUllo,1 Slp—(U,®U) Plpxxx—0 as n—oo,
we can choose a positive integer # such that
||P_[]11PU;1||00,1<8/27

where £>0 is arbitrary. Choose a positive integer k, such that 2"+ <2%¢. Let
V be the operator as in Lemma 4. We have then

[V —~U,ll,<e/2"*'  for all k=k,.
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If S is the Markov operator as in Lemma 3 where n=4,,, then U, PU,=SU, and
ISIl; £2" 1t follows that for each ge I*(X) and k(= k),

(U, PU, =SV gl = IS(U,~ V9 gl = IS (U, = V9 gl

I
SISH U=V gl Z ISl 1 U= V242 Dl <5 gl
and hence
|U,PU,— SV, 1 <¢/2.
Thus we have
|P—SV2¥|, <& forall k>kg.

If we set Q,=SV2¥ then Q,ech(¥) because V**ech(®)=ch(¥) and Sech(¥P).
In particular, if P is doubly stochastic, then by Lemma 3(ii), Sech(®,) and hence
Orech(®). This completes the proof.

We state the I?(X)-operator norm approximation theorem for Markov
operators of Hilbert-Schmidt type.

Theorem 4. For each Markov operator P of Hilbert-Schmidt type, there is a
sequence (Qy) in ch(¥) such that

1P—=Qll. >0 as k—oo.

Proof. This proof is similar to that of Theorem 3. If P has the kernel
peI?(X x X), then P is extended to a positive linear operator on I?(X) with
||P||z§l|P||L2(XxX)-

Note that

[P=U,PU=lp—(U,®U) plrzxxxy—0 as n—oo.
Thus we can choose n such that

1P =T, PU,II.<¢/2

where ¢>0 is arbitrary. Choose k, such that 2"+!<2*¢ TLet S and V be as in
the proof of Theorem 3. For each k=k,, we have from Lemma 3(ii) that

U, PU,—SV2¥||,=|S(U,— V)|, |IS]|, 1T, — V?¥||,</2)/2" <¢/2

and thus IP—SV2H|, <.

Since SV 2?*ech (), the theorem follows.
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