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1. Introduction

Let {X;}={(Xy,...,X,,), —wo<i<oo} be a strictly stationary sequence of
stochastic p(=1) dimensional vectors defined on a probability space (£, o7, P)
with each X;;(—oo<i<oo,1=<j<p) having the uniform distribution on the
interval [0, 1]. Let .4, denote the g-algebra generated by X;, a<i<b. Suppose
that the sequence satisfies one of the following conditions: for all Be 4%, , with
probability one

|P(B|.#~ )~ P(B)Spm)]0  (n—> o0) (1)
(the ¢-mixing condition) and
sup |[P(4n B)—P(4) P(B)|=a(ml0  (n— o) 2

(the strong mixing (s.m.) condition). Here the supremum is taken over all Ae #*
and Be.#",. The difference between the ¢-mixing and the s.m. conditions is
explained in [4] and [5].

Let
Fh)=P{X;<t}=t, 0=t=1, j=1,-,p
Vandput
Ft)=P{X;<t}, teE? 3

where E?={t: 0=t=<1} is the p-dimensional unit cube, 0=(0, ...,0), 1=(1,...,1)
and a<b means that ¢;<b;, 1<j<p. Note that F(t)=0 if at least one coordinate
of tis 0. For a sample X, , ..., X, of size n, the empirical df is defined by

E®=n"")Y c(t—X), teE’, nzl (4)
i=1

where c(u)=1 if and only if u=0, and 0 otherwise. F,(t}=0, when at least one
coordinate of t is 0. Let W, ={W.(t): te E’} be the empirical processes defined by

W)=n*[Et)-F@®] teE”, nzl. (5)

For every n=1, the process W, belongs to the space D?[0, 1] of all real valued
functions on E? with no discontinuities of the second kind, and with D?[0, 1]
we associate the (extended) Skorokhod J;-topology. Let W={W(t): te E*} be
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the p-dimensional Gaussian process where
EW({t)=0, teFE” 6)
and for every s, te E?,
R(s, t)=EW(s) W(t)
=E{c(s—X,) c{t—X,)— F(s) F(t)} )]

+ i Ef{e(s—X)) ct—X)+c(s—X,) c(t—X,)—2F(s) F(t)}.
k=2

(Note that by Theorem 18.5.4 in [5] the series on the right side of (7) converges
when Y a(n) < 0.) '

For ¢-mixing sequences and p=1, Billingsley [2] proved firstly that the
weak convergence of W, to W holds under the condition) n*¢*(n)<co and the
author [9] proved the same result under the condition ¢(n)=0(n"2). Further,
for ¢-mixing sequences and general p = 1, Sen [ 7] proved that the weak convergence
of W, to W holds under the condition ), n¢?*(n)< co. We remark here that from
the methods of the proofs of Theorem 2.1 in [7] and Theorem in [9], it is obvious
that the Sen’s theorem holds under the weaker condition ¢(n)=0(n"2).

On the other hand, for s.m. sequences and p=1, among others, the author
proved the weak convergence of W, to W under the condition a(n)=0(n"3"?)
-(6>0). (See [4] and [8].)

The object of this paper is to prove that the analogous results to Sen’s theorems
in [7] hold for p-dimensional stochastic vectors satisfying some s.m. conditions
(Theorems 1 and 2).

2. Weak Convergence of Empirical Processes

The following theorem extends Theorem 1 in {4] and Theorem in [8] and Theo-
rem 1 in [10]. '

Theorem 1. Suppose that {X)) is a strictly stationary s.m. sequence of stochastic
vectors, defined in Section 1, with mixing coefficient a(n). Then, W, converges in
law (in the Skorohod J,-topology on D* [0, 1]) to the Gaussian process W, defined
in Section 1, if the mixing coefficient a(n) satisfies one of the following conditions:

(i) a(m=0n=>%2"%  for some §>0 if p=1;
(i) a(m)=0(n"3*27%  for some 6>0 if p=2.

Next, as in [7], we shall consider a sequence of stochastic processes

W= {WXt, u); te EF,0Su<1} (n=1), N
defined on the D?+1 [0, 1] space, where
WL, w)=[nul* W, t)n*  (0Su=l;teE?) ®)

and [s] is the largest integer contained in s. Let
WH={WH(t,u); te E?, 0Su<1} 9
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be the Gaussian function with EW*(t, u)=0 and
EW*(s, v) W*(t, u)=min (i, v} R(s, t) (10)

for every s, te E?,0<u, v<1 where R(s,t) is defined by (7). Then, we have the
following theorem.

Theorem 2. Under the condition in Theorem 1, W* converges in law (in the
extended Skorokhod J,-topology on DP*! [0, 1] space) to W*, defined above.

From Theorem 2, the following corollary easily follows.

Corollary. Let {N,,v=1} be a sequence of positive integer valued random
variables such that as v—co v N,— ¢ in probability where & is a positive random
variable defined on the same probability space (Q, o, P). Then, under the conditions
in Theorem 1 {Wy } converges weakly to Was v— co.

3. Proofs

In what follows, by the letter K, we shall denote any positive quantity {(not always
the same) which is bounded and does not depend on n. Let the process {z,} be a
strictly stationary sequence of Bernoullian random variables, centered at ex-
pectations satisfying some s.m. conditions. Let t=E|z|* and ||z|,={E|z|"}'"
for r>1. Then, E|z|=2t and |z|,<{E|z|}'’"£27'" for r>1. Furthermore,
let S,=z, + - +z,.

Now, we shall prove the basic two lemmas.

Lemma 1. If {z,} satisfies the s.m. condition with mixing coefficient a(n)=
O(n=3"(0<y<1), then

ESy <K(n*t**+1' ""nlogn) (1)

Jor all n sufficiently large.

Proof. We follow the proof of Lemma 2.1 in [6]. We denote by ), the sum-
mation over all i,j, k=0 for which i+j+k=<n, and let Y, Y » and ) > be,
respectively, the components of ), for which i>(j, k), j=(i, k) and k=i, j). Then
we have

ESy<24n{3 M+ Zﬁz) +Z§3)} |Ez02:2; ;Zi g jykl- (12)

Since a(j)=0(j~3"7), so it follows from Lemma 2.1 in [3] that the following
inequalities hold for all n sufficiently large:

anl) [Ezo ZiZi+jZi+j+k|k
S6YP{a@d} I zollq -y K77 Y0 (i)}

<Kt Z (i+1)* {a()y’ <K< 7 logn; (13)

15
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25:2) |E20 22,4 jZ; 4 j il
S Y2 NEzozi| |E2o 2+ 6 P {a(i)} | 202l _pp-1
<36 3 (@Y P {ak)} 1 20 13, +6 Y. {a(i)y
SKP Y2y {ak)} + Kt =7 Y2 {a(j)y

gKm“{il {oc(i)}“3}2 FEETT Y (417 (o))
gK(nr4/3+_r1‘ylog ny; - (14)
25;3) |EZ0Z;Z;1 ;24 jykl
<6 20 (k) 1 2ol q -y
gKrl“Vki (k+1)* {a(k)}’ <K' ~7log n. (15)

Thus, (11) follows from (12), (13), (14) and (15), and the proof is completed.

Lemma 2. If {z,} satisfies the s.m. condition with mixing coefficient a(n)=
0(n=>%2=% for some 6>0, then for all n sufficiently large

ESt<K@n*t®P +n2r7' 7 (16)
where y is a number such that 2/2+8)<y<1 and p=(5/2+8) y 2.

Proof. We use the same notations as in the proof of Lemma 1. Since for all n
sufficiently large

2U+1)2{“(j)}y§Knl“’ and i{a(i)}2/5<oo,

i=1

so for all n sufficiently large
Zf,“lEzo ZiZi+jzi+j+k|
<Kt i (i+1)* {a()y? S Kn 7l =7,
=1
Zﬁz) |EZOZiZi+jZi+j+k|
ke[ § 1] ke 3417 @y
<K(nt5" i:zl“prl_v), "~
Z?)IEZO ZiZi 4 5 Ziy joil
<K' ki (k+1)* {a(k)}? < Knt —P¢t 7,
Thus, we have the T;mma.
Now, the proofs of Theorems 1 and 2 follow along the same line as of the proofs

of Theorems 2.1 and 2.2 of Sen [7] using Lemmas 1 and 2 instead of using Lem-
ma 2.1 of Sen [6], and so are omitted.
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